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Abstract

High-dimensional matrix-valued data are frequently encountered in finance and
economics, such as international trade flow data covering multiple countries over an
extended period. To account for potential structural changes and identify the un-
derlying information context in the matrix structure, we propose a time-varying ma-
trix factor model that allows for smooth changes in factor loadings over time. Our
nonparametric principal component analysis (PCA) method uncovers the latent time-
varying dynamic structure and achieves dimension reduction. We establish the con-
sistency and asymptotic normality of our estimator under general conditions that ac-
count for correlations across time, rows, or columns of the noise. Our simulation
study demonstrates the effectiveness of our proposed estimator. Using international
trade flow data, we apply our model to investigate trading hubs, centrality, patterns,

and trends in the trading network.
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1 Introduction

Matrix-valued data are commonly encountered in various fields such as economics, fi-
nance, health care, and social networks. Two notable categories of such data are dynamic
transportation networks and dynamic panel data. The former refers to monthly import-
export volumes among countries, which naturally form a dynamic sequence of matrix
variates representing weighted directional transportation networks. The latter pertains
to investors” information collection for portfolio selection, where observations are matri-
ces with rows representing different firms and columns representing stock prices and var-
ious firm characteristics such as book-to-market ratio, dividend-to-price ratio, earnings-
to-price ratio, cash flow-to-price ratio, and others.

Statistical methods for analyzing matrix-valued data are still in their early stages of
development. One of the most popular models for achieving dimension reduction while
exploring matrix structure is the matrix factor model. Wang et al. (2019) first considered
a matrix factor model in time series, where both factors and factor loadings are unknown
matrices. By exploring the serial correlation of the latent factors, they estimated the
model via an eigenanalysis of the auto-cross-covariance matrix. The model was further
extended by Chen et al. (2019) to the constrained version and Liu and Chen (2019) to
the threshold matrix factor model. Different from the above works, Chen and Fan (2021)
proposed an estimation, which is based on the eigenanalysis of an aggregate of the sample
mean matrix and the contemporary covariance matrices.

Despite the success of this class of matrix factor models, the maintained assumption
is that factor loadings are fixed over time. However, there exist various driving forces,
such as policy switches, preference changes, technological progress, and environmental
issues that might affect the relationship between economic variables. Some empirical
evidence (see, e.g., Chen et al. (2019)) suggests that loading instability is a concern for
the economic applications of matrix factor models. Failing to take into account potential
structural changes in factor loadings could lead to inconsistent estimation and unreliable
inference.

Recently, there has been a growing interest in smooth structural changes, prompting
the development of novel time-varying time series and panel data models to capture the
evolutionary behavior of economic variables. Among these models, the nonparametric
time-varying parameter time series or panel data model has gained considerable atten-
tion. First introduced by Robinson (1989) and further studied by Cai (2007), Chen and
Hong (2012), Zhang and Wu (2012), Inoue et al. (2017), Chen and Maung (2022), and

others, this model’s advantage lies in its flexibility, with little restrictions imposed on the



functional forms of the time-varying intercept and slope, except for the condition that
they evolve smoothly over time. In this paper, we adopt this framework in our matrix
factor models.

In this paper, we introduce a more parsimonious representation of matrix-valued data
by generalizing the constant loading matrix factor models. Specifically, we model the
loading matrices as an unknown function of time and estimate them, along with the
latent factor matrix, using local PCA. We develop inferential theory, including establish-
ing consistency, rate of convergence, and limiting distributions under general conditions
that allow for time-varying loading matrices, as well as correlations across time, rows, or
columns of the noise. Furthermore, we generalize the eigenvalue ratio-based estimator
(Ahn and Horenstein (2013)) for latent dimensions to time-varying matrix factor models
and show its consistency. Additionally, we consider a projection-based estimation ap-
proach, where we project the observation matrix onto the row or column factor space,
and conduct a local eigenanalysis on a lower-dimensional matrix. We demonstrate that
the projection-based estimator achieves faster convergence by increasing the signal-to-
noise ratio (see, e.g., Yu et al. (2022)).

In the classical framework of high-dimensional factor models, Su and Wang (2017)
employs a local PCA to estimate time-varying factor loadings. While this method can
handle matrix-valued observations by "flattening" them into vectors or separately mod-
eling each dimension, it destroys the natural matrix structure and fails to capture impor-
tant patterns in large-scale data with complex structures, leading to sub-optimal results.
We would further compare our matrix-based estimator with its vectorized counterpart

via simulation.

1.1 Notations and Organization

Let lowercase letter p, boldface letter y, and boldface capital letter Y represent scalar,
vector, and matrix, respectively. For any matrix Y, we use Y;., y. i and vij to denote its i-
th row, j-th column, and ij-th entry, respectively. All vectors are column vectors and row
vectors are written as y ' for any vector y. We use the following matrix norms: maximum
norm ||Y l,q = max vijl, ¢1-norm Y|, = m].aXZilyijlf feo-norm [[Y]lo, = max 3 jly;jl, and
{y-norm ||Y||, = 01, where o is the largest singular value o; of Y with o; be the i-th largest
square root of eigenvalues of Y'Y. When Y is a square matrix, we denote by Tr(Y),
Amax(®), and A, (v) the trace, maximum and minimum singular value of Y, respectively.

The remaining sections of this paper are organized as follows. Section 2 introduces

high-dimensional matrix factor models with time-varying loadings. In Section 3, we



present a local PCA estimation procedure and a generalized eigenvalue ratio-based esti-
mator for the latent dimensions. Section 4 establishes the consistency and asymptotic nor-
mality of the estimated loading matrices and the generalized eigenvalue ratio-based es-
timator. Additionally, Section 5 discusses the projection-based estimator, which achieves
a faster convergence rate. Section ¢ presents a study of the finite sample performance of
our estimation through simulation. Section 7 provides an empirical study, and Section

concludes the paper. All mathematical proofs are included in the Appendix.

2 Matrix Factor Models with Time-Varying Factor Load-
ings
LetY; (1 <t <T)beamatrix-valued time series, where each Y, is a matrix of size p x g,

Yiin - Yiig

_Yt,pl Yt,pq_

We consider the following matrix factor models with time-varying factor loadings,

Yt:RtPtC;r+Et, t:1,2,"',T, (2.1)

where F; is the k x r common factor matrix, R; (C;) is a p x k (g x r) time-varying row
(column) loading matrix and the sequence of matrices E; is the noise matrix. The noise
term E; is assumed to be uncorrelated with F,, yet is allowed to be weakly correlated
across rows, columns, and times.

Our model generalizes Wang et al. (2019) and Chen and Fan (2021) matrix factor mod-
els by allowing for structural changes in factor loadings R and C. To cover a wide range
of potential time variation, we follow the literature on smooth time-varying parameter
models (e.g., Robinson (1989), Cai (2007), Su and Wang (2017)) and model R;; (C; ;) as

a non-stochastic function of t/T, that is,

Rt,i. = Rl(t/T)I

C,j. = Ci(t/T),

where R;; () (C;.(-)) is an unknown smooth function of /T on [0, 1] for each i (j). The



specification that loading matrices R;; (-) and C; ; (-) are some functions of ratio /T rather
than time f only is a common scaling scheme in the literature (see, e.g., Phillips (1990),
Robinson (1991) and Cai (2007)). The reason for this specification is that nonparamet-
ric loading estimators for R;; (-) and C;; (-) will not be consistent unless the amount of
data on which they depend increases, and merely increasing the sample size will not nec-
essarily improve the estimation of R;; () and C; (-) at some fixed point ¢, even if some
smoothness conditions are imposed. The amount of local information must increase suit-
ably if the variance and bias of nonparametric estimators of R; and C; are to decrease
suitably.

Now take the international trade flow as an example. The observed matrix Y; is a
square matrix, where p = g = n. A general entry of Y;, denoted as y; ;;, where i,j = 1,2,...,n,
represents the volume of trade flow from country i to country j at time ¢. Thus the i-
th row represents data for which country i is the exporter and the column j represents
data for which country j is the importer. Figure 1 shows a time series plot of Y; from
January 1982 to December 2018. Model (2.1) identifies k x r latent factors, which can be
viewed as k export hubs and r import hubs. Each country exports to the k exporting hubs
in certain distributions (determined by the loading matrix R;) and imports from the r
importing hubs in certain distributions (determined by the loading matrix C;). The entry
of Ry, denoted as R;;;, where i = 1,..,n and [ = 1,...,k, can be interpreted as the export
contribution of country i to the export hub [ at time ¢; the entry of C;, denoted as Ct,]-m,
where j =1,..,nand m =1,...,r, can be interpreted as the import contribution of country
j to the import hub m at time t. The hubs trade, on behave of the participating countries,
among themselves and also within the hubs. The trading volume among the hubs is
reflected by the factor matrix F;, which is changing over time. The (I, m)-th element F; ;,,,,
wherel =1,..,kand m =1,...,r, reflects the export trading volume from hub / to hub m at
time point t. We allow for time-varying export and import contributions and factors, but

the numbers of factors are fixed over time.

3 Estimation

Fixs€{1,2,...,T}. Under the assumption that R;; = R;.(t/T) (C;; = C;.(t/T)) and R;(C;.)

is a smooth function, we have, when % x T

R;; =R;(t/T)~R;(s/T)=R,;

C.j. = Ci(t/T)~ Ci(s/T)=C

/] 5,].



Figure 1: Time series plots of the value of goods traded among 24 countries.
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Notes: (1) sample period: January 1982- December 2018. (2) The plots only show the patterns
of the time series while the magnitudes are not comparable between plots because the ranges
of the y-axis are different.



It follows that
Y,~R,F,C] +E,, (3.1)

when £ ~ %. To estimate R;, C;, and F;, we minimize the local unexplained variation and

bias jointly:

T 2 T
11 1 2
minimize —|= ) Kuo(Ys—RFC/)|| +—= ) Kp||Ys—RFC/
R,C,F)., P9 T;, st( s — Rl t)F qu; st“ s — 8L t“F
(3.2)
local sample bias local sample variance
1 1
subjectto —R/R,=1, ~C/C, =1,
p q
where Kj, ¢; is a boundary-modified kernel function:
— — 1 .
h 1k(5—,;)/j_t/(mk(u)du ifte[l,|Th]],
Kpst =4 hk(5H) ifte[|Th], T -|Th]], (3.3)
i\, ((1=t/T)/h

k(u)du otherwise,

the kernel k(-) : [-1,1] > R* is a prespecified symmetric probability density, h = h(p,q,T)
is a bandwidth parameter for row (column) loading matrix R; (C;), and | Th] denotes
the integer part of Th. Examples of k(-) include the uniform, Epanechnikov, and quartic
kernels. This boundary-modified kernel function has been used in Hong and Li (2005)
and Su and Wang (2017).

Equation (3.2) is non-convex. Thus, we consider an approximate solution by max-
imizing row and column local variances, respectively, after projection, following Chen
and Fan (2021). First, {Y;};1<;<7 are projected onto R; and maximize the row variances of
R'Y,.

R, = argmax Tr{IE[(RtTYt)(RtTYt)T +(RTY,~E[R]Y])(R]Y, —IE[RtTYt])T]},
t

= argmax Tr{qutTMR,th},

R,

1
subjectto —R/R; =1,
p

where Mp; 2 p~iq'E [YthT].

Alternatively, {Y,};<;<7 are projected onto C; and maximize the column variances of



Y.C,.

@ =argmax T”{IE[(YtCt)T(YtCt) +(Y,C;—E[Y,C]) " (Y,C; _]E[tht])]}

t

= argmax Tr{qutTMC,tCt},
C

1
subject to I;CtTCt =1,

where M¢; = p‘lq‘llE[YtTYt].

With T noisy observations, we define sample scatter matrix ]\//\IRJ and J\//\Ic,t as

T
—~ 1
Mp,; = pq_T ZKh,tsYsY;r
s=1
(3.4)

T
— 1
MC,t = pq_T ;Kh,tsY;—Ys

Furthermore, an estimator of F; can be obtained by

_ 1 -1
Pt = _R:—tht
pPq

and the signal part §; = R,F,C/ can be estimated by
5,-LRRY,CC.
pq
The above local PCA assumes that the latent dimensions k x r are known. However,
in practice, we need to estimate k and r as well. We extend the eigenvalue ratio-based
estimator, proposed by Ahn and Horenstein (2013). Let ;\\U > :\\Z,t > 2> ;\\k,t > 0 be the
ordered eigenvalues of M Rt And the generalized eigenvalue ratio-based estimator for k

can be defined as

—

— 1 & Ay
_ 1 jr
k = argmax T > —, (3.5)

1<j<kpmax t=1 /\j+1,t

and k,,,, is a selected upper bound. We could choose k,,,, = |p/2] or k., = |p/3], fol-
lowing Ahn and Horenstein (2013) and Chen and Fan (2021). Ratio estimator 7 can be
defined analogously with respect to MC,t- Other estimators such as a BIC-based estimator

can be applied as well.



4 Theory

Let R(tl) (C(tl)) and R(tz) (C(tz)) denote the first and second order derivative of R; (C;) re-

spectively, and Rio) =R;,and C (to) = C;. To derive the asymptotic properties of our esti-

mators, we impose the following regularity conditions.

Assumption 1. a-mixing. The vector-valued process {vec(F,)",vec(E,)")7 is a stationary

a-mixing process with mixing coefficients a(h) =sup  sup  |P(ANB)—P(A)P(B)|, where
T AeF,,BEF™

T+h

FS is the o-field generated by {vec(F,)",vec(E;)"}T : T < t <5}, and the mixing coefficients
satisfy the condition that

(e¢]

) a7 <o,

h=1

for some y > 2.

Assumption 2. Factor and noise matrices. There exists a positive constant C < co such that
(a) Factor matrix F, is of fixed dimension k x r, and E||F,|*<C.
(b) Forallie[p],je(g]andte[T], ]E[et)i]-] =0and IEIet,i]-I8 <C.

(c) Factor and noise are uncorrelated, that is, IE[et,i]-fS,lh] =0foranyt,se[T],ie[pl jelql]
le[k], and h e [r].

Assumption 3. Loading matrix. For each row of R;, Rt,i-” =O(1), and, as p,q — oo, we
have ||p_1RtTRt QRt” — 0 for some k x k positive definite matrix Qg ;. For each row of

-1c,7¢, - QC,tH —> 0 for some r x r positive definite

||Ct1||— ), and, as p,q — oo,
matrix Q¢ 4.

Assumption 4. Cross row (column) correlation of noise E,. There exists some positive

constant C < oo such that,
(a) Let Ug = lE[EtEf/q] and Vi = ]E[EfEt/p], we assume ||Ugl||; < C and ||Vgl||; <C.

(b) Forall row i € [p] and column j € [q] and t € [T], we assume }_ie[p] Xne|q |1E[et ijer, lh]| <

l:tz h¢]
C.

(c) For anyrow i,l € [p], any time t € [T], and any column j € [q],

Z, Z ZlCOV[ erijetlir €s,ines, mh)]| <C

1s€[T]helq]
h#j



Similar, for any column j,h € [q], any time t € [T], and any row i € [p],

Z|C0V[(etyijet,ih, €Sllj€5,lm)]| <C

me[q]se[T]le[g]
1#i

Assumption 5. R;.(t/T) and C;(t/T) have continuous derivatives up to the second order.
Moreover, there exists m>2,1<a,b<oo,1/a+1/b=1,c=0,1,2 such that, for some positive
C < oo,

(a) Foranyl e[k}, ic[p] andte(T IE[IIZ] let,JI’”b] “'Iz t]em}mb“ _
0(1), and E[||f,.|™] = C.

(b) Foranyhe([r],jelql andt€[T], E [|WZZ leml’”b] “'\FZ Ryjesi 'mb =
0(1), and E[||f, "] = C.

(c) PoranytE[T],IE[h/Lp—qZ N 1etz]|mb]:(9(1)“”dmwﬁ SN tJ)Tefﬂ'f"mb]:

0(1).

Assumption 6. k : [-1,1] — R* is a symmetric and Lipschitz continuous probability density
function such that f_ll k(u)du =1, f_ll uk(u)du =0, and I_ll u?k(u)du < .

The a-mixing condition in Assumption | allows weak temporal correlations for both
the factors and noises. Assumption 2 mainly imposes moment conditions on the errors,
factors, and their interactions. Assumption 3 is an extension of the pervasive assumption
(Stock and Watson, 2002) to the matrix variate data. It ensures that each row and column
of the factor matrix F; has a nontrivial contribution to the variance of rows and columns
of Y;. Assumptions !-3 are standard in the literature on factor models and similar as-
sumptions have been imposed in Su and Wang (2017), Chen and Fan (2021) and Yu et al.
(2022).

Assumption | only deals with temporal dependence. The diverging matrix dimen-
sions p and q also determine the convergence rates of our estimator, which is affected by
the cross-row and cross-column dependence. Thus Assumptions 4 and 5 are imposed so
that the information accumulated over rows (p) or columns (g) is also useful. Assump-
tions 4 and 5 are obviously satisfied if the errors E; are i.i.d. over rows and columns for
any t and are independent of the factor F;, with assumed moment conditions. We include

them to allow for weakly cross-row (-column) and temporal dependence. Assumptions

10



is a standard assumption for kernel regressions. This condition is satisfied by commonly
used second-order kernels, such as the Epanechnikov, uniform, and quartic kernels.

Let VRJ e R and T}c,t € R™" be the time-varying diagonal matrices consisting of
the first k and r largest eigenvalues of MRJ (MC,t) in a descending order respectively. By
the definition of our estimators 1’2\t and a, we have

Et =M R,tﬁtﬁl_z,lt

— —_ 1

C, = MC,tCtVC,t-

As in the conventional factor models, the latent factor matrix F; and loading matri-
ces R; and C; are not separately identifiable. However, they can be estimated up to an
invertible matrix transformation. We can show that there exist invertible matrices Hp
and H ¢, such that E and a are consistent estimators of R;Hp ; and R;Hy ; respectively.
Specifically, define

T
1 ~ -1
Hgi=7— ) KiF.CJCFIRIR Vi,
P (4.1)
. .
1 —~ =1
Hc,= T_pq ZKh,tsPthTRtP;rCtTCtVC,t-
s=1

Theorem 1. Suppose Assumptions 1-6 are satisfied. As k,r fixed, h — 0, Th®> — oo, and

T,p,q — oo, we have

1= 1 1
I;HRt_RtHR't”lz: = OP(? + T_qh +h4),

1=~ 2 1 1

E”Ct—CtHC,t”F:Op(q—2+—Tph+h4).
Consequently,

LIR - RHg | = 0, (& + =+ 1

p ot PRI TR p2 T Tgh T )

1= 1 1
EHCt—CHC,tHZ :Op(q_z+ Tph +h4)‘

Theorem | establishes the convergence rate of our nonparametric estimators R, and
C,. An alternative way to study the dynamics of matrix-valued data is to apply the local

vector factor model (Su and Wang (2017)) to vectorized observations:
vec(Y,) = (C;®R;)-vec(F;)+vec(E;), (4.2)
where vec(Y;) € RPY and vec(F,) € R¥". Applying results in Su and Wang (2017) with-

11



out adopting the tensor structure in the loading matrix, we obtain qu”Et—Eth”

O, (p2+;2 + ﬁ +h* ), where &, = C;®R;, and H; € R**¥" is an orthonormal matrix.'. Hence,
in a high-dimensional setting where p,g > T, Theorem | establishes faster £, convergence
rate for both ﬁt and Et. In addition, to recover the tensor structure in the factor load-
ings, one needs to carry out a second step to estimate R; and C; from Z, which amounts
to noisy Kronecker production decomposition. This may incur further errors (Cai et al.,
2019). We shall further compare these two approaches via simulation in Section

To study the limiting distribution of our nonparametric estimators R, and C,, we de-

fine
(c1,62) TR(CI)TR(Q)
Yrre =E\F; —Ft , (4.3)
(c1,¢2) C(C1 TC62 T
ZF(lf,tz —E(Ft—F )
(C) RTR(C)
Tpi= =5
(C) _ CTC(C)
ZC,t — tq L

where ¢y, c; and ¢ =0,1,2 and R(tl) (C(tl)) and R(tz) (C(z)) denote the first and second order

derivative of R; (C;) respectively, and R(to) =R,, C( ) =Cy, E;Rt) Yrryand Eifcz Yrect

Assumption 7. The matrices Qg ;Xpc ¢ and Q¢ ;X g are positive definite with distinct eigen-
values for each t.

Theorem 2. Suppose Assumptions 1-7 are satisfied. As k,r fixed, h — 0, Th®> — oo, and
T,p,q — oo,

(i) For row loading matrix Ry, if \/]qTh/p — 0, foreachi=1,---,pand t=1,---,T, we have

VaTh(R,; ~H} R, ; - By, ) > N(0,vZg,,),

where

| (c1)y-(c2,e3) py(c4 2
Bg,,; = EVR,th K2 Z H;Q—,t):R,]t Ipéy th (h )

(5] +C2+C3+C422

_y/-1 T -1
X, = VR QriPreiQpr Vi

Dy, ; = plim —ZZ]E[F Clee/;.C PT] (4.4)

qT—)ooq =1 s—

'The bias terms are missing in Su and Wang (2017) but have been corrected in Su and Wang (2020).

12



1 1 - . . .
Vo = f_l k2 (u)du, py = I_l u?k(u)du, Q, = VYIWR o2, Vi, is a diagonal matrix
whose entries are the eigenvalues of Xpc, in decreasing order, Wp ; is the corresponding

eigenvector matrix such that Wy Vg, =1, and Tpc, is defined in (4.3).

(ii) For column row loading matrix C,, if \lpTh/q — 0, foreach j=1,---,qand t =1,---,T,

we have
W(Et,j. -H¢,Cyj—Bc,, ) ~IN(©, voc,)
where
Bc,; = %Véihzﬂz Z Hg,tzg}}zg;;:?)cﬁfﬁ) *op (hz)’
C1+Co+C3+C4=2
and

ECt,j - Va?tQC,t(DC,t,]‘QE,tVE}t; (45)

D, is defined similarly to Pr;;,Qc, = Vlc/’f\I’CT,t):I_;Ilz/]tZ, Vi is a diagonal matrix
whose entries are the eigenvalues of X g, in decreasing order, V¢ ; is the corresponding

eigenvector matrix such that \Icht\I’C,t =1, and Xpp; is defined in (4.3).

Theorem 2 establishes the asymptotic normality of the nonparametric estimators R,
and C,. The asymptotic bias B r,;(Bc,;) is proportional to h? in both interior region and
boundary regions, thanks to the use of the boundary-modified kernel function in (3.3). It

is easy to verify that the pointwise asymptotic mean squared error (AMSE) of Etﬂ-. is

s e s T (0ER,)
AMSER = 4 Z VeHg Eri Zrci Ry, qTh (4.6)
C1+Cp+c3+c4=2
and hence the optimal bandwidth for ﬁt,i. is
Tr(v X ) 5
t _1 0 R,z
hy" = (qT) ( : ) (4.7)

- (c1)y(c2i03) pplea) ||
T HZc1+c2+c3+c4:2 VR,ltle,t):R,lt ZF(z?,t3 Rt,i4.
The optimal bandwidth for Et,i. can be derived similarly.

Theorem 3. Suppose Assumptions 1-7 are satisfied. As k,r fixed, h — 0, Th®> — oo, and

13



T,p,q — oo, we have

F,-Hp\F.H{,=0

2
”(min(p,q) h )

Stij—Stij=0p

1
+h?|,
min(p,q,\/pTh,\/th) ]
forany1<i<pand1<j<gq.

Theorem 3 derives the convergence rate of the estimated latent factor F, and signal S,.
To achieve consistency, we require dimensions p and g approach infinity. That is because
we need sufficient information accumulation to distinguish the signal S; from the noise
E; at each time point t. Theorems 2 and 3 present the asymptotic properties when the
dimension of the latent matrix factor k x r is assumed to be known. In practice we can
estimate k and r via the generalized eigenvalue ratio-based estimator defined in (3.5). The

asymptotic validity of k and Tis justified in Theorem 4 below.

Theorem 4. Suppose Assumptions 1-/ are satisfied and k,,,, is a predetermined constant no
smaller than k or r. Then

P(k=k)—1
and

P(r=r)—1

ash— 0, Th® = oo, T,p,q — o, where k and T are defined in (3.5).

Theorem 4 derives the consistency of the ratio-based estimator k and 7. This can be
viewed as a generalization of Theorem 1 of Ahn and Horenstein (2013) from constant

parameter factor models to time-varying matrix factor models.

5 Projection-based Estimation

Given R; and C;, the optimal F; is achieved by F,= R]Y,C,. By concentrating out F,, we

can reformulate the optimization problem (??) as:

Ty (1) T2
RR,;Y; C,C; .

T
maximize E ‘
RIICI 1
S=

1 1
subject to l—)RtTRt:I, 5CtTCt:I.
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Problem (5.1) has no closed form solutions. Ye (2005) solves the problem by an itera-
tive algorithm. For a given C,, find the optimal R, as the first k eigenvectors correspond-

ing to the largest k eigenvalues of the matrix

T

Z 'c.c/yV (5.2)

=1

Gpr: =

For a given R;, find the optimal C; as the first r eigenvectors corresponding to the largest

r eigenvalues of the matrix

T
-~ A 1 BOTp B vt
Gc: = Y RR, Y, . 5.3
C,t szq ; s Ry Ls ( )

The projection-based optimal estimator EP (ap) is comprised of /p (1/9) times top
k (r) eigenvectors of /G\R,t (EC,t) in descending order by corresponding eigenvalues. Es-
timation from local PCA can be used as an initial value for GLRAM. Ye (2005) proves
the convergence of the algorithm. But the statistical properties of the estimators are
unknown. Zhang and Xia (2018) proved statistical properties for different iterative al-
gorithms for Tucker tensor decomposition. Their results are for homogeneous tensors
where each mode can be treated equally, while in our setting, time mode is treated differ-
ently. Alternatively, we could solve (5.1) by direct optimization on the Stiefel manifold.
However, our experiments show that GLRAM performs similarly to optimization on the
Stiefel manifold. We next derive the asymptotic properties of the projection-based esti-

mators Rtp and Ctp.

Theorem 5. Suppose Assumptions 1-6 are satisfied. As k,r fixed, h — 0, Th®> — oo, and

T,p,q — oo, we have

“|IRP -r,H “ —0 K,
p” ! PR E p(p2q2+th+T2p2h2+
1

%Hap —CtHIé,tHIZ; - Op(p2q2 + T;h + T2q12h2 +h4),

where

— T —_— —~—1
Hgt = %Zsll Kh,tstCtTCtCt CtF;rRtTRtVR’t

— T P |
HY, =+ YL Ky FRTRR, RFTCICV
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Theorem 5 shows that the projection-based estimator 1/2?7 (ap) indeed performs no
worse than the local PCA estimator I’{\t (a), while yields faster convergence rate than
the local PCA estimator R, (C;) when p = o(Tqh) and ph* = o(1) (9 = o(Tph) and gh* =
0(1)). The improvement is mainly due to the increase in the signal-to-noise ratio as local
eigenanalysis is now conducted on a lower-dimension matrix. We shall further compare

the finite sample performance of I/Q\tp (ap) and E (a) in Section

6 Simulation

In this section, we study the numerical performance of the proposed time-varying matrix-
valued approach. Throughout, the matrix observations Y,’s are generated according to
model (2.1). The dimension of the latent factor matrix F; is fixed at kxr = 2x2. The values
of p, g, and T vary in different settings. Following Chen and Fan (2021), we simulate
vec (F;) from the following Vector Auto-Regressive model of order one (VAR(1) model):

VveEC(F;) =®-vec(F;_1)+¢;,

where the AR coefficient matrix @ = 0.1-14 and Var[(g;)] = 0.99-14. Thus, Var[vec(F;)] =
I4. We simulate noise E; also from VAR(1),

vec(E;) =T -vec(E;_q) + uy,

where I' = ¢ - I, and Var[u;] = (1 - gbz)Ipq. Thus, Var[vec(E;)] = I,,. We choose ¢ = 0.1
and then increase to 1 = 0.5 to examine how temporal dependence may affect our results.

The true loading matrices R; and C, are generated as:

* DGPI1: The first column of R;: Ry 1 = R, the second column of Ry: Ry , = R + Gy;
the first column of C;: C; 1 = C 1, the second column of C;: C;, = C,+ H,. The
time-invariant loading matrices R ; and C ; are independently sampled from U (-1, 1) for
j=12 G =G(+)=2(%)+exp [—16(% - 0.5)2] ~1and H; = 0.2exp[-0.7 + 3.5(£)|,
following Cai (2007).

* DGP2: The first column of Ry: Ry 1 = R + Gy, the second column of Ry: Ryjp =
F(10t/T;2;5i/p+2), i = 1,..,p; the first column of Cy: C; 1 = C1 + Hy, the second
column of Cy: Cyjp = F(10t/T;2;5j/9+2), j = 1,...,9. The time-invariant loading
matrices R j and C ; are independently sampled from N (0,1) for j = 1,2, b = 2, and
F(t;1;7) = {1 +exp[—«(t - )|}, following Su and Wang (2017).
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We first study the performance of our proposed approach on estimating the time-varying
loading matrices R; and C;. We consider three pairs of (p,q) combinations: (20, 20),
(100,20), or (100,100). The sample size T is selected as 100,200, and 400, and simu-
lation results are based on 100 repetitions. For nonparametric estimation, we use the

Epanechnikov kernel and Silverman’s rule-of-thumb (RoT) bandwidth hy = c(qT)_% and
2.345

Vi2

bandwidth attains the optimal rate for local smoothing as shown in Theorem 2. We also

he = c(pT)‘%, where ¢ = , for estimating R; and C; respectively. This simple RoT

try the RoT bandwidth with different scaling parameters, and the simulation shows that

our estimation results are not very sensitive to the bandwidth selection. To evaluate the

accuracy of our estimator, we use the average column space distance

T
— 1 —~ T\l -1
D(Z,A):Tz A (A A) A, -A(A7A,) AT, (6.1)
=1
for any rank k matrices A4,, A, € RP*, following Chen and Fan (2021).
Table 1: Estimation of loading matrices
T =100 T =200 T =400

DGP | (p,q) D(wr) D) D& r) D) D(&r) D)

P =0.1
(20,20)  1.09(0.21) 0.98(0.15) 0.98(0.12) 0.55(0.07) 0.58(0.08) 0.50(0.04)
(100,20)  0.98(0.12) 0.55(0.07) 0.73(0.08) 0.40(0.05) 0.41(0.04) 0.35(0.02)
|| (100,100) 0.58(0.08) 0.50(0.04) 0.52(0.04) 0.29(0.04) 0.29(0.02) 0.26(0.02)

h=0.5
(20,20)  1.14(0.22) 1.04(0.17) 1.01(0.12) 0.58(0.08) 0.59(0.08) 0.52(0.04)
(100,20) 1.01(0.12) 0.58(0.08) 0.75(0.08) 0.42(0.06) 0.42(0.04) 0.37(0.02)
(100,100) 0.59(0.08) 0.52(0.04) 0.54(0.05) 0.30(0.04) 0.30(0.03) 0.27(0.02)

=01
(20,20)  2.46(0.20) 2.15(0.20) 2.27(0.18) 1.94(0.16) 2.11(0.14) 1.79(0.16)
(100,20) 2.35(0.20) 1.72(0.17) 2.14(0.14) 1.57(0.13) 1.95(0.11) 1.42(0.10)
, | (100,100) 1.91(0.20) 1.47(0.13) 1.73(0.13) 1.29(0.08) 1.61(0.10) 1.15(0.09)

=05
(20,20)  2.48(0.20) 2.24(0.20) 2.30(0.18) 2.05(0.15) 2.13(0.14) 1.88(0.16)
(100,20) 2.38(0.19) 1.80(0.17) 2.17(0.14) 1.64(0.13) 1.97(0.11) 1.50(0.11)
(100,100) 1.93(0.19) 1.55(0.13) 1.75(0.13) 1.37(0.08) 1.62(0.10) 1.23(0.09)

Note: Mean and standard deviation in parentheses of 5@;’12) and 5(E,C) from 100 iterations.

Table

reports the mean and standard deviation of the average column space distance.

For both DGPs considered, 5(12\’13) and 5(E,C) decrease with the increase of p,qgand T. The

estimation results are robust to the the temporal dependence of noise E;.
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With the same simulated data, we compare the proposed time-varying matrix-valued
approach and the time-varying vector-valued approach in Su and Wang (2017) through
the estimation accuracy of the total loading matrix E; = C; ® R;. In what follows, the
subscripts mat and vec denote our approach and Su and Wang (2017)’s method, respec-
tively. The loading space Emat,t is computed as Emat’t = a ®1/2\t, where a and R: are
our nonparametric estimators. For the vector-valued approach, we apply Su and Wang
(2017)’s method to the vectorized observations vec(Y;),t =1,2,---,T as in (4.2) to obtain
Evec,t- The results for the estimation accuracies of &, measured by D,,,; and D,,, are
reported in Table 2, which shows that the matrix approach efficiently improves the esti-
mation accuracy over the vector-valued approach. We only consider three pairs of small
(p,q) combinations: (10,10), (20,10), or (20,20) because the estimation of time-varying
vectorized factor models is extremely time-consuming. Nevertheless we expect the same

pattern of estimation comparison would continue to hold for large p and 4.

Table 2: Comparison of estimation accuracy

T =100
DU@C
=01

T =200

DGP Z_)max 5max D‘I/EC

(p,9)

(10,10)
(20,10)
(20,20)

(10,10)
(20,10)
(20,20)

0.23(0.06)
0.17(0.04)
0.19(0.03)

0.25(0.07)
0.18(0.05)
0.20(0.04)

0.78(0.10)
0.65(0.11)
0.76(0.09)

»=0.5
0.90(0.09)
0.79(0.13)
0.91(0.06)

0.13(0.02)
0.15(0.02)
0.11(0.02)

0.14(0.03)
0.16(0.03)
0.12(0.02)

0.62(0.10)
0.75(0.07)
0.60(0.08)

0.79(0.12)
0.91(0.06)
0.78(0.12)

(10,10)
(20,10)
(20,20)

(10,10)
(20,10)
(20,20)

0.34(0.03)
0.32(0.02)
0.29(0.02)

0.35(0.03)
0.33(0.02)
0.30(0.02)

i =0.1
0.66(0.11)
0.64(0.10)
0.61(0.09)

»=0.5
0.70(0.12)
0.69(0.11)
0.65(0.10)

0.31(0.02)
0.29(0.01)
0.27(0.02)

0.32(0.03)
0.29(0.02)
0.27(0.02)

0.58(0.12)
0.54(0.08)
0.51(0.07)

0.61(0.13)
0.58(0.09)
0.55(0.09)

Note: Mean and standard deviation in parentheses of D,,,, and D,,. from 100 iterations.

We next evaluate the performance of the matrix-valued approach on estimating the
number of factors k and r. Table 3 shows the relative frequencies of estimated rank pairs
over 100 iterations. The three pairs (2,1),(1,2) and (2,2) have high appearances in all of

the combinations of (p,q, T). The row for the true rank pair (2, 2) is highlighted. It shows
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that the relative frequency of correctly estimating the true rank pair increases with the

increase of (p,q, T) and approaches unity.

Table 3: Estimation of latent dimensions

p,q = 20,20 p,q = 100,20 p,q =100,100
DGP | (k7)) T=100 T=200 T=400 T=100 T=200 T=400 T=100 T =200 T =400
=01
(2,1) 0.3 0.06 0.04 0.02 0.03 0.01 0.00 0.00 0.00
(1,2)  0.05 0.02 0.03 0.00 0.00 0.00 0.00 0.00 0.00
L |22 080 0.90 0.93 0.98 0.97 0.99 1.00 1.00 1.00
other  0.02 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00

=05
(2,1) 012 0.08 0.03 0.02 0.02 0.00 0.00 0.00 0.00
(1,2) 0.0 0.04 0.03 0.00 0.00 0.00 0.00 0.00 0.00
(2,2)  0.77 0.87 0.94 0.98 0.98 1.00 1.00 1.00 1.00

other  0.02 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00
=01
(2,1) 0.1 0.16 0.14 0.21 0.11 0.06 0.00 0.00 0.00

(1,2)  0.02  0.01 0.00  0.00  0.00 000 000 000  0.00

(2,2) 074 081 086 079 089 094 100 100  1.00

other  0.03  0.02 000 000 000 000 000 000  0.00
$=0.5

(2,1) 0.22 0.16 0.15 0.20 0.12 0.07 0.00 0.00 0.00
(1,2) 0.02 0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00
(2,2) 0.73 0.80 0.85 0.80 0.88 0.93 1.00 1.00 1.00
other 0.03 0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00

—

Note: Relative frequency of estimated rank pair (k,7) from 100 iterations. The row with the
true rank pair (2,2) is highlighted.

7 Empirical Application

Understanding the pattern and evolution of international trade flow is essential for a
broad range of economic activities including policy-making, economic forecast, and firm-
level optimization. International trade data naturally forms a dynamic sequence of ma-
trix variates and its structure intrinsically resembles that of a network. Those detailed
data are readily available and provide a wide variety of information on the patterns of
interactions, the evolution of the relative importance, and the natural grouping of ac-
tors in the network. Research on networks in international trade has made substantial
progress theoretically and empirically (Chaney (2016) ). Among them, the Global Vec-
tor Autoregressive (GVAR) approach has been quite popular in analyzing interactions in
international trade networks (Chudik and Pesaran (2016)). For example, Bussiére et al.

(2012) examines the effects of demand shocks and shocks to relative prices on global
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imbalances with a GVAR model of global trade flows. Greenwood-Nimmo et al. (2012)
apply a GVAR model to forecast trade imbalances among a group of 33 countries. One
undesirable feature of the GVAR approach is that a pre-specified weighting matrix has to
be determined to handle the "curse-of-dimensionality" problem. In this study, we apply
our time-varying matrix factor model to the international trade flow data, where time-

varying factor loadings and latent factors are estimated simultaneously.

7.1 Data and sample

We use monthly multilateral import and export volumes of commodity goods among 24
countries and regions from January 1982 to December 2018. The data come from the
International Monetary Fund Direction of Trade Statistics (IMF-DOTS). The countries
and regions included in the study are Australia, Canada, China Mainland, Denmark,
Finland, France, Germany, Hong Kong, Indonesia, Ireland, Italy, Japan, Korea, Malaysia,
Mexico, Netherlands, New Zealand, Singapore, Spain, Sweden, Taiwan, Thailand, United
Kingdom, and the United States.

We apply our time-varying matrix factor model in (2.1) to the trade flow data. The
observed Y; is a 24 x 24 square matrix, whose rows (columns) represent export (import)
countries. We use the import CIF (cost, insurance, and freight) data based on U.S. dollar
prices as it is generally believed that they are more accurate than the export data (Linne-
mann (1966)). Note that the trade data for Taiwan as a reporting region is not published
in the IMF-DOTS and import data for Taiwan are imputed from the export data reported
by its partner countries in this study. To reduce the impact of incidental transactions of
unusual size and incidental difficulties in trade contracts, trade flows were measured as

three-month averages, rather than as direct observations of a particular month.

7.2 Estimation Result

Recall that model (2.1) identifies k latent factors, which can be interpreted as k export
hubs and r import hubs in our application. To determine the number of dimensions of
the latent hubs, we use the generalized ratio-based method in (3.5) and the screen plot,
which leads us to select (4,4). As discussed in Section 4, the rotational indeterminacy
implies that only the column spaces of the loading matrices are identified. However, this
indeterminacy provides some flexibility for better economic interpretation. To achieve
this, we apply the Varimax method (Kaiser (1958)) to the columns of the loading matrices
after scaling them to unit length, which ensures their mutual orthogonality. We then

further standardize the columns of the loading matrices so that they sum to 1s. Therefore,
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the columns of the estimated loading matrices represent the percentage of contribution
that each country makes to the trading hub.

Figure 2 (3) plots the heat maps of the row export (column import) loading matrix
R; (C;) from the year 1982 to 2018. The color intensity of the cells changes over time,
suggesting the time-varying evolution in a country’s participation in the four hubs. The
variation is particularly pronounced during periods such as China’s accession to the WTO
and the financial crisis.

The latent hub shown in Figure 2(a) can be interpreted as a China-dominated export
hub, given that China has the highest loading overall. However, prior to 2001, Japan had
a higher loading than China. China’s loading on this hub increased steadily throughout
the sample period, particularly after its accession to the World Trade Organization (WTO)
in 2001. This suggests a shift in the exporting centrality of the Asian economy, although
other important participants in international trade include Japan, Hong Kong, and Tai-
wan. The latent hub corresponding to Figure 2(b) can be viewed as a USA-dominated
export hub, as the USA’s loading on this hub is much larger than that of other countries.
Throughout the sample period, the United States dominated this export hub, although
its contribution gradually decreased around 2008, likely due to the financial crisis. How-
ever, this decrease from the USA was offset by an increase from countries such as Ger-
many, the Netherlands, Mainland China, Japan, Taiwan, Korea, and Australia. The latent
hub corresponding to Figure 2(c) can be interpreted as a hub dominated by European
countries, including Germany, France, Italy, the Netherlands, and Spain. Lastly, the com-
position of the latent hub shown in Figure 2(d) changed significantly over time. Before
1994, Germany dominated this hub, but after that, APEC countries became the dominant
contributors, although NAFTA countries also significantly contributed to this hub.

Figure 3 shows the latent import hubs. The main difference between Figure 1 and
Figure 2 is the order of the first two hub switches. The first import hub shown in Figure
3(a) can be interpreted as a USA-dominated hub, while the second import hub shown in
Figure 3(b) can be viewed as a China-dominated hub. Figures 3(c) and 3(d) represent the
latent hubs of European countries and APEC countries, respectively, which are similar
to those in Figure 1. The time-varying patterns in Figure 3 are also comparable to the

patterns in the heat maps shown in Figure 2.

8 Conclusion

Modeling high-dimensional matrix-valued time series has received increasing attention

recently, and in this paper, we have made contributions by establishing the asymptotic
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Figure 2: Latent export loadings for the trading volume.
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Figure 3: Latent import loadings for the trading volume.
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properties of a local PCA estimator for time-varying matrix factor models and proposing
a generalized eigenvalue-ratio estimator for latent dimensions. Our proposed estimators
are not only intuitive and straightforward to compute, but they also fully preserve the
matrix structure and explore the local variation of the loading matrix. Moreover, our
results are obtained under very general conditions that allow for correlations across time,
rows, and columns.

The simulations demonstrate that the nonparametric estimator for factor loadings and
the generalized eigenvalue ratio-based estimator perform well in finite samples. Addi-
tionally, our empirical application concerning international trade flows reveals some in-
teresting time-varying patterns. Our method identified four export hubs and four import
hubs, which allowed us to analyze the changing contributions of countries to these hubs
over time. Specifically, we found evidence of a transition in exporting centrality from
Japan to China and the dominance of the USA and European countries in importing. Our

results provide insight into the evolving dynamics of international trade.
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Appendix

Appendix A Proofs

Proof of Theorem

Proof. Recall that our estimator R; (C,) is given by the matrix of /p (1/9) times the top
k (r) eigenvectors of MR,t (Mc,t) defined in equation (3.4) in descending order by corre-

sponding eigenvalues. By the definition of eigenvectors and eigenvalues, we have

T T
1 ~ == = _ 1 ~ ~-1
7 z Ygt)Yﬁt)TRt =R;Vpgy, or Ry= Y( )Y( R tVRp

T T
1 o - 1 P
pqT z Ygt)Yy)TCt =CVey, or Ci=—r1 } Y(t) Y( )C Vclt
pgl =

Then we have the following decomposition:
— 1 = -1
R; - RtHR,t = ﬁ ZKh,stYsY;rRtVR,t -R:H;

ZKW (R(F,CTE] + E,C,F{R] + EE] + D F,C] C,FIR] + R,F,D]

C, stCtF;rR;‘r

qu
+RF,C[C,F{D} ,+RF,C[DcyF{R] +DpyF,C{C,F{D} ,+RF D[ D¢ FIR]
+DgFC]DcyFIR] +R,F,D] C,FID}  +RF,C]DcFID}  +DgyF.Dl C.FIR]
+RFD[ DcyF{Dy ,+DpyFC{DcyF{D} ,+DroF Dl ,C,FID}
+Dp o+ F DCstDCStF RT+DR5tF DCStDCStP DR5t+DRsthCtEsT+RthDE,StEsT
+DR5tF Dl E] +E,C,F{D} ,+EDc(FIR] +E.D¢yF| DRst)RtVIQ}t

. —~ =1

2 ZIthVR,t, (A1)
where Dg s = R;—R; and D¢ ;s = C;— C;. Theorem | follows by Lemma | below. O
Lemma 1. Under Assumption | - 6, we have forany 1 <t <T,

@ LR, =0, ();
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(©) R = 0p () + O (1)s

Op(h4),j

(d) ll,||1j§t||F: =4,.--,13;

@ SINRIE = op (). = 14,24,

Proof of Lemma

Proof.  (a) First note that

T 2
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s=1 F

where we have used Lemma

_HllRt”F = pngTZHRt“F

(b) Similarly, we have
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and Markov inequality. Thus, we have
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(c) First note that
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where we have used Lemma | 3 (a). It follows that
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(d) The proofs for * ||I Rt”F (h4) j=4,---,13, are tedious. To save space, we only
provide the proof for j = 4. Other proofs are rather similar. Define Mg ; = R;— R; —
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For the first term in (A.2), we have
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Without loss of generality we assume k = r = 1. For I4;1, we have
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and hence 14 = O(p3q2Th). For I4;,, we have
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and hence I, = O(p3q2), where we have used the uniform approximation of Rie-
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mann summation to a definite integral. Therefore, PEreaRs Ha1llz = Op (T) =0, (h )



as Th3® — oo. For the second term in (A.2), we have
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Similar to I4;1, we have
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(e) First, by the Taylor expansion, we have
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)= 15,16,17,18 can be derived in a similar way. Next we

consider I;¢. By the Taylor expansion, we have
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j=20,21,22,23,24 can be derived in a similar way as ;9.
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Before proving Theorem 2, we first study the asymptotic behavior of VR,t; cht, Hc,
and Hp ;.

Proposition 1. Under Assumption 1-6, we have, as p,q, T — oo:

= -1 . . . -
||VR,t||2 = O, (1) and ”VR’tuz = O, (1), where Vg is the diagonal matrix consisting of the
eigenvalues of):}D/CZt Qg E;/Czt and V ¢ ; is the diagonal matrix consisting of the eigenvalues of

. T T ,
T2 Qe TYZ. Covariance Ty = IE[PthqCIPtT], Yrrs = E[F:%Pt]. Matrices Qg ; and

Qc ; are defined in Assumption

Proof. From p;_T Zstl Kt,SYSYSTﬁt = ﬁth,t and %ﬁ:ﬁt = I}, we have

VRJ is the kxk diagonal matrix of the first k largest eigenvalues of ]\//TRJ £ MLT Zstl K Y Y]

in decreasing order. By definition of ]\//TRJ, we have
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where Ij, j=1,2,..,24 are defined in equation . Applying Lemma |, we have
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|I]-|| =0, (h4), for j =5,...,13, and ”I]” =0, (h4), for j = 14,...,24. On the

other hand, we have

And similarly,
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Together, we have
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Using the inequality that for the i-th eigenvalue, |A; (Z) -1 (A) < ”Z -A

5 We have
Vit — Vriil =0,(1), forl<i<k,

= P . .
and Vg, — Vg ;. Further we have the first k eigenvalues of pqLTRt YL KyFC]CFIR]

are bounded away from both zero and infinity. Thus, VRJ” , =0p(1) and HV}Q ‘2 =
O, (1). Results for Vc,t are obtained in a similar fashion. O
Proposition 2. Under Assumption 1-6, we have, forany 1 <t <T

el =0, 0, and e, =0, ().

Proof. Applying results from Proposition | and Lemma |, we obtain

T
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Proof of Theorem



Proof. We make use of the following equality for each row of equation (A.1): for each row
vector R, ;. € R¥, i €[p], t € [T], we have

T
— 1 =T
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+ ESDC,sth R;; + DR,stPsCt DC,sth Dp g i + RtPsDE’StDC,sthTDR,st,i-
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+R,F DéstES,,-. +DR,sthDE,5tEs,i-)

ZH Viw (A.6)

By Lemma 2 below, we have Z 4H VRt = B, top (h2 ), which determines the asymptotic
bias. If v/gT/p — 0, then we have

T

IR/R, 1
\/th(Rt,zl —HE’th,i.—BR“) = Vg J t— Kh,sthC;—es,i~+0p(1)
’ p th .

S=

— (0 Voth )

by Lemma |4 and continuous mapping theorem. Note that Here v(Xg,. is defined in
Theorem 2. The proof for the estimated column loading matrix C, can be derived in a

similar way. [

Lemma 2. Define 6,47y, = min{\/fa, \/th}. Under Assumption 1 - 6, we have

(a) 1, =0, | —L—|,
) 1 p 6quh th
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— 1 1
© 1120, (1t )+ On )
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() 1Ij=op(h?),j=14,---,24.

Proof. (a)
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We bound each term as follows.
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We bound each term as follows.
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SpaTh T
= Op(hz).
/2 1/2
p p T
1 —~ 1 2 1 s—t\2 c/C
Ml = (1Y Ry - B R (—Zum,l.n Ly (ot kL,
pl:l pl:l s=1 1
1 2
- op(épqm)opu)op(h )op(1)

13




L5l

IA

i

ITyy

145

IT46

P 21&
ZIIRu ~HR Ry

T
1 c/cC
T ZKh,stPstTtPsMR,s,i-

] p 1/2
2

— E R,

[p I=1 H . “ ]

s=1
) op(hz)op(l)
RIR/\ 1y~ (s (0,0) (1)
let( tp t)fZ( )KhstZFCthz
s=1
R/R\ 1 v (s—t c/C )
HT ( t t)_ (_)Khs [F tP Z( )R(
Rt p T; T ,st q FC,t
1 h
0, (10,(3)+ 010, | 7
Op(hz)
RTRt 1 t )
H;{—t( tp )ﬁ (T) KhstZFCt ti-
R R C C 2
HRIt( . t) ( )Khst[ hdihdd ) zgcg]R”

1 h? h?
SWmHY 5y >>:;°C°2R§2)+0( )+0( )

1 (0) «-(0,0) ,(2)
Eh poH g Y Spc Ry +op (hz)

RIRt 1 ¢ cyc, (0,0)
Hg,t( )TZK,WF =B S M

R'R 0,0
hZHgt( f f)jk(u)zgcgh Mg unt+t,i.du + 0p ()

14



Combing the result on each term, we obtain

1
Uy = SHuoHR TR SpcRe, +op (1),

Similarly, we obtain

1
s = Sh'wHY, St kiR i+ 0p (),

1
g = ShuHY SRR, i+ op (),

1
I, = Sh'wHY, St bRy .+ 0p (),

1

g = SHuoHy Ty SpoiR,, +op (1),
1

o = 5K pHY SR)Te Ry +op (1),

1 (0) 5+(1,0) 5 (1) 2
IIlO = Eh ]/le 2 ZFC tR +0p(h ),

1
IIll = Eh ﬂzH 2( )Ei—_\c th i + Op (hZ)

1
II]Z = Eh }42H Z%lzéc gRtl +0P (hz),

1 (0) 5+(0.1) 1 (1) 2
5 = Eh paH Y S Spe Ry +op(h?).

Combining all these terms, we have

13

L2 (c1)y(c2.c3) (e 2
ZHj:Eh 1" Z HE SOV REY + op (h?).
=4

Cc1+Cr+c3+cy=2

15



I 4

T
1 — 1 s—t 1 1
S R Y (5 K
s=1

p T
1 £3) 1 1/(s—t 4 2 1
T paT ) (R ~HERuRYTY 5 (55 ) Kusk o ¢ E Ry,
I=1 s=1
L N (R T L1 s—t)4 ()T ~(2)
" paT )_(Ri—HE R )Ry ZE( T )KWPSCf Ct FoRei
l:1 5:1
L N7 rry- L s—tys ()T (1)
T paT ) (Ru—H Rup )Ry ZE( T ) KnstFsCi CiERyi
I=1 s=1
p

We bound each term as follows.

|11 4]

IA

1/2 1/2

p p T (1)'|—
1 R 2 1 (1)||2 1 s—t)\3 c,''c
;,Z”Rt,l-‘ng,thJ-” EZHRHH TZ(T) Kh,sthT
I=1 1=1 s=1
(@) ( ! )O (1O U 0,(1)
p 6quh p p T p

Op(h2).

16
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1L 42|

IN

1 p 5 1/2
(1)
;ZHRMH o7
I=1

Op (1)

L ) 1/2
52 _IRe~HE R,
P

1
O, | = O, (1)O
(b) (10,

= Op(hz).

Similarly, we have [[II143]| = 0p (h2) and |11 44]| = 0p (h?). Then

(T

(1)
s—t cC,’ C 1,1
( ) Khstl %Fs Z( ) th

FC,t
hd
T

RIRM) 1 s—t
s = Hi,| =550 (7 ) K2R

(1)
R/ R,

11145 = H;QI—,t

H I

) KR,

L

=
~] I

= o,,(l)op(—)wp(l)op

2T

RIRV) 1 & s—t\4 c?T etV 21
+ HJ,| = —Z(—) o FS%FS »2DIR, ;.

1 1) (2,1
- §h4y4H£’tZ§3'iE;C,sz.+Op(—)+(9p(—)
= Op(hz).

Similarly, we can obtain II;4; = op (hz) and Il;453 = op (hz). Combining these term, we

have II;4 = op (hz). By very similar but tedious derivation, we can obtain II; = op (hz) for
j=15,..24.
O

Proposition 3. Under Assumption 1-6,

=T
. . CC

plim =Qgrs and  plim = f = Q¢
pgT—oo P 1,4, T—o0

R/R,

17




The matrix Qg , € R®* and Q¢ , € R™" are given, respectively, by
_yl2gT y-12 _yl2wT y-12
Qri=VrWri Trcy and Qci =V We, Tpryo

where V5 (V) is a diagonal matrix with diagonal entries being the the eigenvalues of
Z}/Cz’t Qg lej/cz’t (Z}:/Rz’t Qc ):11-"/R2,t) in decreasing order, W, (W¢,) is the corresponding
eigenvector matrix such that Wi Wg, =1 (W[ W¢, = 1), and Qr; (Qc,) is defined in
Assumption

Proof. Let X, = K;,/sthSCtT, multiply the identify MLTZstl Kh,stYsYsTﬁt = EtVR,t on both

, 1/2 ,
sides by %(qLT Yo, XS,tXST’t) R/ to obtain:

(1 T 1/2 . T | T 1/2RT§
“1—)Y x.,. x| Rl— ) K,,Y.Y/R, =|— ) Xx.,XT t My
P[QT;’ 5,142 st tqu; hstt st s I\t (CIT;‘ s,t4x st Rt
Expanding Y,Y/, we can rewrite the above as
T /2 T 1/2 T _
1 R/R 1 R/R;[ 1 R/R
— ) X, X7 Ll ye =l — Y X, X7, | =) X, X7, |——L+4d,
[QT;’ S,t4x st p Rt qu:Zl’ A N p qu:er s,t4x gt p t
(A.9)
where
1 & 1/21 24
d, = —TZXS,tht “RT [ LR, |.
q s=1 P =1
]_
We have

T T T
1 1 1
T ) XaX[y= ) Kt (FACTC/q)F] ~E[F(CTC/FT )+ = ) KialE[F(CTC/q)F]]
s=1 s=1 s=1
= Op (1),

and d; = 0, (1) following the proof of Lemma

We rewrite equation (A.9) as

B,Vpg,: = (At * dtBt_l)Btr

18



where

LT UZRTR LT 1/2
A = |—= =) XX
- [Eren) gL
1/2RT§
1
B, = |[—) x.Xx7T —t
t qT;’ s,t s,t p

Each column of B; is an eigenvector of the matrix (At +d,B;! ) By Proposition |, we have

BB, > Vg, (A.10)

and Vy; is the diagonal matrix consisting of the eigenvalues of ZPCt Qg Z;/Ct Thus

the eigenvalues of B/ B, are asymptotically bounded away from infinity and zero, and

B;'=0,(1).
Let /V*R,t be a diagonal matrix consisting of the diagonal elements of B/ B,. From
( ), we have
V*R,t Z VRt (A.11)
Let
Wri =BV, (A.12)

then “{I\IRt” =1and
(I\IR,tVR,t = (At + dtBt_l)(I\IR,tl

that is, each column of \I’R , is an eigenvector of A,;+d,B;'. And we have A, LN ZFC Qp, Z};/Czt
and d,B;! = =0, (1). By eigenvector perturbation theory and Asiiumptlon , there exists a
unique eigenvector matrix Wg ; of E;/Czt Qg E;Ct such that H‘I’R,t - ‘I’R,tH =0, (1)
From ( ) and ( ), we have
— -1/2
T
R/R; 1 T o1 ~1/2 1/2
p = qT ZXs,thT,t Wr Vi, 2 EFC/t Wi VR{t'
=1

Proof of Theorem

19



Proof. Under the assumption that %ﬁ:ﬁt =1, and %’C\:’C\t =1,, we have

= _ g7 1 =7 - ~  \T—=
Ft_HR,ltFtHC}t - ERt (Rt—RfHR}t)Pt(Ct_CtHC}f) Ci

11 = a7
+ SR, (R -R.H),)FHZ,

+ %Hi,ltlst(ct —/C\tH(_?}t)T Ef
" i(ﬁt—RtHR,t)TEt(Et_CtHC't)

pq

1 —~ T
+ p—q(Rt—RtHR,t) E,CiHc,

+ piqﬁtTEt (Et - CtHC,t)

1
* p_qHITz,thTEtCtHC,t

= imi.
i=1

Since \/Lﬁ ||Rt _ﬁtHI_e,lt“ =o0,(1)and \/Lq “Ct —/C\tHaH =0, (1), term III; is dominated by
III, and III3, and term III4 is dominated by IllI5 and IIIs. Now we bound III,, III3, 115,
114 and III;.

1 —~ = a7 1 o T
111, = I—?(Rt ~RHp,)" (R, -RHg}, )FHE, + l—yHIEthT (R -RHy),)FHE,

1 2
—+h ),
paTh

:Op

by Theorem ! and Proposition 2, and 3. Similarly, using results in Theorem 1, Proposition

and Lemma 3, and 4, we have

111; = O, ~

pqTh

1
> —+ hz],
VpqTh

VpqTh

+h2], 1l = O,

—— +h2], 1115 = O,
where y,,r, = min{\/ﬁ, VP Th}. Finally, we have

— 1
P B =0, o)

20



where we uses results in Lemma 5 below. Next we consider the convergence of S ;;.
s P T -  _gT T _g-1 T -1
Define R;; =Hp ,R;;, C;j. =H,C;;,and F,=Hp F.H:, , we have

Stij—Stij = (ﬁt,i. - Et,i.)T (ft - Ft) (Et,j~ - Et,j~) + (ﬁt,i. - ﬁt,i.)T F, (Et,j~ - Et,j~)
+ ﬁ;rl (ft - Ft) (Et,]'. - Et,j‘) + (ﬁt,i- - ﬁt,i.)—r (Ft — Ft)Et,j-
+ ﬁ:,—i-Ft (Et,j~ - Et,j-) + (Et,zﬁ - ﬁt’i.)—r ftft,j. + ﬁ; (/P\t - Ft) Et,j-'

Dominant terms are the last three terms. Note that Hft” =0, (1),

Et,j'“ = O, (1) and

Hﬁ;‘ =0, (1). From Theorem 2, we have
R,;.-R,;. =0 ! +h?|, and C,;.~C,;. =0 ! +h?
b T TR min(p, \/th) ' b T TR min(q, \/m) ‘

Then using the convergence rate of Ft, we have

— 1
St,ij—St,ij:Op X +h2 .
min (p, q,\/th,\/pTh)
O
Lemma 3. Under Assumption 1-7, the k x k matrix
1 /= 1
—(Rt—RtHR’t)TRt:Op ) +h2];
p
pqTh
The r x r matrix
1/~ 1
—(Ct_CtHC’t)TCt:Op > +h2]
q Y
pqTh
Proof. Using the identity (A.1), we have
1 T -1=T Zual
E(Rt ~RHp,) R;=VgR; ZIj R, (A.13)
j=1

where Ij,j =1,...,24 are defined in (A.1).

21



We begin with the first term in (A1),

R/ ITR, = = TZKhSt RtHRt) ECPTRTRt+ ZKhstH RUE,CFIRIR, =1, +1),.
Note
0\ 1/2
1 (1¢ 5 . zl/zlpx/ﬁT" 1
Tyl < m[l—ygllRt,l.—HR,th,l.|| }—7; W;];K,mc e iFT -EHRtTRt”

= L.op( ! +h2)-0p(1),
pqTh

and

T
h 1
—— ) KiaRTE.CF]||-—
‘ quSZI ,Stdvt st g p

Mol < IR R,|

1
W”HRJH'
1
=0,| —|.
p(\/quh)

Second, we deal with the second term in (A.1),

T
_ 1 1= h
R, 1IJR, = R/ R vh ZKh,Sg?SqT EJR, = op(

——  —R, R, ——
pqTh P vpqT p

where we use Proposition 3 and Lemma
Third, we deal with the third term in (A.1),

1
\pqTh )

R/ IIR, = % ZK,W (Ri-RHg,)' (EET -E[EET])R, = ZKh o(Ri-RHy,) E[EET|R,

ZKhstHLRT (EET - IE[E ET] R, + 21 - ZKh,StHE’thTIE[ESE;r]Rt
s=1

qu pq

=I5 + 155 + 133 + 154

22



Note

< Y RS Y (S s e 1Y IR
qaThp ="~ o PigPim|(ViT S j=1 e o Pim
= Op(qlTh)-Op $+h4 -0, (1), using Theorem | and Lemma

1d pop (] I R ,
Mool < ~= | Rop— HigR, | o) [—TZZ hstIE[es,ues,if]] =) MIRE|
PPim Pizim =1 j=1 Pim
= l-(’)p 21 +ht.0(1) using Theorem
p 5quh

‘] | 117 IR

T
% ZKh,st (ESE;I— - IE[ESE;F])
s=1

2

I%nRtné‘liHR,tllz

T
1
_T ZKh,stEsE;r
1 s=1
1
:O (_)'
p p2

Fourth, we deal with the fourth term in (A.1),

1
T34ll” < =
p

=T 1 1= 1 (0,0)
R, I;[Rt:pT R RtZKhst(qP C/C,FT - ZFCt)D;sth
s=1

1
* T ER RtZKhstch D} R

:op(\/g)+op(h2).

Similarly, we can obtain ﬁtTIjTRt = Op (hZ) + Op (\/%),] =5,...,,13. Next, we consider the

23



fourteenth term in (

),

T 2
=T 2 1 s—1 g AT A1)
HRt 11T4Rt“ e ;(T) K«R, RVE,CVTCWETRR,
T
Lot Zl S e RTRUVE.COTCDETRTR
4 2’1"2 2 T h,stA\¢t t s“~t t S t t
P s=1
T
P Zl SO e RTRVE.CPTCWETRTR
p46]2T2 N\ T hstBy By Lsty A
s=1
T
1 l(s—t 2)p AT A1)
* T ZE(T) Kis R RF,CTCUFTRIR || +0p (H°)
s=1
-1 8 8 8 8
( )+o,,(h)+op(h)+op(h)+op(h)
:Op(h4).

The order of E:I;Rt,j =15,...
),

,18 can be derived in a similar fashion. Last, we consider

the nineteenth term in (

2

T
1 s—t (HT
RIRH ( )K R E.C,FTRVTR
” t p4q2T2 ; T h,st t
5 2
1 1(s—t =T (2)T
Tt 2o P42 T2 ;5 (T) KpsRy E;C.F{R,” R,
1 a ?
—T
+ m ZKh,Sth ESCtP;—M;Qr,th
P s=1
= (’)p (hp_zq_1 T‘l) + Op (h‘:sp_zq_1 T-! ) +op (hp_zq_l T‘l)
=0p (]’14)

The order of ﬁtTIjTRt,j = 20,...,24 can be derived in a similar fashion as I;y. Combining all

these together, we obtain 1 (Rt RtHR,t)T R; =0, ( 521

pqTh

+ h2) The Order Of % (Et - CtHC’t)T Ci‘

can be derived analogously. ]

, the k X r matrix

Lemma 4. Under Assumption

1

Y (Et _RtHR,t)TEtCt = Op

2
pqT

+h2]

24



p 2

1 —
_R:Et Ct - CtHC,t = O
pq ( ) VpqT

;mz]

Proof. Using the identity (A.1), we have

;—q(ﬁt—RtHRt) EC, = ViR,

24 \T
le E,C,, (A.14)
j=1

where [;,j = 1,..., 24 are defined in (A.1).
We begln with the first term in (A.1):

e RTEC < ZKW ~RHy,) E.CFIRIE,C,
+ pzq%TZKhlstHEthTESCtFIRtTEtCt
\/pq_T\FH i~ RHy,| \FZKWE C/F]
+ \/ﬁ “HR,t“ ‘ paT ;Kh,sthTEsCtPsT pl_thTEtCt
=% [5quh1\/m]+Op(\/ﬁ)’
where we used Theorem |, Lemma 1| and Lemma 1 3. Next we consider the second term

in (A.1):

T
1 =1 1 - T
H_Rt [ E.Cy| < TZKh,st(Rt_RtHR,t) RF,C{EE,C,
P4 pa°T
1 T
+ quZT ;Kh:StH;{—,tR:RtPSC:E:EtCt

IE:Cllr
F

T

f h

qu ZKh,sthPscg—E;r
s=1

C/E{

1 1 =
<———||Ry—R:H
<pq\/m\/ﬁ” t t R,t“

IE+Cll

1 h &

! = " Nk, RF
+pq T I R,t”” qu; nstRiFs
1 1
—o|l—2 |io | 21|
p[équh\/quh) p(x/quh)

25



Similarly,

“;—qﬁflgﬂct pzqu ZKW RHRt) E.EJE.C,
o e Y Ky HE, RTE.ETEC,
s=1
1 1 = h &
SW@II&— R \/I,—Tth,st(EsE: ~E[EE]])[ IE.CAl
57 TII ZKhstE ET |- [IE,Cl
WTII ol 5 R ‘\/quZKhst (EET ~E[EE]T])| IE,CH

—— ||H Rt||—||Rt|| KhstEE IE,C||
qT

pq«/_
1 1 1 1

_o|—L__|.0 (—)+0 [_]+o (1)
p[équh\/Pth] P\opgrnp ) "\ \paTh) ~F\p

Next we consider the fourth term in (A.1):

1

=T T F.C]/C,F]
}7_th I;LrEtCt ZKh st -R HRt) Rt(Lts

p - ZFC,t)D;ar,stEtCt

~RHg;) REpc D} E:C

F,C/C,F]
(Lts _EFC,t)D;{—,stEtCt

= qT ZKMHR RIR:Zc Dy EC;

= 141 + 142 + 143 + 144.
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Then we bound each term.

T
all< R, - RHRtH\/_HRtII T Rtk c ez [ R,
T
o R Rt %(S—T’f) K (F.CTCFLa=Bpc, )| | SR TELC
11 L
riv1 Ol RHRtll S IR Z (FsCT CFI/q~Erc) M | IE:Cil
:O(L]w (ﬂ]w ﬂ]
P 5quh\/T P 5quh\/T g 5quh\/T
T
||142||s%llﬁt—Rthil%nRtn %;(%)Kﬂ el |- R "
o5 R Rt R Ly L ke | o E
s=1 2 T ’ 7 P4
11 d
e RHRtHTnRtn TZKhstzFCtMRS IE:C:
1
:O —_—
p(équhT) ( quh) quh)
1 1 o (s—t 1
ILa3]l < ”HR,t”}_?”R;rRt” T L (T)Kst(FsCtTCthT/q—EPC,t) H—qR(tl)TEtCt

T
el IRRINE Y55 st cremssa-meo | LR e

T
1 1 1
+— HHR,t” - ”RtTRtH ZKst (F CtTCtF;r/q_EFC,t)M?{,S lE+C:ll
pq p T =
[ h h3 h3
:Op( T]+Op T]-l—op ?]
Combining these together, we have ITEtCt Op (hz). Similarly, we can show that
pl—th ITE,C, = Oy (h?) for j=5,..,13 and LR, IjTEtCt = op (h?) for j = 14,...,24. O
Lemma 5. Under Assumption 1-7,
! H} R/E,C.H (@) ( ! )
— ct = — .
pq Rt B G =5\ T
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Proof. Firstly, by Lemma (b) and Markov inequality, we have \/LpqutTEtCt = 0, (1).
Combining results in Proposition 2, we have
1HTRT)ECH 1HT(lRTEC)H O(l)
_ C, = C, = — .
pq R,t t t~t t ‘/p—q R,t ‘/p—q t t~t t p \/p—q
O

Proof of Theorem

Proof. Let I; = %ZL fjt. By Lemma 6 below, we have [; = O, (1) uniformly for i =

1,---,k—1. We also have [; = Op(l), uniformly fori =k+1,---,p—1 and I, — oo by Lemma
. Then

IP(/k\< k) = lP(Tk > max(rk+1,rk+2; tee ;rkmax)) —1

]P(?;Z ) = ]P(Tk>max(r1;r2;"';rk—1))_>1'

Therefore, we have IP(/k\: k) —1. O
Let A;, = A; (MLT yI, Kh,stysyj).

Lemma 6. For j=1,--- k-1,

—

T

1 Aiy
§ I =0,(1).
t=1

/\j+1,t

~|

Proof. The result follows immediate from Proposition !. ]

Lemma7. , Forj=k,---,p—1,

c+o,(1)< min(\/th,p):l\]-,t < C+o,(1),

where ¢, C, and o, (1) are uniformink <j<p-land1<t<T.

Proof. Let X, =F,C/.

Then we have

T
1 -1 -1\T
ooT § Kyt (R5+E5X;r (x.x7) )sz;r (R5+ESXST (x.x7) )
s=1

T
1
—— ) Kia¥ Y]
P4 s=1

1
XS)ET

S

T
+ p;—T ) KisEs (I -X7 (x.x7)
s=1
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From Weyl inequality and the fact that X is a k x g matrix,

T T
1 1 -1
Ak+j(—TZKh,stYSYI > M| o ) KisEe(1-XT (XXT)7 X, )E

P4 s=1 P4 s=1
1 : T ! T
= /\k+j M_Tth,stEt(I_Xs (XsXs) Xs)Es
s=1
1 g -1
+ A [M—T ) KinuEX](Xxr) X.EI
s=1
>

T
1
Aokt [W ZKh,stEsEsT)-
s=1

From Weyl inequality and the fact that X is a k x g matrix,

T T
1 1 -1 -1\ T
/\k+j T Kh,stYsY;r = /\k+1 T Kh,st Rs"'EsX;r XSX;r XsX;r R5+E5X;r XSXI
T T
pq s=1 pq s=1
1 3 T T\ 1 T
T A ZKh,stEs(I—Xs (x.x7) XS)ES
qu s=1
1 « o
< A —TZKh,StES(I—X;F(XSXST) XS)EST
P4 s=1
1 T
< A|— Y K, ,E.ET|
hS ]qu; h,stss]

By Lemma |3 and Assumption 4, we have

-0, (VaTh).

T
1
_T ZKh,StESE;r
P4 s=1

T
1
T E Kh,stEsE;r_lE
P9l =

and the minimal and maximal eigenvalues of IE[qLT ZstlKh,stEsE;r] are bounded away

from above and below. So we have for j =k,---,p—-1,

ct+o,(l)< min(\/th,p):\\j,t < C+o,(1).

Proof of Theorem

Proof. Recall that our estimator R, (C))is given by the matrix of 4/p (1/q) times the top k (7)
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eigenvectors of /G\R’t (/G\C,t) defined in equation (5.2) in descending order by corresponding
eigenvalues. Similar to /.1, we have the following decomposition:

R} -RHY, = AT ZKWY C.C,YIRIVy, ' -RH’

pq2TZKhSt (RF,C]C,C, El +E,C,C, C,FIR] +E,C,C, EI

+DgyF.C]C,C| C,FIR] +R,F,D}. C,C, C,FIR] +R,F,C]C,C, C;FID}
+R,F,C]{C,C, D¢y FIR] + Dy 4F,C]C,C, C,FID} ,+R,F. D] C,C, DcyFIR]
+DgF,C]C,C, D¢ FIR] +R,F,D .C,C,; C,FID} ,+R,F.C]C,C, D¢y FIDy,,
+DgyF,DL,C,C; C,FIR] +R,F.D] D¢ C,C, FID}  +Dg4F,C]C:C{ DcyFID}
+DgyF,DL,C,C, C,FID},, +DgyF.DL C,C/ DcyFIR] + Dy F. DL C,C, DcyFID,
+DpF,C]C,C,; El + R,F Dg ,C,C, E] +Dp ,F, Dg ,C,C, E]

+E,C,C, C,FID} ,+E,C,C, DcyFIR] +E.C,C, D¢ FID} JRIVE, ™!
24

L) PR VR, (A.15)
j=1
where Dp ¢ = R;—R; and D¢, = C; — C,. Following the proof of Proposition |, we can
—~ 2
show HV%{1 HF = O, (1). Then Theorem 5 follows by Lemma & below. ]
Lemma 8. Under Assumption 1 - 6, we have forany 1 <t <T,
T > —
(a) % HTLp 2 s=1 K, stET (Rt - R;Hp, t) = Op (mquh): and ll, HTL‘I Zstl Ki,s¢Es (Ct - CtHC,t)
3
Op(wpﬂh) where gy = TZ;}?hZ + quh szlqhz + Th_pq and Wpgrh = Tquth + T;}Zh +

1 K.
T2pgh? * T

) 3 'R} F:op(qlﬂwpm),

(c) LR} i:o,,(qlﬂwpm),

(d) L|IERY i:op(pq}“p;qz +Vf;;’1 +y"q§’“)+op(1)><l”1zf RH|;
() L|IPRY izOp(h4),j:4, ,13;

(f) L{[PRE ;:op(h4),j:14,~--,24.
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Appendix B Technical Lemmas

Lemma 9. Under Assumption | - 6, we have that, as T — oo,
1 P 1 < P
- ZKh,stPsCtTCtPsT — Xpcy, and T ZKh,sthTRtTRth — YRt
:1 =

where Xpc s and Xpp ; are defined in (4.3).

Lemma 10. Under Assumption 1 - 6, we have

T
1 T T _
IE[EK,WR E,E; Rm =0(1), Zl

l K, CTE]E cm 0(1).

Lemma 11. Under Assumption | - 6, For any i € [p]and j € [q],

2 2
Vi & Vi &
T Kh,stFtcg—et,i- = O(l) T Kh,stF;rR;—et;j = 0(1),
T L Tl
Lemma 12. Under Assumption | - 6, we have

(a) Foranyrow i€ [p],

2

\/E T
qTZ ~0(1).

t=1

p 4
ZZKhts €1,1j€t,ij — IE[etl]etq]
I=

1 j=1

Similarly, for any column j € [q],

\/E T p 4 ’
E[W tZZl;Kh (etiness ~E[evanees ]

=1 i=

(b) The k x k matrix satisfies

2

vh = 0(1).

E Ky RTE,C,FT
VpqT Z t
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Similarly, the r x r matrix satisfies

\/—

Kj,+F] RTE,C,
VpaT Z ’

Lemma 13. Under Assumption | - 6, we have for all p, g and T,

(a) Foranyi,le[p]andj,he]lq]

T 4q 2
E %ZZKhts(etz]etl] lE[etz]etl]] (1),
t=1 j=1
T p 2
E L};ZZKPMS etljetzh ]E[etzjetzh] =0(1),
PH ==
T 2
E %Z o BT -E[EET])| 00,
T 2
E \/_ZK;”S (E[E,-E[ETE,) F:O(l)
(b) Forall1<ts<T, 115” R'E ct” (1).
Lemma 14. Under Assumption 1 - 6, we have

(a) Foreachrowi,asq, T — oo,

Vi & . >
7 ZKh,tSPSCt eS,l" — N(O, (DR,t,i)'
\ s=1

(b) For each column j, as p, T — oo,

Vi v TRT D
N ) KiiFIR] e, ;— N (0,®c, ;).
s=1

The @p;,;’s and Pc,; ;s are defined in Theorem

The proofs of Lemmas 9-14 are collected in the online appendix.
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