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1. Introduction

Due to better data availability and improved computing power in recent years, organizations are
increasingly using algorithms to make decisions that depend on the characteristics of individual
customers. For example, Netflix recommends movies based on the past browsing history of its
users, Amazon suggests products based on individual shopping history, and Facebook displays
advertisements that are customer-dependent. Unlike the widely used A /B testing', these algorithms
do not wait for the final outcome of the experiments before choosing their actions. Instead, they
engage in online learning so that their choices of actions are constantly adjusted in response to the
new information and feedback from the behaviors of the targeted users.

In addition to e-commerce recommendations, there are many business applications for these online
learning algorithms (Blattner, Nelson, and Spiess 2021). Banks can use past data to decide whether
to approve a loan for applicants of particular characteristics, and if approved, the information
on how the applicant repays the loan can be used to update their decision rules in the future.
Schools and companies can use existing data to decide whether to interview a candidate of a certain
background, and the outcome of the interview can be used to update their future interview criterion.
As more organizations are going through digital transformation, these online learning algorithms
will become more important. The competitiveness of the organizations will also increasingly depend
on the effectiveness of these algorithms because they influence key business policies such as hiring
and customer recommendation.

The existing studies on online learning algorithms, carried out mostly by computer scientists
(Chu et al. 2011, Agrawal and Goyal 2013, Slivkins 2019), have typically assumed that the model
for the data generating process accurately reflects the problem to be studied. In particular, they
have not paid attention to the endogeneity problem in data, such as the omitted variables, sample
selection, and model mis-specification and etc. The endogeneity problems are, of course, essential for
analyzing human behaviors and are prevalent in the applications of these online learning algorithms.
The endogeneity issue also introduces a new type of dynamic selection problem in online learning
algorithms because the data analysis and decision-making interact. Essentially, the endogeneity
in the data will influence the decisions—whether to approve a loan application or to interview a
candidate—and since the counterfactual outcomes of those who are turned away are never observed,

the decisions lead to a selected sample to be analyzed, causing further bias in the data analysis.

! The use of A/B testing or randomized controlled experiments in social sciences has received substantial interests in
recent years (Blake, Nosko, and Tadelis 2015, Athey and Imbens 2017, Koning, Hasan, and Chatterji 2019, Kohavi,

Tang, and Xu 2020, Azevedo et al. 2020.)
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The purpose of this paper is to identify and address the dynamic selection problems that arise in
online learning algorithms with data endogeneity. Our setup is a contextual multi-armed bandit
problem. An agent (e.g., a website) in each period first observes a vector of covariates (e.g., visitor
characteristics such as age, gender, browsing history, etc.), and then decides on which arm to select
(e.g., banners to display). The decision gives the agent a random reward in each period. The agent
does not know the expected rewards of pulling the arms. In deciding which arm to pull, he balances
exploitation (pulling the arm with a higher expected reward) with exploration (pulling the arm that
generates information that allows him to make better decisions in the future). This bandit problem
is contextual in nature because the agent’s expected reward from pulling an arm depends on the
vector of covariates: the website’s choice of which banner to display depends on the characteristics
of the visitor.

Unlike typical contextual bandit problems, we assume that there exists endogeneity in the data,
which may arise because of a number of reasons, such as measurement error, model mis-specification,
sample selection, omitted variables, and so on. For example, suppose that when the consumer
sentiment is high, the visitors to a website are more likely to click on the banners. Suppose also
that the website is more likely to attract older customers when the consumer sentiment is high. In
this case, the age of the customers (covariate) becomes correlated with the clicks (reward) through
an omitted variable (consumer sentiment), thereby leading to an endogeneity problem.

Our first contribution is to identify a novel type of bias that arises in this situation. We refer to
this bias as self-fulfilling bias because actions (choices of arms) and beliefs regarding the rewards of
the arms (that arise from the data analysis) are entangled. Wrong beliefs regarding the rewards can
lead to wrong actions, and these actions can then generate data that actually vindicate the beliefs.
In online learning environments, the actions are not purely random as the decision policy adapts to
past data. When the noise is correlated with the covariates, the noise also becomes correlated with
the actions, causing them to become endogeneous. We refer to this as the endogeneity spillover,
which is the key reason underlying the self-fulfilling bias.

Our second contribution is to propose algorithms that not only correct for the self-fulfilling
bias but also generate actions that obtain low levels of regret (loss in payoff compared to optimal
actions). Our method incorporates the instrumental variable (IV) approach to leading online learning
algorithms for contextual bandit problems—that is, algorithms of Greedy or upper-confidence-bound
(UCB) types. Our proposed algorithms consist of three phases. In Phase 1, arms are randomly
selected. At the end of Phase 1, the two-stage least squares (2SLS) method is implemented on the

data associated with each arm to compute the arm-specific coefficient estimates. In Phase 2, the
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arm with the highest expected reward (using the coefficient estimates in Phase 1) is selected in each
period. The covariance matrix of the estimates are calculated at the end of Phase 2. In Phase 3,
arms are selected according to the particular algorithm used—Greedy or UCB—and the coefficients
and covariance matrices are updated using “joint-2SLS” in each period. Under these algorithms, the
coefficients converge to the true value in the long run. Depending on whether the Greedy or UCB
algorithm is used, the regret of our algorithm is of order O(log(T')) and O(log®(T)), respectively.

Our third contribution is to develop a technique that facilitates the theoretical analysis of online
learning algorithms with dynamic selection problems. As mentioned above, a key feature of online
learning algorithms is that data and actions are intertwined. This complicates the analysis because
the effects of past actions can be long-lasting. In particular, when a poor estimate of the coefficients
of the covariates causes the algorithm to select a wrong arm, it contaminates the generated data by
changing the distribution of actions that are endogenous in the future (because the data associated
with the optimal arm is no longer observed). The contaminated data could then worsen the future
coefficient estimates that are calculated based on it. The algorithm is potentially trapped in a
vicious cycle—the coeflicient estimates are inconsistent and the policy is sub-optimal even in the
long run.

Mathematically, in our algorithms and in online learning algorithms in general, this complication
manifests in a two-way dependence between (i) the estimates of the coefficients and (ii) the estimates
of the covariance matrix between the IVs and an augmented vector—that is induced by the actions—
of the covariates. On the one hand, in 2SLS, the coefficient estimates depend on the covariance
estimates. On the other hand, each covariance estimate depends on all the past coefficient estimates
because they affect the past actions and the past realization of data. This latter dependence is
new and central to the analysis of online learning algorithms with selection problems. Moreover,
the dependence is complicated both because the coefficient estimates are serially correlated and
because they affect the estimates of the covariance matrix in a nonlinear manner.

Our technique deals with this two-way dependence by performing an induction in a zig-zag matter.
In each induction step, we first derive the properties of the covariance estimates (zig), and then use
this property to establish the induction hypothesis on coefficient estimates (zag). The heart of the
induction is the zig-part, which employs a special technique to eliminate the dependence of the
covariate estimates on all past coefficient estimates. The theoretical analysis of this dependence also
indicates that, for the coefficient estimates to converge to the true value, the covariance estimates at
the beginning of Phase 3 must be sufficiently close to the covariance matrix induced by the optimal

policy. This motivates Phase 2 in our algorithm, which stabilizes the covariance estimates.
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Finally, this technique establishes the rate of convergence of the estimates. These rates are used
to analyze the regret of the algorithm. They are also used to establish the asymptotic distribution
of the parameter estimators at the terminal period of the algorithm and, therefore, allow for the
construction of confidence intervals and hypothesis testing.

Our paper contributes to the literature on dynamic learning. Within this literature, a key emphasis
has been the trade-off between exploration and exploitation (March 1991). The workhorse for
analyzing this trade-off is the multi-armed bandit models. Economists have extensively studied their
theoretical and empirical implications (see Bergemann and Véliméki 2008 for a review). Recently,
there is a growing sub-literature that studies algorithmic decision-making based on multi-armed
bandit models (Perchet et al. 2016, Caria et al. 2020, Currie and MacLeod 2020, Kasy and Sautmann
2021, Kawaguchi 2021, Kawaguchi, Uetake, and Watanabe 2021)2. The closest one to our study is
that of Li, Raymond, and Bergman (2020), which also examines the performances of UCB-type
algorithms on the contextual bandit problem. We add to this sub-literature by studying the biases
that arise in algorithmic decision-making when there is an endogeneity problem, and we also show
how to correct for it.

Our paper also contributes to the vast literature of casual inference (see, for example, Imbens
and Rubin 2015 for a review). Most of this literature does not examine the environment of online
learning, where the actions influence and are influenced by data. Two notable exceptions are
Nambiar, Simchi-Levi, and Wang (2019) and Li, Luo, and Zhang (2021). Nambiar, Simchi-Levi, and
Wang (2019) consider a dynamic pricing problem with learning, where the endogeneity problem
arises from mis-specification of demand functions. Li, Luo, and Zhang (2021) consider a Markov
decision process setup with learning and show that online learning environments may exacerbate
the estimation bias. Different from these papers, our focus is on the dynamic selection problem
where current data, through affecting the choice of actions, affects how future data is generated.
This dynamic selection problem also differs from selection problems in Heckman (1979, 1990),
Rosenbaum and Rubin (1983), Altonji, Elder, and Taber (2005), and Oster (2019), which do not
feature how past selection problems affect future data selection.

The remainder of the paper is organized in the following manner. Section 2 introduces the
background of the contextual bandit problem. Section 3 discusses the case where there exists

at least one endogenous variable in the contextual bandit problem, which leads to the dynamic

2 While we focus on online learning environments, there is a rich line of work that studies offline learning of optimal
policies after the experimental or observational data is collected (Kitagawa and Tetenov 2018, Narita, Yasui, and Yata

2019, Athey and Wager 2021, Kallus and Zhou 2021, Narita, Yasui, and Yata 2021, Shi et al. 2021, Zhan et al. 2021).
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selection problem and self-fulfilling bias. Section 4 presents a set of regularity conditions for IVs
and the contextual bandit setup as well as proposes a class of IV-based bandit algorithms. Section
5 establishes the main results including regret bounds and asymptotic distribution for the proposed
algorithms. Section 6 demonstrates the performance of these algorithms in a series of simulations.

Section 7 presents the conclusions. Technical proofs are included the online Supplemental Material.

2. Background
Consider an agent who makes a sequence of decisions over a time horizon of 1" periods. At each time
t=1,...,T, the agent observes a vector of covariates v, € R?, takes an action (i.e., pulls an arm)

a; € A={1,...,M} with M >2 being a fixed positive integer, and receives a random reward R;:

M

thzﬂ(at:i)ﬂi(vt)+fta (1)

i=1
where p; : RP — R is an unknown function, representing the expected reward associated with arm ¢
for a given covariate, i =1,..., M, and ¢, is the noise having mean zero and standard deviation (SD)
o. We use H; = (vi,a1, Ry, ..., Vi, a4, Ry) to denote the history up to the end of period ¢. The agent
seeks a nonanticipating policy m that maps (H;_1,Vv;) to a; to maximize the expected cumulative
reward over time. We write R} = R; to emphasize its dependence on .

This sequential decision-making problem is commonly known as the contextual bandit problem
(Slivkins 2019, chapter 8). For this class of problems, a standard metric for measuring the performance

¢

of 7 is its expected cumulative regret, which is referred to just as “regret” hereafter. Specifically,
we compare m with an oracle policy 7*, which knows the functions {u;}M, a priori and pulls
arm 7*(v,) = argmax,;_; _, i;(V¢) at each time ¢. Following policy 7, the agent incurs regret

T

Regret™(T) =Y E[R] — RY], (2)

t=1
which measures the difference in expected cumulative reward between n* and . Thus, the agent
aims to approach the oracle’s performance by learning the reward functions gradually. In the sequel,
we assume, for simplicity, that for each arm ¢, the reward function p, is linear in the covariate
vector—that is, p;(v) = vTay, where a; € R? is a vector of unknown parameters. Then, the problem
is reduced to learning these linear coefficients over time.

When the covariates are exogenous, a number of algorithms of Greedy or UCB types have
been proposed to learn the coefficients. These algorithms differ in their finite-time and asymptotic
properties, but they learn the true value of coefficients in the long run and, therefore, have a
sub-linear regret—that is, T~ 'Regret” (T") — 0 as T'— oo. This basically implies that at least the

agent is taking the optimal action in most of the time periods as the horizon increases.
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3. Self-fulfilling Bias: An Example

We now study a case in which the covariates are endogenous—that is, E[e;|v;] # 0. We show that the
endogeneity of covariates leads to distortion in actions, which generates another type of endogeneity;
that is, it creates “endogeneity spillover”. The additional endogeneity generates a dynamic selection
problem and leads to a new type of bias, which we refer to as self-fulfilling bias.

Consider the following special case of our setup. Assume that there exist two arms, and between
the two arms A = {1,2}, one is the safe arm, having a known expected reward that is independent
of the covariates, while the other is the risky arm, whose expected reward has an unknown linear
dependence on the covariates. Further, assume that the covariates are one-dimensional. In this

simple example, the reward functions are
pi(v)=c and po(v)=av, YveR.

It follows that, if « is known and positive, then the optimal policy for the agent is to pull arm 2 if
v > c¢/a, and pull arm 1 otherwise.

However, because « is unknown, the agent needs to estimate its value over time and makes his
decisions accordingly. In contrast to the standard regression analysis in which data is taken as given,
in the dynamic environment considered here, the data used for estimating « is only available when
arm 2 is pulled (pulling arm 1 generates noisy observations of ¢, which are irrelevant to a). Now,
suppose the agent uses ordinary least squares (OLS) to estimate o and the estimates converge to a

limit, say @. Then, in the long run,

. Cov|vy, R|R; is generated from arm 2]
o=

3)

Var[v;| R, is generated from arm 2]

Note that given @, the agent’s policy in the long run is to pull arm 2 when v > ¢/a. Thus, the
conditioning event in equation (3) is identical to {v; > ¢/a}. Using the fact that R, = av; + ¢, for

arm 2, we have
Gt Cov[vy, €;|vy > c//\&] .
Var[v,|v; > ¢/al]

(4)

It is evident from equation (4) that & is a fixed point as it appears on both sides of the equation.

It also shows that the bias of the estimate, @ — o, has an expression that is similar to, but different

COV[Ut,Et]

Varlor] We refer to the difference between

from, that of the usual OLS bias, which is given by

_ Covlvg,et]

Vario] > 88 the self-fulfilling bias to reflect that the limit policy of the agent is

them, (& — «)
induced by his limit belief (i.e., the limit estimate @), and the limit belief is confirmed by the data

generated from the limit policy.
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The self-fulfilling bias arises because there are two—rather than one—types of endogeneity
problems. First, when correlation exists between the noise and the covariates, it directly creates a
bias in the estimate in a manner that is similar to the usual OLS bias. Second, this bias affects the
agent’s actions, creating another source of endogeneity, which is essentially a type of bias caused
by sample selection. Moreover, such sample selection is dynamic because when the policy that
determines agent’s actions, the estimate of a changes over time.

To illustrate the problem formally, we rewrite equation (1) as
Ry =c+avI(a; =2) — cl(a; =2) + €. (5)

When ¢, and v; are correlated, the only endogenous variable in this regression is v;I(a; = 2) if
the arm a; is selected independent of v;. But because a; depends on v;,—through the relation
I(a; = 2) =1(vy > ¢/@) in the long run—the correlation between €, and v; leads to a correlation
between [(a; = 2) and ¢,. Therefore, the regression equation (5) contains two endogenous variables—
v l(a; = 2) and I(a; = 2), reflecting the endogeneity spillover problem.

The additional endogenous variable complicates the dependence of the value of the limit coefficient

Covlvg,et|ve>s]

VarloiJorss] 1 the same

estimate (@) on the joint distribution of v; and ;. In particular, if the term
for all cutoff s—as is the case when v, and ¢, have a joint normal distribution®—then @ is identical
to the OLS estimate. In general, however, the coefficient estimate can be either higher or lower than
the OLS estimate, depending on the joint distribution of v; and ¢;. When E[e;|v;] is a nonlinear
function of v;, there will be additional bias in general.

More importantly, the value of & (and hence the value of the self-fulling bias) may not be unique,
which happens when equation (4) contains multiple solutions. Figure 1 illustrates one such case
and shows that the agents’ beliefs converge to two different values in the long run. With multiple
self-fulfilling biases, this example shows that agents can adopt different policies in the long run, even
if the underlying production environment is the same. It therefore provides one explanation for why
seemingly similar enterprises may choose different practices and result in persistent differences in
performance, which is a central question in organizational economics and strategy (see, for example,
Gibbons and Henderson 2012 for a review).

COMMENT 1. There appear to be little restrictions on the relationship between the true value a
and the belief that an agent has in the long run. Effectively, for a given «, the beliefs regarding «
may converge in the long run to any number of arbitrarily chosen values in the long run. In other
words, for a group of agents with the same initial beliefs, they can hold many very different beliefs

in the long run. We discuss why this is the case in the Appendix. O

then Cov[vg, et |ve>s]

3If E[et|ve] is a linear function of v, Var[os oy >3]

is a constant with respect to s. That (vt, €:) has a joint normal

distribution is a special case of this condition.
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Figure 1 Multiplicity of the Self-fulfilling Bias
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Note. Suppose that ¢ =1, a =15, v¢ is uniformly distributed on [0,1], and € = Zi:o BrvF +n:, where 8i’s are some
constants and 7, is an independent standard normal random variable. Then, (i) the limit of the OLS estimate is 17
and (ii) equation (4) is reduced to a cubic equation in terms of &, thereby yielding three distinct real fixed points
(FPs)—2, 5, and 10—if SBx’s are appropriately selected (see the Appendix for details). The left portion of this figure
shows 500 sample paths of estimates of a following a greedy policy, while the right portion shows the histogram of the
terminal values of these sample paths. The simulation results indicate that the greedy estimates mostly converge to

either 2 or 10.

We illustrate the self-fulfilling bias using the simplest possible example. The underlying problem
is more general because in any dynamic environment where the agent’s actions depend on the
covariates, endogeneity in the covariates will likely generate additional endogeneity with the actions.
Note that when the coefficient estimate differs from the true parameter in the long run because
of the self-fulling bias, the fraction of time a wrong decision is taken is positive in the limit. In
other words, not only is the policy suboptimal in the long run, the number of periods in which a
wrong action is taken is proportional to the time horizon T'. Thus, the regret of the policy with
self-fulfilling bias is in the order of O(T).

To correct for the self-fulfilling bias, it is tempting to have the agent to carry out the exploration
in the conventional sense, i.e., to choose actions randomly sometimes. However, as long as the data
from non-random actions is used, the agent’s parameter estimate is biased because the endogeneity
spillover problem renders v; I(a; =2) an endogenous term in the regression equation (5). To correct
for the endogeneity in v;, the solution is not more exploration in the conventional sense. Rather, it
is causal exploration—that is, to use the IVs to “perturb” the data-generating process. We discuss

how to correct for the self-fulfilling bias in the next section.
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4. TIV-Bandit Algorithms

In this section, we propose a class of algorithms that incorporates IVs into the online bandit
algorithm. These algorithms update a policy function = (-|v) that approaches the optimal one
gradually, while retaining a regret of the order of O(log(T)) or O(log®(T)) in the long run.

Throughout the rest of the paper, we use ||v| to denote the Euclidean norm if v is a vector in a
finite dimensional Euclidean space. The following definitions are also needed.

DEFINITION 1. Let M € R¥*¢ be a real matrix. If k> ¢, then a non-negative real number s is
said to be a singular value of M if s? is an eigenvalue of MTM € R**‘. If k < ¢, then a non-negative
real number s is said to be a singular value of M if s? is an eigenvalue of MMT € R***. Hence,
M € R¥** has min{k, ¢} singular values in total. Let ¢ (M) and ¢uin(M) denote the largest and
smallest singular values of M, respectively.

DEFINITION 2. The spectral norm of a matrix M € R*** is defined as ||[M|| := sup,,cge. juj=; [|Mul],
entry of M.

DEFINITION 3. A random variable X is said to be sub-Gaussian with variance proxy ¢* if

E[AXEXD] < 2*°/2 for all A€ R.

4.1. (General Setup

Similar to (5), because Zf\il I(a; =1i) =1, we rewrite the reward function (1) as
Ry =v]a;+1(a;=2)vi{(as—aq)+ - +1(a; = M)v](ap — 1) + €. (6)

With this formulation, we note that there are at most Mp endogenous variables in (6), where p
is the dimensionality of v;. To see this, note that, first, there are at most p endogenous variables
within v,;. In addition, as our discussion following (5) illustrates, the optimal policy is

ay :=argmax{v;a,},
i=1,...,.M
which is dependent on v,. As the action a, converges to a;, a, will also be endogenous. This brings
another p endogenous variables apart from v, itself. To cope with these endogenous variables, we

assume that there are at least Mp IVs.

ASSUMPTION 1. Let {(vy,2z4,6;):t=1,...,T} be an i.i.d. sequence, where z, € R? is a vector of
valid IVs with ¢ > Mp.
(i) € is sub-Gaussian with variance proxy ¢

(ii) Elzie;] =0 and Var(e;) = 0* < 0.
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(i1i) There exist positive constants v and z, such that ||z:||e < Z and || Vil <0 almost surely, where
Il - ||l denotes the L™ norm of a vector.
(v) Let ;=0 — o, X :=E[v;z{], and X,, :=E[z,2]], where
I(a} =1)v, I(min, vidy; > 0)v,
v = : = : e RMP,
I(a} = M)v, I(min;.p vida; > 0)vy
Then, 37,
(v) There exists a constant L >0, such that Pr(|v{d; ;| <c) < Lc for all ¢ >0 and 1 <i# j <M.

18 a full-rank matriz and X, is a positive definite matriz.

Condition (i) is common in the bandit literature and is key for establishing a log(7)-like regret
bound. For example, Goldenshluger and Zeevi (2013) assume normality on €;, and Zhong, Hong,
and Liu (2021) assume boundedness, both of which are special cases of Condition (i). Bastani,
Bayati, and Khosravi (2021) impose the same sub-Gaussian condition as we do. If Condition (i) is
replaced with moment restrictions on €;, one might still obtain a sublinear regret, but not a log(T")
regret. Conditions (ii) and (iii) are again common assumptions in the IV and contextual bandit
literature, respectively.

Condition (iv) implies that X7 2_1(3* )T € RMP)X(MP) ig g positive definite matrix. This is a
key condition for parameter identification. It requires that the optimal policy must be dependent
on vy; more specifically, I(a; = 1)vy,...,I(a; = M)v, should not be co-linear when projected to the
z; space. Condition (iv) holds in general if §; ; # 0 for all 1 <7 j < M.

Further, Condition (v) states that the density of v, is Lipschitz continuous in the vicinity of
the hyperplance {v:v7,; ; =0}. This condition is often referred to as the “margin condition” in
statistical learning literature (Tsybakov 2004). It is also a standard condition in the literature on
contextual bandits. Moreover, Conditions (iv) and (v) together imply that Pr(v]d, ; <0) >0 and
Pr(v[d;; > 0) > 0, which is referred to as the “diversity condition” in Goldenshluger and Zeevi
(2013).

COMMENT 2. The covariate vector v, € R? may be decomposed into two parts: x; and d;, where
x; € R is exogenous, d, € R™ is potentially endogenous, and p = £ + m. Then, following the
discussion below (6), there are ((M — 1)¢ + Mm) number of endogenous variables in (6), with m of
them from the term v/, and the other (M —1)(I+m) of them from the term I(a, =i)v](a; — a1),
i=2,..., M. Thus, the minimal number of IVs that we need is ((M — 1)¢+ Mm). However, for the
convenience of exposition, we stipulate in Assumption 1 that there are a total of ¢ > Mp= M ({+m)

IVs. O
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CoOMMENT 3. To construct a sufficient number of IVs, following the decomposition of v; in
Comment 2, practitioners may begin with a set of IVs for d;, denoted as z, € R? with § >m. The
exogenous variables x; can serve as IVs for themselves. A natural means to construct additional
IVs for I(a; = i)vy, i =2,...,M, in (6) is to use such variables as I(x;, > z), I(z; > 2), and their
interaction terms—for example, I(x; > z)x; and [(z, > 2)z, for some threshold values & and z. See
the simulation example in Section 6 for an illustration. Other nonlinear transformations of x, and
z; may also work as IVs, if

Ele;|x:, 2] = 0. (7)

This condition and the use of splines as IVs are widely employed in the conditional moment
restriction literature (Chen and Pouzo 2012). This implies Condition (iii) in Assumption 1 and,
thus, it is slightly stronger. For optimal selection of IVs under the conditional moment restriction

(7), we refer to Donald, Imbens, and Newey (2009) and Belloni et al. (2012). O

4.2. Structure

In this subsection, we propose a class of IV-based algorithms for linear contextual bandits and
name it I'V-Bandit. This algorithm consists of three phases. In the first phase—which we refer to as
Coefficient Stabilization—we seek a stable estimate of the coeflicient vector a, thereby implying
that the estimate should stay close to the true value with a high probability. For this purpose,
our behavior policy is to select each arm randomly—irrespective of the observed covariates—with
equal probability. At the end of Phase 1, we run arm-specific-25LS to obtain an estimate of the
coefficient vector «. Specifically, depending on the arm pulled in each period—whether a; =1, 2,
etc.—we divide the time periods into M groups and then conduct 2SLS separately on the data (i.e.,
rewards, covariates, and IVs) in each group. Note that the estimate is unbiased because the actions
are generated randomly, and the IVs are used to correct for the endogeneity in the covariates. But
the absence of bias is achieved at the cost of a regret that is linear in the number of periods T;. To
balance the regret and the purpose of coefficient stabilization, we choose the duration of Phase 1 to
be T; = O(log(T)).

In the second phase—which we refer to as Covariance Stabilization—we seek a stable estimate
of the covariance matrix Q" := (E:ZE;ZI(EZZ)T)A. In this phase, the behavioral policy takes the
form of a greedy policy—that is, it uses the estimate of o from Phase 1 to evaluate the expected
payoff of each arm for a given value of the covariates, and then selects an arm that maximizes
the expected payoff. During this phase, which lasts from period T; + 1 to T, no updates on the

coefficients are performed. As explained below, fixing the coefficients helps the algorithm to obtain a
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good estimate of £2* at the beginning of Phase 3, which is crucial for the estimate of a to converge
to the true value. Similar to Phase 1, we set the duration of this phase to be Ty —T; = O(log(T")) so
that sufficient data is generated without causing excessive regret.

In the third phase—which we refer to as Policy Improvement—our algorithm allows for a class
of possible behavioral policies, depending on the choice of a parameter 6. In the simplest form,
which corresponds to the case of # =0, the behavioral policy is again greedy: we select the arm
that maximizes the estimated expected reward in each period. However, in contrast to Phase 2, the
criterion for evaluating the expected reward is constantly updated. In each period, the expected
reward for each arm is calculated from the most updated estimate of . When 6 > 0, the behavioral
policy in Phase 3 of our algorithm becomes a UCB type. UCB is a common strategy for solving
contextual bandit problems (Chu et al. 2011, Dimakopoulou et al. 2019, Zhong, Hong, and Liu 2021).
In contrast to the greedy policy, UCB takes into account the uncertainty regarding its expected
reward when deciding an arm, thereby balancing between exploitation and exploration. Specifically,
UCB selects the arm that maximizes a weighted sum of the estimated expected reward and the
estimated SD. In our algorithm, the value of 8 represents the relative significance of the SD, thereby
reflecting the level of exploration. Again, both the expected reward and SD in each period are
estimated via the joint-2SLS using all the available data from the beginning of Phase 2.

Two features of our algorithms, the use of joint-2SLS in Phase 3 and the existence of Phase 1
and 2, are crucial for generating unbiased estimation by dealing with the endogeneity spillover
issue. In particular, one might consider applying the arm-specific-2SLS in Phase 3 (as done in
Phase 1) to obtain estimates of a and Q*. This approach leads to biased estimates because it copes
with only the endogeneity in the covariate v;, but not the endogeneity in the action a;, which—as
explained in detail in Section 5—is propagated from that in v, through the behavior policy that
again depends on v;. To account for this problem, joint-2SLS conducts 2SLS with M regressors
{I(a; =i)v,:i=1,...,M} in addition to the IVs z,. This formulation clarifies that the minimal
number of IVs should be Mp, rather than p, as the number of regressors is M times as many.

In addition, one might consider beginning the algorithm immediately with Phase 3—without
Phases 1 and 2—using the joint-2SLS starting from the first time period to estimate both the
coefficients a and the covariance matrix €2* and select the arms accordingly. However, doing so
again leads to biased estimates in the long run. This problem also arises because of the interactions
between the estimates and the chosen actions. Poor estimates of the coefficients and the covariance
matrix in the past, through their effects on the chosen actions, have persistent effects in the future

and lead to biased estimates in the long run. Phase 1 ensures that the initial coefficient estimate is
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sufficiently accurate. Then, Phase 2 uses the greedy policy based on the initial coefficient estimate
to generate “proxicies” of v;’s, which, by definition, are induced by the unknown optimal policy.
This allows us to obtain a stable estimate in the first-stage regression of the joint-2SLS, which is
critical for producing a sample path of a; that converges to the true value a. In Section 5, we
discuss how our algorithm deals with this problem.

COMMENT 4. Because the reward associated with an arm is sampled only if that arm is selected,
and the decision to select an arm depends on the estimate of «, each arm effectively faces a sample
selection problem. Apart from our algorithm, one may apply the bias correction technique (Heckman
1979, 1990) to address the sample selection problem. This method often requires a normality
assumption or some other parametric assumption on the distribution of the error terms. A less
restrictive method is the semi-parametric maximum likelihood estimation (Cosslett 2004). Both of
these methods usually require the error terms to be identically distributed, while the IV-Bandit
algorithm may work in the presence of heteroskedasticity. Moreover, they are developed in a static

environment. Extending them to an online learning context is beyond the scope of the present

paper and we defer the investigation to future research. ]
4.3. Details
To facilitate the subsequent presentation, we introduce the following notations. For each i=1,..., M

and t, let T;, = {s <tla; =i} be the set of time periods when arm ¢ is pulled within the first ¢
periods. Let V; , € RI7i.t1%P denote the matrix for data collected in time periods in T+, composed of
rows v! for all s € T, ;. Likewise, we denote by R, ; € R!7itl the vector composed of elements R;

and by Z,, € RI7i.t1x4 the vector composed of rows z! _, for all s € Tt Let

7,87

(e 3] au ]I(at = 1)Vt
a=| 1 |eRM a:=| @ |eRY, v,:= : eRM.
Q) aM,t ]I(at = M)Vt
For any t; <t,, let
G-tl—l—‘y-l z;frl—‘rl Rt1+l
Vi, =| @ [|eRewxtm 7z | : |eRGtx R =] 1 [eRz",
GIQ z;er Rt2
We define a projection operator P, which takes effect on a matrix Z, as P[Z] = Z(ZTZ)'ZT. The
IV-Bandit algorithm is formally presented in Algorithm 1. For the ease of reference, we call the

algorithm IV-Greedy when 6 =0 and IV-UCB when 6 > 0.
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Algorithm 1: IV-Bandit

Initialization :Set 0, Ty, Ty, and T
Coefficient Stabilization : for t=1,....T; do

‘ Observe (v¢,2,;), pull arm a; =1,..., M purely randomly, and collect R;.
end

for:=1,...,M do
Run arm-specific-2SLS on (V;1,,Z;1,,R;1,) to estimate o
~ —1
Qir, = (Viy, PlZix,Vir,) Vi PlZix,Rig,.
end
Covariance Stabilization: for t=T,+1,...,T, do

Observe (v4,2;), pull arm a; = arg max{v{&igl }, and collect R,.
i=1,...,M

end
Policy Improvement tfort=Ty+4+1,...,7 do
if t=T5+1 then
fori=1,...,M do
~ ~ pa —1
‘ Set a; 1, =0y r, and Q; 1, = (VI}TlP[Zi,Tl]VﬁTl) .

end

Set 1, == (T7" 0, IIRi, — Vi, @, [2) 2.
end
Observe (v, z), pull arm a, = arg max {Vgai,tl + 01 \/29 log(t —Ty) -VtTﬁi,t1Vt}’ and
collect R;. i=1,..,M

Run joint-2SLS on ({/'Tl:t, Z:, .+, Ry 1) to update the estimates of 2* and o
ﬁt = (i};l:tp[ZTl:t]{}Tl:t)il and @, = ﬁt{ql;tp[ZTl:t]RTl:t-

Set SAZM as the i-th p x p diagonal block of ©, € RMP)X(Mp) | respectively.
if 0 >0 then
Update the estimate of o: 7, = (t — Tl)_% HRlet — Vlet&tH.
end
end

COMMENT 5. Algorithm 1 may be enhanced by using &; = ay, + (1 — )&y, a weighted
average between ar, and oy, as the estimate of a in Phase 3. This may somewhat reduce the
necessary duration of Phase 2, which nevertheless would still be of order O(log(T')). In other
words, this variant would not affect the order of the regret bound. Due to the additional technical

complexity this variant would introduce, we focus on the current formulation of Algorithm 1. [

5. Theoretical Results
In this section, we analyze the theoretical properties of the IV-Bandit algorithms. We show that I'V-

Greedy produces a regret of order O(log(T)), while IV-UCB produces a regret of order O(log*(T)).

We also show that these algorithms deliver consistent and asymptotically normal estimates of a.



16 Li, Luo, and Zhang: Self-fulfilling Bandits

5.1. IV-Greedy
Below, we first overview the regret analysis of the IV-Greedy algorithm, and then discuss a new
technique—rzig-zag induction—that we develop for analyzing algorithms associated with online

learning environments
5.1.1. Overview of the Regret Analysis

THEOREM 1. Let Ty = Cy, log(T') and T, = (Cr, + Cr,) log(T') for some sufficiently large constants
Cr, and Cr,. Then, under Assumption 1, the regret of the IV-Greedy Algorithm (i.e., Algorithm 1
with @ =0) is Regret(T") = O(log(T")) for all T > T,.

Note that in the presence of endogeneity, an algorithm that does not produce consistent estimates
of the coefficient vector av will generally suffer a linear regret (Nambiar, Simchi-Levi, and Wang
2019). Therefore, it is necessary to establish consistency of the coefficient estimate. This requires
the analysis of Pr(||a; — a|| <n) for small  over Phase 3 of the algorithm. In Phase 3, the 2SLS

formula yields

o, =a+ ﬁt{ql;tp[znzt]fn:t

B ~ . e a1 A
=a+ (Evz,h:tzzz,Tl:tzvz,Tl:t) Evz,Tythz,Tl:tGTl:t» (8)
where for any t; <ta, €., = (€, 41,---,6,)T €ER27 and
1 &
S - E ST \Vai (Mp)xq
Evz,tlztg — to —t VszZ, = to —t th:tQZtl:tQ € R ’
2 Nt 2 1
2]
3 1 § { T 1 T axq
zz,t1:ty = t - t ZSZS = t —t Ztl:tQZtl:tQ S R 9
2 ot 2 1
to
a 1 § : 1 77 R¢
th:tg = to—t Z;€; = to —t t1:t26t1:t2 € .
2 Nt 2 1

Expression (8) shows that &; depend on 2227T11t7 ivz,let) and GM. The calculations of izz;l;t
and (A}Tl:t are standard. They are averages of samples of i.i.d. random variables and their statistical
properties are standard. For expositional ease, we do not discuss these two terms below and relegate
their analysis to the proof in the Supplemental Material. In the following discussion, we refer to a;
as the coefficient estimate and to ﬁvz,Tl:t as the covariance estimate.

However, the calculation of f]vz’Tl:t is not standard because it depends on the past estimates

{a,:T; <s<t—1} through {/let—that is,
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where a, is selected by the greedy algorithm and depends on a.

Note that if the optimal arm a* were known and selected in each period, we would simply calculate

o 1 .
EvZ,Tl:t = ﬁ Z : Z;u (10)

and use it in place of gvzm:t in (8). The calculation of ﬁq’jz,let is again standard because it is the
average of samples from i.i.d. random variables.

However, because the optimal arms are unknown, the analysis of ivz,let poses a challenge.
First, since i\)w;l:t depends on the choice of arm a, for all s from T; 4+ 1 to ¢, any past coefficient
estimate a,, through its effect on the selected arm, has an effect on ivz,Tl:t- Second, these coefficient
estimates are serially correlated because they are all calculated from the same data source. Lastly,
not only does ivz,let depend on {&,:T; < s<t—1}, a; also depends on ivz,let- This two-way
dependence implies that the coefficient estimates and the covariance estimates are entangled. The
past coefficient estimate &, affects the choice of arm a,, which affects /Z\)W,Tl:t for all ¢ > s. These
covariance estimates, through expression (8), again affects a.

The two-way dependence, a common feature of online learning environments, makes it difficult for
the coefficient estimates to converge to the true value in the long run. A poor coefficient estimate
can lead to a wrong action, which contaminates the generated data (since the data associated with
the right arm is no longer observed). The wrong data then worsens the future coefficient estimates
and, thus, the future data-generating process. In summary, errors made in the past do not disappear;
instead, they make future errors more likely.

To deal with this problem, we now describe an approach that untangles the dependence via a
“zig-zag” induction. As an overview of its structure, assume that, in period ¢ — 1 in Phase 3, the
coefficient estimate @, is sufficiently close to the true value for all s from Ty +1 to t — 1 with a
sufficiently high probability. The goal is to show that this remains true for period ¢, and this takes
two steps. First, we show that the covariance estimate ivzgl:t is sufficiently accurate in period
t. This is the zig-step. Second, we use this result from the zig-step to show that the induction
hypothesis holds at time ¢. The difficult part of the induction is the zig-step. As mentioned earlier,
the covariance estimate in the zig-step depends on all the coefficient estimates in the past, which
are serially correlated. Our technique finds a means to replace the dependence (of the covariance
estimates) on the past coefficient estimates with the dependence on the realizations of past covariates,

which are i.i.d. over time.
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5.1.2. Details of the Zig-Zag Induction We now provide a detailed description of the
zig-zag induction. Our description comprises three parts. First, we define the relevant objects for
the induction. Second, we describe the zig-zag decomposition within the induction step. Third, we
describe the observation that allows us to deal with the difficulties in the zig-step of the induction.

Part I. Let

N log(T S *
A ::{|at—a|| <Cu tg(T)} and - By = {|[ 0. 10 — 2. <},
-1

for some constant Cy > 0. Further, let Ag,., := ﬂiZTQ 1A, where we note that the intersection
begins at the beginning of Phase 2. This is the event in which all the past coefficient estimates from
Phase 2 are sufficiently accurate. The goal of the induction is to show that there exists a constant
K >0, such that

Pr(Ap,. ) >1-K{t—T)T 2 t=Ty+1,...,T.

This is achieved via a two-step induction using B; as a bridge—first from Ar,.,—; to B; and then

from B, to A, (see Figure 2).

Figure 2 The Zig-Zag Approach.

Note that we perform the induction on As,., instead of A,. This is because the zig-zag induction
step requires the analysis of the covariance estimate. As we emphasize above, the covariance
estimate depends on the past coefficient estimates. Therefore, showing that the covariance estimate
is sufficiently accurate requires event Ar,., to occur—that is, all the past coefficient estimates from
Phase 2 on to be sufficiently accurate.

Part II. We decompose the induction step into the zig-zag steps. In particular, suppose the

induction claim on Ar,.,—; holds:
Pr(‘ATQ:t—l) Z 1-— K(t —1— TQ)T_2.

Note that
Pr(.A,TQ;t) = Pr(.At N ‘ATQ:t—l) = PI'(AT2:t_1) - Pr(ﬂ; ﬂATz:t_l).
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Therefore, the induction step requires establishing an upper bound on Pr(A$NAr,.,—1). The zig-zag
approach decomposes Aj N Ar,.;—1 into two events depending on whether the covariance estimate in

period t is sufficiently accurate (i.e., B, or BS):

Pr(ASN Ay 1) = Pr(AS N Agye 1 NBy) 4+ Pr(AS N A,y N BS)
< Pr(ASN'B,) + Pr(Ag,1 N BS). (11)

The analysis of Pr(A¢{NB;), which corresponds to the second step of the induction (from B; to
A; in Figure 2), is standard. When ivz,h:t is sufficiently accurate—that is, in the event of B;—the
formula for @ in (8) can be used to show that that A{ occurs with a sufficiently small probability.

However, the analysis of Pr(Ar,.—1 NB$), which corresponds to the first step of the induction
(from Ar,.;—; to B, in Figure 2) is nonstandard. Recall that if the optimal arms were known and
selected in each period, then it would suffice to analyze f]izm:t defined in (10) instead of analyzing
ﬁvz,h:t. The analysis of the former would be standard, since it would only involve realizations of the
covariates and the IVs {(v,,z,) :s=T; +1,...,t}, which are i.i.d. over time. In contrast, because
the optimal arms are not known and the selected arm depends on the past coefficient estimates,
the calculation of i\]vz,let depends on all the past coefficient estimates, which are not i.i.d.

Part III. Finally, we make the following key observation. When the induction assumption holds
in period t — 1 of Phase 3, we can show (with details in the proof) that there exists a constant
K’ >0, such that

{as #al} CUiczaram {[VIey — view: | < K'n}, (12)
for all s=Ty+1,...,t — 1. Therefore, this relation states that a wrong arm is selected only when
the difference in the actual expected reward between this arm and some other arm is small. (We
can also show, with a similar argument, that (12) holds all s=T; +1,...,T,, i.e., Phase 2 of the
algorithm, provided that the coefficient estimate at the end of Phase 1 is sufficiently accurate.)

The intuition for this observation is that, when the coefficient estimate is sufficiently accurate,
the estimated expected reward of choosing each arm (calculated from the coefficient estimate) is
also close to the actual expected reward; and thus the arm selected by the algorithm is optimal if
the actual expected reward from this arm is sufficiently different than that from any other arm. In
other words, when a wrong arm is selected, it must be that the difference in the actual expected
reward between this arm and some other arm is small.

A consequence of this observation is that, instead of estimating the probability that a wrong arm
is selected, which depends on the past coeflicient estimates, it suffices to estimate the probability

that the covariate vector v, falls within a bound. Specifically, we can show that

t

~ Sis - 1 i
szz,let - Evz,letH S Kﬁ 8§L1H(a5 # as)
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1 t
T 2 2 Hviey—view|<K'n), (13)

s=T1+11<j#at <M

<K

for some constant K > 0. Because the covariate vectors are i.i.d. over time periods s, so are
I(|vie; — vIie;| < K'n). In other words, the right-hand-side of the inequality (13) is a sample
average of i.i.d. random variables; and therefore, bounds on its tail probability can be established

using standard concentration inequalities. This allows us to show that, with a sufficiently high

*

. . . A* .
ve1y¢- Moreover, since it is standard to show that 37 . ., is close

probability, ivz’Tl:t is close to 3
to the true value with a sufficiently high probability, we can therefore show that the probability of
B¢ is small. This completes the analysis of Pr(Ar,..—1 NB¢) in the decomposition (11), and together
with the analysis of Pr(A$N3B,) discussed earlier, we complete the induction step.

The induction shows that, with a sufficiently high probability, the coefficient estimates remains
sufficiently accurate over the entire Phase 3 of the algorithm. Standard calculation (Bastani, Bayati,
and Khosravi 2021) can then be applied to show that the regret in Phase 3 is O(log(T")). Since
the durations of Phases 1 and 2 are both O(log(7')), this shows that the total regret is O(log(T)).
Goldenshluger and Zeevi (2013) prove that in a standard linear contextual bandit problem—with
no endogeneity involved—the best possible lower bound for any algorithm is C'log(T") for some
constant C. Since our setup allows endogeneity in the covariates and includes standard linear

contextual bandits as special cases, C'log(T) is also a lower bound on regret for our setup. Hence,

Theorem 1 shows that IV-Greedy achieves the asymptotically minimal regret.

5.2. IV-UCB

THEOREM 2. Let Ty = Cr, log(T) and Ty = (Cr, +Cr,)log(T") for some sufficiently large constants
Cr, and Cr,. Then, under Assumption 1, the regret of the IV-UCB algorithm (i.e., Algorithm 1
with 6 > 0) is Regret(T) = O(log*(T)) for all T > T,.

For the IV-UCB algorithm, in each period ¢ of Phase 3, the selected arm a; depends not only on
the coefficient estimate &;_1, as is in the case of IV-Greedy, but also on the covariance estimate
ivz,let—l (again, through the calculation of ﬁt_1). This arm selection criterion deepens the two-way
dependence between the coefficient estimates and the covariance estimates. In particular, whereas
the covariance estimates only affect the arm choices indirectly (through their effects on the coefficient
estimates) in IV-Greedy, they now affect the arm choices directly. This implies that, to establish the
convergence of the coefficient estimates, both the past coefficient estimates and the past covariance
estimates must be well controlled.

Despite the additional complexity, the zig-zag induction approach can be adapted to untangle

the two-way dependence in Phase 3 of the algorithm. Different from the approach for IV-Greedy,
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the induction step from period ¢ — 1 to period ¢ will now also require the occurrence of event
Bryip—1 = ﬂg}rlst (i.e., all the past covariance estimates) to be sufficiently accurate, as opposed
to only the occurrence of B;_;. Figure 3 illustrates the flow of the induction and indicates that
in order to show the covariance is well estimated in period t, there is a requirement on both the

coefficient and covariance estimates.

Figure 3 The Two-way Zig-Zag Approach.

In contrast to IV-Greedy, the regret of IV-UCB is O(log®(T))). The additional factor of log(T') is
incurred because—in addition to the dependence on the coefficient estimate—the direct dependence
of the UCB criterion on the covariance estimates introduces an additional source of error in selecting
the optimal arm. It takes more time to eliminate the additional error, thereby leading to a higher
regret. Note that Zhong, Hong, and Liu (2021) also establish a O(log®(T')) regret of a UCB-type
algorithm for standard linear contextual bandits. However, the result that IV-UCB has a higher
regret than IV-Greedy must be interpreted in an asymptotic sense as the time horizon increases to

infinity. The former may still have a lower regret for a given finite time horizon.

5.3. Statistical Inference
The contextual bandit literature mostly focuses on regret analysis, whereas results on statistical

inference are relatively scarce. We provide such results for the coefficient estimates.

THEOREM 3. Let Ty = Cr, log(T) and Ty = (Cr, +Cr,)log(T") for some sufficiently large constants

Cr, and Cr,. Then, under Assumption 1, the estimator ar of Algorithm 1 satisfies

VT =Ti(Gr @)~ N (0,0*(Z;. 22 (Z00) 7)), (14)

as T — oo, where 3% =E[v;z]], X.. = E[z,2]], and N(0,X) denotes the multivariate normal

distribution with zero mean vector and covariance matriz 3.
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To construct a confidence interval for a, we need a consistent estimator of the covariance

matrix o2 (ZZZEZ‘;(E;)T)_I in (14). To this end, note that 2, ﬁvz’Tl:T, and .. 1.7 are consistent

*
vz

estimators of o2, ¥*_, and X, respectively. Moreover, by the definition of (AZT in Algorithm 1,

~ 2 o a -1
(T - Tl)QT = (E’UZ,Tl:TEZZ{TI;T(E’UZ,TliT)T)
Thus, we use (T — T;)52Q to consistently estimate o (2222;1(2;2)071. Then, standard calcula-

tion leads to the following result, which facilitates inference on a.

COROLLARY 1. Let T; = Cr, log(T') and Ty = (Cr, 4+ Cr,)log(T') for some sufficiently large con-

stants Cr, and Cr,. Then, under Assumption 1, the estimator cr of Algorithm 1 satisfies

1
2

(T —T1)2 (62Q7) > (Qr — @) ~ N(0,Ins,),

(T —T:)(@r — )T (62Q7) (Gr — @) ~ X3y,

as T — oo, where o and QT are defined in Algorithm 1, I, is the identity matriz of size

(Mp) x (Mp), and x3,, denotes the chi-square distribution with Mp degrees of freedom.

6. Simulation Experiments

In this section, we present a simulation study to demonstrate the performances of IV-Greedy and

IV-UCB and compare them with the following alternatives. These alternatives—similar to both

IV-Greedy and IV-UCB—all have a randomization phase of duration T;, in which each arm is

selected uniformly at random.

(i) Naive-IV-UCB. In each period t=T; +1,...,T, this algorithm performs arm-specific 2SLS to
obtain an estimate of a and selects an arm following the same UCB criterion as the IV-UCB
algorithm, except that o, and ﬁiyt are defined and computed from the arm-specific 2SLS.

(ii) OLS-UCB. In each period t =T; +1,..., T, this algorithm performs arm-specific OLS to obtain
an estimate of v and selects an arm following the same UCB criterion as the IV-UCB algorithm,
except that o, and ﬁm are defined and computed from the arm-specific OLS.

(iii) Randomize-then-commit (RTC). After the first T; periods, this algorithm performs arm-specific
2SLS to obtain an estimate of o and commit to it. In each period t =T; +1,...,T, the
algorithm continues to use this estimate without updates to select an arm in a greedy manner.

Note that IV-UCB, Naive-IV-UCB, and OLS-UCB all involve a parameter 6 in their respective

UCB criterion, and we set 6 = 0.5 for them all. For all the five algorithms, we set T; =50 and the

total run length T'=20000. In addition, we set Ty = 100 for both IV-Greedy and IV-UCB.
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We evaluate these algorithms via regret and number of wrong arms pulled, both of which
are common metrics for online learning algorithms. We also perform statistical inference on the
coeflicients in the reward function upon termination of the algorithms.

To this end, we consider a two-armed linear contextual bandit problem with three-dimensional
covariates, i.e., M = 2. Let the covariate vector v, = (1,x;,d;)T, where x; € R is an exogenous
variable and d; € R is an endogenous variable. The endogeneity is introduced in the following

manner. Suppose the random reward at time  is
2
R, = Zﬂi(vt)]l(@t = Z) + €,
i=1
where p;(v) = B0+ Biix: + vidy, for some parameters f3; o, 8.1, and 7. Suppose also

dy = \/E‘F pzZi+pyne  and € = € + 21,

where p: and p, are some positive constants, and x, %, 1, and € are independent random variables

with the following distributions:

2, ~ TruncNorm (pty, 02,1, u,), % ~ TruncNorm(pz, 02,15, uz),

1y ~ TruncNorm (g, 07, 1y, uy), € ~N(0,07).

Here, we use TruncNorm(u,02,1,u) to denote the truncated normal distribution that is derived from

bounding the N (u,c?) distribution on the interval (I,u). The parameters are specified as follows:

(Bl,Oa 51,17’71) = (17474)7 (52@52@%) = (87 2, 2)7
p:=0.5, p,=15 oZ=0.25,
(:U’xvafcvlmuw) = (Oa 1,0, 10)7 (M27O-§vl27u2) = (0’47()’ 10)?

(tn, 02, Ly, uy) = (0,0.25, -5, 5).

Note that ¢; and d; are correlated through n; and, thus, d; becomes endogenous. Moreover, Z; is
correlated with d; but is uncorrelated with €;, so Z; serves as an 1V for d;. However, for IV-Greedy
and IV-UCB to work, the number of IVs must be at least twice as many as the number of endogenous
variables in order to account for the endogeneity spillover issue; see Comment 2. As discussed in
Comment 3, we create additional IVs using I(x; > z), I(2; > 2), and the interaction terms between

them and z; or Z;, for some threshold values  and z. Specifically, we use the following list of IVs:

{1, 24, 2, Iz > 1), Wz > 1), Uz, > 1.5), (z, > 1.5)%, 1(3 > 2), 1(3 > 2)%}.
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Figure 4  Regret
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Note. The shaded areas represent 95% confidence bands calculated from 1000 replications.

Further, we run the five algorithms (IV-Greedy, IV-UCB, Naive-IV-UCB, OLS-UCB, and RTC)
1000 times each and present the results in Figures 4 and 5 as well as Table 1.

Figure 4 presents the regret of each algorithm. First, in contrast to the others, both IV-Greedy
and IV-UCB achieve a regret with a diminishing growth rate after a sufficient number of iterations
(e.g., T'=>5000). The confidence bands further show that the performances of these two algorithms
are stable in the learning process. Second, to verify our theoretical results in Theorems 1 and 2, we
conduct a linear regression analysis of the regrets of IV-Greedy and IV-UCB on log(t) and log®(t),
respectively. The value of R? is 0.99 for IV-Greedy and 0.88 for IV-UCB, thereby providing strong
empirical evidence for our theory. Third, although the theoretical analysis requires that Phases 1
and 2 of IV-Greedy and IV-UCB should be “sufficiently long,” the simulation results indicate that
they can be set to be moderate values (T; =50 and T, = 100) in practice.

Figure 5 presents the biases of the coefficient estimates. For the estimates produced by either
IV-Greedy or IV-UCB, the bias vanishes as the number of iterations increases, while the other
algorithms are generally biased. In particular, the fact that Naive-IV-UCB produces inconsistent
estimates of the coefficients demonstrates the existence of endogeneity spillover in this online
learning example (the endogeneity in the covariates is addressed by the use of IVs in the arm-specific
2SLS, but the endogeneity that spills over to the actions remains). Recall that RTC first performs
arm-specific 25LS to data from randomization and then commits to the coefficient estimates. This
results in a dilemma: on the one hand, if the randomization period is long, then the regret is large,

because the randomization produces a linear regret; on the other hand, if the randomization period
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Figure 5 Biases in Coefficient Estimates.
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Note. For each parameter «, the bias @: — « is calculated for 1000 replications to obtain an average.

is short, then the coefficient estimates are inaccurate,® which also leads to a large regret in the long
run. Thus, the regret of RTC is, at best, a fractal polynomial of T, which is significantly worse than
log(T).

In Table 1, we report main statistics for the coefficient estimates after 20000 iterations of the five
algorithms. For all the coefficients, both IV-Greedy and IV-UCB result in almost zero bias and the
corresponding confidence intervals achieve proper coverage of the true values (the coverage is close
to 95% for 95% confidence intervals). Note that Naive-IV-UCB produces both substantially biased
estimates and confidence intervals with zero coverage, which, again, demonstrates the endogeneity
spillover issue. Note also that the quality of the inference results produced by RTC is fair, but the
SD is much larger than both IV-Greedy and IV-UCB.

7. Conclusions

We study the dynamic selection problems that arise in algorithmic decision-making when the data
has endogeneity problems. In a contextual bandit model, endogeneity in data influences the arms
pulled, causing a non-random sampling of data that results in self-fulfilling bias. We correct for
the bias by incorporating IVs to existing online learning algorithms. The new algorithms lead to

the true parameter values and meanwhile attain low (logarithmic-like) regret levels. We also prove

4In general, the 2SLS estimates have a second-order bias if the sample size is small or the IVs are weak (Andrews,

Stock, and Sun 2019).
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Table 1 Statistics at Time 7 = 20000.

Y1 /31,0 ,81,1

Bias SD Coverage Bias SD Coverage Bias SD Coverage
IV-Greedy 0.009 0.112 0.961 -0.049 0.527 0.960  0.007 0.092  0.960

IV-UCB 0.004 0.079 0.958 -0.020 0.352 0.960  0.003 0.080  0.959
Naive-IV-UCB -0.566 0.028  0.000  2.565 0.075 0.000 -0.634 0.025  0.000
OLS-UCB 0.680 0.016 0.000 -0.828 0.059 0.000 -0.308 0.021  0.000
RTC -0.116 1.177  0.913  0.124 1.218 0.921  0.083 1.002  0.937
V2 B2,0 B2
Bias SD Coverage Bias SD Coverage Bias SD Coverage
IV-Greedy -0.002 0.032 0.955 0.004 0.041 0.955 -0.004 0.037 0.959
IV-UCB -0.002 0.034 0954 0.004 0.043 0.956 -0.004 0.039 0.959
Naive-IV-UCB -0.736 0.064  0.000  0.784 0.057 0.000 -0.949 0.051  0.000
OLS-UCB 0.527 0.030 0.000 -0.524 0.029 0.000 -1.183 0.050  0.000
RTC -0.174 1.543  0.928  0.160 1.757 0.933  0.132 1.299 0.942

Note. The coverage is calculated for the 95% confidence interval based on 1000 replications.

a central limit theorem for statistical inference of the parameters of interest. To establish these
properties, we develop a general technique that untangles the interdependence between data and
actions.

The use of IVs corrects the bias because they perturb the data-generating process. Therefore, our
approach features “ex-ante randomization”, which contrasts with the “ex-post randomization” —that
is, randomizing the choices given to the users once they arrive. The ex-post randomization, typically
under the name of exploration, is the focus of most research. However, in the presence of endogenous
data, our analysis highlights the importance of ex-ante randomization. Understanding how best to
carry out ex-ante randomization and how these two types of randomization interact offer fruitful

venues for future research.

Appendix. Example of Multiplicity of the Self-fulfilling Bias

Consider the example in Section 3: the expected reward for the two arms are p(v) =c and p2(v) = av.
Let v; be a uniform random variable on [0, 1], n; be an independent standard normal random variable, and

€= 22:0 Brvk +n, for some constants 8, € R, k=0,1,2,3. See Figure 6 for the joint distribution of (v, €;).
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Figure 6  Joint Distribution of (v¢,€;)
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Note. c=1, a=15, and {f;: k=0,1,2,3} are determined by equations (18) and (19) with (r1,72,7r3) = (2,5, 10).

Direct calculations reveals that for any b € [0, 1],

1

- _1\2
S0,

Var[v|v, > b] =
1
Cov[vy, vi|v, > b = E(l —b)2(1+b),

1
Cov|vg, v v, > b = E(l —b)?(3b% +4b+3).

Consequently,

Covlvg, €t|vy > b Zi,l Br Cov{vy, vF|vy > b] 3 )
== = 14b)+ —B5(3b% +4b+3). 1
Var[’l]th)t >b] Var[vth}t >b] ﬁl—'_BQ( + )+ 1053(3 + +3) ( 5)

By setting b= 0 in equation (15), we derive the limit of the OLS estimate of « in the following manner:

Covlv, €] Cov|vg, €t|vy > 0]
Var[v,] Var[vg|v, > 0]

~ 9
Qors '=a+ =a+51+ﬁ2+roﬁ3~

Moreover, applying equation (15) to equation (4) with b= c¢/a yields that
3 9 o 6 9,
o’ — a+ﬂ1+ﬂ2+T053 a”—c 52+5ﬁ3 a——cf3=0, (16)

which is a cubic equation in terms of a.

Assume that equation (16) has three real roots: 1, k=1,2,3. Then, szl(a — 1)) = 0—that is,
@3 — (7"1 + T2 +r3)@2 + (7"17"2 + r1T3 + 'I"Q’I”g)a —T1Trary = 0. (17)

By matching the coefficients of equation (16) and equation (17), we have

- 107‘17’27"3 - *(7"17’2 + r1rs + 7'27'3)
- 902 ) 52 - c

6 9
Bs *553, and 517’1+T2+7’3(04+52+1053>~ (18)
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Further, we may set 3y such that Ele,] =35 _ rvF = 0—that is,

3 3
==Y BE] ==Y B (19)
k=1 k=1

Therefore, for any arbitrary (r1,rs,73) such that ¢/ry € (0,1), k =1,2,3, there exist (8o, 81, B2, B3)—given
by equations (18) and (19)—such that ry, re, and 73 are three real fixed points of equation (4). Note that our
method of constructing multiple self-fulling biases can be generalized. For an arbitrary number of self-fulling
biases with arbitrary values, we can again let the covariates be uniformly distributed and construct the noise
as a higher-order polynomial of the covariates. The coefficients of the polynomial can again be solved via

linear equations.
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Supplemental Material

EC.1. Concentration Inequalities

LemMma EC.1. For any matriz M € RF*?,

Omax(M) = sup [[Mu|| and ¢pu(M)= inf |[Mu],

ueRl:||ul|=1 u€eR’:|uf=1
where ||ul|| denotes the Euclidean norm of u.

Proof.  See page 78 of Golub and Van Loan (2013). O

LeMmMmA EC.2. For any matrices M € RF*¢ and N € R™, we have

¢IIIax(MN) S (bmax(M)(bmax(N) and (Z)Inin(MN) > (/J)Inin(M)¢min (N) (ECll)

If M is an invertible square matriz, then

¢max(M_1) = (¢min(M))_1 and ¢min(M_1) = ((Z)max(M))_l- (E012>

Proof. The inequalities in (EC.1.1) follow from Theorem 3 of Wang and Xi (1997), and the
identities in (EC.1.2) follow from the definition of singular values. O
LemMA EC.3. For any matriz M € R**¢, | M|| < V&M || max-

Proof.  See page 72 of Golub and Van Loan (2013). O

LEMMA EC.4. Let {M,}Y | be a sequence of zero-mean independent k-by-¢ random matrices.
For each i=1,...,N, assume that |M;|| <b almost surely for some constant b>0. Then, for all
720,

1 N
S(Eoa

i=1

. 2
> r) <2(k+1) exp<§;7>,

Moreover, if k=/{, then the leading constant 2(k+£) on the right-hand-side of the above inequalities

can be reduced to 2k.

Proof. This is Hoeffding’s inequality for bounded random matrices. See pages 174-175 of
Wainwright (2019). O

CoRrROLLARY EC.1. Let {M,;}Y, be a sequence of independent k-by-¢ random matrices. For each

i=1,...,N, assume that ||M;|| <b almost surely for some constant b> 0. Then, for all T >0,

Pr (¢max (;il\/ﬁ > Gunax (E[M,]) +T> <2(k +0) exp<_8]Z;2> , (EC.1.3)
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Pr (qﬁmin (Jif f; M) < Guin(E[M,]) — T> < 2(k + £) exp < _é\bf272> . (EC.1.4)

Moreover, if k={, then the leading constant 2(k+{) on the right-hand-side of the above inequalities

can be reduced to 2k.

Proof. Let M; = M, — E[M,]. Then, ||M,]| < [ M|+ |E[M,]| < 2b. By Lemmas EC.1 and EC.4,
1 o~ 1 o~
(bmax <N ;Mz> = HN ;Mz

holds with probability at least 1 —2(k + ¢) exp (—ZTT;)
Given the event (EC.1.5) holds, it follows from Lemma EC.1 that

<7 (EC.1.5)

1 & 1 ¢
¢max <NZM1> = Séup _ 7ZMlu
P uert ul=1 /1 Y =7
1 oL~
< swp  [EMJul+ swp <> Mu
ueR?: ||ul|=1 ueR’:||lul|=1 i=1

< Pmax(E[M]) + 7

holds with probability at least 1 —2(k +¢) exp(— 1;[;22 ), proving (EC.1.3). Likewise, given the event
(EC.1.5) holds,

1 & 1 &
min | x- Mi - f - Mi
S ORI ENEIN RO R
1~
> inf  [E[MiJul|+ sup ||= ) Mu
ucR?:|lul|=1 ueR’:|jul|=1 N i1

Z d)min(]E[Ml]) - T,
which proves (EC.1.4). O

LEMMA EC.5. Let {X,}Y, be a sequence of i.i.d. zero-mean sub-Gaussian random variables with
variance prozy <. Then, for all T >0,

N
1 Z Nt2
Pr(‘N1:1Xi ZT)§26XP<_ 2g2>'

Proof. This is Hoeffding’s inequality for sub-Gaussian random variables. See page 24 of Wain-

wright (2019). O

COROLLARY EC.2. Let g € R be a vector of zero-mean sub-Gaussian random variables with

variance prozy ¢*. Let {g;}}\, be a sequence of i.i.d. random vectors having the same distribution

as g. Then, for all 7> 0,
N72
2 T) S 2kexp <_2k2§2> .

1N
Pr(HN;gi



e-companion to Li, Luo, and Zhang: Self-fulfilling Bandits ecd

Proof. Let g;; denote the j-th entry of g;, forall ¢=1,...,N and j=1,...,k. Then, for each j,
{g:; 11X, is a sequence of i.i.d. zero-mean sub-Gaussian random variables with variance proxy ¢2.

Note that if |+ 27 gij| < T for all j=1,...,k, then || SN g < 7. Hence,
| &

Pr(‘N;gi >T><P1"<‘Zg” >

k

<>re( [y o>

=1
where the last inequality follows from Lemma EC.5. [

— for some j=1,. k:)
Nt2
) <2k:exp< 2k2§2>’

DEFINITION EC.1 (SUB-EXPONENTIAL RANDOM VARIABLES). A random variable X is said to

be sub-exzponential if its sub-exponential norm, defined as || X ||y, :=inf {w > 0: E[e!/*] <2}, is
finite.

LEMMA EC.6. Let {X;}Y, be a sequence of i.i.d. zero-mean sub-exponential random variables.

Then, for all T >0,
1 & 2
Pr(’Ni_1 i 27’) §2exp<—NCBem-min{[T{2,;{}),

where Cgem 5 an absolute constant and K = || X1]|y, -

Proof. This is Bernstein’s inequality for sub-exponential random variables. See Theorem 2.8.2

of Vershynin (2018). O

EC.2. Coefficient Stabilization Phase: t=1,..., T,

Throughout the rest of the Supplmental Material, we let T; = Cr, log(7T') and Ty = (Cr, + C',) log(T)
for some constant Cr, for some constants Cr, and Ct,; we also suppose that Assumption 1 holds
and the data are generated by Algorithm 1.

We first define a set of notations before the analysis. For any ¢, let

]I(Clt: 1)Vt ]I(at:]-)zt
vt = GRMP’ Et — GRMq,
I(a; = M)v, l(a; = M)z,
6.{ EI €1
\th — e Rt*(Mp) Z, = e Rtx(Mq)7 €= | : c Rt,
vl EI €t
i 1
S ==Y V.7l = - VIZ, e RMPx(Ma)
vz, t shg ;
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t

= 1 U P

Y= ; E Z,Z] = ;Zgzt c R(ﬂfq)x(]\/lq)7
s=1

Y,. =E[vz]] e RP* 3 :=E[z;z]] € R,

9]

3, =E[v,z]] e RM»>*Ma) 33— R[z7,2]] e RMD* (M)

LEmMmA EC.7. Both izz and i]vz have full rank.

Proof. By condition (iii) of Assumption 1, 3 =E[v;z]] is full rank and 3., = E[z,2]] is positive
definite. By definition, for t =1,2,...,Ty, a, is randomly selected such that Pr(a, =) = 5 for all
i=1,...,M. Thus,

and thus Zv]vz is full rank and positive definite.
Because .0 I(af =i) =1 and X7, is a full-rank matrix of size (Mp) x ¢, . = <Ip Ip) 2,

is a full-rank matrix of size p x g, where I, is the identity matrix of size p x p. As a result,

E[l(a; =1)v,z]] --- 0 ¥, 0

0 - Ell(a; = 2)vyz]] 0 -3,
Thus, 3,. is a full-rank matrix of size (Mp) x (Mq). O

LEmMA EC.8. Define

I%:: 2§bmax(v vz)quax(zvzz) (EC21)
(¢min(2vz))2¢min(2zz)
and
1
A, = { @, — ]| < 2MgzerCy ). (EC.2.2)
Suppose )
40M vz, qZ°
CT12< A0Mmax{ybavs, 0} ) . (EC.2.3)
mln{¢min(2vz)7 ¢min(zzz)}

Then, Pr(Ar,) >1—2M(2p+5q)T 2 for all T >T;.

Proof. Tt follows from Lemma EC.7 that 0 < d)min(i]zz) < gbmax(i]zz) <ooand 0< (bmin(i]vz) <

qﬁmax(ivz) < 0o. Hence, K is a positive finite constant.
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Because in the coefficient stabilization phase a; is randomly selected for all t =1,...,T;, we may

rewrite the arm-specific 2SLS for the M arms together equivalently as the joint-2SLS using the
notations \~7T1 and ZTI. Hence,
- N -
&, —a= (VL PZn,|Vr,) VI PlZs]er,
~ e o~ o~ SN DU ~
= (V1,20,(Z8,22,) ' 21, Ve, ) V3,20, (21,70, Zh e,

~ -1 . ~
— 1 T
- (zvz’Tl Z3zz ,Tq sz T1) Evz,Tl GTl ;

zz T1

where the projection operator P maps a matrix Z to Z(Z7Z) 'ZT. Therefore,

~ -1
6, ol < [[(Been B2, B, ) - B 32

zz,Tq

|Gy | (EC.2.4)

In what follows, we analyze the two norms on the right-hand-side of (EC.2.4) separately.

Because the samples are i.i.d.,

9

E[E,.r,]=E¥.z]]=3%,. and E[X...]=E[zz]=3...
Moreover, because vz! is of size (Mp)-by-(Mgq), we know by Lemma EC.3 that
[Vzl|| </ (Mp) x (Mq)||VeZ]||max < M/pqvZ.

Likewise, ||z;z1|| < M¢z?. Hence, if we define the following events:

sz,mm {¢m1n vz T1 < ¢mm T}a
sz,max = {¢max vz T1 > ¢max E + T}?
8zz,mm = {¢m1n zz T1 < d)mm T}v

Szz,max {(Z)max( zz T1) > ¢max i] + T}?

then we can apply Corollary EC.1 to conclude that for all 7> 0,

T2T1
Pr(s'uz,min) S 2M(p + CI) EXPl 55 =5 |

8M?2pqv?z?
PE(S.-ma) < 2M(p-+ 0) o
(g2 max) < ex T S a0 _—o0-—5 |
, D q p 8M2pq,02z2
7-2T1
Pr(8.. min) < 2quXp<_8]\42qQ§4>’

Pr(8 ) <2Mgexp __ T
r zz,max) = — .
’ ¢ 81\42(]22’4
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_1
Setting 7 = ¢, '=4M max{,/pqvz, ¢z°}Cr,* leads to

<12T1 —2 C12T1 -2
exp <_8]\42pq1)_222 S T and exp —W S T =,

Moreover, by the condition (EC.2.3), we have

1 . 2
¢ =4M max{/pqvz,qz*}Cy, 5 < 10 min {quin(EvZ), ¢min(2m)} . (EC.2.5)
Therefore, upon defining the joint event Sy 1, =387, i, NS5, ax N S%, min N S%, mayxs it follows from

the Bonferroni inequality that

Pr(Sd),Tl) Z ]- - [Pr(svz,min) + Pr(svz,max) + Pr(szz,min) + Pr(szz,max)]
>1—4M(p+2q)T 2. (EC.2.6)

Note that conditional on the event 84, with 7= (;, we have

(bmm( vz Tl) >¢mln< )_Cl >07 (bmax( vz T1> <¢m'1x( >+C17

(BC.2.7)
¢m1n( zle) >¢m1n( )_Cl >07 ¢max( zle) <¢max( )+<1
This implies that
H (ivz Ty Ezlel E:Lr)z T1> 712@Z,T12zz1T1
- Qbmax << vz,T1 Ezlelzz—)z T1) - ivz,Tl Zzle1>
S ¢max( vz,Tl)Qsmax(Ejz,Tl) (E028)
(¢m1n( vz, Tl)) ¢min(2zzLT1)
S (d)max( vz)+<1)(¢max( zz) ) (EC29)
( UZ) ) (¢m1n£ zz) 11
< > < ) ¢max(u2] ) max(zvzz) (ECZlO)
9 ¢min(2 )) ¢m1n<2 )
(EC.2.11)

where (EC.2.8) follows from Lemma EC.2, (EC.2.9) from (EC.2.7), (EC.2.10) from (EC.2.5), and
(EC.2.11) from (EC.2.1). Therefore,

~ -1
1 1
S¢7T1 C { H <2’UZ Ty zzz ,Tq Elz T1) 2UZ7T1 Ezz ,T1

< n} (EC.2.12)

Note that E[Gr,] = E[z.e,] = 0. Moreover, note that Z,e, € RM is a vector of zero-mean sub-
Gaussian random variables with variance proxy z2¢%. Hence, applying Corollary EC.2 to éTl yields
that for all 7> 0,

~ T2T1
Pr(HGT1H Z 'T) S 2quxp<W>
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Thus, setting 7= (= 2Mq2§C.;1% yields
Pr(HéTl | > @) <2Mqexp(—2T,Cy') = 2Mgexp(—2log(T)) = 2M¢T>. (EC.2.13)
It follows from (EC.2.4) and (EC.2.12) that
8¢,T1 N {Héﬁ“ < <2} - {”aTl - aH < C2’u€} :‘ATl'
Hence,
Pr(Aq, ) > Pr(SMl N {||Ge, || < 42}) >1-2M(2p+5¢)T2,
where the second inequality follows from (EC.2.6) and (EC.2.13). O

EC.3. Covariance Stabilization Phase and Beyond: ¢ > T,
For any ¢, let

]I(G/f == 1)Vf ]I(a: == 1)Vt
V= : ERMP vii= : e RMP,
I(a;, = M)v, I(a; =M)v,
For any t; <t,, let
vzl+1 (V:1+1)T
\~7t1:t2 = c R(Q*H)X(Mp)’ V; 1y = c ]R(ztgftl)x(z\/fp)7
Vi, (vi,)T
Z;frl-‘,-l Rt1+1 €t1+1
Ztl:t? = < R(tZ_tl)Xq’ Rtlitz = € RtQ_tla €ty:ty = S RtQ_tla
ZIQ th €ty
1 & 1
DIN _—— V,zl = AR/ cR Mp)Xq
t1:t2 t2_tls;_1 tg—t t1:to Htq:tg
* o * o * M
zvztl ity '_t ¢ Z Vtzl—t % (th;tQ)TZtlthER( p)xq’
270 o t1+1 2

- 1 1
Ezz,tl:tg = Z Z ZT t2 —t Ztl tQZtl t2 quq

ta—t s=t1+1
1P}
~ 1 1
. § ' _ T q
Gt1:t2 = th— 1 Zs€s = t— 1t Zt1:t2€t1:t2 € R,
s=t1+1

¥ =E[viz]] cRMP*a 5 = TF[z,2]] € R,
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Note that for ¢ > Ty, the 2SLS estimator &, in Algorithm 1 satisfies

~ S S Nl
ap — = (V:ll:l:t’])[Zlet]VTl:t) Vgl;tP[ZTl:t]ﬁlet

~ ~ ~ -1 ~ ~
- <2vz,T1:t271 ELZ,TI:IS> 231),Z,T1:t§:71 GTl:t' (EC?)l)

zz,Tq:t zz,Tq:t

Moreover, recall that in Algorithm 1 we use the following estimator for the variance of noise terms:
~ _1 S~
Oy ‘= (t—Tl) QHRTlit —VTl;tatH €R+ (EC32)

In order to establish an probabilistic bound on ||a; — ||, we establish below bounds on a set of
events that characterize how accurate the estimators such as ivzm:t’ f]zz,Tl:t, and o7 are relative to
their corresponding true values.

Specifically, we fix arbitrary constants C,,n, A > 0, and define for any ¢ > T; the following events:

log(T')
t—T,

ni= 1ot <en D) (18- <0}
et ::{Hizz,h:t_zzz“gn}’ ®t :{’8?_02’SA}

In Lemmas EC.9—EC.13 below, we will establish probabilistic bounds of these events and their

various intersections.

LemMA EC.9. Define

- 2¢max(2* )¢max(2zz)
K= s . (EC.3.3)
(¢min(2;z))2gbmin(2zz)
Suppose that the constants Cy and n in the definitions of A, B, and C; satisfy
Cu > 256k, (EC.3.4)
< S mind (B2, Guin(E-) (EC.3.5)
n> 10 mln{¢min vz/)r Pmin zz } 0.

Then, for allt=T,+1,...,T,
Pr(ﬂ;ﬂ%tﬂet) S2qTﬁ2

Proof. It follows from Assumption 1 that 0 < ¢uin(2..) < Pmax(2..) <00 and 0 < dpin (22)) <
Gmax(2r,) < 00. Hence, & is a positive finite constant.

We apply an analysis that is similar to that used in the proof of Lemma EC.8. Specifically, it
follows from (EC.3.1) that for all ¢ > Ty,

-1 ~
—1
) 2]172”'1"157523zz,T1:t

|Gyt |- (EC.3.6)

zz,T1:t vz, Tyt

& — o < || (Bomi ook, Z

We analyze below the two norms on the right-hand-side of (EC.3.6) separately.
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Note that conditional on the event B, N C; with 7 < min{@min(X:,), Pmin(X.-)}, which is implied
by condition (EC.3.5), we have

quln( vz,Ty: t) > ¢m1n( vz) 77 > 0 ¢max( vz,Ty: t) < (bmax( ) +777

¢m1n( zz,Tq: t) >¢m1n< )_77>07 ¢max< zz,Tq1: t) <¢max( zz)+77'

(EC.3.7)

This implies that

T - AN
H vz,Ty: tzzz ,Tq: tzvz , Ty t) EUZ ,Tq: tzzz JTq:t

-1 < ~
T -1
¢max (( vz,Tq: tzzz ,T1: tzvz ,Tq: t) z:1)z,T1:1£z]z,z7T1:t>

quaX(Am - t>¢max(f:m ret)
(Gunin (B 110))? Genin (B, 1)
( max(E* ) + 1) (Pmax (B zz)+n)
(Dunin (Z5.) = 1)2(Grmin(B2) — 1)

G (Z) inax (Z22)
( )( ) Gonn ()P oun(Br) 310
: (EC.3.11)

IN

(EC.3.8)

IA

(EC.3.9)

IN

IN
X

where (EC.3.8) follows from Lemma EC.2, (EC.3.9) from (EC.3.7), (EC.3.10) from (EC.3.5), and
(EC.3.11) from (EC.3.3). Therefore,

~ -1 <
Btmet g {H( vz,Ty: tzzle tz-{)z,Tl:t) §3vz ,Tq: tzzz Tyt

< Fc}. (EC.3.12)

Next, note that IE[(A}TM] = [E[z,¢e,] = 0. Moreover, it is straightforward to see that z.e, € R? is
a vector of zero-mean sub-Gaussian random variables with variance proxy z%¢?. Hence, applying

Corollary EC.2 to Gy, yields that for all >0,

-~ '7'2 (t — Tl)
Thus, setting 7 = (3 = 2qz¢ log(T) yields
Pr(HéTl:tH > 43) < 2gexp(—21log(T)) = 2¢T~2. (EC.3.14)

It follows from (EC.3.6) and (EC.3.12) that
~ ~ _ ~ log(T"
(G <) B € {ld ~ ol < o) € { - ol < Cy [ TE L =
-T

where the second step follows from the assumption on C,4 in (EC.3.4) as well as the definitions of
(3 and k. Hence,

{|Gr, || €GN BiNC CANB, NE,
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and thus
{[|Gape]| > G} NBNC 2 ASNB, NE,.

It follows that
Pr(Af 1B N€) < Pr([[Gru]| > ) <2072,

where the second inequality follows from (EC.3.14). O

We now define for any ¢ > Ty the following joint events:

t t t t

Arye= () Ao Bru= [] Bs Cnu= [] Co Dnui= [] D.

s=To+1 s=To+1 s=To+1 s=To+1

LEMMA EC.10. Suppose Cr, > 6¢*z*n=2. Then, for allt=Ty+1,...,T,
Pr(C)>1-2¢T* and Pr(Cr,.)>1—2q(t—To)T >,

Proof. Note that by the definition of EZZ,TM,

S 1
]E[Ezzﬂlzt] = ﬁ Z ]E[ZSZ;] = ZZZ.
s=T1+1

In addition, ||z,z!|| < ¢z*. Hence, it follows from Lemma EC.4 that for all ¢t > Ty,

772(t—T1)>

PI‘(G;) - Pr(HEzz,Tl:t - 2)zzH > 77) S 2lep <_ 2@[224

2 2
n*(Ty —Ty) n?Cr, log(T)
S2lep<_2q2z4 =2qexp _22q2724

< 2qexp(—3log(T)) = 247,

where the last inequality holds because Cr, > 6¢*z*n~2. Therefore, Pr(C;) > 1 —2¢T~3; further, by

the Bonferroni inequality,
t

Pr(Cr) >1— Y Pr(€)>1-2(t-T)T " O

s=To+1

LEmma EC.11. Suppose

(EC.3.15)

3 6 Mpq*v2z%¢% K2 }
. 2 b 2 ’

Cgern mln{f@,ﬁ} mln{lgﬁ,ﬁ}

where Cger is the constant in Lemma EC.6 and K, = |} — 02|y, < 0o. Suppose that the constant n

in the definitions of By and C; satisfies

Cr, > max{

1 . .
/’7 S TO mln{¢n1i11(2vz)7 ¢rnin(222)}' (EC316)

Then, for allt=Ty+1,...,T,
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Proof. Denote the estimated residual by €, := R, — v] @, and define for all ¢ > T,

€T,
€1, = | =Ry — V00 = €14 + Voo — Vo oy
€
=€1y:4 — VletMletGlet’ (EC-3-17)

~ ~ ~ -1 ~
where My, ., == <ZUZ7T1:tZZ_;T1:tELZ,TI:J 34301, and the last equality follows from (EC.3.1).
Then, it follows from (EC.3.2) that

~ | N 1 ~ ~
Ut2 = ﬁ”en:tw = ﬁHelet - VletMTl:tGTl:t||2
1 ~ ~ ~ N
= T, (H€T1:t||2 —2€1, 4 V1, My, 4 Gr 0 + ||VT1:tMT1:tGT1:t||2>
1 ~ ~ ~ ~
< ﬁ (H€T1it”2 + 2||€T11t|| ||VT11tMT11tGT11t” + ||VT1ZtMT11tGT1It||2) . (E0318)
— 1

Therefore, to examine the event D§ = {|o7 — 0%| < A}, it suffices to analyze the following two events

separately: (i) ;=g [|€r,«||* is in the proximity of o, and (i) ﬁ||\~/'T1:tMT1;tCA-‘rT1;t||2 is small.

We first analyze the former. Define &, :== { < %} Note that

ﬁ”en:tH2 —o?

1

1 t
ﬁHemHQ —o’= —T, Z (€2 —0?),

s=T1+1
and E[e?] = 0. Moreover, since €, is sub-Gaussian, it follows from Lemma 2.7.6 of Vershynin (2018)

that €2 — o2 is sub-exponential. Hence, by Lemma EC.6,

A% A
Pr(&5) < 2exp<—(t—T1)CBem min{ })

4K?’ 2K,
A7 A
< 2exp<—CT2 log(T)Cgemn mln{er, 2K6}>
< 2exp(—3log(T)) = 27, (EC.3.19)

where the last inequality holds because of the condition (EC.3.15).
Now, we analyze the term ﬁHVn:tMTl:téTl:tHQ- Note that by Lemma EC.3,
1 ~ o 1 ~ 2 5
[Vl ? € —— (VMp(t — T)|| Vit lmax)” < Mpo®. (EC.3.20)
t—T, t—T,
It follows from (EC.3.11) that conditional on the event B; N C; with 7 satisfying (EC.3.16),

2

Mz, .|| = H (f:mh:tfz—l ST < R2. (EC.3.21)

zz,T1:it vz, Tt
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Note that

t—T HVTI tMT1 tGT1 t||2 < 7HVT1 tH HMTI t” HGT1 t||2

It follows from (EC 3.20) and (EC.3.21) that conditional on the event B, NC; N {||éT1:t|| < (4} with
=6 6gzs 1og(T) we have

tT’

1 ~ ~ 1 T
Ve Moy Gy < Mp G = 67 )
- 11 - 11

_ 6 M pq?u222c2R?
= Ch,

<G (EC.3.22)

where (5 == mln{ 350 } Note that the second inequality holds because ¢t — T; > T, — T; >

2764

Cr,log(T), and the last inequality because of the condition (EC.3.15). Consequently,

~ 1 ~ ~
{”GletH S <4} th ﬁ et g {”HVTl;tMTl:tGTl:tHz S CS} = fft. (E0323)
- i1
Note that conditional on the event &, NJF;, we have
~ 1
’03_02’3‘t_TIHETl:t||2_0—2 + O—t2 H"eTl:t‘|2‘

1/2
< | feral = 0% + 2 flenl - e [V M, Gy
=lioT Tyt o —T, (S —T, TtV oyt

1~ N
+ tiTHVTl:tMTl:tGTl:t”z
- 41

A A
Ao Bare, -

where the second inequality follows from (EC.3.18). Further, by the definition of (5, we have
(02+A>C5§02_N+A.A:N_
12802 2 64 64
It then follows from (EC.3.24) that [67 — | < $ + £ 4+ & < A. Hence, & NJF, C Dy, which in
conjunction with (EC.3.23) implies that

&N {||Grul| <GINB,NEC CENTF, CD,

and thus 8t N {HéTlit” S C4} th ﬂet g Bt ﬂetﬁDt Hence,

B, N C,NDEC (et A {[|Gr, e < @}) NB,NC CEU{||Gryull > i) (EC.3.25)
Note that by (EC.3.13), we have
S GE—T,) -

Combining (EC.3.19), (EC.3.25), and (EC.3.26) yields

Pr(B, N €, ND) < Pr(ES) + Pr<||(A}T1:tH > 44) <(20+2)T7% O
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LEmMmA EC.12. Define

o 2¢max(2zz)
fo = TR EC.3.27
(Guin(Z1.))° (BC5.27)
Suppose
Cr, > 1024M*p**v* 24 k* L?n 2, (EC.3.28)

2
Cr, > n_Qmax{128(M —1)*pqv*z?, 256 M* L*p*qv* 2° (CA +/0k(02+ A)) } (EC.3.29)

Suppose that the constant n in the definitions of B, and C, satisfies (EC.3.16). Then, for all
t:Tg—i—l,...,T,

Pr(BSNAr NAr.t 1N Byt 1N Cryy 1 N Dy 1) <2(Mp+q+1)T72

Proof. A subtlety in analyzing the event Bf = {||§JUZ,T1;,5 — X || >n} for t > T, is that ivz,let is
not an unbiased estimator of X* —that is, E[f]vz,h:t] # 3% . This is because X7, is defined with
respect to the (unknown) optimal policy (i.e., the optimal arm a’ is taken for all s =T; +1,...,t);
whereas ﬁvz,let is defined with respect to the actual policy that is used to generate the data. To

address the issue, we define

t
Ok 1 * M
Evz,let = t— -]:-1 Z Vt ZI € R( p)><q’

s=T1+1

and analyze separately the two components of the following decomposition:

1By = Bl < 3y = 30yl + 1350, 2, — 201 (EC.3.30)
b I

For I,, note that E[v;z]] =3}, and that, by Lemma EC.3,
[vizi = S < lvizlll + 1301l < 2/ Mpquz.

It then follows from Lemma EC.4 that for all ¢ > T,

> n (t—Ty)n*/4

P(E* L= >f)<2M _

r || vz,Ty:t vz” 2)— ( p—l—q)exp( 2(2m@2)2
n?*Cr, log(T)
32 M pqv?z?

<2(Mp+ q)exp(—2log(T)) =2(Mp+q)T?, (EC.3.31)

<2(Mp+q)exp <—

where the second inequality holds because t —T; > Ty — Ty = Cr, log(T"), and the third holds because
of the condition (EC.3.29).
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We now consider I;. Note that

- o 1 :
HZ'UZ,Tl:t - Evz,letH = ﬁ S;_l . Z;
U\ (e, = M) = T(ar = M))v,

2 ¢ vz )
< 2 S MaAa)veall < 22T ST ia,#a)), (EC.332)
18:T1+1 1 s=T1+1

where the first inequality holds because there are at most non-zero entries in the vector (I(as =
1) —I(at=1),...,I(as=M)—1(al = M))T; the last inequality follows from Lemma EC.3. We show

next that conditional on some other events,

{aszj}g{h[éja_WIJ:]/iUz}’ V82T1+1,Vj§éa:,

where §; ; = a; — a; and L is the constant defined in the margin condition of Assumption 1. We
consider two cases: (i) s=T;+1,...,Ty and (ii) s=To+1,...,T. Let gm-,s =@ — a for each s.

Case (i): s =T; + 1,...,Ty. Recall that for s =T, 4+ 1,..., T, the selected arm is a, =
argmax,_, {vI@yz, }. Hence, for any j #a, if a, = j, then Vlgj,a;h =vla;r, — VliQu 1, >0.

Thus,

0>VI8jar >VIdjar —VI0jarr, = VI[(a; —Qjr,) — (Qar — Qux 1)

> =2||villlle = o, [| = =2/pflec — au, |-

1
Further, conditional on Ay, = {||ar, — a|| < 2MqzckCy,? } defined in (EC.2.2), we have

n
VI8 ax| <2¢/p0|la —ay, || < 4quvz<mCTl < SMLpaos
where the last inequality follows from the condition (EC.3.28). Hence,
. n . *
-A'm N {as :]} - {|Vl‘sj,a2" < 8]\4[/7 W} Vs=Ti+1,...,Tq, Vj 7é as. (EC-3-33)

Case (ii): s=Ty+1,...,T. Recall that for s > T, + 1, the arm selected at time s is

G —argmax{v Q;s1+051\/20log(s—Ty)- vsﬁ” lv}
i=1,..., M

where ﬁi,sq € RP*P is the i-th diagonal p x p block of £, , € RMP*(Mp) defined as
~ e ~ 1
stl — (VTl;s_lp[Zlesfl]Vlesfl)

1 N

~ —~ —1
- 2uzT HE] 12 ! — ET — )
vz,l1:8— : Ty:s—1 .

1 Tl < )11 zz,T1:s—1v2,Ty:s
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Thus, for any j # a?, if a, = j, then

VI8 ax 51+ 0s—11/20log(s —Ty) (\/vlﬂj,s_lvs — \/Vlﬂa;75_1v5> > 0.
Since vId; .x <0, we have

T T _5.
0>vIdja: > VI(6jar —0jazs1)

Wy j

= = (EC.3.34)
— 0,1/ 20log(s —Ty) (\/vlﬂj,slvs - Vlﬂa§751v5> .
W35
For W ;, note that conditional on A,_; = {||6z5,1 —a|| <Cyuy/ %}, we have
(Wil = vil(ey — @js—1) = (0tar — Qaz s1)]| < 2[| vl [l — @ty |
log(T
<2/piC _los(T) (EC.3.35)
s—1-T,
_1
<2/pvCaCr7°. (EC.3.36)
For W, ;, note that
— — 2
(\/V;Qj,s—lvs - \/V;Qa;f,s—lvs>
S '\/Vgﬁj7slvs - \/Vgﬁa’s‘,sflvs : ‘\/Vlﬁj,slvs + Vlﬁa;sflvs
S |Vl(§j,sfl - ﬁa;‘,sfl)vs|
<VallP 192,51 = Qaz ot | S UVSIP R -1l + [0z 51 )
< 2|V |21Q-1 ]| < 29|24, (EC.3.37)

where the second to the last inequality holds because ﬁm_l is a submatrix of ﬁs_l, so the norm
of the former is upper bounded by that of the latter; see Golub and Van Loan (2013, page 72).
Further, conditional on the event B,_; N C,_; = {[|Zp. 101 — S5 <nF {1 B2emyi6m1 — Baal| <1

we have

(5= 1= Tt ]| = Gmac((s — 1 — T1) Q1)

AN AN o~ 71
_ -1 T
- gbmax((sz,Tl:sflzzz,Tl:s—lEvz,Tl:s—l) )

d)max(?zz,Tl:sfl) < d)max(zzz) + n
B (¢min(2vz7T1:s—l))2 B (¢min(21ﬁz) _77)2

< (E) (190>2 m < (EC.3.38)
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where the first inequality follows from Lemma EC.2, the third from the condition (EC.3.16), and
the last from the definition of £ in (EC.3.27). Plugging (EC.3.38) in (EC.3.37) yields

~ ~ [ 2pu2k
B,1NC1 C {\/Vlﬂj,s—lvs - \/V;Qag,s—lvs < 8—1—'1"1} (EC.3.39)

In addition, note that

D,y = {62, —0?| <A} {52, < 0?4+ A}. (EC.3.40)

Plugging (EC.3.39) and (EC.3.40) into the definition of W5 ; in (EC.3.34), we have that conditional

2p0%F
— LT

log(T)
—1-T,

on ‘Bs—l N es—l N ‘Ds—ly

Opv2k(o?+ A) (EC.3.41)

=

Opv2k(0? 4+ A)Cr,?, (EC.3.42)

where the last inequality holds because s —1 —T; > Ty — Ty = Cr, log(T).
Plugging (EC.3.36) and (EC.3.42) into (EC.3.34) yields that conditional on A;_1 NBs_1NCs_1 N
®s—1a

Ui

VIBiaz] < Wil +11Wayl <2050 (Ca VORGTF8)) O < gt

where the second inequality holds because of the condition (EC.3.29). Therefore,
-As—l N Bs—l N Gs—l N ®s—1 N {as :j}
n . *
C 0, | < — =To+1,....T .
_{‘Vséj’as‘_SML }7 Vs 2+ ) 3 7v.]7éas

V/Pquz
Consequently, combining (EC.3.33) and (EC.3.43) yields that

(EC.3.43)

ATl ﬂ.AS_l N Bs—l N Gs_l N ‘Ds—l N {Gs :j}

Vs=Ty+1,...,T,Vj#a.

|VT J, a*| = )
8ML,/
Now, let us return the task of bounding /;, which is defined in (EC.3.30). By (EC.3.32), conditional
on -ATl OATQ:t—l N BT2:t—1 N eTg:t—l N DTQ:t—17 we have
~ . 2/PI0Z 2,/ quz
szz’Tlitizvz,letH < t—T Z (as#a = Z Zgj ER)

t—T
1 s=T1+1 1 s=T1+1j#a}
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for all ¢ =Ty + 1, e ,Tj7 where éj,s ::H(‘Vl(sj’a;‘ S Wm) Hence,

Pr({HEvz Ty:t ’UZ T1: t” > - }m‘ATl m‘ATQZt*lmBTQ:t*lmeTQ:t*lﬁ®T25t71>
Ui
(t Ti ;1]; S 2 4\/]97]112)
( Z Z 5]5 - g]& ’_ 4\/»1}2 ZE[5375]>

j#ag

’t Tl s= T1+1]75a

Z > (&0 —E[E;] ’_S\FW> (EC.3.44)

s=T1+1 j#a%

(=
t—T,

where the last step holds because

7 n
. < <
D El=) Pr<v URHES SML\ﬁvz> <> SM\/pgvz — 8,/pqz’

jAaz jaz jAaz
by the margin condition in Assumption 1.

Note that {>_. ... & s:8=Ti+1,...,T} are i.i.d. bounded random variables taking values on

[0, M — 1]. Thus, they are sub-Gaussian with variance proxy M; see, e.g., Wainwright (2019,

page 24). Then, setting (s := - and applying Lemma EC.5 leads to

Sra
1 ¢ 724—2(75 7T1)
f772CT2 log(T) -
: 2exp<32(M - 1)2pq6222) <20 (EC.3.45)

for all t =Ty + 1,...,T, where the last inequality follows from the condition (EC.3.29). It then
follows from (EC.3.44) that

Pr({Hﬁvz,let - ir}z,letH Z g} m*ATl r_]-A'ngitfl N ‘BTQ:tfl N eTQﬁt*l N DT21t71>
<2T™4, Wt=T,+1,...,T. (EC.3.46)
Combining (EC.3.30), (EC.3.31), and (EC.3.46) results in
Pr({Hf}vz,Tl:t - ET,ZH > 77} mATl m~A'r2:t71 N BT2:1t71 N eTQZt*l N Dngtfl)
S Pr({ Hi’uz,let - ﬁ:Z,Tl:tH Z g} rj-flTl rW‘/Lngzt—l m BTQ:t—l ﬁ GT2:t—1 ﬂ DT2:t—1>

* n
+Pr<||2va1t Evz”>§>

<2(Mp+q)T2+2T*<2(Mp+q+1)T72

for all t=Ty+1,...,T, which concludes the proof. [
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‘We now summarize the conditions of Lemmas EC.8~-EC.12 as follows.

AssumpTION EC.1. The constants Cr, and Cr, satisfy

2

40M /Pqiz, q72

Cr, > max : ma)i{ Pavz qi ; , 1024M*p? P 24P R2 L ™2 5,
mln{¢min(2vz)7 d)min(zzz)}

3 6 M pq?v? 722 Kk?
)
. A% A . A% A
Cgern mln{ 1K) 2K, } mln{ 128027 67}

2
128(M — 1)2pqz2y~2, 256 M? L2p2qi* 2 (CA +/0k(02 + A)) 772},

Cr, > max{ , 6¢°2'n 2,

where i, K, and k are defined in (EC.2.1), (EC.3.3), and (EC.3.27), respectively; Cgern and K. are
constants defined in Lemma FEC.11, Cy > 2qZsk, and n < 1—10 min{qﬁmin(E:Z), gbmin(Ezz)}.

LEMMA EC.13. Suppose Cr, and Cr, satisfy Assumption EC.1. Then, for allt =Ty +1,...,T,

Pr(Ap,.) > 1—[6Mp+ (10M +10)g+3]T,

Pr(Br,..) >1—[6Mp+ (10M +10)g+ 3]T".

Proof. We first summarize the results from Lemmas EC.8-EC.12: for all t =Ty +1,...,T,

Pr(Ag)>1—2M(2p+5¢) T2 (EC.3.47)
Pr(ASNB,NEC,) <2¢T7 2, (EC.3.48)
Pr(C,) >1—2¢T7?, (EC.3.49)
Pr(Cryy) >1—2q(t —To)T?>1—2qT 2 (EC.3.50)
Pr(B,NC,NDS) < (2 +2)T 3, (EC.3.51)
Pr(BS N A, NAryy 1 NBryt 1N Cryt 1 N Dy 1) <2(Mp+q+1)T77 (EC.3.52)

By (EC.3.48) and (EC.3.49), we have

Pr(A;NB,) = Pr(AiNB,NC;)+Pr(A;NB,NECE)

< Pr(ASNB,NEC,) +Pr(€) <2q(T 2+ T7?) <4qT 2. (EC.3.53)
By applying (EC.3.51) for s=Ty+1,...,t, we have

Pr(Br,. NCr N DS, ,,) =Pr(Br,i N Cry N (Up, 11 DY)
t t
< ) Pr(BrunCn,nDH)< Y Pr(B,NE,NDY

s=To+1 s=To+1
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<(t—Ty)(2q+2)T > < (2 +2)T 2. (EC.3.54)
By (EC.3.47) and (EC.3.52), we have

PT(B(g ﬁAngtfl N ‘BTQ:tfl N engtfl N DTQ:tfl)
< Pr(BsNAr, NAry.i—1 NBryiy—1 N Cryto1 N Dry1) + Pr(ﬂ;l)

<2(Mp+q+1)T 2 +2M(2p+5¢)T 2 = [6Mp+ (10M +2)q + 1]T~2. (EC.3.55)

Define G; .= Ar,+ N By, for all t=Tr, +1,...,T. Let Pr(Gr,) =1 for convenience. Moreover, note

that

Pr(B;NGi—1) =Pr(B;NAr,s—1 N Bryp1)
= Pr(B{ N Aryi—1 N Bryim1 N Cryie1) + Pr(Bi N Az, 1 N By 1 NG, )
< Pr(BENAry—1 N Byt N Cry1 N Dry 1)

+Pr(BS N Ary—1 N By N Cry 1 NDS ) +Pr(CS, )
< [6Mp+ (10M +2)q+ 1T + Pr(Bryi—1 N Cryr—1 N D5, ) +2¢T >

< [6Mp+ (10M +6)q+ 3]T 2, (EC.3.56)

where the second inequality follows from (EC.3.50) and (EC.3.55), and the third from (EC.3.54).

Therefore,

Pr(§:) = Pr(Gi-1 NANB) =Pr(Gi—1) — Pr(Ge—1 N (A; UBY))
= Pr(S,_1) — Pr(G,_ NASNB,) — Pr(G,_ NBS)
Z Pr(gt_l) - Pr(ﬂ; N Bt) - Pr(gt_l N B;)

> Pr(G,_1) — [10Mp+ (10M 4 10)q + 3]T2, (EC.3.57)

where the last inequality follows from (EC.3.53) and (EC.3.56).

Note that Pr(Gr,) =1, applying (EC.3.57) iteratively, we have that for all ¢ > Ts,
Pr(G;) >1—(t —T2)[10Mp+ (10M +10)g +3]T>>1— [10Mp+ (10M + 10)g + 3|7 ".

The proof is concluded by noting that Pr(Ar,.) >Pr(G;) and Pr(Br,..) > Pr(G,). O
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EC.4. Regret Analysis for IV-Greedy

We state a more specific version of Theorem 1 as follows.

THEOREM EC.1. Let Ty = Cr, log(T) and Ty = (Cr, 4+ Cr,)log(T) for some constants Cr, and
Cy, that satisfy Assumption EC.1. Let § :== max,<;zj<u ||0: ||, where 8; ;= a; — a;. Then, under

Assumption 1, the regret of IV-Greedy satisfies that, for all T > T,

Regret(T) < [\/pvd(Cy, + Cr,) +16(M — 1) Lpg*v*2°<*k?| log(T')

+ /pUd(M —1)[12Mp + (20M + 24)q + 7).
Proof of Theorem EC.1. Note that for all s > 1,

RT — BRI =via. —viae, =Y I(a,=j)vIa.l. (EC.4.1)

JjF#a}
We first focus on the case that s =Ty +2,...,7. By applying (EC.3.34) in the online Supplemental
Material with @ =0 (which corresponds to IV-Greedy), we know that for any j # a¥, conditional on

the event {a;=j},

[Vibjaz| <[VI(8jar = 6, ar.s-1)| = [Vil(aj — @jsm1) — (Qtaz — Olag 51

<2|v,[l|a1 — ol < 2y/Fo]@ — al. (EC.4.2)

Further, recall from (EC.3.1) that

~

~ ~ 1 . ~ ~
-~ _ -1 T -1
a1 — = (21’21T153—1Ezz,lesflzvz,lesfl> 27)271'118—12 GT1:5_17

zz,T1:5—1

and from (EC.3.12) in the online Supplemental Material that

~ ~ ~ -1 <
Bs—l N es—l g {H (21)Z,T1:S—12_1 2];r;z,'fl:s—l) EUZ»Tlis—lz_ly is—1

zz,T1:s—1

It then follows from (EC.4.2) that for any j # a?,

{CLS = ]} N BS,1 N GS,1 g {|V16j,a§ S 2\/]3@’%“6%1:571 H} (EC43)
Hence, for any j # a?,

Ell(as = j)|[vId;ax

]
E[(I({as =7} NBsor NCo1)[Vidj 0z [| + E[l({as =7} N (Bso1 NCo1))| VI az ]

IN

E[(I({as =7} NBs1 N Cy 1) [Vid; ay || + BI((Bs—1 NCy 1)) |V 0z ]

< B [1([VI8).03] < 2y/p0|Giry o111 VI8, 1] + 20/B0165.05 || Pr(BE_, U €S )
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< QWEEE[HOVI(S]@& < 2\/;36;%”@“:5,1”) ||(A}T1;S,1H] +2,/pvé Pr(BS_, UES_,),

~~

U-
U, 2

where the second inequality follows from (EC.4.3), and that [v]d; .| < |[v|[[d;,az

applying (EC.4.1), we have

RT —R7)=) E[I 7)|vTé;. A+ Uy). (EC.4.4)
Jj#a} ]#a
For U,, we may apply Lemmas EC.10 and EC.13 to conclude that
Uy < Pr(BS_,) +Pr(C_,) <Pr(BS,., ;) +Pr(€_,)
<[6Mp+ (10M +10)qg+ 3|7 +2¢T > < [6Mp+ (10M + 12)q + 3]T*. (EC.4.5)

For U, ;, we have

U, —E|E 1(1vI650:1 <

Gl 1G]

|Gyt Gl

<E _2L\/1617RHCA;T1:5_1||2}, (EC.4.6)

<E Pr<|vl(5j,a; <

where the second inequality follows from the margin condition of Assumption 1,

Let p(w) denote the probability density function of ||Gr,.s—1||. Then,

E[[1Grioa 2] = / w?p(w) dw = / p(w)/ 27 dr dw
0
/ 27/ dwdT—/ QTPr(HéTIZS_1H27>dT, (EC.4.7)
0

where the third equality follows from Fubini’s theorem. We then apply (EC.3.13):
= = Y s—Ty—1 4¢°7%6?
/ o7 Pr(HGTl:S,lll > T) dr < / Agr exp (_7(32)) dr=—22% " (BEC.A4.8)
0 0

2¢2z3¢? s—Ty—1
Combining (EC.4.6), (EC.4.7), and (EC.4.8), we have that for any j # a,

oo

8L 355221
Uy, < SLVPIVECR (EC.4.9)
’ s—Ty — 1
Plugging in (EC.4.5) and (EC.4.9) into (EC.4.4), we have
N 16L 375252222 _
E[R™ — R™] < (M — 1)[ Spq;f & i N oypud[6Mp+ (10M +12)g+ 3T, (EC.4.10)
T,

Note that Z P Tz —— < fT 44 —Jog(T). Then, summing (EC.4.10) over s =T, +2,...,T yields

T

> E[R] - R]]

s=To+2
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< (M —1)[16Lpg°v°2°* &> log(T) + 2,/pvd[6Mp + (10M + 12)g + 3]]. (EC.4.11)

Moreover, for the first To 4+ 1 periods, we can simply take advantage of the fact that each reward
is bounded and Ty is of order O(log(T)). Specifically, by (EC.4.1),

To+1 To+1 To+1

ZE[R:* — ZE as?éa VT6as a* ZE ||Vs‘|||6as a*H]
s=1

< /pVd(Ty + 1) = \/pvd [(Cr, + Cr,) log(T) +1]. (EC.4.12)
Combining (EC.4.11) and (EC.4.12) completes the proof. [

EC.5. Regret Analysis for IV-UCB

We state a more specific version of Theorem 2 as follows.

THEOREM EC.2. Let T, = Cr, log(T) and Ty = (Cr, + Cr,)log(T) for some constants Cr, and
Cr, that satisfy Assumption EC.1. Let 5= maxy<;zj<m ||0; ||, where é; ; ' = a; — et;. Then, under
Assumption 1, the regret of IV-UCB satisfies that, for all T > Ty,

2 —
Regret(T) < 4Lpv*(M —1) (CA +/0k(0? + A)) (log(T))? + /pvd(Cr, + Cr,) log(T)
+ /PUS[(M —1)[24Mp + (40M + 48)q + 16] + 1].
Proof of Theorem EC.2. We first focus on the case that s =Ty +2,...,T. By applying (EC.3.34)

with 6 > 0 (which corresponds to the IV-UCB algorithm), we know that for any j # a*, conditional

on the event {as=j},

1100z $05.0r = 0jaz.5-1) |
le]
— — (EC.5.1)
+0s_1/20log(s —Ty) (\/Vlﬂj7s_1vs — \/Vlﬂa§73_1vs> .
WZ,J
Further, recall from (EC.3.35) that
log(T
(0= 0 € { Wl < 2ypnCay| 50, (EC.5.2)
s—1—T

recall also from (EC.3.41) that

1
{as=j}NB,1NC1NDy 1C{|W2J!<2 Opv2k(o? 4+ A) Ogl T} (EC.5.3)
— 471
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It follows from (EC.5.1), (EC.5.2), and (EC.5.3) that for any j # a,
{as :]} ﬁ‘As—l N Bs—l N es—l N Ds—l

.| log(T)
C T(S'a* < ::}C'S)
_{|V5 jaz| SR s—1-T, Js

(EC.5.4)

where K= 2,/pv (C’A + /(0% + A)) By the margin condition in Assumption 1,
log(T
Pr(H, ) < Lity | _los(T) (EC.5.5)
' s—1—-T,

E[l{as = 5)[vId;.asl] (EC.5.6)

Hence,

= E[(H({as = ]} ﬂ.AS,1 N ‘Bs,1 M 6571 N Dsfl)’Vl(sj’a; H
—O—E[H({as = ]} N (‘As,1 N 35,1 N 6371 N DS,1>C)|V;(SJ'1G§ H

<E[(I(H;,5)|vI8jar ] + 2¢/P0S Pr((As—1 N Bs_1 N Cyy N D)), (EC.5.7)

where the inequality follows from (EC.5.4).
For the first term on the right-hand-side of (EC.5.7), we have

. | log(T) Li?log(T)
< . . < =2 7 LO.
| <& s—1-T, Pr(3;,) < s—1-T, (EC.5.8)

where the two inequalities follow from (EC.5.4) and (EC.5.5), respectively.

E[(I(F),s)[VI;.ax

For the second term on the right-hand-side of (EC.5.7), we let J,_;:==A, 1 NB,_ 1 NC,_; and

note that
(js—l N ®s—l)c = 52—1 U ®;—1
=73,V [(‘szl NI_)U (DN f]s—l)}
= 5271 U (3271 N js—l)
CAS JUBS UG UMD NB,_1NCy_q).
Thus,

PI"((.AS_l N Bs—l N 83_1 N Ds_l)c)
< Pr(AS_)) +Pr(BS_,) +Pr(€_,) +Pr(DS_;NB,_1NE,_)

< [6Mp+ (10M +10)g + 3]~ + [6Mp+ (10M +10)g + 3)) T
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+2¢T° + (2q+2)T7°

<[12Mp+ (20M +24)q+ 8T, (EC.5.9)

where the second inequality follows from Lemmas EC.10, EC.11, and EC.13.
Plugging (EC.5.8) and (EC.5.9) into (EC.5.7) and applying (EC.4.1), we have

E[R - RY]=> E[l(a,=j)|vI6; .

]

i#as
Li*log(T =
<(M—1) <”1°g(T) +2/pUd[12Mp + (20M + 24)q + 8]T‘1> . (EC.5.10)
s—1-Ty
Note that ZZ:T2+2 T < 1T 4 —log(T'). Then, summing (EC.5.10) over s =Ty +2,...,T, we

have

S ERT - R <(M-1) [Liéz(log(T))Z +2/pod[12Mp + (20M + 24)q + 8]} .

s=To+2
The regret for the first T, + 1 periods is calculated in (EC.4.12). Hence, the proof is completed
by plugging the definition of ¥ into the above inequality. [

EC.6. Proofs for Statistical Inference

We state a more specific version of Theorem 3 as follows.

THEOREM EC.3. Let T, = Cr, log(T) and Ty = (Cr, + Cr,)log(T) for some constants Cr, and
Cr, that satisfy Assumption EC.1. Then, under Assumption 1, the estimator o of Algorithm 1

satisfies

VT =Ty (67 — @) w/\/’(O,UQ(Ezzﬁzzl(E:Z)T)_l), (EC.6.1)
as T — oo, where 3 =E[v;z]| and 3, =E|[z,z]].

Proof of Theorem EC.3. By (EC.3.1), for all T'> Ty,

A~

N N -1 . ~
~ _ -1 T -1
ar — Q= (Evz,TuTEzz,TyTEvz,h:T) Evz’leTzzzaTliTGleT'

It follows from the definition of éleT and the central limit theorem that as T — oo,

. 1 T
VI =T,Gr 0 = —— Z z,6,~N(0,0°%..).

T-T s=T1+1

By Lemmas EC.10 and EC.13, for arbitrarily small 7 > 0, for T" large enough (dependent on 7),

we have that:

Pr(|Sem = Zol £7) > 1= [6Mp+ (10M +10)q+ 3T,
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Pr(ISenr = Beal £7) 21— 20T,
Therefore, as T — oo,
Sorr— %5 —,0 and ... — .. —,0.
It then follows from the continuous mapping theorem that, as T — oo,
VT =Ti(Gr — @) ~ (S5, 52(S5.)7) 2030 N(0,0°5..)
Lo Em) ). o
Proof of Corollary 1. By Lemmas EC.10 and EC.13, for arbitrarily small 7 > 0, for T large

enough (dependent on 7), we have that:

Pr<||§vz,T1:T 3 < 7') >1—[6Mp+ (10M +10)g +3]T~",

Pr(|Seemir = Bea < 7) 2 1-2477%
Therefore, as T — oo,

Sonr -3, —,0 and ..., —3%.. —,0.
It implies that
O = (B aBilnaSen)’) =, 2
Similarly, by Lemma EC.11, for arbitrarily small n and large enough 7' (dependent on 1), we

have that
Pr(BrNCrNDS) < (2¢+2)T75.

By Lemma EC.10 and Lemma EC.13, we know that for T' large enough,
Pr(BrNCyr)>1—Pr(B%) —Pr(C%)
>1—[6Mp+ (10M +10)q + 3]T " —2¢T 2.
Therefore,
Pr(D%) = Pr(BrNCrNDS) + Pr((BrNCr) N D)
<(2¢+2)T?+[6Mp+ (10M +10)q + 3|7~ —2qT 3.
Hence, Pr(D;) — 1 as T'— oo. Since 7 can be arbitrarily small, it implies that 6% —, 0. Combining
all the above, we have that
520 —, 02,
By Theorem 3, we have that /7 — 11 (Gir — &) ~» N(0,0%Q*) as T — co. Since 628 is a consistent

estimator of 022, the statements in Corollary 1 hold. [
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