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1 Introduction

Variable selection has been playing a pivotal role in econometrics and statistics for statistical learning
and scientific discoveries. Notable early contributions include Akaike (1973), Akaike (1974), and
Schwartz (1978). These authors suggested a unified approach to model selection, viz., choosing a
parameter vector by minimizing the conventional criterion function plus an Ly penalty to penalize
the model size. However, these approaches are not feasible in high-dimensional settings. The seminal
work of Tibshirani (1996) addressed this important issue by substituting the Ly penalty with an
L1 penalty, and it has sparked extensive studies in both statistics and econometrics. Important
contributions in the statistics literature include Fan and Li (2001), Zhou and Hastie (2005), Zou
(2006), Fan and Lv (2008), Zou and Li (2008), Zhang (2010), Fan, Feng and Song (2011), Fan and
Lv (2013), and Fan and Tang (2013). Important contributions in the econometric literature include
Belloni et al. (2012), Belloni and Chernozhukov (2013), Belloni, Chernozhukov and Hansen (2014),
Belloni et al. (2017), Chernozhukov et al. (2018), and Chudik, Kapetanios and Pesaran (2018). For a
comprehensive review, see Fan et al. (2020).

In this paper, we propose a multiple testing approach to variable selection for high-dimensional
nonparametric additive models. Recently Chudik, Kapetanios and Pesaran (2018) (CKP hereafter)
have proposed a One-Covariate-at-a-time Multiple Testing (OCMT) approach for linear regression
models. CKP suggest regressing the dependent variable on each independent variable separately,
retaining only those variables that exhibit a high correlation with the dependent variable. This
strategy is often referred to as the “screening approach”. CKP’s main contributions are twofold.
First, they propose a criterion for variable selection by controlling the probability of choosing all
the signals (or with some pseudo-signals) in the model. Second, unlike the usual screening approach
that may miss some important “hidden” signals whose net effects on the dependent variable are
small, the CKP’s OCMT procedure is able to pick up hidden signals with very high probability.
The OCMT procedure has been applied in various applications; see, e.g., Kozbur (2020), Chudik,
Pesaran and Sharifvaghefi (2021), and Ahmend and Pesaran (2022). In particular, Kozbur (2020)
considers a testing-based forward model selection (TBFMS) procedure in linear regression models that
inductively selects covariates to add predictive power into a working statistical model. But this latter
paper mainly focuses on the error bound and shows that the proposed procedure is able to achieve
estimation rates matching those of Least Absolute Shrinkage and Selection Operator (Lasso) and
post-Lasso. Furthermore, Sharifvaghefi (2023) extends OCMT to cases with many highly correlated
covariates and allows the number of pseudo signals to grow at the same rate as the sample size.

Our paper contributes to the literature by extending the CKP’s OCMT approach from parametric

models to nonparametric additive models. Like CKP, we estimate the net effect of each variable on



the dependent variable one by one, possibly with some preselected variables. The selected variables
are those whose net effects exceed some threshold value, specified to ensure the probability of selecting
all the signals is very high. The statistics constructed in this paper are much more complicated than
the t-statistics in CKP and might not even exhibit a well-behaved limiting distribution. In addition to
investigating a different model, our paper differs from that of CKP in some other important aspects.
First, we generalize the definition of hidden signals (in Table 2 in Section 2.5). Technical details
are updated accordingly. Second, CKP chose tuning parameters similar to a Bonferroni correction
of the cumulative distribution function of the standard normal. This choice implicitly requires a
certain degree of approximation of the standard normal to the t-statistic distribution in their study.
Instead, we select the tuning parameters using the classic Bayesian information criterion (BIC). Third,
we add an adaptive group-Lasso-based post-OCMT step to eliminate pseudo-signals that cannot be
eliminated with very high probability in CKP. This step adds very little computation burden because
the dimension is reduced dramatically before the last-step estimation. This additional step is not
needed in theory, but it aims at eliminating the pseudo-signals and thereby enhances the out-of-
sample forecasting performance in practice.

One competing method to ours in the literature is the adaptive group Lasso (AGLASSO) proposed
by Huang, Horowitz and Wei (2010). The AGLASSO adds some adaptive penalty term to the usual
least squares loss function in the spirit of Zou (2006). Even though we also use AGLASSO to eliminate
the pseudo-signals after the OCMT procedure, our approach allows much faster computation and
provides more reliable estimates than their approach.

We consider various setups in the simulation studies and compare the above post-OCMT AGLASSO
procedure with that based on the OCMT alone or the AGLASSO procedure of Huang, Horowitz and
Wei (2010) alone. We find that the former one generally outperforms the latter two significantly. We
apply our method on a dataset from the Longitudinal Survey on Rural Urban Migration in China
(RUMiC) and the empirical results also demonstrate the excellent performance of our procedure in
finite samples.

The remainder of the paper is structured as follows. In the next section, we illustrate our approach
through a single-stage procedure that is silent to hidden signals. In Section 3, we present the more
powerful multiple-stage procedure. We investigate the finite sample properties of our procedure
through Monte Carlo experiments in Section 4 and an empirical application in Section 5. We conclude
the paper in Section 6. The proofs of all propositions and theorems in the paper are relegated to
Appendix B. The online supplement contains some additional technical materials that include the
proofs of the technical lemmas in Appendix A and some additional results in the simulation and
application. To facilitate reading, We present our procedure in detail for practitioners in Appendix

A.1 and the idea of the proofs in Appendices A.2 and A.3.



Notation. For a generic real matrix A = {a;;}, let ||A|| = [Amax (A’A)]l/2 denote the spectral
norm and ||Al|, = max;;|a;;|. When A is symmetric, Amax (A) and Amin (A) denote its maximum

and minimum eigenvalues, respectively. For vector x, ||z|| denotes its Euclidean norm. For the deter-

oo

o1, we denote a,, o by, if 0 < Cy < liminf, . |an/by| < limsup,, o, |an/bn| <

ministic series {a,, by, }
Cy < oo for some constants C; and Ca, a,, < by, if limsup,,_, . |an/bn| < C < oo for some C' that does

~

not depend on n, a, = b, if b, < ay, ap, < by, if a, = 0(by,), and a, > b, if b, < a,. A° denotes

the complement of the set A. L denotes convergence in probability. C' and M denote some positive

constants that may vary from line to line.

2 The Model and One-Stage Procedure

In this section we give the model and definitions of various versions of signals and noises. Then we
will provide the one-stage procedure for variable selection, present the basic assumptions and study

the asymptotic properties of our one-stage procedure.

2.1 The Model

Recently, CKP proposed a powerful multiple-stage procedure in order to pick up the hidden signals
along with signals with non-zero net effects. In the case where there are no hidden signals, only
one stage is needed. Our paper aims to generalize the results of the linear models in CKP to the
nonparametric additive models. The notations and technical details in CKP are already quite tedious,
and they would be even more so in this paper. To facilitate the exposition, we start with a simple
case where there are no pre-determined variables, and we conduct only one-stage multiple testing.
We will present the more powerful multiple-stage procedure and show its validity in Section 3.
Suppose the model is
Y =" (X1, Xo,...,Xp) +¢, (2.1)

where Y is the dependent variable, X1, Xo,..., and X« are random independent variables, ¢ is an
unobserved error term, and f* is an unknown smooth function. Even though we have only p* signal
variables, namely X1, Xo,..., Xp«, that should be included into the regression model in (2.1), we do
not know this truth before the data reveal the fact. The realistic situation is that the p* signals are
contained in a set S,, = {X;,7=1,2,...,p,}, where p, can be much larger than the sample size n
and p, x nBr for some B, > 0. &, is the set for all candidate variables, and we refer to it as the active
set. We assume that E (| X1, Xo, ..., Xpr, Xpri1,..., Xp,) = 0. The target of the model selection is
to pick up those signals among S,,.

To avoid the curse of dimensionality in nonparametric estimation, we impose the additive structure



on f*, that is,
p*
X X X ) =

Jj=1

fi (X5)- (2.2)

We allow the additive components f; (X;) to change with n but we suppress the dependence of
[ (X;) on n for notional convenience. Obviously, the individual functions f;, j=1,...,p* cannot
be identified without certain suitable normalizations. We impose the normalization by assuming that

E[f; (X;)] = 0 for each j and rewrite the model as

*

p

Y =p+) f1(X;)+e, (2.3)
j=1

where p = E(Y). Since p can be estimated by the sample mean of the Y variable at the usual
v/n-rate and this estimation does not affect the estimation of the nonparametric additive component,
for the simplicity of presentation, we assume p = 0 below.

Since we will focus on the B-spline-based nonparametric theory, it is standard to assume compact
support for each regressor (see, e.g., Horowitz and Mammen (2004), Chen (2007) and Huang, Horowitz
and Wei (2010)). Without loss of generality, we assume that the support for X; is [0,1] for all j. Let
a1 be a non-negative integer, ag € (0, 1], and d = a1 +ay. Denote the class of all oy times continuously
differentiable real-valued functions on [0, 1] by C** ([0,1]). Define d-th smooth real-valued functions
on [0,1] as

Ad([0,1]) = {h € 0 ([0,1]) : |[hD) (1) — B (1) < O |ty — tw} . (2.4)

For notational simplicity, we will restrict our attention to the case where f;’s are smooth enough and
belong to A?([0,1]) with d > 1. The case of different smoothness parameters only complicates the

notation but does not bring in any new insight.

2.2 Signals, Hidden Signals, and Noises

The idea of one-stage procedure is that we estimate the impact of X; on Y, [ = 1,2, ..., p,, one by one.
So we run p, estimations in total and will keep those variables that are significant enough. Since in
each regression we only have one covariate, we are not estimating f;* when the explanatory variable
is X;. Instead, we are estimating the conditional expectation f; (X;) = E (Y| X;). We define the net
impact (or the net effect) of X; on Y as

2 1/2
1/2

0, = {E [fl (Xl)ﬂ} =< F ialj )
j=1

where 015 = E[f} (X;)|Xj]. Since we allow f;"(X;) to change with n, 6, might change with n as

well. But we suppress its dependence on n for notational convenience. Here, 0;; plays the role of the



Table 1: The original definitions of signals and noises from CKP

9[ 75 0 91 =0
/2
{E[fl* (XI)Z]} # 0 | (I) Signals with nonzero net effect (II) Hidden signals
1/2
{E[fz* (Xl)2]} =0 | (III) Pseudo-signals (IV) Noise variables

scaled covariance between X; and X; for the linear model considered by CKP. To better understand
the connection between the net impact defined here and in CKP, we refer the readers to the results
in equations (A.1) and (A.2), where we approximate f; (X;) with certain linear functions f,; (X;).
Ignoring the bias from the approximation, one can see the connection more clearly.

Obviously, 8; can be 0 or close to 0 for signals, and ; can be nonzero or large for non-signals. As
in CKP, we also have four possibilities as tabulated in Table 1. Cases (I) and (IV) in Table 1 are
desirable cases. Case (III) happens when some non-signals are not independent of the signals. The
hidden signals defined in Case (II) are rare in the linear case, and it is also rare in the nonparametric
case. We generalize the definition of hidden signals to Table 2 in the next section where 6; is non-zero
but small relative to the sample size.

As we shall see, our one-stage procedure is silent on picking up hidden signals and eliminating
pseudo-signals. For the hidden signals, we will propose a multiple-stage procedure in Section 3 that
can effectively pick them up. To eliminate the pseudo-signals, as a post-procedure we propose to
re-estimate the model using adaptive group Lasso in Section 3.4.

We assume that there are p** pseudo-signals. Without loss of generality, we denote them to be
{ X1, Xpo g2, Xprpee

Below we focus on the one-stage procedure in this section and postpone the multi-stage case to the

next section.

2.3 The Test Statistic and One-Stage Procedure

Suppose that we have n observations {(yi, Z1, ..., ¥p,i)};—, that are drawn from the distribution of

(Y, X1,...,Xp,). The data are given in a n X (p, + 1) matrix

(y,z1,x2,...,%p,)

where y = (y1,92,...,yn) and x; = (21, 252,...,25,) for [ = 1,...,p,. We propose to choose finite

order (e.g., cubic) B-spline basis functions {1; (z)};"3 on [0, 1] to approximate the unknown functions

fi's.



B-splines are piecewise-defined polynomial functions that can be used to construct curves and
surfaces in numerical analysis. They offer a flexible way to model and control the shape of these
curves and surfaces. A B-spline of order n is a piecewise-defined polynomial function of degree n — 1.
B-splines of order one are piecewise constant functions, B-splines of order two are piecewise linear
functions, B-splines of order three are piecewise quadratic functions, and so on. The points at which
different polynomial pieces connect are called knots, and the knot vector specifies where these knots
are. For the detailed definition and properties of B-spline bases, see Stone (1985) and de Boor
(2001). We list some properties of the B-spline basis functions in Lemma A.3. Other popular basis
functions include polynomials, trigonometric polynomials, splines, and orthogonal wavelets. We refer
the readers to Chen (2007) for a nice review about sieve estimation.

Since we normalize E[f} (X;)] = 0, we similarly normalize the basis as
n
St () = i (x) —=n™" Dy (a)
i=1

This is a standard practice; see, e.g., Huang, Horowitz and Wei (2010). For notational simplicity, we

will write ¢; (z) for ¢j; (). Let P™ (x) = [¢1 (z), 02 (),...,bm, (z)], an my, x 1 vector. Define
By = {E[P™ (X;) P (X))'] }‘1 EP™ (X))Y] and U; =Y — P™ (X;)' B, (2.5)

which are the population coefficient and the error term in the regression of Y on P (X;). Note that
we suppress the dependence of 3; on the sample size n.

For the one-stage procedure, we conduct the regression of Y on P™ (X;), [ = 1,2,...,pp, one
by one. Let X;; = P™ (x};) be the approximating function basis at the ith observation for X;. Let

X = (X1, X2, .-+, Xp,)" be the n x m,, “design” matrix for X;. For X, we regress y on X; to obtain

8, = (X/x) ' Xy.

We construct the test statistic as!

N NV ~
X = By (6,7XX4) B, (2.6)
where 612 =n! Yoy 12121 and 4y is the residual from the above regression. Then we define the

first-stage OCMT selection indictor as

jlzl(/f’l>§n) forl=1,2,...,pp, (2.7)

' As a referee has noted, one can define an alternative test statistic X, = n,C:IIB, which also works under certain rank
conditions (see, e.g., Assumption 10 below). We opted for X, for two reasons. First, X, resembles the usual chi-squared
statistic under conditional homoskedasticity. Because we do not want to model the conditional heteroskedasticity of
unknown form, we cannot take into account conditional heteroskedasticity explicitly in constructing the test statistic
X,. Despite this, our asymptotic theory allows for conditional heteroskedasticity in the error term. Second and more
importantly, X, is scale-free whereas X is not. The latter makes it very challenging to choose the range to search the

constant C' in ¢, defined below.



where 1 (+) is the usual indicator function and g, is a threshold value.

For the linear model in CKP with one covariate at a time, X is asymptotically x? (1) under condi-
tional homoskedasticity, and one can follow their lead to consider threshold values for the associated
t-statistics based on the adjusted normal critical values. Nevertheless, such a result is not available
in our framework due to the divergent dimension of regressors in the sieve estimation. In addition,
the potential presence of conditional heteroskedasticity greatly complicates our analysis too. What
we really need is to show that X, behaves distinctly for signals and noises so that a suitable choice of
the threshold value ¢, can help us separate the signals from the noises. For these reasons, we do not
associate X with any asymptotic distribution. Instead, we will set ¢, &, log (m,,) m,, for a positive
series Kk, that diverges to infinity slowly as in Assumption 8. For more details, see the remark on

Assumption 8 in the next subsection.

2.4 Basic Assumptions

To study the asymptotic properties of the one-stage procedure, we impose the following assumptions.
Assumption 1 {y;, z1;, %2, ..., Tp,i}., are independent and identically distributed (i.i.d.) across i;
E(e| X1, Xo, ..., Xpe, Xprg1, ..., Xp,) =0.

Assumption 2 p* is a positive integer that does not vary with n. p** < nP»** and p,, « n®r for some

By > By« > 0.

Assumption 3 The support for X; is [0,1], 1 = 1,...,p,. The density function for X; is bounded

and bounded away from 0.

Assumption 4 Pr(|e| > t) < Cyexp (—Cat®) holds for all t > 0 and some s, Cy, Co > 0.
Assumption 5 f; ()= E(Y|X; =) € AY([0,1]) withd > 1 forl=1,...,p,.

, 7 = 1,...,p%, are uniformly bounded. E (52|X1,X2, ...,Xpn) is uniformly

Assumption 6

/i)

bounded almost surely.

Assumption 7 m, o n®» with 1/ (14 2d) < B,, < 1/3.

Assumption 8 ¢, x k;, log (m,)m, for some k, such that k, > 0, K, — 0o, and k, = O [(logn)‘]

for some small positive €, as n — oo.

Assumption 1 imposes an i.i.d. condition on the observations and a standard conditional moment

restriction. The extension to weakly dependent observations is possible but left for future research.



The generalization to independently non-identically distributed (i.n.i.d.) case is straightforward be-
cause the main inequalities in Lemmas A.1 and A.2 allow for i.n.i.d. observations. We keep using
the i.i.d. assumption for notational convenience. In Assumption 2, we assume that the number of
signals is fixed; the number of pseudo-signals is allowed to increase as n increases but at a slower rate
than that of the total candidate variables. It is also possible to allow p* to diverge to infinity (see
Section 3.5). Assumption 3 restricts the support of X to be [0,1]. This is a very common condition for
nonparametric additive models; see, e.g., Li (2000) and Horowitz and Mammen (2004). Assumption
4 imposes some tail conditions e, which is also assumed in CKP but weaker than the commonly used
sub-exponential condition in the variable selection literature and the one for the adaptive group Lasso
in Huang, Horowitz and Wei (2010). The primary use of this condition is to derive probability bound
for errors.

Assumption 5 imposes fairly weak smooth condition on f; (x), which is weaker than the commonly
used condition d > 2. Note that d > 1 is needed for Assumption 7. Assumption 6 is a technical
assumption needed to simplify the proof. Specifically, the boundedness of f7 implies U; defined in
equation (A.1) has the same tail behavior as €. The bounded conditional second moment of ¢ is to
ensure some nice properties of U;¢; (X;) and this assumption is also common in the sieve literature
(see, e.g., Newey (1997)). This assumption is mild given that we assume all X;’s have compact
support and the tails of ¢ decay exponentially fast. Assumption 7 imposes conditions on m,,. First,
we need B, < 1/3 such that nm,3 — oco. The last condition is necessary for Hn_IX;XlH o« m,! to
hold with very high probability. To see why, note that Lemma A.3 in Appendix A.4 suggests that
HE [P (X)) P (X))'] || ox myyt. We need m, > (mn/n)l/2 , or equivalently, nm,3 — oo, in order
to ensure that n1X/X; is close to E [Pm" (X;) P (Xl)/} with very high probability. Second, we need
B,, > 1/ (14 2d) to ensure that the approximation bias is asymptotically negligible in comparison
with the asymptotic variance term: m;* < (m,,/n)"/2.

Assumption 8 imposes conditions on the threshold value ¢, that ensures the separability of the
signals from noises. If the true value of 8, is 0, &} in equation (2.6) is Op (my). In this case, to
ensure J, = 0 with very high probability, we can take ¢, o &k, log (m,)m, and lose some power up
to Ky log (my,) . Here, K, can be any series diverging to infinity slowly, e.g., [log (m,,)]¢ for some small
€ > 0. The loss of the power to some degree is inevitable because of the nature of the multiple testing
procedure when the number of tests goes to infinity. In contrast, CKP choose their threshold by the
Bonferroni correction of the standard normal. We choose not to follow them because of the following
reasons. First, given the divergence of m,, X, does not converge to a chi-square distribution asymp-
totically even in the homoskedastic case so that we cannot use chi-square distribution to approximate
the finite sample distribution of &;. Under conditional heteroskedasticity, X, does not converge to a

chi-square distribution even if m,, is held fixed. So our procedure does not rely on the chi-square



approximation. Second, even if we can do the approximation, the cumulative density function (CDF)
of a chi-square distribution is very complicated. We do not have a rate for the inverse of its CDF
evaluated at a certain rate (e.g., n~¢) like the case of normal CDF. For these reasons, we do our
selection based on the asymptotic results. Specifically, we will take ¢, = Ck, log (m,,) m,, for some
kn, and choose the value of C' by the classic BIC. The details can be found in Appendix A.1. This
¢n helps separate the signals from the noises with very high probability, as demonstrated in the next
section. Recall that in Assumption 2 we assume that p, go to infinity at a polynomial rate of n, same
as my,. This ensures that log (m,,) o log p,. Therefore, theoretically we only need to put log (m,,) in
¢n to have a control of p** and p, for the TPR, FDR and FPR defined after Proposition 2.1 below.
We postpone the discussion on the comparison of technical conditions required for our procedure and

those required for the AGLASSO to Section 3.2.

2.5 The Asymptotic Properties of X, and the One-Stage Procedure

We present the first theoretical result in this paper. It derives the probability bounds for the “Type-I”
and “Type-II” errors.

Proposition 2.1 Suppose that' Y is given by equation (2.1) and Assumptions 1 — 8 hold.
(i) If 6, < log (mn)*? (mn/n)1/2, then for sufficiently large n we have

Pr (2\?; > gn> < exp (—Clmfllgn + log mn) + Cyexp (—anc“)

< nM 4 Csyexp (—anc4)

for any fized constant M > 0 and some positive constants Cq, Co, C3, and Cy.
(ii) If 0; 2 kylog (mn)1/2 (mn/n)l/2 with kK, specified in Assumption 8, then for sufficiently large
n we have

Pr <2€l > gn) >1-—n"M_Csexp (—Cﬁnc7)

for any fized constant M > 0 and some positive constants Cs, Cg, and Cr.

The proof of Proposition 2.1 is tedious. We provide some technical details in Appendix A.2
before we formally prove the proposition in Appendix B. An implication of Proposition 2.1 is that
for the well-chosen threshold value ¢,, the above one-stage procedure can separate the signals with
0; 2 Ky log (mn)l/ 2 (my/ n)l/ ? from the noises with 6; = 0. Of course, we may have some intermediate
case where 0 < 6; < log (mn)l/2 (mn/n)l/2 for which the above procedure fails to do so. Note that

1/2

the convergence rate for each additive term in Stone (1985) is (my/n)"”~. Therefore, our procedure

loses some power up to the order of log (n), a common scenario in the variable selection literature.
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Table 2: The generalized definitions of signals and noises

01 > log (my)"/* (mn/n)"? 0 < log (m)'/? (/)"
/2
{E[fl* (Xl)Q]} # 0 | (I) Signals (IT) Hidden signals
1/2
{E[fz* (Xl)2]} ! =0 | (III) Pseudo-signals (IV) Noise variables

Following the literature and CKP, we define the true positive rates (TPR) and the false positive
rates (FPR) respectively as

s 1 (Ji=1ana {55 x2]} #0)
st ({2 i 00} o)
! (jl =1 and {E {fl* (Xl)z} }1/2 - 0)

s ({e [ o]} <o)

Based on the test statistic defined in equation (2.6) and its property developed in Proposition 2.1, we

TPR,, =

, and

FPR,, =

introduce the generalized definitions of signals and noises in Table 2. With this definition of hidden
signals, our result in Section 3 provides theoretical justification for the necessity of a multi-stage
procedure capable of detecting signals not identified in the first stage, yet with non-zero net effects.

With a little abuse of notation, we continue to use p* and p** to denote the number of signals
and pseudo-signals at the sample level, and assume that they satisfy Assumption 2. Adopting the
definitions in Table 2, we define the false discovery rates (FDR) as

s 1 (Ji =1, {2 [ ]} =0, and 0.5 tog ) 7 ()2

pn % + 1
Apparently, the definitions in Table 2 generalize the definitions in Table 1.

FDR,, =

The one-stage procedure is valid in terms of TPR, only if the net effects of all signals are strong

enough. Specifically, we need the following assumption.

Assumption 9 There are no hidden signals. That is, 0; 2 K, log (mn)l/2 (mn/n)l/2 for some slowly

divergent series Kk, as in Assumption 8 for all j = 1,2, ..., p*

We note the definition of no hidden signals in the above assumption is equivalent to the one in
Table 2, given the way k., is defined in Assumption 8. If Assumption 9 fails to hold, we need the
multiple-stage procedure to pick up the hidden signals.

Based on the results in Proposition 2.1, we present the results for TPR,,, FPR,,, and FDR,, in the

following theorem.

11



Theorem 2.1 Suppose that Y is given by equation (2.1) and Assumptions 1 — 9 hold. Then after
some large n,

(i) E(TPR,) > 1— Cjexp (—anc3) for some positive constants C1, Ca, and Cs;

(ii) E (FPR,) < p**/ (pn — p*) + Can™™ + Csexp (fC’6nC7) for any fized positive large constant
M and some positive constants Cy, C5,Cg, and Cv;

(iii) FDR,, 5 0.

Theorem 2.1 implies that all of TPR,,, FPR,, and FDR,, can be well controlled provided we assume
away hidden signals at the sample level. Note that Theorem 2.1(i)—(ii) focuses on the asymptotic
properties of TPR,, and FPR,, while the last part of Theorem 2.1 reveals that the false discovery rate
is asymptotically vanishing in large samples.

In the next section, we turn to the multiple-stage procedure that does not rely on Assumption 9.

3 The Multiple-Stage Procedure

In this section we propose a multiple-stage procedure to select variables for the nonparametric additive

models.

3.1 The Test Statistic with Pre-selected Variables

As mentioned above, we may not identify a signal X; whose net effect satisfies 0; < k,, log (mn)l/ % (mn/ n)l/ 2
even in the case where the marginal effect of X; on Y, namely, {E [fl* (XZ)Q} }1/2 , is large enough.”
Consequently, Theorem 2.1 does not hold without Assumption 9 which assumes away small sam-

ple hidden signals. In contrast, Lemma A.7 in Appendix A.4 underpins the result that as long as

{E [fl* (XZ)Z} }1/2 > kin log (mn) /% (my /n)? for some slowly divergent series «, and some full rank
condition holds, the net effect of X; will be strong enough to be picked up at certain stage of a
multiple-stage procedure. A by-product of this Lemma is the existence of at least one signal for Stage

1.

To introduce the multiple-stage procedure, we need some extra notations. Suppose at certain stage
after stage 1, we have pre-selected ¢, variables from the active set S,, = {X;, j =1,...,pn} based on
some selection procedure to be described below. To avoid confusion, we denote these pre-selected
variables as Z1,...,2,,. Let Z = (Z1,...,2,,) and P™ (Z) = (P™ (Z1),..., P™ (Z,,)"). Note

that P™n (Z) is an t,m, X 1 vector for Z. At the next stage, we consider the nonparametric additive

’The marginal effect defined here is slightly different from that in the econometrics literature. For example, the
marginal effect of X; on Y is defined as f; in the CKP’s linear model: Y = o + Zf;l X181 + €, but it refers to X;5;.in
this paper.
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regression of Y on Z and an X; that has not been selected so far and we do this one by one for all

Pn — Ln, non-selected variables X;. We define the impact of X; on Y after controlling Z as
1/2
0.z = {E (E[Y = P (2) @' E[P™ (2)Y]| X] }2}
p*

= ZE [f7 (X)) — P (2) @5 E [P™ (Z) f; (X;)]| XI]

24§ 1/2

p*
= F Z ;. z ,
=1

where &7 = E[P™ (Z) P (Z)'] and juj.z = {f*( )= P (Z) 0, [Pmn (Z) f1 (X } ‘Xl}
denotes the effect of X; on f*( ;) after controlling the effects of Z. Apparently, we suppress the
dependence of ¢; z on the sample size n.

At the sample level, let Z and X; denote the n x m,t, and n x m,, “design matrices” for Z and

Xj, respectively. That is,
7= (Z,...,2,,) and X; = (X1,..., X)), (3.1)
where Z; = (Zyy,. .., 7%,) is a n x m, matrix, Z; = P™ (z;) and X;; = P™» (xy;) . Define My =
I,— 727 Z)_1 Z'. By the result of partitioned regressions, the coefficient of P™» (X;) is estimated by
Bz = (X\MzX;) ™ X Mzy.
To determine whether X; should be treated as a signal variable, we propose the following test statistic
Xz = Blz (1 3XIMeX) Bz = (v M2X0) (67 2 XIMzX0) ™ (X Mzy) (3.2)
where 6’% 7 =n"13" &2 and &, is the residual from the regression y on (Z,X;).

We will study the asymptotic properties of 2\?1 7z in the next subsection which lay down the foun-

dation for our multiple-stage procedure.

3.2 The Asymptotic Properties of éﬂ,z

To study the asymptotic properties of 2\?’;7 z, we impose the following technical conditions.

* is a positive integer that does not vary with n. p** < nPr** and p, x nPr for

some Bp > Bp** > 0. Further, Bp** < 1 — 3B )/2

Assumption 2’ p

Assumption 5’ f;(:) = E(Y|X; =-) € A([0,1]) with d > 1 for I = 1,...,p,. fie A% ([0,1]) with
d>1forj=1,...,p

1/2
Assumption 9’ {E[fj* (Xj)2]} > kip log (mn) /2 (my /n)'/? for some slowly divergent series i, as
in Assumption 8 and for j =1,...,p".
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Assumption 10 Let X’f““p** = (Xl,...,Xp*,Xp*H,...,Xp*+p**)/, the vector of all signals and

pseudo signals. Similarly, let P™ (X? ) = [P (X1) .o, P (Xppipe)] and —
1

E[P™ (XP TPy prn(XP TPV Assume that

-1 -1
Blen < AInin (©X117*+p**> < )\max <¢'X117*+p**) < BXZmn

holds for some positive constants Bx1 and Bxo, and it also holds when le)*+p** is augmented by an

arbitrary element X; with | > p* + p**.

Assumption 11 If the pre-selected variables Z are either signals or pseudo-signals, the effect of
noise variable defined in Table 2 on Y is still weak. That is, 0, z < log (mn)l/2 (mn/n)l/2 for all

~

I=p*+p™*+1,...,p,, when all variables in Z are either signals or pseudo-signals.

Assumption 2’ strengthens Assumption 2 by adding one more condition on Bp««. It is imposed
to ensure the good property of %4,z defined in equation (A.11) (see Lemma A.10). This condition
can be very restrictive on Bp««. For example, when B, = 1/4, this condition implies By« < 1/8.
Assumption 5’ strengthens Assumption 5 so that equation (A.4) in Appendix A.2 holds. As remarked
at the beginning of last subsection, we do not impose Assumption 9 for the multiple-stage procedure,
as long as the marginal effect of the signal is not too weak as imposed in Assumption 9’. This
assumption seems inevitable. It is analogous to Assumption 6 in CKP for the linear regression model
and similar to the so-called ‘beta-min’ condition that is commonly assumed in the penalized regression
literature (see, e.g., Chapter 7.4 of Buhlmann and van de Geer (2011)). Assumption 10 is the common
rank condition for nonparametric additive regressions. We also require it to hold for the case when we
add one noise variable. This seems inevitable because we will run the regression with regressors being
all signals and pseudo-signals plus one noise variable in the multiple-stage procedure with very high
probability. Assumption 11 is also inevitable and implicitly imposed in CKP for the linear regression
models.

It is worth mentioning that Assumption 10 plays a similar role to the “restrictive eigenvalues”
condition in Bickel, Ritov and Tsybakov (2009) and Belloni et al. (2012). The restrictive-eigenvalues
condition requires certain full rank conditions on all possible design matrices composed of a certain
number of covariates. In contrast, our OCMT only requires full rank conditions on the design matrices
composed of signals and pseudo-signals, and permits arbitrary correlations among the noise variables.
Obviously, these two sets of conditions are non-nested. In addition, Huang, Horowitz and Wei (2010)
impose essentially the same set of assumptions except the rank conditions discussed here. The main
advantage of the OCMT is that it does not require any numerical min-search of an objective function,

can be computed much faster, and deliver more reliable results.
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The following proposition presents the probability bounds for the “Type-I” and “Type-II" errors

when we have some pre-selected variables.

Proposition 3.1 Suppose thatY is given by equation (2.1), Assumptions 1, 2°, 8, 4, 5°, 6, 7, 8, and
10 hold, and the pre-selected variables Z are either signals or pseudo-signals.

(i) If 0,z < log (mn) /2 ma/*n=1/2, then

Pr (2\?12 > Cn) < exp (—Clmglgn + log mn) + Cyexp (—anc4) (3.3)

< n~M 4 Cyexp (—C’3n04)

for any fized large constant M > 0 and some positive constants Cq,Csy, Cs, and Cy, after some large
n.

(i) If 0, z 2 Knlog (’mn)l/2 m,ll/2n_1/2 with k, specified in Assumption 8, then
Pr (XI,Z > gn) >1-—nM_ Cs exp (—Cﬁnc7)
for any fized large constant M > 0 and some positive constants Cs, Cg, and Cy, after some large n.

The proof of Proposition 3.1 is rather tedious. We provide some technical discussions on the proof
in Appendix A.3 before we formally prove it in Appendix B.

Like Proposition 2.1, Proposition 3.1 implies that for the well-chosen threshold value ¢, the use of
the test statistic )?l z helps to separate variables with large value of 0; z from those with small value

of 8; z. This observation will be used in our multiple-stage procedure to select all signal variables.

3.3 The Multiple-Stage Procedure

We present the multiple-stage procedure as follows.
We conduct the first-stage selection as in Section 2.3 by constructing the test statistic X, as in
equation (2.6) and using the threshold value g, that satisfies the condition in Assumption 8. We

re-label the selection indicator in equation (2.7) as
jl,(l) =1 (?(A-’z > §n) forl=1,2,...,pn.

We collect all the variables selected in stage 1 into the vector Z ), and denote the index set of the
selected variables by S(;). For the second stage, we denote the index set of the active variables in
stage 2 by W () where W (o) = {1,2,...,p,} \S(1). In the second stage, we regress Y on P (X;) with
pmn (Z(l)) as pre-selected variables one by one for [ € W (5). We construct the test statistic 2\?1, Z) 88

in equation (3.2). We select the variable X if j\l7(2) =1, where
j@(z) =1 (?ez,z(l) > cn) for I € U(y).
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We add all the variables selected in stage 2 into the set of variables selected in stage 1 as a new vector,
and we denote it as Z ). We denote the index set of the selected variables (Z ) by S(2) and the
index set of the active variables for stage 3 as W (3), where ¥ (3) = {1,2,...,pn} \5(2). And so on and
so forth. For stage k, we denote the pre-selected variables as Z;_1), and the index set of the active
variables as W ;). Then we regress Y on P™" (X;) with P™n» (Z (k,l)) as pre-selected variables one by
one for [ € ¥(;). We construct the test statistic é‘?l Z(,_1, 38 In equation (3.2). We select the variable
Xp it Ty, k) = 1, where
fl’(k) =1 (%,Z(k,m > gn) for [ € Uyy,.

We add all the variables selected in stage k into the set of variables selected in stage k — 1 as a new
vector, and we denote it as Z ). We stop the procedure at a stage in which no new variables are
selected. We denote the stage, in which one or more variables are selected but no new variables are
selected after that, as ks. So the OCMT procedures stops after stage ks. The selection indicator for
variable X; of the OCMT procedure is defined as follows

s
J=>_ T (34)
k=1

By construction, jl is either 1 or 0. It takes value 1 if X is selected in the OCMT procedure and 0
otherwise.

The following theorem mainly studies the asymptotic properties of the multiple-stage procedure

in terms of TPR, FPR and FDR.

Theorem 3.1 Suppose that Assumptions 1, 2°, 8, 4, 5, 6, 7, 8, 9°, 10, and 11 hold. Then after
some large n,

(i) Pr (l?:s > p*) <nMs 1 Cgexp (—02071021) for some fized large positive number Mg and some
positive constants Chg, Cog, and Cay;

(ii) E(TPR,) > 1— Cyexp (—anc3) for some positive constants C1,Cs, and Cs;

(iii) E (FPR,) < p**/ (pn — p*)+Can™M for some positive Cy and any fized positive large constant
M;

(iv) FDR,, & 0.

Theorem 3.1(i) implies the OCMT procedure can terminate at step p* with very high probability.
Theorem 3.1(ii)-(iv) implies that all of TPR,,, FPR,, and FDR,, can be well controlled. Of course,
when n — 0o, we need to conduct at most p*-stage procedure to determine all signals and eliminate

all noise variables, with very high probability.
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3.4 Dealing with Pseudo-signals

Because of the nature of the OCMT procedure, pseudo-signals cannot be excluded from the selection
list with high probability. To eliminate pseudo-signals, we propose to employ the adaptive group Lasso
after the OCMT. Then by the properties of the adaptive group Lasso, the event that the pseudo-
signals are excluded and the signals are kept occurs with probability approaching one (w.p.a.1). We
present this result in Theorem 3.2 below. We denote the set of the variables selected by the OCMT
procedure as S'OCMT = S(,;S), collect them into a vector ZocwmT, and denote its dimension as pocmT.
Similarly, let ZocmT (n X pocymrmy,) denote the design matrix for ZocomT as in equation (3.1). The

post-OCMT adaptive group Lasso procedure goes as follows:

1. Obtain the group Lasso estimator by searching 3,, (pocyrmy X 1) to minimize

PocMT

L (/67w )\nl) = Hy - ZOCMTﬁnH2 + >‘Tb1 Z Hﬁnj
j=1

)

where )\, is a positive tuning parameter, 3, = (3, ...,B;ﬁOCMT)’, Br; is a my X 1 vector of

coefficients of the B-spline basis for the j-th element in ZgcymT. Denote the above estimator as

B
2. The adaptive group Lasso estimator is obtained by searching 3,, to minimize
pocMmT 1

L2 (Brs An2) = |y — ZoomtBn|l* + An2 Z 5
= 8w

18ns1

where we use the convention that 0/0 = 0. Denote the above estimator as Bn.

The post-selection estimation proceeds as follows. Denote the selected regressor from the above
procedure as Z Agr,Asso, and similarly denote its B-spline basis and design matrix as P (Z AGLASSO)
and ZagLasso, respectively. The post selection estimator is the OLS estimator of regressing y on

ZAGLASSO, Which is

A / =1y
Brost = (Zhar.ass0ZAGLASSO)  ZiAGLASSO Y-

The final fitted model is

P (Z AcLAss0) Bpost-

Theorem 3.2 Suppose that Assumptions 1, 2°, 3, 4, 5°, 6, 7, 8, 9°, 10, and 11 hold. Further, A\p1 >
Cy/nlog (p**my,) for a sufficient large C, A1 < \/n/my, and my/? log (p**my) < A2 < nmp 4
Then

(i) All signal variables are kept and all pseudo signals or noise variables are eliminated w.p.a.1;
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(ii) The post OCMT estimation error satisfies
A~ p*

P™ (Z 4614550 Bo = DI (X3) = Op ((ma/m)*/?).
j=1

The above theorem is almost the same as that in Huang, Horowitz and Wei (2010) including the
requirements on A,; and A2, with the exception that the procedure starts with the covariates post
OCMT. Consequently, we only need to show that the adaptive group Lasso procedure is still valid in
the post-OCMT situation, and the rest follows immediately from Huang, Horowitz and Wei (2010). In
particular, under Assumption 7, the biases of the post OCMT estimators of the nonparametric additive
components are asymptotically negligible so that their mean square errors (MSEs) are dominated by
their asymptotic variances that are of order O (my,/n), which explains the result in Theorem 3.2(ii).

Our procedure enjoys the same theoretical property as the adaptive group Lasso. After the OCMT,
the dimension of candidate variables is reduced dramatically. Thus the additional computation burden
applying the post-OCMT adaptive group Lasso can be almost ignored. We note that the main
advantage of our procedure is fast and reliable computation, which delivers better small sample
performance as shown from our simulation studies. An implication of the above theorem is that the
post-OCMT adaptive group procedure improves over the post-selection estimation results in CKP

(Theorem 2 in CKP) because pseudo-signals are now eliminated with very high probability.

3.5 Diverging p*

Allowing a diverging p* (number of true signals) is possible. The only additional technical condition
apart from the restriction on the speed of p* is that Z?;l fi (X;) is uniformly bounded. Note that
this condition naturally holds for a fixed p* due to the boundedness of f;‘. The main reason for the
requirement of this condition is technical: the uniform boundedness of Z?;l [} (X;) ensures that U,
defined in equation (2.5) also satisfies the exponential decayed tail condition,® and the tail property is
necessary to apply the main inequalities to obtain the probability bounds. The uniform boundedness
of Z?;l f7 (X;) was also imposed in Fan, Feng and Song (2011). Propositions 2.1 and 3.1 are on
individual X;, but we do need Assumption 2” on p* so that Proposition 3.1 holds. It is to ensure that
we can have precise estimation on a diverging design matrix.

Assumption 2” p* < nP* for some By > 0. p** < nPr** and p, nPr for some By, > By, By > 0.
Further, By« + By« < (1 —3By,) /2.

We present the main results in the following theorem.

Theorem 3.3 Suppose that Assumptions 1, 27, 8, 4, 5, 6, 7, 8, 9’, 10, and 11 hold. In addition,

assume that Z?;l I3 (X;) is uniformly bounded. Then, the results in Theorem 3.1 continue to hold.

3For details, see the proof of Lemma A.5.

18



In the next section, we investigate the small sample performance of our procedure by means of

Monte Carlo experiment.

4 Monte Carlo Simulations

To investigate the finite-sample performance of our procedure, we conduct Monte Carlo experiments

in this section.

4.1 Simulation Design

Following Huang, Horowitz and Wei (2010), we consider the following data generating processes

(DGPs). In what follows, we assume

sin (27z)

fi(@) = fo(z)=(2zx-1)% f3(z) = ————2—; and

- 2 —sin (27x)’

fa (z) = 0.1sin (27z) + 0.2 cos (2mz) + 0.3sin (2mz)* 4 0.4 cos (2mz)* + 0.5 sin (27)> .

For the errors, we assume ¢ ~ ii.d. N (0,1) for DGPs 1-6 and 9-10. In DGPs 7-8, we check the
impact of heteroskedastic errors on our methods. Specifically, we add a heteroskedastic error to the
simplest and the most complicated designs in DGPs 1-6 to form DGPs 7 and 8, respectively. In DGPs
9-10, we consider the case with additive components of binary variables that mimic the application
in Section 5.

DGP 1: Four independent signals only. Y is generated as follows:
Y =2.55f (Xl) + 2.57f5 (XQ) + 1.68f3 (Xg) + f1 (X4) + €. (4.1)

Note the coefficients before f;’s are set to make each signal have the same strength in terms of variance

for independent uniform Xi,..., X4. The covariates are generated as follows:

Wj—I-U

Xj=Wjforj=1,...,4, and X; = 1f0rj25,

where Wj, j = 1,...,pp, and U; are all independent draws from U(0,1). Thus, p* = 4 and p** =0

for DGP 1. Define the Signal-to-noise ratio to be rg, = zz((g)), and rg, = 1.5 for DGP 1.

DGP 2: Four independent signals and two pseudo-signals. Y is generated from equation

(4.1). The covariates are generated as follows:

_4X1—|-U1 _4X2+U2

X;=Wjforj=1,...,4, X5 F Xo g and
Xj:wfoerZ
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where Wj, j =1,...,p, — 2, Ui, and Uy are all independent draws from U(0,1). Thus, p* = 4 and
p** = 2 for DGP 2.
DGP 3: Four signals, and one hidden signal. Y is generated from

Y =255f1 (X1) +2.57f2 (X2) + 1.68f3 (X3) + fa (Xa) + f5 (X5) + ¢, (4.2)

where f5(X5) = —E[2.55f1 (X1) + 2.57f2 (X2) + 1.68f3 (X3) + fa (X4) | X5]. The covariates are gen-

erated as follows :

W, +U

X; =W, for j=1,2, X;= 9% for j =34, X5 = Uy, and
W, 1 +U

Xj:%“foerG,

where Wj, j = 1,...,p, — 1, Uy, and Uy are independent draws from U(0,1). Then, p* = 5 and
p** = 0 for DGP 3, and the fifth signal is hidden by our definition.*
DGP 4: Four signals, two pseudo-signals, and one hidden signal. Y is generated from

equation (4.2). The covariates are generated as follows :

W+ U 4X, + U
Xj:ijorj:1,2,Xj:ﬂforjzg,z;,Xs:UhXG:%,
4Xo + U Wi_s + U

where Wj, j =1,...,p, — 3, Uy, Us, and Us are independent draws from U(0, 1). Then, p* = 5 and
p** = 2 for DGP 4, and the fifth signal is a hidden signal.

DGP 5: Four correlated signals. Y is generated from equation (4.1). The covariates are
generated as follows:

_Wj+U1

X; 5

forj=1,...,4, and X; =

W; 4+ U:
%forjzti

where W;, j = 1,...,pp, U1, and U are independent draws from U(0,1). Thus, four signals are
correlated with each other, and p* = 4 and p** = 0 for DGP 5.

DGP 6: Four signals, many pseudo-signals, and one hidden signal. Y is generated from
equation (4.2). The covariates are generated as follows :

Wj+U1

XjIijOI‘jIl,Q, Xj: D)

for j = 3,4, X5 = Uy,

1By the distribution of covariates,

f5 (x) = 0.977 — 1.2 cos(mz) + sin (7z) 4 0.68617 arctan|2 (tan(rz/2) — 1) /V/3]
— 0.6861r arctan[2 (tan(7z/2 4 7/2) — 1) /V/3] 4+ 0.2778 cos® (wz) — 0.2222 sin® (7).
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AX, + (- 5) Wi

X; = 1+§?_1> I for j = 6,10,14,18, . . .,
AXo+ (= 5) Wi

X, = 2*271) I for j=7,11,15,19, ...,
AX3+ (G —5) W

X; = 310 1) i1 for j =8,12,16,20,. .., and

=

AX4+ (- 5) Wi

X; = 4+(J¢7_1) I for j =9,13,17,21, ...

where Wj, j = 1,...,p, — 1, and U; are independent draws from U(0,1). Then, p* = 5 with one
hidden signal for DGP 6.

DGP 7: Four independent signals with heteroskedastic errors. Y is generated from
equation (4.1) with the same covariates as in DGP 1. We assume that conditioning on X, ¢ is normal
with mean 0 and variance 0.436[1 + (X1 + X2 + X3 + X4) /4]?, and the unconditional variance of ¢ is
approximately 1.

DGP 8: Four signals, many pseudo-signals, and one hidden signal with heteroskedas-
tic errors. Y is generated from equation (4.2) with the same covariates as in DGP 6. We assume
that conditioning on X, ¢ is normal with mean 0 and variance 0.436[1 + (X7 + Xo + X3 + X4) /4]°.

DGP 9: Four independent signals with some binary variables. To mimic the application,
we consider the situation with some binary covariates. Note that any function of a binary covariate
can at most take two values. Without loss of generality, we focus on the case in which those binary
covariates enter the model linearly. It is easy to see that our theoretical results continue to hold in
the presence of some linear additive components with the main difference that they do not exhibit

any approximation bias.” We set the threshold as ¢, = C [log pn]l'l. Y is generated from
Y =257f3(X1) +1.68f3(Xo) +1.47X3 + 147X, + ¢,

where X; = W;, j =1,2, X; = Vj_9, j = 3,4, W1 and W are independent U(0, 1), and V; and V5
are independent Bernoulli random variables with equal chances of taking value 0 or 1. The remaining
covariates are generated as follows:

W2+ U . .
X;j= % for j = 5,6,...,%, and X, = ‘G_P7n+2 for j = % +1,...,Dn,

where W;, j = 5,6,..., 2 — 2, and Uy, are independent U(0,1), V;, j = 3,..., & 4 2 are distributed
the same as V1. All Ws, Vs, and U are independent of each other.
DGP 10: Four signals with one hidden signal in the presence of some binary variables.

For this DGP, Y is generated from

Y =257f3(X1) + 15X+ 1.5X5 — Xy + ¢,

°In this case, the test statistics for the additive linear terms are the squares of t-statistics, and the inequality continues

to hold by setting, for example, ¢, o [logpn]l'1 for the case when p,, is a polynomial of n.

21



where X1 = Wy isa U(0,1), X; = Vj_1, j = 2, 3,4, are Bernoulli random variables with equal chances
of taking 0 or 1, and Corr(V1, V3) =Corr(Vi, Vo) =Corr(V,,V3) = 1/3. Xj, j = 5,6, ..., p, are the same

as those in DGP 9.° Some simple calculation implies that X, is a hidden signal.

4.2 Tuning Parameters

The key tuning parameter in this study is the threshold ¢,. The CKP’s Bonferroni correction strategy

does not perform consistently well for our case. We do the following instead. We set

S = Cmy, (logpn)lhl + (lOg mn)l.l and ¢, =C (logpn)l.l

for continuous variables and binary variables, respectively. This satisfies Assumption 8 when, in
addition, Assumptions 2 and 7 hold (both m,, and p, grow at the polynomial rate of n). In the small
samples, we set this ¢, to have control over both m,, and p,. CKP suggest using a larger threshold,
sy, for subsequent stages, to improve the finite sample performance. We follow their lead and set
a ¢ larger than ¢, for subsequent stages. That is, we replace ¢, with ¢! for j;,(2),j;7(3), ...,jl,(k)
in Section 3.3. The reason is that the chance of including a noise variable increases quickly for
subsequent stages, and we need a larger ¢ for the OCMT to conclude more easily. We set ¢ = 3¢,
for continuous variables. Note that CKP take the threshold for later stages to be twice the threshold
for the first stage, and their test is based on t-statistics. Since ours is based on chi-squared statistics,
equivalently, we should set ¢ to be 4¢,. However, some small-scale experiments suggest that setting
G = 3¢y can yield better small sample performance, probably because our model is nonparametric
and our test statistic varies more than the parametric counterpart. Note that this change does not
affect our theoretical results because ¢¢ is proportional to ¢,. For binary additive components, we
continue to follow CKP and set ¢ = 4¢, because they enter the model linearly.

Another important tuning parameter is my,, which is critical for the sieve estimation. The optimal
choice of m,, has been studied extensively in the literature. Popular ways to choose the value of m,,
include cross validation, Akaike information criterion (AIC), and BIC. We refer the readers to Chen
(2007) and Hansen (2014) for a review on this important issue. For m,,, we simply set m,, = Lnl/ﬂ +1,
where |-] is the floor operator. This m,, satisfies Assumption 7, if d > 3/2. Other choices of sieve
terms such as m,, = Lnl/ 4J + 2 are also considered in the simulations, and they yield similar results.

For the C in ¢, = Cm,, [(logpn)l‘1 + (logmp) | or ¢, = C (logpy)™!, we test C in the range of
0.5 to 2.5, specifically, 0.5,0.6, ...,2.5. We determine the value of C' by minimizing the following BIC:

BIC (C) = nlog [RSS (C) /n] + (number of selected variables) - log (n) , (4.3)

5An example of Vi, Vz, and V3 is that V; = I(Uj + Uy > 1) for j = 1,2, and 3, where U1, ...,Uy are independent
U(0,1).
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where RSS(C') denotes the residual sum of squares from the post-OCMT ordinary least squares
regression of Y on P [Z ( ks)} , where Z (k,) are the variables selected by the OCMT with C in use.
The tuning parameters for the adaptive group Lasso are selected as in Section 4.3. Another popular
way to choose C is cross validation. As seen from the results, the BIC works well for our procedure.
In light of this, we will not pursue the procedure with cross validation.

For an easy reference, we present the implementation details in Appendix A.1.

4.3 Estimators Compared

For comparison, we consider the adaptive group Lasso by Huang, Horowitz and Wei (2010), which is
designed for component selection in the nonparametric additive model. It is a two-step approach—the
first step is the usual group Lasso and the second is the adaptive group Lasso with initial estimates
from the first step. We select tuning parameters A,; in step 1 and A,z in step 2 (A\,1 and A2 are in
the notations of Huang, Horowitz and Wei (2010)) by BIC as well. Specifically, we set A\,1 = A; with
Aj = exp {log (Amax) + [10g (Amin) — 10g (Amax)] ?;70}

for j =0,1,...,30, where Amin = max {0.05,107° ||ly||} and Amax = 0.5 ||y||. We calculate BIC; based
on the estimation using A\,1 = A;, and we select the An1 that minimizes the BIC; among j = 0,1, ..., 30.
We set the estimates in the first step as the estimates using j\nl. For the second step, we set A2 = A
for 5 = 0,1, ...,30 with the initial estimates as the estimates from the first step using An1. We again
calculate BIC; based on the estimation using A,2 = A;, and we select the A2 that minimizes the
BIC; among j = 0,1, ...,30. The final estimates are the adaptive group Lasso estimates using An2.
Note that the variables not selected in the first step are not included in the second step, because the
penalty for those variables is infinity in the second step. We find the solutions in both steps through
the block coordinate descent algorithm (i.e., the “shooting” algorithm). For the algorithm details, see
Wu and Lange (2008).”

In addition, we compare our method with the random forest regression and bagging, both of which
are commonly-used machine learning methods. Since there is no variable selection criterion in random

forest, we focus on the comparison of out-sample forecasting performance.

4.4 Estimation Results

We consider the combinations of n = 200 or 400 and p,, = 100, 200, or 1, 000 for each DGP. All results

are based on 1,000 replications. We report the results for five different methods. The first and second

"One implementation in MATLAB can be found at: https://publish.illinois.edu/xiaohuichen/code/group-lasso-
shooting/.
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methods are our post-OCMT procedure (Steps 1-6 in Appendix A.1l, denoted as “POST-OCMT”)
and OCMT procedure (Steps 1- 5 in Appendix A.1, denoted as “OCMT”), respectively. The third
method is the adaptive group Lasso (denoted as “AGLASSO”), and the last two methods are bagging
(denoted as “BAGGING”) and random forest (denoted as “RF”), respectively.

Following the literature, we report the mean number of variables selected (NV), the true positive
rates (TPR), the false positive rates (FPR), the false discovery rates (FDR), the percentage of correct
selection (CS) for the first three methods®, and the out-of-sample root mean squared forecast errors
(RMSFE) for all the five methods.” We report the average number of stages (STEP) for our OCMT
procedure only.

To save space, we report the results in the main body of this paper for only DGPs 1 and 6 in
Tables 3 and 4, respectively. These two designs correspond to the simplest and the most complicated
designs in the simulation, respectively. Results for DGPs 2-5 and 7-10 are provided in Tables S1
to S8 in Appendix S2. To showcase the advantage of the post-OCMT procedure compared to the
OCMT procedure only, we also consider a linear DGP (DGP 11) in the online Appendix S2 with
results reported in Table S9.

We can make several observations. First, POST-OCMT performs the best among the three
methods in most cases. POST-OCMT outperforms OCMT due to its ability to eliminate pseudo-
signals or noise variables. POST-OCMT even outperforms OCMT slightly for DGPs without any
pseudo-signals, especially for n = 200. This result confirms the necessity of conducting the additional
post-OCMT step. Moreover, the additional computation time for POST-OCMT compared with
OCMT can be almost ignored because the number of candidate variables after OCMT is very small.
Second, AGLASSO performs almost the same as our procedures for DGP 2. Note that DGP 2
contains four independent signals, two pseudo-signals, and no hidden signals. Then, this result is not
surprising, because Lasso performs very well for independent signals, and the biggest challenge for
our procedure is the possible presence of pseudo-signals. When the signals are correlated in DGP
4, AGLASSO performs less well and is outperformed by POST-OCMT. Third, the performance of
all methods improves as n increases from 200 to 400. Fourth, OCMT is very successful at picking
up hidden signals, especially for n = 400; see, for example, the results for DGPs 3, 4, 6, and 8.
Fifth, our methods perform well in the presence of heteroskedastic errors for DGP 7 and 8. Sixth,
the CS of POST-OCMT performs well even for the complicated DGPs 6 and 8 at n = 400, whereas
AGLASSO performs poorly in terms of CS for these two DGPs. Seventh, the number of stages for

8That is, we precisely uncover the true model in (2.3) using all the true signals, but not any pseudo-signals or noise
variables.
9The forecasts are based on the post-selection estimates from each method. In each replication, we additionally

independently generate 200 observations. Then, we calculate the root mean square errors (RMSE) of the difference

between the forecasts and Y for the new observations. RMSFE is the average of those RMSE for 1,000 replications.
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Table 3: DGP 1

Panel 1: n = 200, p = 100

NV TPR FPR FDR CS STEP RMSFE
POST-OCMT | 4.0080 0.9998 0.0001 0.0015 0.9910 - 1.0718
OCMT 4.0180 0.9998 0.0002 0.0031 0.9820 1.0260 1.0886
AGLASSO 4.0410 0.9990 0.0005 0.0075 0.9550 - 1.0753
BAGGING - - - - - - 1.4403
RF - - - - - - 1.4846
Panel 2: n =200, p = 200
NV TPR FPR FDR CS STEP RMSFE
POST-OCMT | 4.0150 0.9998 0.0001 0.0027 0.9830 - 1.0740
OCMT 4.0200 0.9998 0.0001 0.0035 0.9790 1.0390 1.0939
AGLASSO 4.0510 0.9950 0.0004 0.0114 0.9330 - 1.0808
BAGGING - - - - - - 1.4690
RF - - - - - - 1.5160
Panel 3: n = 200, p = 1000
NV TPR FPR  FDR CS STEP RMSFE
POST-OCMT | 4.0010 0.9952 0.0000 0.0034 0.9640 - 1.0773
OCMT 4.0200 0.9952 0.0000 0.0062 0.9510 1.0880 1.1173
AGLASSO 3.9370 0.9620 0.0001 0.0145 0.8770 - 1.0993
BAGGING - - - - - - 1.5281
RF - - - - - - 1.5847
Panel 4: n =400, p = 100
NV TPR FPR  FDR CS STEP RMSFE
POST-OCMT | 4.0010 1.0000 0.0000 0.0002 0.9990 - 1.0470
OCMT 4.0010 1.0000 0.0000 0.0002 0.9990 1.0000 1.0470
AGLASSO 4.0080 0.9990 0.0001 0.0020 0.9870 - 1.0531
BAGGING - - - - - - 1.3234
RF - - - - - - 1.3648
Panel 5: n =400, p = 200
NV TPR FPR FDR CS STEP RMSFE
POST-OCMT | 4.0010 1.0000 0.0000 0.0002 0.9990 - 1.0477
OoCMT 4.0010 1.0000 0.0000 0.0002 0.9990 1.0000 1.0477
AGLASSO 4.0210 1.0000 0.0001 0.0035 0.9790 - 1.0520
BAGGING - - - - - - 1.3536
RF - - - - - - 1.3984
Panel 6: n = 400, p = 1000
NV TPR FPR FDR CS STEP RMSFE
POST-OCMT | 4.0040 1.0000 0.0000 0.0007 0.9960 - 1.0519
OCMT 4.0040 1.0000 0.0000 0.0007 0.9960 1.0000 1.0519
AGALSSO 4.0313 1.0000 0.0000 0.0052 0.9688 - 1.0524
BAGGING - - - - - - 1.4120
RF - - - - - - 1.4574
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Table 4: DGP 6

Panel 1: n = 200, p = 100

NV TPR FPR FDR CS STEP RMSFE
POST-OCMT | 3.6300 0.6628 0.0033 0.0650 0.1770 - 1.2296
OCMT 4.8450 0.6834 0.0149 0.2163 0.0000 1.2650 1.4003
AGLASSO 2.9840 0.5522 0.0023 0.0432 0.0040 - 1.3670
BAGGING - - - - - - 1.4522
RF - - - - - - 1.4645
Panel 2: n =200, p = 200
NV TPR FPR FDR CS STEP RMSFE
POST-OCMT | 3.5600 0.6438 0.0017 0.0682 0.1290 - 1.2396
OCMT 4.6700 0.6642 0.0069 0.2107 0.0000 1.2220 1.3861
AGLASSO 2.6340 0.4866 0.0010 0.0417 0.0000 - 1.3695
BAGGING - - - - - - 1.4855
RF - - - - - - 1.4969
Panel 3: n = 200, p = 1000
NV TPR FPR  FDR CS STEP RMSFE
POST-OCMT | 3.2550 0.5892 0.0003 0.0669 0.0440 - 1.2674
OCMT 4.2310 0.6088 0.0012 0.2040 0.0000 1.0880 1.3311
AGLASSO 1.9780 0.3678 0.0001 0.0306 0.0000 - 1.4304
BAGGING - - - - - - 1.5395
RF - - - - - - 1.5539
Panel 4: n =400, p = 100
NV TPR FPR  FDR CS STEP RMSFE
POST-OCMT | 4.8840 0.9448 0.0017 0.0246 0.6960 - 1.0659
OCMT 7.4660 0.9534 0.0281 0.3056 0.0000 1.8380 1.4894
AGLASSO 4.3480 0.8276 0.0022 0.0331 0.1060 - 1.1294
BAGGING - - - - - - 1.3502
RF - - - - - - 1.3767
Panel 5: n =400, p = 200
NV TPR FPR FDR CS STEP RMSFE
POST-OCMT | 4.8870 0.9488 0.0007 0.0213 0.7080 - 1.0723
OoCMT 7.4120 0.9542 0.0135 0.3019 0.0000 1.8360 1.5018
AGLASSO 4.2240 0.8122 0.0008 0.0270 0.0630 - 1.1410
BAGGING - - - - - - 1.3848
RF - - - - - - 1.4118
Panel 6: n = 400, p = 1000
NV TPR FPR FDR CS STEP RMSFE
POST-OCMT | 4.8380 0.9356 0.0002 0.0242 0.6740 - 1.0784
OCMT 7.4140 0.9398 0.0027 0.3082 0.0000 1.8030  1.4863
AGLASSO 4.1340 0.7916 0.0002 0.0299 0.0110 - 1.1509
BAGGING - - - - - - 1.4477
RF - - - - - - 1.4689
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OCMT basically confirms our theoretical findings. For example, for DGP 1, the mean number of
stages is slightly more than 1 for n = 200, and is 1 for n = 400. In the presence of hidden signals, the
mean number of stages is approximately 2 for n = 400 for DGPs 3, 4, 6, 8, and 10. Note the mean
number of stages is approximately 2 for n = 400 for DGP 5 with correlated signals and no hidden
signals. The reason is that the correlation makes the net effect of X; on Y very small and X; almost
behaves like a “hidden signal”. This result also confirms the necessity of using multiple stages instead
of a single-stage procedure. Eighth, our method also works well for DGPs 9 and 10 that mimic the
application. An additional remark is that our procedure can be implemented fast and is much faster
than AGLASSO. For example, when p = 1,000, our procedure took less than half a minute for one
replication on average, whereas the AGLASSO took hours for one replication. Finally, the first three
procedures have smaller RMSFE than Bagging and RF in almost all scenarios and thus have better

10" This is because they explicitly utilize the information (in

out-of-sample forecasting performance.
the form of an additive function) underlying the DGPs while BAGGING and RF do not. In addition,
POST-OCMT delivers the best out-of-sample forecasting performance among all procedures.

To summarize, our methods perform well in small samples, and we view it as a useful alternative

to existing methods in the literature.

5 An Application

In this section, we apply our method to a dataset extracted from RUMiC.'! The survey studied
immigrants or workers moving from the rural areas of China to its big cities. The survey asked
interviewees (immigrants or workers) a wide range of questions. For the detailed design of the survey
and other information, including on the construction of each variable, see the survey website and
Gong et al. (2008). Currently, the 2008 wave data are publicly available.

Economic reforms since the late 1970s have brought significant changes to China’s economy. The
government began relaxing its policy on population mobility in the early 1980s. Gradually, peasants
were allowed to leave villages and work in big cities to earn higher incomes. Most migrant workers

may leave their spouses, children, or parents behind in their hometowns who may need their financial

10Note that Bagging has slightly better out-of-sample forecasting performance than RF. This is reasonable given that
our DGPs have a finite number of signal variables. In RF, many decision splits do not improve predictive accuracy

because they rely solely on noise variables to generate the trees.
HRUMIC consists of three parts: the Urban Household Survey, the Rural Household Survey, and the Migrant House-

hold Survey. A group of researchers at the Australian National University, the University of Queensland, and the Beijing
Normal University initiated this survey. The Institute for the Study of Labor (IZA) supported it and provides the Sci-
entific Use Files. RUMIiC had financial support from the Australian Research Council, the Australian Agency for Inter-
national Development, the Ford Foundation, IZA, and the Chinese Foundation of Social Sciences. More information on

the survey can be found at https://datasets.iza.org/dataset/58/longitudinal-survey-on-rural-urban-migration-in-china.
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support. This situation results in monetary transfers, that is, remittances, from migrant workers to
their family. In the context of migration, family, and economic development, remittances are not
only an income source for recipients, but also reflect intrafamilial relationships. Remittances clearly
represent a dimension of family ties and demonstrate high degrees of interaction between migrants and
families at home. In addition, remittances from the rural migrant workers also contribute significantly
to China’s agricultural productivity (c.f., Rozelle, Taylor and deBrauw (1999)). For these reasons, it
has long been of interest to model remittances to families or relatives in the hometown; see Li (2001)
and Cai (2003), among others.

In this application, we take remittance as the dependent variable (Y'); we focus on the dataset
from Guangdong Province (Guangzhou, Dongguan, and Shenzhen cities) in the 2008 survey wave,
and keep 78 covariates from the dataset.'” After dropping observations with missing information, the
number of observations is 456. We provide the definitions of the dependent variable and covariates,
and the associated summary statistics, in Tables S10 and S11, respectively. We report the original
labels of all covariates in the survey in the first column of Table S10 for reference. Among the 78
covariates, there are some continuous variables with most observations as 0 (Panel C in Table S10),
and some discrete variables with very limited support (Panel D in Table S10). For those variables,
the design matrix of the sieves generated are either singular or close to singular. For this reason,
we add those variables linearly into the model and treat them the same as dummy variables (Panel
E in Table S10) for modeling. Consequently, the way we fit the dataset resembles the approach we
used for DGPs 9 and 10 in the simulation. We explain the reason our theoretical results continue to
hold in this situation in the simulation section (DGP 9). We take natural logarithms for the Y and
continuous X variables to offset the effect of outliers; otherwise, the forecast can easily take some
extreme values.

We randomly select 400 observations as the training sample, and the remaining 56 observations
as the test sample. The number of sieve terms is set as m,, = L4001/ 4J + 1 = 5 for the continuous
variables in Panel B of Table S10). We set ¢, = Cm,, [(log;pn)l‘1 + (log mn)l‘l} and ¢& = 3¢, for
continuous variables, and ¢, = C (log pn)l'1 and ¢ = 4g, for terms entering the model linearly (see
Section 4.2 for the reason). We set C' in the range of 0.5 to 2.5, specifically, 0.5,0.6, ..., 2.5, and choose
C' to minimize the BIC for the model selection. The competing methods are the group Lasso (labelled
as GLASSO) and the adaptive group Lasso (AGLASSO). The tuning parameters for GLASSO and
AGLASSO are selected as in Section 4.3. We evaluate the performance of all methods based on the
RMSFE of the test dataset using the fitted models from different methods. We independently repeat
the above procedure 100 times.

We report the results in terms of the out-of-sample RMSFE in Tables 5 and 6, with AGLASSO

12WWe keep covariates with relatively fewer missing observations.
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Table 5: Performance in Terms of RMSFE (100 Cases), benchmark: AGLASSO

OCMT POST-OCMT GLASSO
Better Same Worse Better Same Worse Better Same Worse
77 17 6 76 21 3 5 88 7

Table 6: Average RMSFE ratio, benchmark: AGLASSO
One Stage OCMT POST-OCMT GLASSO AGLASSO
0.873 0.817 0.814 1.005 1

as the benchmark. Table 5 shows that OCMT and POST-OCMT outperform AGLASSO in the
majority of cases. Of course, our methods do not outperform AGLASSO all the time. To highlight
the necessity of the multiple stages, we also report the results of the one-stage procedure (we selected
the tuning parameter also by minimizing the BIC) in Table 6. The OCMT stops at the second
stage for all 100 cases. We normalize the average RMSFE of AGLASSO as 1. Notably, the average
RMSFE of our methods are lower than that of AGLASSO. The OCMT also improves the RMSFE
over the one-stage procedure, possibly owing to some hidden signals uncovered by our multiple-stage
procedure. We report the frequencies of variables (out of 100 cases) selected by all methods in Table
S12. It appears that G102 (monthly income) along with G133 (gifts to others, including parents) and
G137 (education cost for left-behind children) contribute most to the model, as shown by all methods
in general. We note that AGLASSO tends to select more variables than our methods, on average,
which was also CKP’s finding in their application. The “over-fitting” is the main cause of the relative

inferior performance of AGLASSO.

6 Conclusion

In this paper, we examine the one-covariate-at-a-time multiple testing approach to model selection in
additive models. The properties of the TPR, FPR, and FDR of our approach are established based
on some asymptotic probability bounds of Type-I and II errors. The simulation experiments and
one application on the RUMIC dataset showcase excellent small-sample properties of our methods.
Just as stated by CKP for linear models, we view our approach as a useful alternative to the model

selection methods for additive models in the literature.
Appendix

In Appendix A.1, we present a detailed procedure for practice. We then provide technical details for

the one-stage and multiple-stage procedures in Appendices A.2 and A.3, respectively. Additionally,
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we include technical lemmas used in the proofs of the main results in Appendix A.4. Finally, the
main results of the paper are proven in Appendix B. The proofs of the technical lemmas and some

additional simulation and application results are available in the online supplement.

A The Procedure, Some Technical Details and Technical Lemmas

A.1 The Procedure

For easy reference, we summarize how to implement our procedure in this section. We refer readers to
the justification of our selection of tuning parameters in Section 4.2. We begin with an introduction

to B-splines. Then we move to the details of the implementation.

A.1.1 A Gentle Introduction to B-splines

Here, we provide a brief introduction to B-splines. For more details on regression splines, see Racine
(2022). B-splines are defined by their “order” m and the number of interior “knots” N. The degree
(J) of the B-spline polynomial is given by the spline order m minus one, i.e., J =m — 1.

Let tg <t1 <--- <ty < tyg1 be the knot set, where tg and tyy1 are two “endpoints” knots,
and t1,...,ty are N interior knots. The splines with equidistant knots are called “uniform” splines;
otherwise, they are said to be “nonuniform”. Another popular choice of knots is the “quantile” knot
sequence, where the empirical quantiles of the observable variable are used as interior knots. Quantile
knots ensure an equal number of sample observations in each interval, while the intervals can have
different lengths.

To construct the B-spline basis function recursively, define the augmented knot set by appending

the lower and upper boundary knots ¢y and ty11 J (=m — 1) times:

tmo1y ==t =tg <t < <IN <tny1=INy2 =" =IN4m-

Reset the index for the augmented knot set such that the N + 2m augmented knots ¢; are now indexed

by i =0,..., N+2m—1. Then we can recursively define basis functions B; ;, j = 0,1, ..., J, as follows:

1if x € [t;,t;
B@O (LU) _ [ 7 H—l)

0 otherwise,
Biji1(z) = cijr1(x) Bij (x) + [1 — civ141 (2)] Biaj (),

where ¢; ; (z) = tij_ftz if ¢4 # ti; 0 otherwise.

The above recurrence relation is called the de Boor recurrence relation; see de Boor (2001). For a

fixed j, the functions B; ; are called the ith B-spline basis functions of degree j, and the total number

30



of B; j(x) functions is N + j + 1, according to the recursive construction. Finally, the B-spline basis

N+m

functions used in regression are {B; ,,—1(x)};_ 5", and the total number of basis functions is N + m.

When m = 4 and N = 3, there are 7 cubic B-spline basis functions.
In our simulation and application, we choose cubic B-splines with m = 4 and set the number of
interior knots to be N = m,, — 4, where m,, = Lnl/ 4J + 1 is the total number of basis functions. Here

|-] is the floor operator.

A.1.2 The Detailed Procedure

Preparation
1. Normalize the dependent variable to have sample mean 0.

2. For each covariate, say X;, normalize the B-spline basis to mean 0:
bt () = j (2) ="y (wn)

for j =1,2,...,my.

3. Collect the B-spline basis for covariate X; as P™ (X;) = [¢1; (X)), do1 (X1) 5 ey Gyt (X7)]

An Instruction on Regression

1. To run the regression of Y on X, we regress the demeaned dependent variable Y on P™ (X)) .

We construct &) as in equation (2.6).

2. To run the regression of Y on X; with pre-selected variables Z, we obtain the estimator by the
partitioned regression of Y on P™" (X)) by partialling out P (Z). 2?17 7z is constructed as in

equation (3.2).

Tuning Parameters For a fixed n, we set m,, = Lnl/ 4J + 1. We set
6n = Cmy |(log pn)'t + (log mn)l‘l} (used at Stage 1)

and ¢* = 3¢, (used at Stages 2 or later) for continuous regressors. We set ¢, = C (logp,)** (used at
Stage 1) and ¢ = 4, (used at Stages 2 or later) for binary regressors. We experiment with C' in the
range of 0.5 to 2.5, specifically using values such as 0.5, 0.6, ..., 2.5. We choose the optimal C by the
BIC.
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The Procedure

1. Set g, = 0.5m,, |(log pn)™* + (logmy,) ™| and ¢* = 3¢, for continuous variables, g, = 0.5 (log p,,)**

and ¢ = 4g, for binary variables, and then conduct the OCMT procedure as described later in

this section;

2. Denote the selected variables from the OCMT procedure by Z (k)3

3. Re-estimate the model by regressing ¥ on P™» [Z ( ks)} (which is a post-selection estimation);
4. Compute the BIC (defined in equation (4.3)) from Step 3 and denote it as BICy;

5. Repeat Steps 1 to 4, replacing C' = 0.5 in the definition of ¢, and ¢} by 0.6, 0.7,..., 2.5 and
obtain the corresponding BIC, denoted as BIC,, BICs, ..., BICs;

6. Find ? = argmin;<,<21 BIC, and select the variables obtained using the #-th values of ¢, and

Sni
7. Conduct the adaptive group Lasso (e.g., Section 4.3 ) for those variables selected in Step 6.

The OCMT Procedure This is a brief summary of Section 3.3 but is detailed enough for imple-

mentation.

1. At Stage 1, we regress demeaned Y on P™» (X)) one by one for [ = 1,2,...,p,, and calculate
the test statistic X as in equation (2.6). We select X if jl,(l) =1 (é’?l > gn) =1.

2. We collect all the variables selected in stage 1 into the vector Z(;), and denote the index

set of the selected variables as S(;). The active variables in stage 2 are denoted by V(5 =

{L2,....pn} \S()-

3. For stage k > 2, we regress Y on P™n (X;) with P™» (Z(k_l)) as pre-selected variables one by
one for [ € W) We construct the test statistic A?l,Z(k,l) as in equation (3.2). We select the
variable X if j\l,(k) =1 (.)E'l7z(k_1) > §;> =1

4. We stop the procedure at a stage in which no new variables are selected. This final stage is

denoted as ky. Z (k,) are the variables selected by the OCMT.

A.2 Some Technical Details for the One-Stage Procedure

The proof of Proposition 2.1 is tedious. We illustrate the main idea of the proof by providing some

brief technical details below.
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Define
fi () = P™ (2)' B, and Uy =Y — fu (X7). (A1)

Then E[P™ (X;)U;] = 0 by the definition of f,; (z). By Stone (1985), it holds that
{E [t (X2) — fi (Xl)]2}1/2 < Cymi? for some Oy < . (A.2)

If the bias is asymptotically negligible, by the properties listed in Lemma A.3 below,

8 o mt/ {8 [ 0x0?)} 7 o mif2 {2 [ 00?] ) = it

As a result my, /? I3;]] can be equivalently used to measure the strength of net impact of X; on Y.

Let uy = yi — fou (1) and w; = (ug,wo, . .., u,) . Then the estimator for 8, can be rewritten as
B, = (ngl)il Xy =06+ (XEXZ)i1 Xjuy,
where recall that X; = (X1, Xy, ..., Xy,) is the n x m,, “design” matrix for X;. With it, X, can be
rewritten as
X =B, (672X0%)) B, = B, (672X]X)) By + 267 28wy + wX, (67X7%,) ™ X (A.3)

Our analysis is based on the decomposition in (A.3). The idea is to show that Hn‘lﬂxgulu , 612, and
HnﬂX;XZ H are bounded by some rate or value with very high probability. Based on these results, the
value of J; is solely determined by the strength of | B;|| with very high probability.

A.3 Some Technical Details for the Multiple-Stage Procedure

The proof of Proposition 3.1 is rather tedious. However, the main idea of the proof is straightforward,
and similar to the one for Proposition 2.1. To see it, we provide some technical discussion below.

To simplify notations, let P™» <X’f*) = [Pm" (X)), ...,Pmn (Xp*)/]/, a p*my, x 1 vector. Define
the n X p*m,, matrix

XP = (Xy,...,Xpe),

which is the design matrix for all the p* signal variables. To see the approximation of the model more

= {e e (e ()]} e ()],

* ~n* ~ /
which is the population coefficient for the regression of Y on P™» (X b ) . Write ﬂlf = (,8/1, cee ,8;*> ,
) B;.

clearly, let

where ﬁj corresponds to the coefficient of P (X;) in the regression. Let f:.(z) = P™ (z

Under Assumption 5’, Stone (1985) implies
_ 9 1/2
{B[Pm oy si- 1) =0 (m). (A1)
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We rewrite Y as

p
Y = [3]+Z[ - P () By] +e
j=1
p* _
=> P™ (X;)' B+ Rn +e. (A.5)

[
Il
-

Equation (A.4) implies R, = Op (m,?) for a fixed p*. Then the model looks like a linear model with
an approximation bias term R,, and an error term e.
Now we have a closer look at 0 z, which measures the impact of X; on Y after controlling Z. If

we can ignore the approximation bias, a finite sample approximation to the term inside 6; z, namely,
E {Y — pm(z) {E [P (2) P™ (2)]} B[P (2Z) Y]‘ Xl} ,
is
P (X)) @y - E{P™ (X)) {Y — P (Z) ®,'E[P™ (Z }}
x my, - P (X)) E{P"™ (X)) {Y — P (Z) ®,'E[P™ (Z)Y]}}, (A.6)
where &y, = E[P™ (X;) P (X;)], ®z = E[P™ (Z) P™ (Z)'], and the last line holds by Lemma

A.3. We let
.z =E{P™ (X)){Y - P™ (Z) ®,'E[P"™ (Z)Y]}},

which appears as the numerator in the population coefficient of the regression of Y — P (Z)' <I>21
-E[P™ (Z)Y] on P™ (X;). Then the last term in equation (A.6) becomes m,, P (X;)' M,z Asa
result,

1/2

.z 5 {B [(maP™ (X0 mi2)"| } 7 = {m2nf z@xm 2} scmlf mgl| (A7)

by Lemma A.3. Note ¢; z measures the impact of X; on Y after controlling Z. mn Hnl ZH can be
equivalently used to measure this strength.
To facilitate the analysis of 9, z, let ®x,z = E[P"" (X;) P (Z )']. By the orthogonality between

the error term and regressor in the least squares projection, we have

M,z = E{[P"™ (X)) — By, 22, P™ (Z)] {Y — P™ (2)' 2, E[P™ (2)Y]}}
= E{[P"™ (X)) —x, zP™ (Z)] - [Y =~y zP"™ (Z)]}
= E(Ux,z Uyz), (A8)

where vy, z = CD;CI”XlZ, Vvz = CD;E[P’”“ (Z)Y], and Uy, z and Uy z denote the respective

projection errors:
Ux,z = P (X)) =V, zP"" (Z), and Uy,z =Y — vy zP"" (Z) . (A.9)
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Note that Uy, z is m, x 1 and Uy, z is a scalar. Thus, 1),z measures the covariance between P™" (X))
and Y after controlling P (Z).

At the sample level, we use the following notations. Let z; denote the i-th observation for Z.
We let ux, z = (ux, z1,---, qu,Z’n)/ and uy z = (uy,z,1, ... ,uY,Z’n)I, where ux, z;, = P™" (x};) —
'y’XhZPm” (2;) and uy z,; = y;i — 'y’Y7ZPm" (2;) . The connection between /ﬂ’z and 7, z can be seen

from the following. Noting that
y="2vyz+uyz and X; =Zvx, 7z + ux, z,
we have

X,z = (uy zMzux, z) (&l%ZX;szl)_l (uy, zMzuy,z)

AR -1
= [(u, zuy,z —nmy z — u, zQzuy,z) + 1y 7] (U?,ZX;MZXI)
|y, guy,z —nmy gz — vy, zQzuy,z) +nny z]
. 1 . 1. . 1.
=n’n) z (672X MzX)) " My g +2nm) 5 (67 2XIMzX)) " Wz + @) 5 (672X MzX)) @y, z,
(A.10)

where Qg = Z(Z'Z)"' 2 and

~ — /
Uz = ’qu,Z’u,y,Z - nnLZ - uXhZQZuY’Z. (A.ll)

behaves like the counterpart of Xju; in equation (A.3). To see the last point, first note that

FE [UthZuY’Z — n'r’lyz] =0.

Next, it is easy to show that U,XthZ’UJY,Z = n_l/Qu’Xl’ZZ (n‘lz’Z)_l n_1/2Z’uY,Z is of smaller order
than u'y, zuy,z —nn; z because E [P (Z) U, z| = 0 and E [P (Z) Uy,z] = 0 by the definitions
in equation (A.9). The first term in (A.11) is the dominant term of Aj z if n; 5 is large enough.
The analysis of X; (Z) is based on the decomposition in equation (A.10). The basic idea is similar
to the one for analyzing A in equation (A.3): we show 6127Z, n_1X;MZXl, and n~1/2 U,z are bounded
by some value or rate with very high probability, and as a result, 1 (22; (Z) > gn> is determined by

1/2 ‘

the strength of 6 z (or equivalently, my/~ |1, z||) with very high probability.

A.4 Technical Lemmas

We frequently use the inequalities presented in Remark 1, Lemma A.1, and Lemma A.2.

Remark 1 (Some inequalities) We may apply the following inequalities in the proofs directly

without referring them back to here. First
PI‘(Xl + Xo > O) < PI‘(Xl > 7TC) —I—PF(XQ > (1 —ﬂ')C)
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for any constant 7. That is due to the fact that {X; + Xo > C} C{X; >nC}tU{X; > (1—7)C}.

Similarly, we have

Pr (Z X; > C) <Y Pr(X;>Cn7') and Pr <1r£1a<x X; > (J) <) Pr(X;>0).

i=1 1=1 i=1

For any positive random variables X; and X» and positive constants C7 and Cj,
Pr(X;- X2 > C1) < Pr(X; > C1/Cs) + Pr(Xa > (o),
due to the fact that {X; - Xo > C1} C{X;1 > C1/Co} U{X2 > Co}.

Lemma A.1 (Bernstein’s Inequality) For an i.i.d. series {z;};o, with zero mean and bounded

support [—M, M], we have

.

for any v >Var(3"! | 2) .

n

>

=1

. ) < 2exp {0/ [2(0 + Ma/3)]},

The above lemma is Lemma 2.2.9 in van der Vaart and Wellner (1996).

Lemma A.2 Suppose that for an i.i.d. series {z};2;, Pr(|zi| > z) < Ciexp (—Caz®) holds for all
z > 0 for some Cy,Ca,C3 > 0. Further E(z) =0 and E (27) = 2. Let {v,}oo be a deterministic
series such that v, o n*. Then (i) if 0 < A < (a+ 1)/ (a +2), we have

Pr ( En:zz
i=1

(i) if A\ > (a+ 1)/ (a+2), we have

Pr ( f:zz

i=1
This lemma is Lemma A3 in CKP.

> vn> < exp [— (1- W)QUZ/ (2nag)} for any m € (0,1);

> Un> < exp (—0402‘/(0‘“)) for some Cq > 0.

Lemma A.3 Recall that ®x, = E[P™ (X;) P™ (X;)"]. Suppose that Assumption 3 holds. Then

there exist some positive constants By, Bs, Bs, and By such that

Bimy,' < Amin (€x,) < Amax (®x,) < Bamy)! (A.12)

E[|or (X)) oc my,

n

for all k and I. For any fu (X;) = P™ (X;)' B where X; satisfies Assumption 3, we have

(B[ 02} scmi2 181
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For the first and second equations in the above lemma, see Lemma 6.2 in Zhou, Shen and Wolfe
(1998). The third equation is a direct result of those on pp. 91 and 133 in de Boor (2001). The last
equation follows from (A.12) and the fact

m m 1 2
(B[fax?]} = (g8 [P (x) P (0] BY
Mn mn 1 2
Ponin (@x)12 18] < {B'E [P (X0) P™ (X0)'] B} < P (@] 18]

Lemma A.4 Suppose that Assumptions 1 and 8 hold. Then

pe ([ i)™ - ot = ot /2) < 2mte -Cums®y (a9

for some positive constant C1. If Assumption 7 also holds, then

Pr (||| = oxi [ > [l#xi]/2) < coexo {-m)
for some positive Co, Cs, and Cy.

Lemma A.5 Suppose that Assumptions 1, 3, 4, 6, and 7 hold. Let ‘712 =F (Ul ) , wl =F (Ul4) —
[E (UIQ)]Z, uy = Yi — fu (), 4 = yi — P™ (xli)IBl, and 6 = n= 1Y " a4k, Then, for v, o n
with A > 1/2,

Pr (‘6? — 0l2| > vn/n) < Chexp (—Cznc3)

holds for some C1, Ca, and C3 > 0.

Lemma A.6 Suppose Assumptions 1, 8, 4, 6, and 7 hold.
(i) If v, < n®/H2Dm2 | then

- 4
Pr (‘u;Xl (c}?XEXZ) ! Xgul‘ > 30121)71) < exp (—Clmglvn + logmy,) + Cyexp (—C’3nc4)
for some positive constants Cy, Cy, Cs, and Cy.
(i) If vy = n3/T2Dm2 - then

Pr <‘UEXZ (&fX;Xl) Xlul‘ g > < Csexp (—CGnC7)

for some positive constants Cs, Cg, and Cy.

Lemma A.7 Suppose that Assumptions 3, 5, and 7 hold and that we pre-select Z = (Zy,...,72,,)
in previous stages and all Zs are either signals or pseudo-signals. Assume that b signals, without loss

of generality say Xt = (X1,...,Xp), are not in the list of the pre-selected variables. Let
n =E {Pm" <XI{> {Y — pm(z) {E[P™ (2) P (2)]) " E[P™ (Z) Y]}}
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1/2
If there exist a j, 1 < j < b, such that {E[ * (Xj)ﬂ} 2> kplog (mn)l/2 (mn/n)l/2 for some

nj
Kn — 00, we have

Hnl{H > kin log (my) 2012,

Lemma A.8 Suppose Assumptions 1, 8, and 10 hold. Further suppose all covariates in Z (1, x 1)
are either signals or pseudo signals. For a random variable X; that is not included in Z, it holds that

-1

Z/
Pr nt o ( 7 X ) — e M| > |@7 | /2 | < 2mPid exp {—Cinm, %t}
l
.. Pz  Pzx m I pm.
for some positive constant Cy, where ® = , @zx, = E[P"™(Z)P™(X))], and re-
¢IZXZ (PXZ

call that @z = E[P™ (Z) P (Z)'] and ®x, = E [P™ (X;) P™ (X))'] . If in addition Assumptions
2’ and 7 hold, the right-hand side of the inequality can be replaced by Coexp (—anc4) .

Lemma A.9 Suppose Assumptions 1, 2°, 8, 4, 6, 7, and 10 hold. Further suppose all covariates in
Z (in, x 1) are either signals or pseudo signals. For a random variable X that is not included in Z,

then
Pr (Amax {(@%ZTFIX;MZXZ)A} > 20723;(%77%) < Cy exp(—Cyn?) and
Pr (Amin {(6ﬁzn_1XEMZXZ)71} < ia_2BX§mn> < Cy 6Xp(—C5TLCS),

for some positive C1, . ..,Cg, where o is defined in Lemma A.11.

Lemma A.10 Suppose Assumptions 1, 2°, 8, 4, 5°, 6, 7, and 10 hold. Further suppose all covariates
in Z (1n, X 1) are either signals or pseudo signals. For a random variable X; that is not included in

Z then

2
Pr <Hn_l/2 (U/XZ,ZUY,Z — 771,Z) H > Clmglvn>

2m,, exp {—nm,_L?vn/[Cg(nm;Ll + Lnnl/Qv}lﬂ)]} + mpexp (—Csmytvn)  if v, < nd/(512)

<
N 2my, exp {—nm;zvn/[(h(nm;l + Lnnl/ZwlL/2)]} + Cyexp (—C5n06) if v, 2 ns/(512)

m;
m2
and

2
Pr (Hn‘l/zu'XbZZ (z'z)™ Z,UY,ZH > Cﬂ”#”n)

Ciz exp (—C1an®) + mZ., exp (—Clﬁnlﬂm;l/GL;l (my, top) 1/2> if vy < =D/ [AH+2)] 56,2

n

Chz exp (—Chgn) if vn > (o= D/H(+2),5/6,2
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for some positive Co,Cs, Cy, Cs5, and Cg. If we set v, = ¢,, then
2
Pr (Hn_l/zﬂth > C1m;1§n> <n M 4 Cypexp (—02171022)
for any large positive constant M and some positive constants Cag, Co1, and Cos.

Lemma A.11 Suppose Assumptions 1, 2°, 8, 4, 5°, 7, and 10 hold. Suppose all covariates in Z
(tn, X 1) are either signals or pseudo signals and X; is a variable that is not included in Z. Define

!/

P (Z) e P (Z)
P (X)) Pme (X))

U=Y — Y

)

Let o> =F (Uz) ,wi=F (U4) - [E (UQ)]Q. Then, for v, o n* with X\ > 1/2, we have
Pr (‘&ﬁz - 02‘ > Un/n) < Chexp (—anc3) for some Cy,Csy,Cg > 0.

Lemma A.12 Suppose Assumptions 1, 2°, 8, 4, 6, 7, and 10 hold. Further suppose all covariates in
Z (1, x 1) are either signals or pseudo signals. For a random variable X that is not included in Z,

we have
Pr (ﬁ;z ((”)'ZQ’ZX;MZXl)f1 Uz > gn) < exp (—Clmglgn + log mn) + Cs exp(—C’gnC4).
Lemma A.13 Suppose Assumptions 1, 2°, 8, 4, 5°, 6, 7, 8, and 10 hold. Then
Pr(Dg)>1-— kn~M — kCyexp (—C5n06)

for any finite fized positive integer k, any fized large positive constant M1, and some positive constants
Cy,C5, and Cg. When k is fized or divergent to infinity at o rate no faster than n® for some a > 0,
we can write

Pr(Dy) >1— n~Mz _ Crexp (—C’gnCQ) for any k < n?,

for some large positive constant Ms and some positive constants Cy,Cg, and Cy.

B Proofs of the Main Results

Proof of Proposition 2.1. To see the intuition, we begin with the case where §; = 0. When 6; = 0,
18]l = 0 and & = w/X, (612X2Xl)_1 Xju;. Then,

Pr (> ) < Pr (X (67%7%) " Xjus > G, )
_ 4 3
= Pr <’U,EX[ (6—12X;Xl) IX;'U,[ 2 §0l2 <40'l_2§n)>
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< exp (—Clmfllgn + log mn) + Cyexp (—anc“)

for some positive constants C7,C5, and C3, where the last line holds by applying the first part of

Lemma A.6 with v, = %al_an. Since ¢,  kylog (my) my,, Cim.ts, —logm, > M logm,, for any

fixed positive M. This shows the first part of the proposition when 6; = 0.
Note by Lemma A.3

{2 [ 00} ccmi 21y
If 6, < log (mn)l/2 (my,/ n)1/2 , by the triangle inequality, equation (A.2) and Assumption 7,
(el = (o rour]) " o s - o)y

1og ()2 (mn /n)? + Crmyy® < log (mn) 2 (my fn)'/?,

AN

because the approximation bias is asymptotically negligible under Assumption 7. Therefore, ||| <

10g (M) mpun=1/2. Then,
Pr (2& > gn)

— / —
=Pr (nI/Q[Bl +n'/? (X(X)) 1X§ul> (6,20 'X(X)) (”1/2/31 +n'? (X)) 1X§ul> > §n)

< Pr

2
721+ 172 (x530) ™" X

67 % Amax {0 1XIX ) > cn>

2
<Pr Hnl/Q,Bl +nl/? (X;XZ)*lxgulH > U?Bglmn<n> +Pr(6;° > 20,7)

+ Pr

s ((55)} 2 3 B!

= A; + As + As.

By Lemma A.5 and Lemma A.4, A; = %Cg exp (—anc4) for some constants Co, C3 and C4 and

Il =2,3. For A;, we have with C = %J?BQ_I,
A <P 1/2 (x/X -1 X! 1/2 > Oml/2c1/2
1 < Pr(|In'/? (XX)) ||+ ||n 76| = Cmy/7s,
_ 1 1
=Pr < (n™'X/X)) ! n_l/QXEulH > §Cm711/2§,1/2 + §Cm711/2§,1/2 - Hn1/2,61H>

B 1
< Pr< (n XX, 1n—1/2xgulH > 20m3/2c$/2>

1 .
<Pr < n*lﬂxgulH > QCmn1/2§,1L/2> +Pr <HAM (n1X]X)) 1” > gBl_lmn)

<n M4 %Cg exp (—anc4)

for any arbitrarily large constant M and some constants Co,C3 and C4, where for the fourth line

1/2 1

holds by the fact that my, /% = kL2 log (mn)l/2 my > Hnl/QﬂlH , and the last line holds by equa-
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tion (S1.14), the fact that Cym,'s, — logm, > M logm,, and Lemma A.4. In sum, we have
Pr (/'\A,’l > gn) <n ™M 4 Cyexp (—anc‘*) .
We turn to the second part of the proposition. If §; > ky, log (mn)Y/? (my/n)Y? | by equation (A.2)

and Assumption 7,
1/2
{E [fnl (Xl)ﬂ } / 2 Kn log (mn)1/2 (mn/n)1/2 )

where we use the fact that the approximation bias is asymptotically negligible under Assumption 7.
Therefore, ||3,]| 2 kn log (mn)Y? mun=1/2,
We bound Pr (z\?l < gn) as follows:
Pr (‘)el < Cn)
a— / ~— _ —
=Pr ( Y28+ 02 (X)) 1X2Ul) (6,20 1XIX)) (nl/Qﬁl +n'/? (X%)) 1XEU1> < <n>
_ 2
< Pr ( |[n!/28, + 0 (X7%0) " Xj| Amin { (67207 1XIX0) } < <n>
2

< Pr (|[n2/28, + 02 (xi%0) 7 K| < 401231_1mn§n>

+ Pr

Amin { (n71X/X)) } < ;Blm;1> +Pr (6,2 < 0;%/2)

= A4+ As + As.

By Lemma A.5 and Lemma A.4, A; = lC’5 exp ( C’Gnc7) for some positive constants C5, Cg, and Cy
and [ = 5,6. For A4, we have with C = 20,8, 1/2

A = Pr (|2, 017 (i0) ™ | < Oml2612)
<Pr (H e = [ (i) | < omif2cl2)

s § o)

( () >3 )
-M

1 1y 3
—1/2xgulH > By’ Hnl/%’lH) +Pr <)\max {(n—lxgxl) 1} > QBllmn>
+ C5 exp (— C6nc7)

for any arbitrarily large constant M and some positive constants Cs, Cg, and C7, where the second

inequality follows from the fact that i Hnl/ 23, H > mi/ 29}/ 2, and the last line holds by taking v, x

( ;1/2 HnI/Q,Bl‘D > k2 log (my,) my, in equation (S1.14) and applying Lemma A.4. In sum, we have
Pr ()?l < gn> <n M4 Csexp (—Cﬁnc7) ,
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or equivalently, Pr ()31 > gn> >1—n"M _Cyexp (—06n07) .

Proof of Theorem 2.1. Proposition 2.1 will be used repeatedly in the proof. First, we study TPR,,.
Note that

E(TPR,) = p*~! iE [1 (jl — 1 and {E [fl* (Xlﬂ }1/2 ” o)}

= p**l ZPr (92, > gn> >1-nM_ exp (—anc3)
1=1

for some positive constants M, C7,Cs, and C5, where the inequality holds by the second part of
Proposition 2.1 and Assumption 9.
Next, we study FPR,,.
P R
E(FPR,) = (pa—p") " Y E [1 (jl — 1 and {E [f,* (X))?
l=p*+1
p*_,’_p** R
=(pn-p)" D) E [1 <jl — 1 and {E [fl* (X;)?

l=p*+1

)
pﬂ )

tn-) Y E [1 <j7 — 1 and {E [f,* (Xl)ﬂ }1/2 — 0)]

I
I

l:p*+p**+1
o * sy —1 on ~ . 9 1/2
<P (n =)+ a =2 Y E[l(jl:land {B ]} :0)]
l:p*+p**+1

<p**/ (pn — p*) + Can™M + C5 exp (—Con®")

for some positive Cy, C5, and Cg and any large positive constant M, and the last inequality holds by
the first part of Proposition 2.1 and Assumption 9.
Now, we turn to FDR,,. Note that

pn
2|31 (d=1 (e [ o]} =0 and S og (m,) (mn/n>1/2)]
=1
Pn
= Z Pr (-)E‘l > §n>
I=p*+p**+1

< (pn —p* =) [nM + Csexp (—Cyn©10)]

for any large positive number M and some positive constants Cg,Co, and C1g by the first part of

Proposition 2.1. Taking a M sufficiently large, we have

Pn

Z 1 <jl =1, {E [fl* (Xl)2] }1/2 =0, and 6; < log (mn)1/2 (mn/”)1/2>] — 0.

=1

E
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Then

1 (F= 1 (e [ 0P} = 0, and 6 S o () 0m ) )

pn \7l+]~

Lo

FDR,, =

by Markov inequality and the fact that > 7", jl +1>1.m

Proof of Proposition 3.1. Note that ||n, 5| o mp 6. z|| by equation (A.7). It is equiva-

lent to showing the results for the case when n; z < log (mn)l/2 n~1/2 and the case when Mz 2

tin [log (mn)]"/? n=1/2,

For clarity, we begin with the case when 7, z = 0. In this case, the 2& z in equation (A.10) reduces
. ~1
to Xj z = ﬂLZ (65ZX2MZX1> Uy, z, where My =1, — 7 (Z'Z)_l Z'. Then by Lemma A.12,

Pr (22'12 > §n> < exp (—Clmﬁlgn + log mn) + Cs exp(—anC4)
— exp (—Cstin log () + log my) + C exp(—Cyn?)
< nM 4 Csexp (—0377,04) ,
for any arbitrarily large positive constant M, where the second line holds by the fact that ¢, o
kn log (my,) m, and the last line holds because Csky, log (my,) — logm,, > M log m,,.

When n; z # 0, we analyze /'?l 7 similarly as we do for & in the proof of Proposition 2.1. We first
consider the case where 1, 7 < log (m 2) Y2012 Note that

N / _
Pr <Xl,z > Cn> = Pr ((nl/Qm,z + 7fl/2ﬁl,z> (67 zn ' XIMzX) ' (n1/2771,z + n71/2ﬁz,z> > %)
2 _
Pr (Hnl%,z 02y | A { (07 KMz T} > <n>

21 ~
Pr <H”1/2771,Z 4 n—1/2ul7ZH > 20_2Blen1gn>
+Pr (Amx {(&2 anlngZXl)‘l} > 20*23;(}%)

= A7 + Ag. (Bl)
For A7, we have

Az = Pr ([, g + 07V 5| = 27V 2o By 1 2GH2)
< Pr ) 1/2mZH i Hn_lpahZH > 2_1/203}(/12m_1/2q1/2)

n n

~ 1 B 1 _
< 25| 2 22 B A+ L R B A )

‘n 1/ uzzH > ;2 1/20B1/2 _1/2 1/2)
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<n M4 %Cg exp (—anc“) , (B.2)

where the second inequality holds by the fact that my, SL2 1/ 2

1/2

o fir!* [log (mn)]*/2 > [log (ma)] V2 2
Hn nl,ZH , and the last inequality holds by Lemma A.10. By Lemma A.9,

Ag < %CQ exp (—anc4) . (B3)

Combining (B.2), (B.3) and (B.1) yields Pr (2\?1 z > gn) <n M4+ 1Cyexp (—C3n®).

Now, we consider the case where 1, z 2 Ky [log (m )]1/2 n~1/2. Note that
. _ . ~1 -
Pr (Xz,z < §n> = Pr ((nm,z + iy z) (672X MzX)) " (nmy g + Wuz) < €n)
12~ |17 2 -1
Pr <Hn1/2"71,z +n I/QUI’ZH Amin {(Uﬁzn IX;MZXZ) } < §n>

2
Pr <H”1/27717Z + nil/ZﬁlyzH < 402BX2mn1§n>

+Pr <)‘min {(&lz,zn_leMZXz)_l} < 4110_2B)}§mn> (B.4)
= Ag + Ajp. (B.5)
Noting that Hnl/%nz +"_1/2’ftl,ZH > Hnl/zmzu B Hn_1/2  we have
(H Py ZH < 2031/2 *1/291/2)
N u o g | 2o )
< ulz 2 H 1/27712H>
<Pr (H 2q ZH > CrY?m _1/2ng/2>
<n M4 05 exp (—Con") (B.:6)

for any arbitrarily large positive constant M and some positive constants C's, C7, and Cr, where the sec-

ond and third inequalities follow from the fact that H”l/szu 2 knp [log (fmn)]l/2 o ki 2 Ph? >

20*131/ 2 nl/ 29%/ 2 and the last inequality holds by Lemma A.10 to get the last inequality. By the

second part of Lemma A.9, A1y < %C’5 exp (—C’gnc7) . It follows that
Pr (/'\A,’l,z < gn) <n M4 Csexp (—C6RC7) )
That is, Pr (2\?1,2 > gn) >1—nM_(Cj exp (—06n07) N

To prove Theorem 3.1, we introduce some notations presented in Table 7 below.

Apparently, Dy, = N, the complement of Nj.
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Table 7: Notations used in the proof of Theorem 3.1

Notation Meaning
By . variable [ is selected at the kth stage of the OCMT procedure.
Ly = Uﬁlel’h variable [ is selected up to and including the kth stage
N = Ufﬁp* S +1Ll7k one or more noise variables are selected up to the kth stage
A = ﬂleLl,k all signal variables are selected up to the kth stage
Hy, = ﬁf;;f;LLk all pseudo-signal variable are selected up to the kth stage.
Dy, variables selected up to the kth stage are signals or pseudo signals
Tt The OCMT procedure concludes at or before stage k

Proof of Theorem 3.1. Recall that the constants C;’s and M;’s may vary across lines. By the
definition in Table 2, all pseudo-signals have strong net effects on Y in the first stage with 6; 2>
fin log (mn) Y2 (my/n)Y/? for a slowly divergent series k, — co. Under this condition, the second part
of Proposition 2.1 implies all pseudo-signals can be selected in stage 1 with very high probability.
That is, H1 happens with very high probability. Specifically,

p*+p**
Pr(My) = Pr (7B ) = 11— Pr (U708 ) 21— Y Pr(Byy)
I=p*+1
>1—p*™ (M + Crexp (—Con®))
>1—n"M _Cyexp (—C’gnce) (B.7)
for some arbitrarily large constant M, some My < M — B+, and some positive constants C1, ..., Cs,

where the second inequality holds by the second part of Proposition 2.1, and the last inequality holds
by Assumption 2’ by restricting p** oc nP»**. Since M can be arbitrarily large, M; can be arbitrarily
large too. The above result, in conjunction with the fact that H; C Hy for any any k£ > 1, implies
that

Pr(Hi) > Pr(Hy) >1—n"" — Cyexp (—Cg,ncﬁ) . (B.8)

That is, the probability of that all pseudo-signals are selected up to stage k is larger than the proba-
bility of that all pseudo-signals are selected up to stage 1.

Recall that p* is the number of signals that is assumed to be fixed in Assumption 2. We consider
the probability of Ay« NH,+, the event that all signals and pseudo-signals are selected up to stage p*.
The key to bound this probability is Proposition 3.1. To apply the proposition, we need the condition
that all pre-selected variables are signals or pseudo-signals, which is the event D,«_1. In view of this

observation, we conduct the analysis as follows. First,
Pr (Ap N Hp<) > Pr(Ap N Hp N Dp_1) (B.9)
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= Pr (A~

*_1) Pr (Hp* N Dp*_l) .

For Pr (Hp N Dp+_1), we have

Pr(Hp N Dp-_1) = 1 — Pr (H;. UD;-)
[1—Pr(H )] =Pr(Dpe )
1—

— Crexp (—C’gnCQ) (B.10)

v

for an arbitrarily large constant Ms and some positive constants C7,Cs and Cy, where the last
inequality follows by equation (B.8) and Lemma A.13. Since we only have p* signals, with Assumption
9’, Lemma A.7 implies that the population effect of at least one signal on Y conditional on Dy,
k < p* —1, would become large enough to be picked up by our procedure with very high probability.
For the Ith signal, 1 <[ < p*, we denote the stage where its effect on Y becomes large enough to be

n)l/ 2 m}/ ?n=1/2, Without loss of generality, we assume

picked up by kj, that is 0172(“ ) 2 kplog (m
-

kT < k3 <k;...< k;*. By Lemma A.7 again, k7 = 1 and k' — k] ; < 1. So the OCMT procedure

with very high probability does not stop until all the signals are selected.

We now bound the probability formally. By definition,
Ape = (0 Lo = 0, (UL Bin) 2 N, B
Noting that k7 = 1, kf — k" ; < 1, and k] < k5 < k3... < k:;* if ﬂf;BM; occurs, the OCMT
procedure does not stop before stage k.. Then,
Pr (Ap«[Hps N Dp-—1) = Pr (ﬁilBl,kﬂHp* N D10*—1)
=1-"Pr <U€:18ﬁk;“Hp* N D *_1)
p*
>1-Y Pr (B£k7|ﬁp* nD *,1). (B.11)
=1
Conditional on the event H,« N Dp«_1, all variables in Z(k;—l) are either signals or pseudo-signals

1/2
(1)
Pr (Bf’kﬂHP* NnD *,1) to obtain

with 0; z 2 kplog (my,) m}/znfl/Q. Then we can apply the second part of Proposition 3.1 on

Pr (Bikl* |Hp= ND *_1> <n M4 Cyexp (—C’gnc3) i

Substituting this into equation (B.11) yields

=
=

PI‘ (Ap* |Hp* m Dp*—l) Z 1 — M + Cl eXp (_CQTLCS)]

=1



>1- n~Ms _ Chpexp (—01177,012) (B.12)

for some arbitrarily large constant M3z and some positive constants Cig, C11 and Cia. Substituting
equations (B.10) and (B.12) into equation (B.9) yields
Pr (Ap NHp<) > (1 —nMs _ Crgexp (—Cnn012)) (1 —n M2 _ Crexp (—C’gncg))
>1- n~Ms _ Clpexp (—C’llncm) —np M C7 exp (—ancg)
>1—nM _ (4 exp (—01471015) (B.13)

for some large positive constant My, and some positive constants Cy3, C14, and Cis.

With (B.13), we are ready to complete the proof of the first part of the theorem. Notice that

Pr (7<) > Pr(Tp- N Ap- N Hp ND,

r — Pr (A5 UHS. UDL) |
1—Pr (A5 UHS) —Pr (Ds.)] . (B.14)

Pr )
= Pr (7| Ap N Hpx N Dpx) Pr (Ap+ N Hpx N D+ )
=Pr (7, 1
> Pr(7; [ »

o | Aps N Hype N Dy )
*|Ap* me* mDp*)

Note that Tp‘i

and all signals and pseudo-signals have been selected. It is equivalent to one or more noise variables be-

ing selected at stage p*+1 conditional on Ay« Hp+ND,+, which is Uﬁp* w1 Bipr 1| {Aps N Hpe N Dy}

**+1
By the analysis in Lemma A.13,

Pr (7, pr) = 1= Pr (U2 e 1 Brpe | LAy N Hpe 1Dy })
Pn
>1— Y Pr(Biy | {4y NHpe 1Dy}
l=p*+p**+1

>1—pan M — p,Crexp (—Con)
>1- n~Ms _ Chg exp (—01777,018) , (B15)
where the last line holds for some arbitrarily large positive number My and some positive constants
Ci6, C17 and Cig by the fact that p, o nPr in Assumption 2’. Substituting equations (B.13) and
(B.15) into equation (B.14) and applying Lemma A.13 on Pr (D5, ), we obtain
Pr(7,-) > [1 — n M — Cygexp(—Cr7n®s)]
Cis) — =M _ exp(—C’gnC3)]

>1-— n~Ms _ Chg eXp(—020nC2l), (B.16)

X [1 — TLiM'4 —Ci3 eXp(—C'14n

for some arbitrarily large positive number Mg and some positive constants C1g, Cog, and Cs1. Conse-

quently,
Pr (ks > p") =Pr (%) =1 Pr(7:).
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The second part of the theorem is quite straightforward given the analysis so far. First, we show
the result for TPR,,. We conduct the analysis conditional on D)+ that all selected variables up to stage
p* are either signals or pseudo-signals. In the first stage, by Lemma A.7, there exists at least one signal
with 0; 2 kK, log (mn)l/2 my/*n=1/2. Let \I!(()l) = {l :1 <1 <p*and 0 2 kylog (mn)l/2 m,ll/2n_1/2},
the collection of signals that have large effects on Y in the first stage. By the same logic as we have

used for the proof to the first part of the theorem,

e (e, {0 =1) =1 e, {0 =0}

>1-nM_ exp (—CQTLC3)

for some large positive constant M and some positive constants C1, Cy and Cs, where we use the fact
that p* is a fixed number and the number of elements in \Il(()l) is p* at most. Conditional on D),
denote the pre-selected variables as Z; and the index set of Z; as S(1) for stage 2. Note that there
may be some hidden signals accidentally selected in stage 1. We include all those in Z; too. As long
as we conduct the analysis conditional on Dy« that no noise variables are selected, we can proceed
the analysis as usual. Let \If(()g) = {l (1 <1 <p* 1 ¢Sy and 0,7z, 2 knlog (mn)l/2 m,i/?n*l/z} , the
set of signals that have large effects on Y with pre-selected variable Z1. By Lemma A.7, \11?2) is not

empty as long as Sy # {1,2,...,p"} that there are some hidden signals. For the same reason,

Pr (mle@(()z) {j;7(2) = 1}‘ ﬂle\lﬂ()l) {j\l,(l) = 1} ,Dp*> >1—-nM_Ciexp (—C’Qno3) .

So on and so forth. Suppose there are some remaining signals as k} in the last stage. Because we
only have p* signals, k} < p*. We similarly use \Il?k) denote set of the signals that have large effects
on Y with pre-selected variables Zj_; and conditional on Dy«. Then
P~ Ex—1 - _
Pr <ﬂle\lf((’k*) {*71,(1%‘) = 1}‘ Miz1 Miewd {*Z,(k) = 1} ’Dp*> >1-n"" = Crexp (—Con).
Further,

b - k: 5o
Pr (%:1 Nicws, {jL(k) - 1}) > Pr (M Miews, { L) = } m)p*)
P {

x Pr ﬁzwgk: ) {~7l,(k*71) = 1}‘ Moy Mew,, {jl,(k) = 1} 7Dp*>
.
% Pr (Niews, {Jim =1} Dy ) Pr(Dye)

> [1 —n M _ C1exp (—C’gnc3)]k:+1
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>1— (ki +1)n M~ (kf +1)Crexp (—Can)
>1—n M _ Cyo exp (*02311024)
for some large positive constant M7 and some positive constants Cao, Co3, and Cay, where we use the

inequalities developed right before this equation and Lemma A.13 to obtain the second inequality.

Consequently, we have

E(TPR,) =p 'S E {1 <jl — 1 and {E [fl* (Xl)ﬂ }1/2 ” 0>}

where the fourth line follows from the fact that

{jl = 1} N {ﬂzzl ﬂzwgk) {jz,(k) = 1}} = {ﬁizl ﬁze\p?k) {fl,(k) = 1}}

for 1 < < p*. The above equality holds by the way we define £k} to ensure the effect of each signal
on Y becomes large enough at a certain stage.

Next, we turn to FPR,,.

Dn ~ 1/2
E(FPRy) = (po—p")"" > E {1 <j, —1 and {E [fl* (Xl)ﬂ} - 0)}
l=p*+1
p*_,’_p** n ~
=) Y E(T=1)]+ma-p Y Pr(Fi=1)
I=p*+1 I=p* et
p** 1 Pn N
<G 3 e(@=n0m) oo (@)
=p*+p**+1
*k Pn .
<P —+ (pn —p*) Z Pr((J = 1))7;,*> Pr(7,-) + Pr (7;;*)}
Pn—P I 4
=p*+p**+1
<L L Pr(Nye|Te) Pr(Ty) + Pr (T)
—
= e+ L= Pr(DpT)] Pr(Z,:) + Pr ()
<P +n M7 4 Cyyexp (—023n024) ;

Pn — D*

49



for some large positive constant M7 and positive constants Csy, Cog, and Cyy, where the fifth line
holds by the fact that conditioning on 7, Uf;p*ﬂ)**ﬂ {jl = 1} C N+ (conditional on the OCMT
procedure stops before stage p*, whether one or more noise variables selected by OCMT is a subset
of whether one or more noise variables selected before stage p*), and the last inequality holds by
applying Lemma A.13 and equation (B.15).

Now, we turn to FDR,,. By the same analysis for FPR,,, we have

E i 1 (jl =1, {E [fl* (XZ)Q] }1/2 =0, and 6; < log (mn)l/2 (mn/n)1/2>]
=1

- 2 (3=
I=p* +p™+1

< 3 m(G=0n%) e (G=0nTg)]
I=p*+p**+1

< n~Mr + Cyo exp (—023?2024) = 0(1).
Then
~ 1/2
P <j, =1, {E [f,* (Xﬂ} =0, and 6; < log (my)"/? (mn/n)1/2>

?zljl-f-l

Zo.

FDR,, =

by Markov inequality and the fact that f;l jl +1>1.m

Proof of Theorem 3.2. For (i), we denote the event of the desirable results from the OCMT
procedure as

Mocmt = Tps N Aps N Hpx N Dyr,

which is the event that the OCMT concludes at or before stage p*, all the signals and pseudo signals
are selected, and none of the noise variables are included. By the proof of Theorem 3.1 (see esp.

equations (B.13) and (B.15)) and by applying Lemma A.13 on Pr (D;*) , we have
Pr(Mocur) =1 —o(1). (B.17)

Conditional on MgcumT, we claim that all the technical conditions in Theorem 3 of Huang, Horowitz
and Wei (2010) (HHW) are satisfied. For a better exposition, we defer the proof of this claim to the
end of the proof.

Now, we denote the desirable event of the adaptive group Lasso as
Macrasso = {All signals are selected, no pseudo-signals or noise variables are selected} .
Theorem 3 of HHW implies that

Pr(Magrassol Mocur) =1-0(1). (B.18)
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Consequently we have

Pr (Macrasso) = Pr(Macrasso| Mocur) Pr (Mocur) + Pr (Magrasso| Moemr) Pr(MGomr)
> Pr(Macrasso| Mocmr) Pr (Mocut) + o(1)
=1-o0(1),

where we use the results in equations (B.17) and (B.18).

We turn to (ii). By the result in (i), Pr (Macrasso) > 1 —¢/2 for any fixed small positive value e
after some large n. Conditional on Maagrasso, the post OCMT estimation is simply a special case of
Stone (1985) because p* is fixed. Further, the bias term is of the order m, . Since m_ ¢ <« (mn/n)l/2
by Assumption 7. That is, the bias term is asymptotically negligible. Then the results in Stone
(1985), we have conditional on MagLASSO,

*

P
P (Zrc1as50) Bpost — D J7 (X5) = Op ((ma/m)'?). (B.19)
j=1
p*
Then unconditionally, we have P (ZAGLASSO)/Bpost — Zf;‘ (X;) = Op <(mn/n)l/2> as we can
j=1

make ¢ arbitrarily small.'?.
We complete the proof by demonstrating the initial claim. To achieve this, we need to verify the

conditions for the tuning parameters and conditions A1-A4 as specified in HHW.

e First, conditional on MocmT, all signals and pseudo signals are selected, while none of the noise
variables are included. Consequently, the regular rank condition, as imposed in Assumption 10,
holds. Furthermore, the number of covariates is p* 4+ p**, which is of the same order as p** when

p** > 0 because p* is fixed.

e Second, we discuss the tuning parameters. The condition A\,; > C'\/nlog(p**m,,) was directly
imposed in Theorem 1 of HHW. The condition \,; < \/W is stronger than the one imposed
in part (ii) of Theorem 1 of HHW. Thus, \,; satisfies the requirements in HHW. For A2, we
only need to verify whether it satisfies condition (B2) in HHW. The condition A2 < nmy, 1/4

clearly satisfies B2(a) in HHW. For B2(b) in HHW, firstly, r,, o< \/n/[my, log(p**m,,)] in our

case (the convergence rate ensured by Theorem 1 of HHW), because \,; < \/n/m, and the

bias term m; ¢ < \/m,/n as ensured by Assumption 7. Using the rate of r,, some simple

'3 This holds because for any events A and B with Pr(B) > 1 —¢/2 and Pr (A|B) > 1 — /2, we have

Pr(A) = Pr(A|B) Pr(B) + Pr (A|B°) Pr (B€) > Pr (A|B)Pr(B) > 1 —«.
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calculations show that A2 > my,/~log(p**m,,) satisfies B2(b), again using Assumption 7. We

have verified the conditions required for the tuning parameters.

e Third, condition A3 in HHW is merely a normalization, and we conduct such a normalization

as well. The major parts of conditions Al, A2, and A4 in HHW have been imposed in this

paper except for two conditions:

. HHW impose minj<;<p*

. ‘ . 1/2
]*) > C > 0, while our counterpart is {E[fj (Xj)Q]} z

kon log(mp)Y2(my, /n)Y/? for j =1,2,...,p* as in Assumption 9.

. HHW assume Pr(|g;| > t) < K exp(—Ct?) for some positive constants K and C and for all

t, while we assume Pr(|e;| > t) < K exp(—Ct®) for some constant s > 0 in Assumption 4.

Clearly, our conditions are weaker.

We are going to show that these two conditions have no impact on the final results.

For 1.

For 2.

As stated in the second bullet point, the rate of convergence of the Lasso estimator is

2 Lo \/my log(p*m,,)/n. Note that log(p**m,,) o log(m,,) under our framework, because
m, o nPm and p** o nBr**. Therefore, {E[f7 (X)) 2 > -l for j = 1,2,...,p", due
to the fact that x, — oo. This result implies that the Lasso estimator of signals will not
be zero with very high probability because the signal strength is much greater than the
convergence rate. Therefore, this weaker condition has no impact on the Lasso shrinkage

result.

Our tail condition slightly generalizes the one in HHW. The major use of this condition

in HHW is the probability bounds derived in Lemma 2 of HHW. In particular, only the

mnlog@mm) _, (), the case

second part of this lemma is useful for us, viz., the result when
in this paper. To guarantee this result for our case, we can apply Lemma A.2 in this
paper by setting v, = Cn'/?m \/log pnmy,) for a sufficiently large constant C' on the

series Y iy ¢j(xpi)e; for j =1,...,m, and k = 1, ..., p,. The probability bound from this

C?(1—7)? log(pnmn)
2C,

lemma is exp [— } for another uniformly bounded Ci, for j = 1,...,m,

and k£ = 1,...,p,. We set C large enough so that the probability bound is smaller than

. )

log(pnmn)} , an

(pnmyn)~M for some M > 1. Then

Pr| max g ¢j(xRi)ei
] 17 7mn7 7 - Pn ._

xkz &

)5

7j=1 k=1

< mnpn(pnmn)_M — 0,
which implies max;—1,__m, k=1,..p, |2 ieq Pj(Tki)eil = Op |:n1/2m'r_n1/2

equivalent result to the second part of Lemma 2 in HHW.
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Proof of Theorem 3.3. The uniform boundedness of Z?;l fj (X;) implies that U; also satisfies
the tail condition in Assumption 4. [For details, see the proof of Lemma A.5.] This, in conjunction
with the additional conditions in Assumption 2”, implies that all technical lemmas can go through.
Consequently, we only need to show that the probability bounds for the events like 7Zpx, Ap«, Hp,
and Dy are still 1 — o (1) with a diverging p*. This statement holds due to the fact that the error

bounds obtained before are of the order either n=

or exp (—nc) for some large positive constant
M and some C' > 0, and the error probabilities accumulated for a diverging p* are of the order
p* (n_M + exp (—nc)) = 0(1). We provide some details below.

We continue to use M to denote some large positive constant and C to denote some generic
positive constant. For H,«, equations (B.7) and (B.8) imply that

p*+p**
Pr(Hye) > Pr(H) = Pr (M7 B ) = 1= Pr (U7 BE ) = 1= > Pr(Bf)

l=p*+1

>1-—p* (n_M + C1 exp (—anc3)) >1—n"MM _Cyexp (—C5n06) .

For Dy,
Pr(Dy-) > 1— n~M2 _ Crexp (—ancg)

holds by Lemma A.13 because p* < nPr*. Similarly,
Pr (.Ap* N Hp*> Z 1-— TLijw3 — Cl() exp (—011n012)

for the same reason as we obtain equation (B.13) and p* < nBr*. The probability bound for T was
derived based on the bounds for A<, H,«, and D). Since the probability bounds for Ay, H,, and
D,+ have been shown, the probability bound for 7,« can be obtained using the same idea as we get

equation (B.16). That is,
Pr(7,)>1— n~ M _ C13exp (—01471015) .

Then the first result is reached by observing that Pr (l%s > p*) =1 —Pr(7,). The results of TPR,
FPR, and FDR can be proved similarly as in the proof of Theorem 3.1 and thus omitted. m
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Online Appendix to

“A One Covariate at a Time Multiple Testing Approach to Variable Selection
in Additive Models”
(NOT for Publication)

Liangjun Su', Thomas Tao Yang?, Yonghui Zhang®, and Qiankun Zhou'

This supplement is composed of two parts. Section S1 contains the proofs of Lemmas A.4-A.12.
Section S2 provides some additional simulation and application results.

S1 Proofs of the Technical Lemmas

Proof of Lemma A.4. To prove the lemma, we first present two inequalities: for any m,, x m,,
symmetric matrices A and B, we have

max {[Amin (A), [Amax (A)|} < my Al (S1.1)

and

| Amin (A) — Amin (B)| < max {|Amin (A — B)|, |Amin (B — A)|}. (51.2)

We will prove them at the end of this proof.
Recall that @y, = E [P™ (X;) P™ (X;)'] . Let ®,; = n~'X]X;. The (j,k)-th entry of ®,; — ¥,
is Eipa =17 Y00 6 (21) ¢k (21) — Edj (X1) ¢x (X1)] . Notice that

var (¢; (X)) ¢r (X)) < E [¢j (X1)? o (XZ)Z} <FE [cbj (XZ)Z] < Bym,*,

where the second inequality holds by |¢x|l,, < 1, and the last inequality holds by Lemma A.3. By
Lemma A.1,
Pr (|€jkal = vn/n) < 2exp {—vy/ [2 (Banmy,* +va/3)]} .

Then by the union bound,

Pr (10~ 0, = vn/m) =Pr (| max el = o)

Jk=1,2,...,m
Mp Mnp
<Y N Pr([gaal = va/n)
j=1 k=1
< 2m2 exp {—v2/[2 (Banm,* + v,/3)]} . (S1.3)
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Note that‘ P ]

( - H@;JH = anin (@0)] ™" = Pmin (@x,)] . By (S1.1), (S1.2), and (S1.3),

Pr (| Amin (®n1) — Amin (Px,)| = mpvy/n)
< Pr (max {[Amin (Png — Px;)|; [Amin (Px; — Pnyg)|} > mpvn/n)
<Pr([[@n = 2x,llo0 > vn/n)
< 2m2exp {—v2/ [2 (Banm,' +v,/3)]}. (S1.4)
Set v, = nm,;2B1/3. Then the above inequality becomes
Pr (|Amin (1) = Amin (®x,)| > Bim,,*/3) < 2m2 exp {—Cinm, >} (S1.5)

for some constant C; because nm, ! > v, = nm,?B;/3. This, in conjunction with the fact that
Bim; ! < Amin (@) < Bam;; ! by Lemma A.3, implies

Pr (|/\min ((I)n,l) — /\min ((I)Xl)’ Z )\min ((I)Xl) /3) S 2777,% exp {—Cmm,f"} . (816)

Note that for two positive random variables a and b, |a — b| > b/2 is equivalent to {a — 3b/2 > 0 or
a —b/2 <0}, which is equivalent to

b—1 _ (1/_1 Z b—1/3 or b—l _ a_l S —b_l‘
Therefore, {|a — b| > b/2} implies {}b—l _ a—l‘ > b—1/3}, and
Pr({la—b| >b/2}) <Pr(jb~" —a~'| > b71/3).

Taking a = {Amin (P)} " and b = {Amin (®x,)} ", we have

P (|Dvnin (@007 = Pin (917" | = Do (@017 /2)
<Pr {‘)\min ((I)n,l) — Amin ((I)Xz)‘ > Amin ((Dl) /3}
< 2m? exp {—anm;?’} ,

where the last inequality holds by (S1.6). This shows the first part of the lemma.
If Assumption 7 also holds, then

m2 exp {—anm;3} = exp {—C’gnm;?’ + 2logmy, }
= exp {—C’gnlf?’Bm + 2B, log n} <exp {—anc“}

for some Cy4 € (0,1 — 3B,,) and C3 € (0,C3]. Then the second part of the lemma follows.
To complete the proof the lemma, we now show (S1.2) and (S1.1). To see equation (S1.2), note
that for any vector & = (z1, ..., T, ) with ||z| =1,

min ’Az = min (¢’Bz + ' (A — B)x) > min ' Bz + min z/(A — B) z,
llz|l=1 l[zll=1 llz|l=1 l[zll=1

which is equivalent to

Amin (A) > Amin (B) 4+ Amin (A — B) or equivalently Apin (A — B) < Apin (A) — Amin (B) .



Switching A and B yields Apin (B — A) < Amin (B) — Amin (A) . Therefore
)\min (A - B) S )\min (A) - )\min (B) S _)\min (B - A) )

and equation (S1.2) follows. For (S1.1), we have by Jensen inequality
2

e
< Al max | D fagl | < ma Al male‘ =mn||All,

PAmas (4)] = ‘max v Az =1 =

and similarly

mn mn

Amin (A)] = | min @/ Az| < [|All min [ |z | <mn||A]l, min Y a2 =m, Al
=1 lf=1 | 4 lewl=1 4= "7
7=1 7=1
This completes the proof of the lemma. m
Proof of Lemma A.5. Noting that 62 = n~ (I, — X; (X]X;)~ X;)ul, we have
68 —of =n tuju — of — n Tt uX| (X;Xl)_l Xjuy.
It follows that
Pr (|67 — aﬂ > v,) < Pr (|n71u;ul — O'ZQ‘ > (1 —m)vp/n) (S1.7)

+Pr (‘n_lugxl (X;X;)fl Xgul’ > len/n>

for any m € (0,1).
We first bound the first term on the right hand side of (S1.7). By Assumption 6 and

U=Y-P" (X)) B,

with
B, = [E(P™ (X)) P™ (X)))] " E(P™ (X))Y),

we can say that U; is just a uniformly bounded random term plus € because elements in (3; are
uniformly bounded due to Lemma A.3 and the uniform boundedness of Z 1 7 (X;), and for each z
only a finite elements of P™" (x) are nonzero due to the usage of finite order B-splines. This implies
that U shares the same tail behavior as € and satisfies Assumption 4. Then, the conditions in Lemma
A.2 hold for n~ ul u; — O'l with @ = s/2 by Assumption 4. Applying Lemma A.2 yields that for any
vp oc 0 with 1/2 < A < (1+5/2) /(2+5/2), 7 < ™

Pr (‘n_lugul - 0'12| > (1 —m1)vp/n) < exp [— (1—m)? 2/ (anf)} (S1.8)

= % exp (—Cgv%/n) = % exp (—anc3)



with C1 =2, Cy = (1 — 77)2/ (2w}), C5 = 2X\ — 1, and last line holds by the fact that A > 1/2. For
vp o n? with A > (14 5/2) /(2 + s/2), Lemma A.2 implies
-1, 2 i Cs
Pr (|n " uju; — o] } > (1—m)vp/n) < — €XP (—Cyn®?), (S51.9)

for some Cy,Cs,C3 > 0.
We turn to the second term on the right hand side of (S1.7). Note that Lemma A.6 (to be shown
below) still holds if we remove 67 and o?. Then by Lemma A.6,

Pr (’nilugxl (X;XZ)_l Xful‘ > len/n> < % exp (—ancs) (S1.10)

for some positive constants C1, Cy and Cs for v, o< n* with A > 1/2.°
Combining (S1.7), (S1.8), (S1.9), and (S1.10) completes the proof. m

Proof of Lemma A.6. We show the first part first. Note that
_ _ 2
‘UEXZ (67%7%1) 1X2ul‘ <6 H(”leEXz) lH H"flﬂX?qu ; (S1.11)

and we bound the three terms on the right hand side of (S1.11) in turn. For the first term, with

Uy = inaf, Lemma A.5 implies

Pr( > gal ) < %exp( C’3n04), (S1.12)

for some positive constants Co, C3, and C4. For the second term, equations (A.12) and (A.13) and
Assumption 7 imply that

<H 71X,Xl H > B mn> < 2m? exp( Csnm,, 3) < %exp (—anc4), (S1.13)

for some positive constants Cs, C3, and Cy, and Cq < 1 — 3B,,. For the third term,
9 Mp n 2
H WX“”H =2 {Z”_1/2¢j (1) Ulz} :
j=1 Li=1

As we discuss in the proof of Lemma A.5, U; also satisfies Assumption 4. Because ¢; () is uniformly
bounded for all j, ¢; (X;) U; also satisfies Assumption 4. So

2
B 2 4 B —1 Mn
Pr (Hn I/QXE'U,[H > <3B1 lmn> vn> =Pr Z {Zn 1/2¢] (x17) ulz} ZBlm Lo

7j=1

w

M ) n 2 13
—-1/2 -1
< ;Pr {’I’L §¢j (xlz) ull} > mn4Blmn Un
Mn n
= ZPr (
=1 i—1

3 1/2
 (z0) wii| > (4B1> my, Lo/ 2nl/?
°Tt holds no matter which part of Lemma A.6 we apply.




23, -
< my, exp <— (1—m) 4Blmn2vnn/ [2n (C’gmnl)]>
TR T S
<exp|—(1—m) 83108 m,, " vp, + logmy, (S1.14)

for any 7 € (0,1), where the second inequality holds by the first part of Lemma A.2 and Assumption
4 with a = s and the fact that

masc {2 |6 (X0)* U7 ] } < max { B [6; (X)) B(U7|X0)] | < Cmax {E |9 (X)°] } < Cym;”

J

for some constants C' and Cg by Assumption 6. Here the second inequality in the last displayed line
follows from the fact that that U; is € plus a uniformly bounded term, and the last inequality holds
by Lemma A.3.

By (S1.11), (S1.12), (S1.13), and (S1.14), we have

2 L 4
Pr<‘u;Xl( 2X1X,) Xlul‘> o vn> <Pr< ZHn WXQWH H(n—lxgxl) 1”230l2vn)

()
vz | > )
|

4 -1
H I/QXZUZ 2(3B1_1mn> vn>

< exp (—C’lm; vy, + log mn) + Cyexp (—anc“)

<Pr

for positive constants C; = (1 — 77)2 %Bngl, Cs, C3 and Cy. This completes the proof of the first
part of the lemma.

The second part holds similarly. The only difference is that we apply the second part of Lemma
A.2 to the fourth line of equation (S1.14). m

Proof of Lemma A.7. With Assumption 5’, Stone (1985) implies that there exists ,6 such that

zsel[g)u ’Pm"( ‘ = ( 7d> (S1.15)

for j =1,2,...,p*. We rewrite Y as

*

S

Y

pm ﬁ:: [ _ pmn (Xj)’,éj} te

[
Il
-

™ (X;) By + R+ e (S1.16)

I
(=
°

<.
Il
-

Note that Bj is similar to ,éj defined Section A.3. We employ [5']- here (and only here) because R, =
O (m,?) by equation (S1.15) instead of R, = Op (m,?) implied by equation (A.4). The stronger
result on R, facilitates our proof below; see, e.g., the inequality in equation (S1.21). Moreover, if



1/2 ‘ L 12) /2 1/2
(B[, 00%}7 2 satog (ma) (ma/m) " for some j, {E [P () )] } ~{B | 7))
because R, = Op (mgd) and R, = O (m;d) and the bias term is asymptotically negligible. Thus, by
the third part of Lemma A.3,

nj

2B (1,7} 2 wamalog (my) n12 (S1.17)

Lot ®7 — E[P™ (2) P (Z)), Gy — E[P™ (X3P (X)), and ®ypy — E[P™ (X))
-P™n(Z)]. Substituting equation (S1.16) into 5%, we have

= P (x4) (P (x2) B - e 2y 0t | e 2y e (x8)' B )|
+E [Pmn (X’;) (Rn — P (Z) ®,E [Pmn (Z) an
= (Pxy — Px1 295 @y, ) B1 + {B [P (XY) | = @3y, @5 B [P (Z) Ra] . (S1.18)

ob o or\/
where 3, = (,6/1, . ,,8;) , the terms associated with P (Xb+1> :6b+1 are dropped out because

X 2’:_1 are included in Z, and the terms associated with € have zero expectation due to Assumption
1. We analyze the above two terms in nZ{ one by one.

<I>X’{ <I>X’;Z
!/

o Xtz by

and Z are signals or pseudo-signals, we have by Assumption 10 that

We first study the first term in equation (S1.18). Let ® = . Noting that X$

Amin (®) &< m, b and Apax (®) o m;, . (S1.19)

This implies that Amax (@‘1) = [Amin (@)]_1 o< my, and Amin (@‘1) = [Amax (@)]_l o my,, which along
with the inclusion principle (e.g., Theorem 8.4.5 in Bernstein (2005)) further implies that

-1
—1 —1 _ _
Amin (‘I’Xg —Pxi50, IX’{Z) = |:)\max <(@X’{ AT 'X,{Z) 1)} xm L,

because (® Xt~ P x? 7P Zl(D,Xb Z)_l is the leading principal submatrix of ®~1. Then

[(2x; = Pxi02 05y ) A 2 i8] 2 a3 (81.20)
for any 1 < j <b.
For the second term in equation (S1.18), we write E[P™ (X%)R,] — Pxo;Py 'E {Pm” (Z) ]:Zn]
= 1in1 — Tng. For Tnla
1/2

b mn
of[| a2 {[Pme ()] = mat (ZZ{EW <Xz>|}2> ,
=1 k=1
(S1.21)
where < holds by equation (S1.15), and the equality holds by the definitions of P™(X$%) and ||-||.
Here, |A| = (|ay], ..., |a]) for a vector A = (ay,...,q;)". By the property of B-splines in Lemma A.3),
E|¢or (X;)| < m,;t. Then

b mp 1/2
Tl S (Z > {E|¢x (Xz)!}2> o my 412, (S1.22)

=1 k=1

Imal < | {| P (x3)




where we use the fact that b is finite. For T},2, we first claim
H@Xl{ZH <ml. (51.23)
Then by the submultiplicative property of ||-||,

Tell < || [P (2) B

122 ||@xz ]| < a2t = myd-12, (S1.24)
where second inequality holds by (S1.22), (S1.23), and Assumption 10. Consequently, we have

||Tnl - TnQH SJ m;dil/% (8125)

nj

1/2
If we have {E { y (Xj)z}} / 2 kplog (my,) (mn/n)l/2 for some j, then by (S1.20) and (S1.17),

_ <b 1l s _ . 1/2 _
(o 0 050) B8] 2 3] 107} 2ty

This, in conjunction with (S1.25) and the fact that k, log (my,)n=%? > my 2 by Assumption 7,
. . . _ =b
implies that ||T),1 — Ty2|| is of smaller order than ‘ (<I>le) - q)X§Z(I)Z1(I)/Xl1>Z)/@1H and thus

Hnlf H 2 kn log (mn)1/2 n12,

q’Xf; (I)Xl{Z

Now we show equation (S1.23). Recall that & = . By equation (51.19), we

q)xll’z ®z
have
@] = H( Hla))/(H (a},a5) @ Zl ocm L. (S1.26)
aj,ab) ||=1, 2

a1 eRV™n gocRin™n

a
Noting that (a}, a)) ® Y = a1®xr a1 + ay®zas + 201 P yy zaz, we have by the nonnegative

as
definiteness of ® x? and ®z,

/ ! / —1
max ‘alq)le,zag‘ < , (a},a3) @ xm,", (S1.27)
G [(at.a) =1 az
ai eRP™n gyeRinmn ai €RP™n gyeRinmn
Then
_ ! '
H(I)XS’ZH = max ‘afbxgzag’ < max ‘alcbxl{z@‘
||0'1H:17||"'2||:17 H(a'l,aé) Hgﬂ
al ERbm” ,a2 eRn™mn a1 ERbm" 7a2€RLn mn
=2 max ‘ai@xf{zag‘ o my, !

H(a’l,a’z), =1

a1 ERV™n gyeR™n




where the first equality follows from Fact 9.11.2 in Bernstein (2005), and the first inequality holds
because {lail| = 1, |agl| = 1} € {l|(a}, ay)] < v2}.

Proof of Lemma A.8. As in the proof of the last lemma, let ®z = E [P™ (Z) P™ (Z)'] . We
prove the lemma by showing that

br <‘H(n_1Z’Z)_1H - H‘I’;H’ > H‘PEIH/Q) < 2m2.2 exp {—Cinmy, it}

for a (¢, + 1) x 1 random vector Z, where we have absorbed X; into Z. Assumption 10 applies to Z.
Because of this, the proof is essentially the same as that for Lemma A.4. The only difference is that
the dimension of the matrix here is my, (¢, + 1) X My, (0 + 1).

Following the proof in Lemma A.4 up to equation (S1.4), we have

Pr (| Amin (R7'Z'Z) — Ain (®2)| = M (tn 4+ 1) vp/1)

< Pr (max {P\min (n_IZ'Z — <I>Z)

Amin (P2 — n_lz'Z) ‘} > my, (Lo + 1) vp /1)

<Pr(|n'ZZ — @z > vn/n) < 2m2 (1o + 1)* exp {—v2/2 (Bymm,, " +vn/3) } .
Set v, = nm;;2 (1, + 1) Bx1/3, the above inequality becomes
Pr (‘/\min (n_lZ’Z) — Amin (<I>Z)| > Ble,_ll/fS) < QmZLi exp {—Clnm;?’@l}

for some positive constant C1.

3 3, kk—1

-1 - 1-3By—B
Ly, = nm,°p;, xX n mTEpr

If in addition Assumption 2’ and 7 holds, nm,, = n® and

C4 > 0. The conclusion is immediate. m

Proof of Lemma A.9. First
Pr (Amax { (67207 X(M2%) '} = 2072 B my ) (S1.28)
< Pr <al,§ > §0—2> +Pr <)\max {975 = gBX{mn> .
Taking v, = %naz in Lemma A.11 yields
Pr <6E§ > ;102> =Pr <&2Z < 202) < %C’l exp(—Cyn?) (S1.29)

-1

for some positive C, Cy, and C3. Noting that (XEMZXZ)_l is the lower block diagonal of < ( 7 X ) ,
l

by Lemma A.8 and Assumption 10, we have
- 3
Pr ()\max {(n_IXEMZXl) 1} > 2BXimn> < 2miLi exp {—Clnm;?’L;l} .
Since ¢, < p**, nm; 31, < nt73PmHBer — 03 and C3 > 0 by Assumption 2. Then

3 1
Pr (Amax {(nflngZXl) 1} > 2B;ﬁmn) < 3Crexp(~Con). (S1.30)

8



Combining (S1.28), (S1.29), and (S1.30) yields
Pr <)\max {(&ﬁzn—lngZXl)‘l} > 20—23;{{%) < Oy exp(—ConC?).

For the second part, we first make the following decomposition:

2 -1 1 o
Pr <Amin{(aﬁzn X MzX)) }g 10 2BX§mn>

1 N
< Pr <&17§ < 20—2> +Pr <)\mm {(n'xiMx) 7} < 20—2BX§mn> .

Then we apply Lemma A.11 and Lemma A.8 to the two terms on the right hand side of the last
displayed equation. The conclusion follows as in the proof of the first part. m

Proof of Lemma A.10. We deal with n~1/2 (u’Xl’Zquz - 771,Z> first. Note

n

n 2 (uly guvz —mz) =0 (uxzinvzs —mz)
=1

Denote the j-th element of Uy, z by Uy, (x,),z- By equation (A.9) and Lemma A.3, E <U£j<xl) Z)
o m, !, and U 6,(X1),Z is uniformly bounded due to the uniform boundedness of ¢; (X;).

By equation (A.9),

p
Uy,z = Zf]* (X)) +e—7y,zP™ (Z),
i=1

where vy z = ®,'E[P™ (Z)Y]. The rank conditions in Assumption 10 and uniform boundedness
of Z?; [} (X;) imply that each element in vy z is uniformly bounded. Note p* is fixed and the
dimension of vy z is t,my, and thus

Uy,z = Cy,z +¢,
with Cy z = ?;1 7 (X)) =y zP™ (Z) and [Cy,z| < Ciym,, for a positive C. The j-th element
of uy, zuy,z —m 7 is

n n n
) (ufﬁj(Xl),Z,iquZvi - "l,z,j> = (%J-(Xz),Z’zCY,ZJ - "l,z,j) + D g, (). 2.
i=1 i=1 i=1

Since ug;(x,),z, is uniformly bounded, ’Uqﬁj(xl),z,iCY,Z,i‘ < Cipmy, for a positive C, and uy,(x)),z,i€i
satisfies the tail restriction in Assumption 4. Apply the inequalities in Lemmas A.1 on the first term

>@n>
>v2n>+Pr<

n
D Uy (xp 2.6

=1

n

in the above, we obtain
) (%(Xz),zzuxz,i B "l,z,j)

Pr <
i=1
<Pr (

< 2exp {—U?L/ (c (nm,;1 + tymnty)) } + Pr (

n
Z Ugp;(X,),Z,iCi

=1

n
> (“qu(Xz),Z,z'CY,Z,i - "l,z,j>

i=1

Un,
>7
2)

> ”;) . (S1.31)

9



Using the above identity, we have

2

n
—1/2 1
nt/ E (UXZ,Z,iUY,Z,i - m,z) > Cym,, vy,

=1

2
My, n
=Pr(} {“1/ > <“¢j(xz),z,iuxz,i - "z,z,j) } > Cimy, g

j=1 i=1

Lz
< ZPr ( Z <u¢j(Xl)7z7iUY,Z,i - Tll,Z,j)

=1

Pr

> Cln1/2m;1vgl/2>

< Z {Pr < 3 %Cm /2 51%11/2)
( Z Ug;(X,),Z,iCi > 0177, 1 1/2> }
/

=1
2my, exp{ nm,, 2v,/[Ca(nm,;t + ipn 1/2y,

(u¢j(Xl)7Z’iCY7Zl nl Z,j)

} + my, exp (—Cgmglvn) if v, < ns/5+2Dy,
S ~Y

2
2my, exp{ nm,, 2v,/[Ca(nmyt + tynt/?v L2 )}} + Cyexp (—C5n) if v, > ns/+Dm2 ’

for any positive constant C; and some positive constants Cs, Cs, C4 and Cs, where the last inequality

follows from the same arguments as used to obtain (S1.14) along with applying equation (S1.31).

We turn to n~1/2u % .z L (Z'7) Z’uxz. Note this is a m, X 1 vector whose j-th element is

n_l/Qu:b (x).zL (Z'7)~ Z’uY’Z with the nx 1 vector uy, (x,) z being an collecting of the n observations
J ’ )
for Uy, (x,),z- Then

2
<H _1/2uX zZ (Z'Z)AZ’UY,ZH ZC’lmglvn>
Mn

_ -1 2 _
=Pr E < 1/2u;5 (x),zL (z'z) Z’uY,z) > Cym,, oy
— —1/2,.1 —1pto\ =L —1/2-71 2 -2
< g Pr ( Uy, (Xz),ZZ (n Z Z) n Z 'u,y,Z) > Cinm,, vy

< zn:Pr (Hn1/2Z/U¢j(Xz),ZH H /2Z/UYZH2 Amax {(nilz/z)il}Q > Clnmn2vn> . (51.33)
j=1

We deal with the three random terms in the last line in turn. First, by Assumptions 10 and 2’ and
Lemma A.8, we have

2
Pr (Amax {(n—lz’z)’l}2 > <§BX{mn> ) < Cgexp (—Crn) (S1.34)

for some positive constants Cg, C7 and Cg. For the second term,

n n

Pr <Hnl/QZ’U¢j(Xz), H 2 01/23Bx n /2m2v1/2>

10



ln

Z Z <ZTL 1/2¢k2 Zkl, )’LL¢J Xl)Zz> > C/ BX n /2m 2'111/2

k=1 ky=1
ln mn n 2

< Z Z Pr <Z n~ ey, (Zkl,i)u¢j(Xl)7Z7i> 2 Cl/ BX 'S o/

k1=1ky=1 i=1
= Z Z PT( (2ha0) s (xp), 2. | = Con®/Hmy 220 Py 4)

k=1 ky=1
- My Ly €XP (—Clonl/Qmﬁg/%gl (m;lvn) 1/2> if v, < 11(5_2)/[4(8"'2)]miﬂbg1 $1.35)
< Cut exp (—CranCi9) it o, > 0= 2/AEH]3/2,2 (S1.

for some positive constants Cy, C1g, C11 and Cio, where in the last line we apply Lemma A.2 and we
use the fact that var (¢’k2 (2ky.,i) U@(X;),Z,z’) o m. 1. For the third term, similarly,

2
Pr <Hn_1/2Z’uY,ZH 2011/223)(1711/ m 21)1/2)

2
Z Z (Zn 1/2¢k2 Zkl z) uy,z z) > 01/233X n /2m 2U1/2

k1=1ko=1
Mt exp (—~Crontmy 2t (mi o) V) ity < (/042022

, (S1.36)
Cll eXp (_Cl2n013) lf UTL Z/ n(s_Q)/[4(s+2)]mg/2[/%

where without loss of generality we use the same constants in equation (S1.35).
Equation (S1.33) implies

2
Pr <Hn_1/2ule,ZZ (Z/Z)_l Z/UY,ZH > ClmT_LlUn)

mn

< ; {Pr (Amax {1z} > <§B§<imn>2>

+Pr <Hn—1/2Z/u¢j(Xl)7 H > 01/233)(171 /2, - 21)1/2)
2
Pr <Hn_1/22/u¢j(){l)yzH > 011/213)(171,1/ m 2’01/2> } .

Substituting the results of equations (S1.34), (S1.35), and (S1.36) into the above yields
2
(H 2y ,2(2'2) Z'uKZH > Clm,;lvn> (S1.37)

_ 1/2 ) _s-2
Z;’;"l [C’G exp (—C’7n08) + 2my Ly €Xp <—C’10n /2 mn3/2 - (mn n) / ﬂ if v, < niG+Y m?/zbi
s—2
Z;”:”l [C@ exp (—C7n08) + 2C11 exp (—C’lgncl3)] if v, 2 NG mg/QL%
- 1/2 ) 52
Crsexp (~Cuan®s) + min exp (~Cront2ms izt (mtun) ) i uy < it

s—2
. 3/2
C17exp (—Clgnolg) if v, 2 N6+ mn/ L,%

IN

9

11



for some positive constants Cis, ..., Cig.
Note that when v,, = ¢, n/2m 3/2 _1 (m gn) 1/2 > pl/271/6Bm—Bye — nCo2 for o positive Cas.
(59 exists due to Assumption 2’. Then,

2
<H 2y L7 (ZT)” IZ'uyzH zclmn1<n> (S1.38)
< Cypexp (—02171022)

for some positive constants Cyg, Co1, and Caa, due to equation (S1.37) and the above observation.
Therefore, by equations (S1.32) and (S1.38),

2
Pr (Hnl/Qal’ZH > C’lmnlgn>

2
=Pr (H —1/2 (qu ZUy,Zz — 1, Z) —-n- /2u 77 (Z’Z)fl Z/"Y,ZH > Clm;1§n>

2 1 _ 2
Pr (H”_1/2 (ux, zuv,z = M,z) H 5 Cimy, §n> + Pr (H Py, p2(2'2) Z"MY,ZH >
< 2exp (—szglgn + log mn) + Cyg exp (_021n022)

<n M+ Cyexp (—Coin®??),

for an arbitrarily large constant M, where in the fourth line we use the fact that the two terms in
equation are of the same order due to Lnn%/ 2(,1/ ? < nm,, ! by Assumption 2’. This completes the
proof of the lemma. m

Proof of Lemma A.11. To save notations, we absorb X; into Z which now becomes a (¢, +1) x 1
vector. Assumption 10 holds for Z. Recall ®z = E [P™ (Z) P™ (Z)'] and My, = I, — Z (Z'z) 'z
By definition,

U=Y - P™(Z)®,'E[P™ (Z)Y].
Let u; = Y; — P (2;) ®,'E [P (Z)Y] and uw = (u1,...,u,) . By the definition of &zz,ﬁ

JZQZ = n~"tu' Myu.

Then we are able to reach the same conclusion as in the proof of Lemma A.5, with the help of Lemma
A10. m

Proof of Lemma A.12. Note that
Pr <ﬁfz (&?,ZX;MZXZ)_l Uz > §n> <Pr <)\max {(01 Zn ' XIMzX)) } H 124 zH > §n>
< Pr (Amax {(&f 2 X MX) } > 20—23;(}%)

o (| o Bt

SWe defined &f’z based on 4; from partitioned regressions. This 4; is the same as the residual from the joint

regression.
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Then we can reach the conclusion by applying Lemma A.9 and the last part of Lemma A.10. m

Proof of Lemma A.13. We prove the lemma by mathematical induction. First, we show that the
conclusion holds when k = 1, viz., for the first stage. We bound the probability of A7 (one or more
noise variables are selected at stage 1) as

Pn

Pr(N}) = Pr (ug’;p*+p**+lcl,l) — Pr (uf;p*+p**+15l,1) < Y Pr(B). (S1.39)

By the definition in Table 2, 6; < log (mn)l/2 (mn/n)l/2 for noise variables, viz., for p* + p*™* 4+ 1 <
I < p,. Then we are able to apply the first part of Proposition 2.1 to bound Pr (5 ) for each
l € [p* 4+ p** + 1,py,] to obtain

Pr(B1) < nM 4 C)exp (—C’an3)

for any arbitrarily large constant M and some positive constants C, Co and C3. Then by Assumption
2 and (S1.39), we have

pn
Pr (Nl) S Z (niM + 01 exp (—OQHCS))
l=p*+p**+1

< pan ™™ + p,, Cy exp (—Con®?)

<n M 4 Crexp (—C5n06) , (S1.40)

where the last equality holds by some 0 < M; < M — B, and some constants C5, Cs and C7. Since
M is arbitrarily large and B, is a fixed number, M; can also be arbitrarily large. Notice that
Pr(Dy) =1—Pr(Ny), we get

Pr(Dy) >1—n"M — Crexp (—C5n06) .

We now show the conclusion for £ = 2. Notice that Ny = N; U {Uf;p*+p**+18172} . That is, some
noise variables selected up to and including stage 2 are either selected at stage 1 or at stage 2. To
apply Proposition 3.1, we need D;: the pre-selected variables are either signals or pseudo-signals at

stage 2. In view of this and the fact that D; = Nf, we have

Pr(Ny) = Pr (M U{U,. e 1 Biaf 0 D)
<Pr(MN)+Pr ({uf;p“rp**ﬂBl,Q} N Dl)

=Pr(M)+Pr (Up"

< Pr (M) +Pr (up”

<Pr(Np)+Pr (up"

where the first equality follows from the fact Pr (AU B) = Pr(A U (BN A°)) for any two events A
and B. Since the second term in (S1.41) is conditional on D;, the pre-selected variables in Z (1) are

13



either signals or pseudo signals. By Assumption 11, the net effect of the noise variable X; on Y with

1/2 _1/2
nn/

Z 1) as pre-selected variables satisfies 6, Za) < log (mn)l/ Zm . Then we are able to apply the

first part of Proposition 3.1 to obtain

Pn Pn
Pr (Uf;p*er**HBlg\Dl) < Z Pr (B 2|D1) < Z (n_M + Crexp (—anc3))
<n M 4 Crexp (—Cg,ncﬁ) , (S1.42)

where without loss of generality we use the same constants as in equation (S1.40). Combining (S1.40)—
(S1.42) yields
Pr(N3) < 2n M 4 907 exp (—C’5n06)

and
Pr(Dy) =1—Pr(No) >1—2n"M —2C;exp (—C5ncﬁ) .

Now suppose we have shown the results for stage £ — 1 with k£ > 3, and obtained
Pr(N—1) < (k—1)n ™ + (k — 1) Crexp (—C5n®) . (51.43)

Note that NV}, = N1 U {Ufzp*+p**+1l’>’l7k} , Viz., some noise variables selected up to and including
stage k are either selected at stage k or before stage k. Noting that Dy_; = N ; and following the

derivation of equation (S1.41), we have

Pr (W) =Pr (Nk:—l U ({Uﬁp*+p**+1l’>’z,k} N Dk—l))

< Pr(Nj_y) + Pr (upn Bl7k|Dk_1) . (S1.44)

l:p*+p**+1
Conditioning on Dy implies that the pre-selected variables Z ,_1) are either signals or pseudo signals
for stage k. By Assumption 11 again, the net effect of the noise variable X; on Y with Z;_1) as pre-

,11/ Zp-1/2, Applying the first part of Proposition

selected variables satisfies el,Z(;ﬁl) < log (mn)l/2 m
3.1 to the second term in (S1.44) yields

Pn

Pr (Ufip*er**Jrle,k Dk—l) < Z Pr (B x| Dk-1)
= 41
Pn
< Z (n_M + C1 exp (—anc3))
I=p* tp** +1
<n M 4 Crexp (—Cg,ncﬁ) . (S1.45)

Combining (S1.43)—(S1.45), we obtain
Pr(N;) < kn= 4 kCrexp (—C5nc6) ,

and
Pr(Dy) =1—Pr(Ny) >1—kn ™ — kCrexp (—Cg,nCG) .

Apparently, when k is fixed or divergent to infinity at a rate no faster than n® for some a > 0, we can

write
Pr(Dy) >1-n" — Crexp (—C’gncg) for any k£ < n®,

where M, is a large positive constant, Ms < M; —a. =

14



S2 Additional Simulation and Application Results

In this section we present some additional results for the simulation and application.

S2.1 Additional Simulation Results

In this subsection we report the simulation results for DGPs 2 - 5 and 7 - 10 in Tables S1-S8. The
description of these DGPs and the summary of the simulation results are given in Sections 4.1 and
4.3 of the paper, respectively.

In order to investigate the finite sample performance of POST-OCMT procedure compared to
that of OCMT procedure under linear model, we consider the following DGP.

DGP 11. Four signals, many pseudo-signals, and one hidden signal. The covariates are
generated as DGP 6:

ijwja j:1727

ijw, j =34,

X5 = U,

X, = 4X1+gj:15)wj1, j=6,10,14,18,.. .,

X; = 4X2+(]7:15)Wj‘1, j=1711,1519,...,

X, = 4X3+37:15) Wj‘l, j=8,12,16,20,..., and
X; = 4X4+(]7:15)Wj1, j=9,13,17,21,...

where W, j=1,...,p, — 1, and U; are independent draws from U (0, 1). The dependent variable Y
is generated as

Y =3(X; — 0.5) 4 3(X3 — 0.5) 4 6(X3 — 0.25) 4 6 (X4 — 0.25) — 3X;5 + ¢

where ¢ are independent draws from N(0,1). Then, p* = 5 with one hidden signal (X5). In this
DGP, we only report the results of our procedure (OCMT and Post-OCMT). The simulation results
for DGP 11 are reported in Table S9. Clearly, from this table, we can see that POST-OCMT works
very well in picking the true signals including the hidden one and has good out-sample forecasting
performance, due to the fact that it eliminates the impact of pseudo-signals.
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Table S1: DGP 2

Panel 1: n = 200, p = 100
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 4.1190 0.9670 0.0026 0.0452 0.7620 - 1.0795
OoCMT 5.2950 0.9862 0.0141 0.2061 0.0800 1.1330 1.1899
AGLASSO 4.0710 0.9537 0.0027 0.0469 0.7490 - 1.0872
BAGGING - - - - - - 1.4335
RF - - - - - - 1.4581
Panel 2: n =200, p = 200
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 4.1180 0.9690 0.0012 0.0438 0.7640 - 1.0809
OCMT 5.3560 0.9908 0.0071 0.2107 0.0740 1.1510 1.2064
AGLASSO 4.0350 0.9447 0.0013 0.0468 0.7470 - 1.0911
BAGGING - - - - - - 1.4621
RF - - - - - - 1.4914
Panel 3: n = 200, p = 1000
NV TPR  FPR  FDR CS STEP RMSFE
POST OCMT | 4.1200 0.9617 0.0003 0.0494 0.7420 - 1.0825
OCMT 5.3350 0.9828 0.0014 0.2134 0.0710 1.1910 1.2387
AGLASSO 3.8194 0.8898 0.0003 0.0471 0.6863 - 1.1267
BAGGING - - - - - - 1.5210
RF - - - - - - 1.5591
Panel 4: n =400, p = 100
NV TPR  FPR  FDR CS STEP RMSFE
POST OCMT | 4.0490 0.9900 0.0009 0.0161 0.9130 - 1.0483
OCMT 5.1380 0.9942 0.0121 0.1802 0.1380 1.1000 1.1152
AGLASSO 4.0450 0.9892 0.0009 0.0161 0.9120 - 1.0468
BAGGING - - - - - - 1.3167
RF - - - - - - 1.3406
Panel 5: n =400, p = 200
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 4.0500 0.9848 0.0006 0.0204 0.8930 - 1.0495
OoCMT 5.2130 0.9912 0.0064 0.1926 0.1040 1.0990 1.1244
AGLASSO 4.0540 0.9888 0.0005 0.0180 0.9020 - 1.0530
BAGGING - - - - - - 1.3475
RF - - - - - - 1.3752
Panel 6: n =400, p = 1000
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 4.0480 0.9878 0.0001 0.0177 0.9050 - 1.0535
OCMT 5.1990 0.9948 0.0012 0.1875 0.1290 1.0980 1.1286
AGLASSO 4.0889 0.9874 0.0001 0.0246 0.8666 - 1.0530
BAGGING - - - - - - 1.4060
RF - - - - - - 1.4371
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Table S2: DGP 3

Panel 1: n = 200, p = 100

NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 4.4790 0.8678 0.0015 0.0202 0.4730 - 1.1418
OCMT 4.6100 0.8678 0.0028 0.0376 0.3940 1.5800 1.2230
AGLASSO 3.5440 0.6950 0.0007 0.0110 0.0100 - 1.2593
BAGGING - - - - - - 1.4274
RF - - - - - - 1.4668
Panel 2: n =200, p = 200
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 4.3010 0.8284 0.0008 0.0235 0.3490 - 1.1612
OCMT 4.4600 0.8284 0.0016 0.0443 0.2710 1.4590 1.2429
AGLASSO 3.2990 0.6442 0.0004 0.0128 0.0030 - 1.2679
BAGGING - - - - - - 1.4584
RF - - - - - - 1.4971
Panel 3: n = 200, p = 1000
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 3.4590 0.6730 0.0001 0.0170 0.0680 - 1.2349
OCMT 3.4900 0.6730 0.0001 0.0215 0.0590 1.0930 1.2481
AGLASSO 2.6024 0.5105 0.0001 0.0087 0.0000 - 1.3464
BAGGING - - - - - - 1.5109
RF - - - - - - 1.5544
Panel 4: n =400, p = 100
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 5.0050 0.9990 0.0001 0.0014 0.9860 - 1.0446
OCMT 5.0330 0.9990 0.0004 0.0052 0.9650 1.9950 1.0574
AGLASSO 4.3790 0.8642 0.0006 0.0084 0.2800 - 1.1136
BAGGING - - - - - - 1.3272
RF - - - - - - 1.3683
Panel 5: n =400, p = 200
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 5.0020 0.9972 0.0001 0.0022 0.9750 - 1.0460
OoCMT 5.0460 0.9972 0.0003 0.0077 0.9470 1.9960 1.0643
AGLASSO 4.2520 0.8408 0.0002 0.0072 0.1850 - 1.1305
BAGGING - - - - - - 1.3574
RF - - - - - - 1.4001
Panel 6: n = 400, p = 1000
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 4.8820 0.9684 0.0000 0.0057 0.8550 - 1.0632
OCMT 4.9460 0.9684 0.0001 0.0136 0.8180 1.8920 1.0924
AGLASSO 4.0764 0.8044 0.0000 0.0087 0.0255 - 1.1478
BAGGING - - - - - - 1.4128
RF - - - - - - 1.4531

17



Table S3: DGP 4

Panel 1: n = 200, p = 100
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 4.3760 0.7934 0.0043 0.0683 0.3210 - 1.1735
OoCMT 5.9320 0.8120 0.0195 0.2552 0.0000 1.5270  1.5330
AGLASSO 3.1090 0.5736 0.0025 0.0477 0.0050 - 1.3469
BAGGING - - - - - - 1.4197
RF - - - - - - 1.4362
Panel 2: n =200, p = 200
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 4.1070 0.7468 0.0019 0.0667 0.2580 - 1.1956
OCMT 5.6420 0.7614 0.0094 0.2617 0.0010 1.4090 1.4935
AGLASSO 2.7500 0.5052 0.0011 0.0457 0.0020 - 1.3299
BAGGING - - - - - - 1.4499
RF - - - - - - 1.4663
Panel 3: n = 200, p = 1000
NV TPR  FPR  FDR CS STEP RMSFE
POST OCMT | 3.3360 0.5968 0.0004 0.0745 0.0470 - 1.2652
OCMT 4.5670 0.6164 0.0015 0.2472 0.0000 1.0850  1.3430
AGLASSO 2.0833 0.3773 0.0002 0.0412 0.0000 - 1.3978
BAGGING - - - - - - 1.5041
RF - - - - - - 1.5251
Panel 4: n =400, p = 100
NV TPR  FPR  FDR CS STEP RMSFE
POST OCMT | 5.1300 0.9946 0.0016 0.0227 0.8440 - 1.0472
OCMT 7.0280 0.9984 0.0212 0.2531 0.0000 1.9940 1.5916
AGLASSO 4.4680 0.8426 0.0027 0.0397 0.1610 - 1.1553
BAGGING - - - - - - 1.3231
RF - - - - - - 1.3455
Panel 5: n =400, p = 200
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 5.0930 0.9924 0.0007 0.0190 0.8620 - 1.0476
OoCMT 7.0330 0.9960 0.0105 0.2545 0.0000 1.9930 1.6081
AGLASSO 4.3460 0.8278 0.0011 0.0326 0.1050 - 1.1343
BAGGING - - - - - - 1.3522
RF - - - - - - 1.3764
Panel 6: n =400, p = 1000
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 4.9700 0.9598 0.0002 0.0255 0.7410 - 1.0660
OCMT 6.8910 0.9656 0.0021 0.2609 0.0000 1.8850  1.5604
AGLASSO 4.1797 0.7901 0.0002 0.0383 0.0208 - 1.1478
BAGGING - - - - - - 1.4073
RF - - - - - - 1.4309

18



Table S4: DGP 5

Panel 1: n = 200, p = 100

NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 3.4700 0.8465 0.0009 0.0141 0.3580 - 1.1198
OCMT 3.5210 0.8465 0.0014 0.0223 0.3120 1.4090 1.3958
AGLASSO 2.8930 0.7127 0.0004 0.0073 0.0800 - 1.1856
BAGGING - - - - - - 1.2298
RF - - - - - - 1.2677
Panel 2: n =200, p = 200
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 3.4040 0.8283 0.0005 0.0154 0.2930 - 1.1235
OCMT 3.4630 0.8283 0.0008 0.0249 0.2430 1.3510 1.3660
AGLASSO 2.7600 0.6793 0.0002 0.0083 0.0490 - 1.1822
BAGGING - - - - - - 1.2512
RF - - - - - - 1.2906
Panel 3: n = 200, p = 1000
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 2.9990 0.7380 0.0000 0.0089 0.0500 - 1.1515
OCMT 3.0080 0.7380 0.0001 0.0103 0.0440 1.0650 1.1970
AGLASSO 2.4560 0.6030 0.0000 0.0087 0.0150 - 1.2163
BAGGING - - - - - - 1.2904
RF - - - - - - 1.3293
Panel 4: n =400, p = 100
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 3.9800 0.9908 0.0002 0.0028 0.9460 - 1.0420
OCMT 4.0300 0.9908 0.0007 0.0110 0.8990 1.9020 1.6559
AGLASSO 3.8250 0.9460 0.0004 0.0068 0.7470 - 1.0555
BAGGING - - - - - - 1.1604
RF - - - - - - 1.1922
Panel 5: n =400, p = 200
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 3.9670 0.9850 0.0001 0.0044 0.9150 - 1.0492
OoCMT 4.0260 0.9850 0.0004 0.0139 0.8630 1.9210 1.6745
AGLASSO 3.7640 0.9300 0.0002 0.0075 0.6820 - 1.0676
BAGGING - - - - - - 1.1751
RF - - - - - - 1.2147
Panel 6: n = 400, p = 1000
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 3.7550 0.9300 0.0000 0.0060 0.6900 - 1.0663
OCMT 3.8200 0.9300 0.0001 0.0164 0.6350 1.7200 1.5583
AGLASSO 3.5100 0.8675 0.0000 0.0069 0.4500 - 1.0865
BAGGING - - - - - - 1.2045
RF - - - - - - 1.2520
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Table S5: DGP 7

Panel 1: n = 200, p = 100

NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 4.0030 1.0000 0.0000 0.0005 0.9970 - 1.0793
OCMT 4.0080 1.0000 0.0001 0.0013 0.9920 1.0240 1.0922
AGLASSO 4.0470  0.9970 0.0006 0.0097 0.9400 - 1.0858
BAGGING - - - - - - 1.4393
RF - - - - - - 1.4824
Panel 2: n =200, p = 200
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 4.0070 0.9992 0.0001 0.0017 0.9870 - 1.0833
OCMT 4.0120 0.9992 0.0001 0.0025 0.9820 1.0450 1.1071
AGLASSO 4.0500 0.9932 0.0004 0.0125 0.9240 - 1.0906
BAGGING - - - - - - 1.4758
RF - - - - - - 1.5246
Panel 3: n = 200, p = 1000
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 4.0050 0.9935 0.0000 0.0052 0.9500 - 1.0873
OCMT 4.0300 0.9935 0.0001 0.0088 0.9360 1.0910 1.1260
AGLASSO 3.9690 0.9643 0.0001 0.0180 0.8630 - 1.1108
BAGGING - - - - - - 1.5348
RF - - - - - - 1.5919
Panel 4: n =400, p = 100
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 4.0010 1.0000 0.0000 0.0002 0.9990 - 1.0601
OCMT 4.0010 1.0000 0.0000 0.0002 0.9990 1.0000 1.0601
AGLASSO 4.0210 1.0000 0.0002 0.0035 0.9790 - 1.0608
BAGGING - - - - - - 1.3339
RF - - - - - - 1.3755
Panel 5: n =400, p = 200
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 4.0000 1.0000 0.0000 0.0000 1.0000 - 1.0575
OoCMT 4.0000 1.0000 0.0000 0.0000 1.0000 1.0000 1.0575
AGLASSO 4.0230 1.0000 0.0001 0.0038 0.9770 - 1.0585
BAGGING - - - - - - 1.3646
RF - - - - - - 1.4083
Panel 6: n = 400, p = 1000
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 4.0020 1.0000 0.0000 0.0003 0.9980 - 1.0582
OCMT 4.0020 1.0000 0.0000 0.0003 0.9980 1.0000 1.0582
AGLASSO 4.0530 1.0000 0.0001 0.0086 0.9520 - 1.0601
BAGGING - - - - - - 1.4165
RF - - - - - - 1.4619
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Table S6: DGP 8

Panel 1: n = 200, p = 100
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 3.5670 0.6606 0.0027 0.0527 0.1420 - 1.2378
OoCMT 4.7090 0.6784 0.0137 0.2056 0.0000 1.2270  1.3827
AGLASSO 2.9240 0.5442 0.0021 0.0403 0.0010 - 1.3769
BAGGING - - - - - - 1.4590
RF - - - - - - 1.4697
Panel 2: n =200, p = 200
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 3.4800 0.6370 0.0015 0.0605 0.1180 - 1.2535
OCMT 4.5760 0.6556 0.0066 0.2076 0.0000 1.1760 1.3681
AGLASSO 2.6250 0.4824 0.0011 0.0425 0.0010 - 1.3807
BAGGING - - - - - - 1.4883
RF - - - - - - 1.4998
Panel 3: n = 200, p = 1000
NV TPR  FPR  FDR CS STEP RMSFE
POST OCMT | 3.2590 0.5874 0.0003 0.0685 0.0420 - 1.2762
OCMT 4.2030 0.6082 0.0012 0.1994 0.0000 1.0790 1.3341
AGLASSO 1.9940 0.3668 0.0002 0.0336 0.0000 - 1.4378
BAGGING - - - - - - 1.5429
RF - - - - - - 1.5574
Panel 4: n =400, p = 100
NV TPR  FPR  FDR CS STEP RMSFE
POST OCMT | 4.8870 0.9474 0.0016 0.0230 0.7160 - 1.0743
OCMT 7.4610 0.9534 0.0281 0.3053 0.0000 1.8440 1.5024
AGLASSO 4.3690 0.8278 0.0024 0.0363 0.1030 - 1.1364
BAGGING - - - - - - 1.3586
RF - - - - - - 1.3840
Panel 5: n =400, p = 200
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 4.8820 0.9432 0.0008 0.0249 0.6890 - 1.0768
OoCMT 7.4170 0.9496 0.0136 0.3032 0.0000 1.8290 1.4988
AGLASSO 4.2570 0.8090 0.0011 0.0351 0.0550 - 1.1455
BAGGING - - - - - - 1.3882
RF - - - - - - 1.4130
Panel 6: n =400, p = 1000
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 4.8420 0.9338 0.0002 0.0262 0.6490 - 1.0825
OCMT 7.3220 0.9382 0.0026 0.3020 0.0000 1.7920  1.4947
AGLASSO 4.1570 0.7908 0.0002 0.0346 0.0120 - 1.1550
BAGGING - - - - - - 1.4532
RF - - - - - - 1.4732
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Table S7: DGP 9

Panel 1: n = 200, p = 100

NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 4.2770 0.9945 0.0005 0.0031 0.7380 - 1.0422
OCMT 4.2950 0.9948 0.0005 0.0033 0.7300 1.1000 1.0436
AGLASSO 5.0510 1.0000 0.0014 0.0109 0.4800 - 1.0537
BAGGING - - - - - - 1.3471
RF - - - - - - 1.3909
Panel 2: n =200, p = 200
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 4.5000 0.9870 0.0004 0.0028 0.5780 - 1.0585
OCMT 4.5310 0.9870 0.0004 0.0030 0.5650 1.1460 1.0585
AGLASSO 5.7540 0.9995 0.0011 0.0090 0.3420 - 1.0697
BAGGING - - - - - - 1.3838
RF - - - - - - 1.4351
Panel 3: n = 200, p = 1000
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 4.8200 0.9165 0.0002 0.0012 0.2200 - 1.1207
OCMT 4.8670 0.9170 0.0002 0.0012 0.2120 1.1410 1.1236
AGLASSO 8.7040 0.9890 0.0004 0.0048 0.1060 - 1.1143
BAGGING - - - - - - 1.4450
RF - - - - - - 1.5038
Panel 4: n =400, p = 100
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 4.0110 1.0000 0.0000 0.0001 0.9890 - 1.0220
OCMT 4.0110 1.0000 0.0000 0.0001 0.9890 1.0080 1.0220
AGLASSO 4.6660 1.0000 0.0010 0.0069 0.6240 - 1.0288
BAGGING - - - - - - 1.2348
RF - - - - - - 1.2713
Panel 5: n =400, p = 200
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 4.0150 1.0000 0.0000 0.0001 0.9860 - 1.0237
OoCMT 4.0150 1.0000 0.0000 0.0001 0.9860 1.0080 1.0237
AGLASSO 5.2000 1.0000 0.0008 0.0061 0.4460 - 1.0351
BAGGING - - - - - - 1.2620
RF - - - - - - 1.3032
Panel 6: n = 400, p = 1000
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 4.0550 1.0000 0.0000 0.0001 0.9490 - 1.0225
OCMT 4.0570  1.0000 0.0000 0.0001 0.9480 1.0360 1.0225
AGLASSO 7.7000 1.0000 0.0004 0.0037 0.1270 - 1.0551
BAGGING - - - - - - 1.3132
RF - - - - - - 1.3576
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Table S8: DGP 10

Panel 1: n = 200, p = 100

NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 4.0240 0.9668 0.0016 0.0260 0.7450 - 1.0329
OoCMT 4.0250 0.9668 0.0016 0.0261 0.7440 1.8780 1.0329
AGLASSO 5.0160 0.9942 0.0108 0.1413 0.4370 - 1.0375
BAGGING - - - - - - 1.2856
RF - - - - - - 1.3107
Panel 2: n =200, p = 200
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 4.0700 0.9535 0.0013 0.0403 0.6560 - 1.0421
OCMT 4.0740 0.9535 0.0013 0.0409 0.6540 1.8320 1.0421
AGLASSO 5.7520 0.9915 0.0091 0.2184 0.2760 - 1.0519
BAGGING - - - - - - 1.3212
RF - - - - - - 1.3391
Panel 3: n = 200, p = 1000
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 4.0410 0.8625 0.0006 0.0899 0.2740 - 1.0910
OCMT 4.0490 0.8628 0.0006 0.0908 0.2740 1.5650 1.0922
AGLASSO 7.7110 0.9473 0.0039 0.3834 0.0530 - 1.1009
BAGGING - - - - - - 1.3701
RF - - - - - - 1.3878
Panel 4: n =400, p = 100
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 4.0060 0.9998 0.0001 0.0012 0.9920 - 1.0068
OCMT 4.0060 0.9998 0.0001 0.0012 0.9920 1.9870 1.0068
AGLASSO 4.6880 1.0000 0.0072 0.0972 0.5930 - 1.0135
BAGGING - - - - - - 1.1703
RF - - - - - - 1.2185
Panel 5: n =400, p = 200
NV TPR FPR FDR CS STEP RMSFE
POST OCMT | 4.0050 0.9998 0.0000 0.0010 0.9930 - 1.0081
OoCMT 4.0050 0.9998 0.0000 0.0010 0.9930 1.9950 1.0081
AGLASSO 5.2130 1.0000 0.0062 0.1571 0.4460 - 1.0195
BAGGING - - - - - - 1.1953
RF - - - - - - 1.2466
Panel 6: n = 400, p = 1000
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 4.0170 0.9985 0.0000 0.0038 0.9710 - 1.0089
OCMT 4.0170 0.9985 0.0000 0.0038 0.9710 1.9920 1.0089
AGLASSO 7.2690 0.9998 0.0033 0.3310 0.1700 - 1.0373
BAGGING - - - - - - 1.2492
RF - - - - - - 1.2888
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Table S9: DGP 11

Panel 1:

n = 200, p = 100

NV TPR  FPR  FDR CS STEP RMSFE
POST OCMT | 4.9320 0.9290 0.0445 0.0030 0.5490 - 1.0928
OCMT 6.4460 0.9404 0.2162 0.0182 0.0560 1.5020  1.5047
Panel 2: n = 200, p = 200
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 4.9770 0.9328 0.0486 0.0016 0.5720 - 1.0888
OCMT 6.5490 0.9444 0.2266 0.0093 0.0480 1.4550  1.4812
Panel 3: n = 200, p = 1000
NV TPR  FPR  FDR CS STEP RMSFE
POST OCMT | 4.9270 0.9250 0.0469 0.0003 0.5520 - 1.0960
OCMT 6.5430 0.9382 0.2280 0.0019 0.0500 1.4590  1.4843
Panel 4: n = 400, p = 100
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 5.0450 0.9870 0.0168 0.0011 0.8780 - 1.0298
OCMT 6.6390 0.9894 0.2077 0.0176 0.0940 1.3610 1.3662
Panel 5: n =400, p = 200
NV TPR  FPR  FDR CS STEP RMSFE
POST OCMT | 5.0350 0.9860 0.0159 0.0005 0.8660 - 1.0330
OCMT 6.6150 0.9866 0.2056 0.0086 0.1050 1.3640 1.3687
Panel 6: n = 400, p = 1000
NV TPR FPR  FDR CS STEP RMSFE
POST OCMT | 5.0320 0.9872 0.0145 0.0001 0.8810 - 1.0360
OCMT 6.6970 0.9886 0.2061 0.0018 0.0890 1.3820 1.3857
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S2.2 Additional Application Results

In this subsection, we first provide the description of the variables used in the application and some
summary statistics. Then we report the frequencies of variables selected.

Table S10 gives the description of the dependent variable and covariates used in our application.
Table S11 reports the summary statistics for the variables. Table S12 reports the frequencies of
covariates selected by the methods under investigation. For those variables that are not listed in
Table S12, they are not selected by any of these methods. Table S12 suggests that among the 78
covariates in the application, three of them, namely, G102, G133, and G137, are all frequently selected
by the multiple-stage OCMT, post-OCMT, group Lasso and adaptive group Lasso.

Table S10: Definitions of Variables

Panel A: Dependent Variable

G136 Remittance to his/her original home in rural areas in 2007

Panel B: Continuous Independent Variables

A05 Age

AO08 Rank of Siblings (1: the oldest, 2: the second oldest, and so on so forth)

A25 Height (in cm)

A26 Weight (in kg)

A37 Cost of medical insurance in 2007 (in RMB)

A39 Total medical cost in 2007 (in RMB)

A40 Out-of-Pocket medical cost in 2007 (in RMB)

B103 Years of eduction

C103 Year when starting current job

Cc111 Number of employees in the company he/she is working
(ranked from 1 (smallest) to 9 (largest))

C112 Average number of working hours per week

C105 Date when working in current occupation

C117 Average income in current occupation

C126 Food compensation per month from current job (in RMB)

C165 Date when start to work in urban areas

C171 Time spent to find the first job (in days)

Cc177 Average number of working hours per week for the fist job

C178 The salary of the first month for the first job (in RMB)

C179 The salary of the last month for the first job (in RMB)

C183 Number of months for doing the first job

C186 Number of cities in which he/she worked

C188 Average month salary if he/she worked in his/her hometown

Continued on next page
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Table S10 — continued from previous page

EF4 11 Number of people he/she contacted during the last spring festival
E4 12 Number of relatives he/she contacted during the last spring festival
E4 13 Number of close friends he/she contacted during the last spring festival
E4 14 Number of people in major cities he/she contacted during the last spring festival
E4 16 Number of people who helped him/her in the last 12 months
G119 Average cost of food per month including dining in restaurants (in RMB)
G120 Average cost on clothes per month (in RMB)
G121 Average cost of accommodation including utilities per month (in RMB)
G122 Total living cost in 2007 (in RMB)
G123 Total consumption of durable goods in 2007 (in RMB)
G124 Total consumption of non-durable goods or services
(e.g., dishes, beauty, hair cutting) in 2007 (in RMB)
G125 Total consumption of medication, nutrition supplements, and physical therapies
in 2007 (in RMB)
G126 Cost of transportation in 2007 (in RMB)
G127 Cost of phone services and postage in 2007 (in RMB)
G128 Cost of entertainment in 2007 (in RMB)
G132 Other consumption in 2007 (in RMB)
G141 Cost per month for the minimum living standard in current city (in RMB)
H219 2 Value of his/her cell phones (in RMB)
1101 Current total living area (in square meters)
1112 Current rent per month (in RMB)
J108 Average cost of hiring a handy man per day in his/her hometown (in RMB)
J109 Percentage of workforce working in cities in his/her country
J112 Value of houses owned in his/her hometown (in RMB)
J113 Acres of land owned in his/her hometown
G102 Monthly income (in RMB)

Panel C: Continuous Independent Variables but Treated as Dummy Variables

C130 Compensation per month for accommodation from the current job (in RMB)
E4 15 Number of people in possession of city Hukou he/she contacted during
the last spring festival
G129 Cost of education for children excluding left-behind children in 2007 (in RMB)
G130 Cost of all non-saving insurances in 2007 (in RMB)
G131 Other consumption in 2007 (in RMB)
G133 Gifts to others including his/her parents in 2007 (in RMB)
G134 Investments in stocks or bonds in 2007 (in RMB)

Continued on next page
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Table S10 — continued from previous page

G135 Cost of building new houses or renovation in his/her hometown in 2007 (in RMB)
G137 Education cost for left-behind children in 2007 (in RMB)

G138 Fines or interests charged in 2007 (in RMB)

G139 Cost of loans in 2007 (in RMB)

B110 Total marks of his/her college entrance exam (0 if not attended)

B119 Cost of last job training (in RMB)

Panel D: Discrete Variables that Treated as Dummy Variables

A01 Number of months working outside of his/her hometown in 2007
A10 Number of children

A27 Health condition (excellent to bad ranking from 1 to 5)

H219 1 Number of cell phones owned

1102 Number of people currently living together

Panel E: Dummy Variables

A04 Gender (0: female 1: male)

A09 Marital Status (0: not married l:married)

Al5 Status of Hukou (0: rural 1: city)

A21 Ownership of the insurance for unemployment (0: no 1: yes)

A22 Ownership of the insurance for age care (0: no 1: yes)

A23 Ownership of the insurance for injuries during work (0: no 1: yes)

A24 Ownership of the programme of the deposit for house purchases (0: no 1: yes)
A28 Disable or not (0: no l:yes )

B108 Whether he/she attended the college entrance exam or not (0: no 1:yes )
Cc127 Whether employer provides housing or not (0: no 1:yes)

C184 Whether he/she ever lived in his/her hometown for over 3 months continuously

after working in cities (0: no 1:yes)
Dongguan  Whether he/she works in Dong Guan city (0: no 1:yes)
Shenzhen  Whether he/she works in Shen Zhen city (0: no 1:yes)

Table S11: Summary Statistics

Variable MEAN STD  MIN LQ MD uQ MAX
Panel A: Dependent Variable
G136 3374 4576 0 0 2000 5000 60000

Panel B: Continuous Independent Variables

Continued on next page
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Table S11 — continued from previous page

Variable MEAN STD MIN LQ MD UuQ MAX

A05 30 9 17 23 27 36 66
A08 2 1 1 1 2 3 8

A25 166 7 147 160 168 171 186
A26 59 9 36 52 60 65 82
A37 109 413 0 0 10 10 5000
A39 289 746 0 0 50 270 8000
A40 261 676 0 0 50 200 8000
B103 10 2 2 9 9 12 20
C103 2006 3 1989 2005 2006 2007 2008
C111 6 2 1 4 6 7 9
C112 57 14 34 48 56 70 126
C105 200516 314 198910 200404 200606 200709 200811
Cc117 1620 795 500 1165 1500 1900 10000
C126 102 112 0 0 95 160 450
C165 199896 650 197607 199555 200012 200404 200803
C171 14 26 0 2 7 15 365
c177 58 19 0 48 60 70 114
C178 724 423 0 500 700 900 5000
C179 874 516 0 550 800 1100 5000
C183 18 24 1 6 12 24 188
C186 2 ) 0 1 2 3 90
C188 858 853 0 600 800 1000 10000
E4 11 38 55 0 15 29 40 800
E4 12 15 14 0 10 20 120
E4 13 24 50 0 ) 11 20 700
E4 14 18 34 0 10 20 400
E4 16 4 11 0 0 2 3 200
G119 520 324 0 300 500 700 3000
G120 125 153 0 0 100 200 1500
G121 207 302 0 0 100 300 2000
G122 14630 9131 0 8795 12490 18425 75300
G123 726 1385 0 0 200 1000 10000
G124 876 2080 O 300 500 1000 37000
G125 380 850 0 0 100 400 8500
G126 701 843 0 200 500 1000 7200
G127 971 989 0 515 900 1200 17400

Continued on next page
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Table S11 — continued from previous page

Variable MEAN STD MIN LQ MD UuQ MAX

G128 302 664 0 0 100 300 5000
G132 4813 6800 0 1000 3000 6000 74400
G141 1031 748 50 500 900 1400 8700
H219 2 907 750 10 300 800 1200 5000
1101 28 27 3 15 20 30 325
1112 161 239 0 0 50 250 1800
J108 38 13 0 30 40 50 80
J109 59 17 0 50 60 70 90
J112 52528 71220 0 10000 30000 80000 700000
J113 1 2 0 1 1 1 20
G102 1756 1055 0O 1100 1500 2200 11000

Panel C: Continuous Independent Variables but Treated as Dummy Variables

C130 72 97 0 0 0 150 500
E4_15 8 18 0 0 2 250
G129 251 2164 0 0 0 40400
G130 33 232 0 0 0 3000
G131 194 1028 0 0 0 18800
G133 422 1088 0 0 0 400 12000
G134 80 1193 0 0 0 0 20000
G135 164 2758 0 0 0 0 60000
G137 535 2279 0 0 0 0 27000
G138 149 625 0 0 0 0 7800
G139 1776 4464 0 0 0 1000 45000
B110 45 134 0 0 0 0 630
B119 103 633 0 0 0 0 10000

Panel D: Discrete Variables that Treated as Dummy Variables

A01 11 2 1 12 12 12 12
A10 0.665 0838 0 0 0 1 4
A27 1.749 0.770 1 1 2 2

H219 1 1.214 0.563 0 1 1 1 4
1102 4.278 3.268 1 2 3 6 20

Panel E: Dummy Variables

A04 0.691 0.462 0 0 1 1 1

Continued on next page
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Table S11 — continued from previous page
Variable MEAN STD  MIN LQ MD UuQ MAX

A09 0.486 0.500 0 0 0 1 1
Al5 0.014 0.119 0 0 0 0 1
A21 0.189 0392 0 0 0 0 1
A22 0.348 0477 0 0 0 1 1
A23 0.356 0479 0 0 0 1 1
A24 0.029 0.167 0 0 0 0 1
A28 0.021 0.142 0 0 0 0 1
B108 0.132 0.338 0 0 0 0 1
C127 0.698 0.460 0O 0 1 1 1
C184 0.220 0415 0 0 0 0 1
Dongguan 0.317 0.466 0 0 0 1 1
Shenzhen  0.374 0.484 0 0 0 1 1

Note: MEAN = sample mean, STD = standard deviation, MIN = minimum, LQ = 25 percentile, MD =

median, UQ = 75 percentile, MAX = maximum.
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Table S12: Frequencies of Variables Selected

One Stage Multiple Stage Post-OCMT  Group LASSO Adaptive GLASSO

G102 100% 100% 100% 100% 100%
G133 0% 98% 91% 100% 100%
G137 12% 98% 91% 85% 85%
A09 0% 1% 0% 0% 0%
C111 0% 0% 0% 2% 0%
C112 0% 0% 0% 58% 55%
C126 0% 0% 0% 11% 10%
C188 0% 0% 0% 17% 15%
A04 0% 0% 0% 4% 2%
c127 0% 0% 0% 3% 2%
c127 0% 0% 0% 3% 2%
1102 0% 0% 0% 1% 0%
G134 0% 0% 0% 4% 3%
G135 0% 0% 0% 22% 20%
G138 0% 8% 6% 0% 0%
G139 0% 0% 0% 4% 0%
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