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Abstract

We consider collective decisions under uncertainty, in which different agents
may have not only different beliefs, but also different ambiguity attitudes —in
particular, they may or may not be subjective expected utility maximizers. We
assume that the space of possible states of nature is a Polish space. We con-
sider sequences of acts which are “almost-objectively uncertain” in the sense
that asymptotically, all agents almost-agree about the probabilities of the un-
derlying events. We impose a weak ex ante Pareto axiom which applies only to
asymptotic preferences along such almost-objective sequences. We show that
this axiom implies that the social welfare function is utilitarian (i.e. a weighted
sum of individual utility functions). But it does not impose any relationship
between individual and collective beliefs, or between individual and collective

ambiguity attitudes.

Keywords. Bayesian social aggregation; almost-objective uncertainty; gener-
alized Hurwicz; second-order subjective expected utility; utilitarian.

JEL class: D70; D81.

*We are grateful to Eric Danan, Nicolas Gravel and Bill Zwicker for their helpful comments. This

research supported by Labex MME-DIT (ANR11-LBX-0023-01) and CHOp (ANR-17-CE26-0003).
fCY Cergy Paris Université, CNRS, THEMA, F-95000 Cergy, France, email: marcus-pivato@

cyu.fr and elise-flore.tchouante-ngamo@cyu.fr


marcus-pivato@cyu.fr
marcus-pivato@cyu.fr
elise-flore.tchouante-ngamo@cyu.fr

2 Bayesian social aggregation with almost-objective uncertainty  January 2, 2022

1 Introduction

From a democratic point of view, collective decisions should be made by aggregating
the preferences or opinions of the affected individuals. But almost all nontrivial de-
cisions involve uncertainty. Normative decision theory considers the question of how
rational agents should cope with such uncertainty. Bayesian social aggregation com-
bines these two ingredients: it aims for collective decisions that are both rational and
democratic. The foundational result is Harsanyi’s (1955) Social Aggregation Theo-
rem. Harsanyi considered a society in which all agents are von Neumann-Morgenstern
(VNM) expected utility maximizers. He showed that if the vINM preferences of the
social planner satisfy an ex ante Pareto axiom relative to the vINM preferences of the
individuals, then the social welfare function —that is, the vINM utility function of the
social planner —must be a weighted average of the individual vNM utility functions.
Harsanyi interpreted this as a strong argument for utilitarianism.

Harsanyi’s result is highly influential in social choice theory, but its dependence
on the vNM framework curtails its applicability. The vNM framework assumes that
all risks can be quantified with known, objective probabilities. But in many complex
decision problems (e.g. macroeconomics, climate change, pandemics), it is not clear
how to assign precise probabilities to the relevant contingencies. Indeed, when con-
sidering sui generis events in the future (e.g. hypothetical wars or financial crises in
2060), it is not clear that “objective” probabilities even exist. This led Savage (1954)
to propose an approach to decision-making based on the maximization of subjective
expected utility (SEU) —that is, expected utility computed using the agent’s own
“subjective” probabilistic beliefs.

A central tenet of the Savagean framework is that different rational agents may
reasonably hold different subjective beliefs. But Mongin (1995) showed that Harsanyi’s
theorem breaks down in settings with heterogeneous beliefs. Mongin (1997) diag-
nosed the root of the problem in something he called spurious unanimaity: different

agents might have different utility functions and different beliefs, but these beliefs



Bayesian social aggregation with almost-objective uncertainty  January 2, 2022 3

might “cancel out” to yield a unanimous ex ante preferences amongst the individ-
uals for one act over another, thereby entailing (via the ex ante Pareto axiom) a
corresponding ex ante social preference.

This suggests that to avoid Mongin’s impossibility theorem, one should weaken
the ex ante Pareto axiom to avoid cases of spurious unanimity. This strategy was
realized in a landmark paper by Gilboa et al. (2004), who proposed a “restricted”
ex ante Pareto axiom that only applied to acts for which all agents have the same
probabilistic beliefs about the underlying events. Gilboa et al. showed that this
restricted Pareto axiom has two consequences: (1) the social welfare function (SWF)
must be a weighted sum of individual utility functions, and (2) the social beliefs must
be a weighted average of individual beliefs.!

One objection to Gilboa et al.’s result is that it is not always appropriate to
construct social beliefs as an arithmetic average of individual beliefs. For example,
this way of aggregating beliefs does not interact well with Bayesian updating. In
response, Dietrich (2021) has recently obtained a result similar to that of Gilboa
et al. (2004), in which social beliefs are a weighted geometric average of individual
beliefs. This ensures compatibility with Bayesian updating. But it does not address a
broader issue. Different belief-aggregation rules are suitable in different contexts, and
the criteria that determine the appropriate belief-aggregation rule are not necessarily
the criteria that determine the correct social welfare function. The specification of
collective beliefs is an epistemic problem, whereas the specification of the SWF is an
ethical problem; there is no reason that these two problems should be solved by the
same theorem, or even using the same data.? For this reason, Mongin and Pivato
(2020) and Pivato (2022) have recently introduced weak Pareto axioms which entail

a utilitarian SWF, but which do not impose any constraints on collective beliefs.

!See §7 for a more detailed discussion of Gilboa et al. (2004). Recently, Brandl (2021) has
obtained a similar result, but in his case, the SWF is relative utilitarian: it is a sum of the utility

functions of individuals rescaled to range from 0 to 1. See also Billot and Qu (2021).
2See §4.7 of Pivato (2022) for further elaboration of these points.
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They thus concentrate on the ethical problem, leaving the epistemic problem to be

solved later by other methods. The present paper will take a similar approach.

All the results mentioned so far are vulnerable to another objection: they as-
sume that all agents are expected utility maximizers. But in ambiguous decision
environments, this might be inappropriate; it might be difficult to specify any single
probability measure over contingencies as an adequate description of the uncertainty
faced by an agent. This objection is both normative and descriptive. At a descrip-
tive level, many agents might simply be unable to condense their uncertainty into a
single probability measure. At a normative level, it is perhaps not even rational for
an agent to resort to such a probabilistic description. These concerns have inspired
a variety of non-SEU models of decision making. Typically such models represent
an agent’s beliefs not with a single probability measure but with an ensemble of
probability measures, and in addition to her utility function, they often involve other
parameters or mathematical structures that play a role in her decision process. For
succinctness, we shall describe this entire package (i.e. a non-SEU decision model

and its associated parameters and structures) as the agent’s ambiguity attitude.

This raises the question of whether non-SEU ambiguity attitudes can be incor-
porated into collective decisions. But just as different agents can reasonably hold
different probabilistic beliefs, different agents can reasonably adopt different am-
biguity attitudes. Such heterogeneity leads once again to impossibility theorems
(Chambers and Hayashi, 2006; Gajdos et al., 2008; Mongin and Pivato, 2015; Zuber,
2016). In general, to satisfy the ex ante Pareto axiom, all agents must not only
have the same beliefs, but the same ambiguity attitudes —indeed, they must be SEU
maximizers. Once again, to escape this undesirable conclusion, one must weaken the
ex ante Pareto axiom; this strategy has been explored in a series of elegant papers
by Alon and Gayer (2016), Danan et al. (2016), Qu (2017) and Hayashi and Lom-
bardi (2019).% Like the foundational result of Gilboa et al. (2004), these more recent

3See Mongin and Pivato (2016) or Fleurbaey (2018) for reviews of this literature.
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papers axiomatically characterize not only a SWF, but a procedure for aggregating
individual beliefs into a collective belief. As already noted, non-SEU models generally
represent agents’ beliefs by ensembles of probability measures, so these procedures
aggregate these ensembles. Thus, they are vulnerable to the same objections earlier
raised against Gilboa et al. (2004) and Dietrich (2021): different belief-aggregation
rules are appropriate in different environments, and in any case, collective beliefs
should not necessarily be determined at the same time as the social welfare function.
Furthermore, these theorems generally impose a particular ambiguity attitude on

society (either in their hypotheses or in their conclusions).

Aside from heterogeneity of beliefs, another problem confronts the SEU framework
adopted by Mongin (1995) and Gilboa et al. (2004): that of state-dependent utility.
In certain situations, it may be perfectly reasonable for an agent’s utility function
to depend upon what state of nature is realized.* This creates two problems for
Bayesian social aggregation. First, it makes it unclear how to impute probabilistic
beliefs to the individual based on her ex ante preferences, as noted by Schervish et al.
(1990) and Karni (1996), among others (see Baccelli (2017) for an excellent recent
discussion of this problem). Second, in the specification of the SWF, it raises the
question of which utility function we should impute to each individual. For these
reasons (among others) Duffie (2014) and Sprumont (2018, 2019) have rejected the
approach pioneered by Gilboa et al. (2004) of weakening ex ante Pareto so as to
separately aggregate beliefs and utilities. Instead Sprumont (2018, 2019) uses the
full-strength ex ante Pareto axiom to characterize two approaches to Bayesian social
aggregation based entirely the aggregation of individuals’ ex ante preferences. The
cost of these purely ex ante approaches is a loss of collective rationality: social

decisions are no longer consistent with SEU maximization.’

4See e.g. Section 2.8 and Appendix 2A of Dréze (1987).
°See also Ceron and Vergopoulos (2019) for an interesting hybrid of ex ante and ex post ap-

proaches.
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The present paper develops an approach to collective decision-making under un-
certainty that is compatible with both heterogeneity of beliefs and heterogeneity of
ambiguity attitudes, and even compatible with certain forms of state-dependent util-
ity. We exploit the concept of almost-objective uncertainty (due to Machina 2004,
2005) to formulate a weak Pareto axiom. We will show that this axiom is both neces-
sary and sufficient for the social welfare function to be a weighted sum of individual
utility functions. But it does not impose any relationship between individual and
collective beliefs, or between individual and collective ambiguity attitudes. We see
this as an advantage. Just as the specification of collective beliefs is an epistemic
problem, the specification of collective ambiguity attitudes is a problem of prudential
rationality. We feel that it is better to entirely separate these two problems from the
ethical problem of specifying the SWF. We therefore focus exclusively on this last

problem.

We will assume that the space of states of nature is a complete metric space (or
more generally, a Polish space). This assumption is well-adapted to many practical
decision problems, in which states of nature are vectors of real values ranging over
some closed subset of a Euclidean space (or more generally, a Banach space). For
example, in a financial decision problem, the state of nature would be a vector of
prices. In social decisions related to climate change, the state of nature would be a
vector of temperature, rainfall, insolation, and other meteorological and agronomic

data.

The rest of this paper is organized as follows. Section 2 introduces the three classes
of preferences we will consider in this paper: subjective expected utility (SEU), gener-
alized Hurwicz (GH), and second order subjective expected utility (SOSEU). Section
3 introduces almost-objective uncertainty, and provides a versatile existence theorem
for almost-objective uncertainty in Polish spaces (Proposition 1). Section 4 turns
to Bayesian social aggregation, and contains our main results, which say that if all

agents have SEU, GH, or SOSEU preferences and the social planner satisfies a weak
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Pareto axiom defined in terms of almost-objective uncertainty, then the social wel-
fare function must be utilitarian (Theorems 1 and 2). These can be seen as analogies
of Harsanyi’s Social Aggregation Theorem that are robust against heterogeneity of
subjective beliefs and ambiguity attitudes, as long as all agents’ preferences belong
to one of the three aforementioned classes.

Section 5 contains three results which are needed to prove the results of Section
4, but are also of independent interest; they describe the asymptotic behaviour of
SEU, GH, or SOSEU representations in a situation of almost-objective uncertainty
(Propositions 2, 3, and 4). Finally, Section 6 extends some results from Sections 4
and 5 to a setting where agents have state-dependent utility functions. All proofs

are in the Appendices.

2 Models of decision-making under uncertainty

Let S and X be measurable spaces —i.e. sets equipped with sigma-algebras.® We
shall refer to S as the state space and X" as the outcome space. An act is a measurable
function o : S—> X that takes only finitely many values. Let A be the set of all acts.
Let > be a preference order on A. In the Savage model of uncertainty, X is a
set of “outcomes”, while § is a set of possible “states of nature”; the true state is
unknown. The order > describes an agent’s ex ante preferences. A representation of

> is a function V : A—R such that

for all a, 8 € A, <a > B) = (V(a) > V(ﬁ)) : (1)

In particular, a subjective expected utility (SEU) representation for > consists of a

probability measure” p on S and a bounded measurable function u : X —R yielding

SFor simplicity, we shall not make these sigma-algebras explicit in our notation. A set will never

be equipped with more than one sigma-algebra in this paper.
7All measures in this paper are countably additive, unless otherwise specified.
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a representation (1) in which
Vi) = J uoadp, for all a € A. (2)
s

Here, p is interpreted as the agent’s subjective beliefs about the unknown state of
nature, while u describes the utility she would obtain from each outcome. But as
noted in Section 1, in situations of ambiguity, it might be inappropriate to represent
an agent’s beliefs as a single probability measure over §. This has led to classes of
preferences that use an ensemble of probability measures. In this paper, we shall

consider two such classes.

Generalized Hurwicz representations. A representation V is generalized Hur-
wicz (GH) if there is a convex set P of probability measures over S and a bounded

measurable utility function u : X—1R, such that

forallae A, V(a) < V(o) < V(a), (3)
where V(a) := inf f uoadp and V(a) := supf uoa dp.
PEP Js peP JS

The idea here is that the agent is not only unsure of the true state of nature, but
also unsure about the correct probability distribution to put on §; the set P contains
all probabilities that she considers possible. The GH representation (3) encompasses
a very broad class of preferences. It reduces to the SEU representation (2) if P
is a singleton. It obviously includes the class of mazimin SEU (or multiple priors)
preferences characterized by Gilboa and Schmeidler (1989) (for which V(a) = V(«a),
for all « € A), and also the classical Hurwicz (or a-mazimin) preferences introduced
by Hurwicz (1951) and recently characterized by Hartmann (2021) (for which V(a) =
qV(a)+ (1 —¢q)V(a), for all a € A, for some constant q € [0, 1]).

In a setting where X' is convex subset of a vector space (e.g. a simplex of prob-
ability measures), Cerreia-Vioglio et al. (2011) have introduced a class of monotone,

Bernoullian, Archimedean (MBA) preferences, eponymously characterized by three

mild axioms. In addition to SEU, maximin SEU, and Hurwicz preferences, the MBA
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class includes the Choquet expected utility preferences of Schmeidler (1989) the vari-
ational preferences of Maccheroni et al. (2006), and the SOSEU preferences that we
discuss later in this section. Cerreia-Vioglio et al. (Proposition 4) show that any
MBA preference admits a GH representation like (3), generalizing an earlier result
of Ghirardato et al. (2004). Meanwhile, Danan et al. (2016, Proposition 2) consider
an incomplete preference order over acts admitting a representation in the style of
Bewley (2002), and show that any transitive, Archimedean completion of such a pref-
erence order has a GH representation.® But in the GH representations in these two
papers, elements of P are finitely additive measures. Also, we will later assume that
S is a metric space, whereas Cerreia-Vioglio et al. allow S to be any measurable
space, while Danan et al. assume S to be finite. On the other hand, both of these
earlier papers require X to be a convex set, whereas we allow X to be any measurable
space. Thus, our framework does not exactly overlap with theirs. Nevertheless, their
result suggests that the class of preferences admitting GH representations like (3) is
quite extensive.’
Let M(S) be the vector space of all signed measures on S. This becomes a
Banach space when equipped with the total variation norm
N
lulle = sup [ Ml - (4)
1

Hyeons HNES
1 N k

disjoint Borel V=
We will say that a GH representation (3) is compact if the set P is compact in this

norm.

SOSEU representations. Let P be a collection of probability measures on S,
equipped with the weak™® topology. Then P itself is a measurable space when endowed
with the Borel sigma algebra induced by this topology. Let v : X—IR be a bounded

measurable function, let u be a Borel probability measure on P, and let ¢ : R—R

8Danan et al. (2016) refer to GH representations as variable caution rules.
9In related work, Herzberg (2013) and Zuber (2016) have obtained impossibility theorems for

the social aggregation of MBA preferences.
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be a concave, increasing function. A second order subjective expected utility (SOSEU)

representation is a representation of type (1) where

Vie) - L¢ (Lua dp) dulp],  forallae A (5)

SOSEU representations have been axiomatically characterized by Klibanoff et al.
(2005); see also Nau (2006), Seo (2009) and Ergin and Gul (2009). Like the GH
representation (3), the SOSEU representation (5) describes an agent who is unsure
about the correct probability distribution p to put on S; the “second order probability
distribution” p encodes her beliefs about p. Meanwhile, ¢ encodes her attitudes
towards ambiguity; in particular, the concavity of ¢ determines ambiguity aversion.
If ¢ is linear, then (5) reduces to the SEU representation (2), with p := {, p" du[p'].
Likewise, if P is a singleton, then (5) reduces to an SEU representation (2) (modulo

the transformation ¢, which does not change the agent’s preferences in the SEU case).

The goal of this paper is not to axiomatically characterize representations like
(3) or (5). Rather, we shall simply assume that the agents’ preference have such
representations; given the literature already cited, this seems to be a reasonable
assumption. In our main results, we assume that each agent has a preference over
A with either a compact GH representation (3), or a SOSEU representation (5),
and from this, we derive a utilitarian representation for the ex post social welfare
function. Importantly, different agents might have different representations, with
different choices of P, g, u and/or ¢. Thus, our framework allows great diversity in

the beliefs and ambiguity attitudes of the agents.'°

Contiguous representations. A given preference order on A may admit many
different representations satisfying statement (1). For example, an SEU represen-

tation of type (2) is only unique up to positive affine transformations of the util-

10As already noted, any preference with a SOSEU representation also has a GH representation.
But it might not have a compact GH representation. This is why we provide a separate result for

general SOSEU representations.
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ity function uw. The other representations described above have similarly qualified
uniqueness properties. Thus, it is generally advisable to formulate axioms in terms
of the preference order itself, rather than in terms of a particular representation.
Nevertheless, our key axiom will be formulated in terms of representations. We shall
now introduce a weak condition which guarantees that this axiom is independent of
the choice of representation.

We shall say that a representation V' of a preference order > is contiguous if its
image V(A) is an interval in R. All of the representations introduced above are
contiguous, under mild hypotheses. For example, if X is a connected topological
space, and u : X—R is continuous, then any representation of the form (2), (3)
or (5) with u as its utility function is contiguous.!* We shall use the following fact,

which is proved at the end of Appendix C.

If Vi and V5 are contiguous representations of the same preference order,
then there is a continuous, strictly increasing function ¢ : R—R such that (6)

Vo =¢oVi.
3 Almost-objective uncertainty

A measurable partition of S is a countable collection & = {G,}_, (where N € Nu{ow})

N
of disjoint measurable subsets such that S = |_| Gn. For any K e N, let AX := {q =

n=1

(q1,---,qK) € RE; Zszl qr = 1}, the set of K-dimensional probability vectors.

Let R be a collection of probability measures on S. Let K € N and let q € AX.
For all n € N, let 8" := {G}',...,G%} be a K-element measurable partition of S.
We shall say that the sequence of partitions (&™)°_; is R-almost-objectively uncertain

and subordinate to q if, for all p € R, we have

lim p(G)) = @, forall ke [1...K]. (7)

n—0o0

1To see this, let o range over all constant-valued acts, to deduce that V(A) = u(X) or V(A) =
pou(X).
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For example, suppose S = [0, 1], and let R be the set of all probability measures that
are absolutely continuous with respect to the Lebesgue measure and whose density
functions are continuous. Suppose q = (0.1,0.2,0.3,0.4). For any number s € [0, 1]
and n € N, let s(,) be the nth digit in the decimal expansion of s.'* For all n € N, let
&" = {G},Gy,Gy, Gy}, where G := {s € [0,1]; sm) = 0}, G := {s € [0,1]; s(n) €
{1,2}} GF :={s€[0,1]; sm) € {3,4,5}}, and G} := {s € [0,1]; 50,y € {6,7,8,9}}. It
is easily verified that (&™), is R-almost-objectively uncertain and subordinate to
q.

Almost-objective uncertainty was first introduced by Poincaré (1912) to explain
why it is reasonable to hold particular epistemic probabilities regarding a physical
randomization device such as a roulette wheel, even if we do not have an exact
understanding of how this apparent randomness is generated. Its first application to
decision-making under ambiguity was due to Machina (2004, 2005), who also coined

the term “almost-objective uncertainty”. We shall apply it to the social aggregation

of preferences under ambiguity.

Poincaré and Machina considered almost-objective uncertainty on the unit inter-
val [0,1], as in the above example. The first result of this paper will generalize this
concept to a much broader collection of state spaces and probability measures. First
we need some terminology. Recall that M(S) is the Banach space of signed mea-
sures on &, with the total variation norm (4). A closed subspace of M(S) is a linear
subspace N' € M(S) that is closed in the norm topology. If H = M(S), then H
spans N if N is the norm-closure of the vector space of all finite linear combinations
of elements of H. In this case, N is separable if H is countable.!> We shall say that

N is nonatomic if all elements of A/ are nonatomic. If A is spanned by H, then

12There is a countable subset of elements of [0, 1] whose decimal expansions are not unique, for
whom s, is not well-defined. But this set has Lebesgue measure zero, so it is irrelevant to this

construction.

13This is equivalent to the topological definition of separability, i.e. that A has a countable dense

subset.
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this is equivalent to stipulating that all elements of H are nonatomic. We define
(N :={pue M(S); pis absolutely continuous with respect to some v € N/, and the
Radon-Nikodym derivative S is bounded}.*

Let R be some collection of probability measures on §. We shall say that R is
tame if there is a nonatomic, separable, closed linear subspace N' < M(S) such that
R < (N). For example, N itself is tame. For another example, let S = [0, 1] and let
R be the set of all probability measures on R that are absolutely continuous with
respect to Lebesgue, with density functions in £*[0,1]; then R is tame.

Our first result guarantees the existence of a rich family of almost-objectively
uncertain partition sequences, for any tame family of probability measures. In this
result, and the other main results of this paper, we assume that S is a Polish space
—that is, a topological space homeomorphic to a complete, separable metric space

—and we endow S with the Borel sigma-algebra.

Proposition 1 Let S be a Polish space, and let R be a tame set of probability mea-
sures on S. For any K € N and q € AX, there is an R-almost-objectively uncertain

sequence of partitions (B")*_, subordinate to q.

4 Main results

As noted in Section 1, a central problem in Bayesian social aggregation is that differ-
ent agents might have different probabilistic beliefs and different attitudes towards

ambiguity. We shall now use almost-objective uncertainty to obviate these problems.

Almost-objective acts. Let R be a collection of probability measures on S. Let
a = (a™)*_; be a sequence of acts. We shall say that a is an R-almost-objective act

if there is a K-tuple of outcomes x € XX, and an R-almost-objectively uncertain

(N is a vector space, though not closed in the norm topology. But these facts are not relevant

here.
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sequence of K-cell partitions G = (&™), with &" := {G}',...,G}} for all n € N,
such that for all n € N and k € [1... K] we have a"(s) = xy for all s € G'. If G is
subordinate to the probability vector q € A¥, then we shall say that o is subordinate
to (q,x).

Let 3 = (5™);°_; be another almost-objective act. We shall say that o and 3 are

compatible if 5" is also measurable with respect to &™ for all n € N.

Very weak dominance. For any a € A, let a(S) € X denote its image. For any
x € X, let k, : S—X be the constant z-valued act. A preference order > on A
satisfies Very Weak Dominance if, for any o € A, there exist z,y € «(S) such that
Ky < a < k. This is implied by the Statewise Dominance axiom (because a(S)
is finite), so it is satisfied by any reasonable preference order. In particular, it is

satisfied by any preference with a GH or SOSEU representation.

Asymptotic preferences. Let > be a preference order on A. Let a and 3 be two
almost-objective acts. We shall say that > asymptotically prefers o to 3, and write
a >% 3, if there exists some contiguous representation V' for >, some N € N and
some € > 0 such that V(a") > V(") + € for all n > N. In particular, this implies
that o™ > " for all n > N, but it is a stronger requirement, because it incorporates
an e-sized “margin of error” in the superiority of ac over 8. Although this definition
invokes a particular representation V', it is independent of this representation, as

follows:

Suppose > satisfies Very Weak Dominance. If Vi and V5 are con-
tiguous representations for >, and there exist N € N and ¢, > 0
such that Vi(a™) > Vi(B™) + €1 for all n = N, then there exists
€2 > 0 such that Va(a™) > Va(B") + €2 for alln = N.

Thus, if a >%* 3 with respect to some contiguous representation of >, then a >* 3

with respect to all contiguous representations of >.
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Almost-objective Pareto. Let Z be a set of individuals. Let o be another agent,
representing a social planner or social observer. Let J = Z 1 {o}. For all j € J, let
>, be a preference order on A, with contiguous representation V; : 4A—R. We shall

require >, to satisfy the following axiom, relative to {>;};cz and R:

Almost-objective Pareto. If a« and 3 are compatible R-almost-objective acts, and

a > B for all i e Z, then o «° B.

This axiom does not require a >3’ 3; it simply requires the social planner not to form
the opposite asymptotic preference to that of the individuals. The axiom is vacuous
unless R-almost-objective acts exist. In our setting, existence will be ensured by

Proposition 1.

Ex post Pareto. An act « is riskless if it is a constant function. Let us say that >,

satisfies the Ex post Pareto axiom with respect to {>'},c7 if, for any riskless «, 3 € A,

o If o >' B forallieZ, then a >, .

e If in addition, o >* 3 for some i € Z, then a >, f3.

Minimal agreement and independent prospects. Suppose that each of the
preference orders {>,},es has either a GH representation (3) or a SOSEU represen-
tation (5), with an associated utility function u; : XY—R. (In particular, some of
{>,}jes may have SEU representations like (2).) We shall say that the utility func-
tions {u; }.r satisfy Minimal Agreement if there exist probability measures p; and po
on X such that §, u; duy > §, u; dps for all i € Z. In other words, there exist two
“objective lotteries” over outcomes, for which all individuals have the same strict
preference. We shall say that the collection {u;};cr satisfies Independent Prospects
if, for all j € J, there exist outcomes z,y € X such that u;(z) > wu;(y) whereas
wi(z) = w;(y) for all i € Z\{j}. Versions of these conditions are widespread in the
literature on Bayesian social aggregation; see e.g. Mongin (1995, 1998), Alon and

Gayer (2016), or Danan et al. (2016).
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Utilitarianism and weak utilitarianism. Recall that u, is the ex post utility
function associated to the social preference order >,. We shall say that w, is weakly
utilitarian if there exist constants ¢; > 0 for all 7 € Z and b € R such that

U, = b+20iui. (9)

i€T

Here, it is possible that ¢; = 0 for some 7 € Z; thus, the preferences of some individuals
might be ignored. If ¢; > 0 for all ¢ € Z, then we say that u, is utilitarian. Suppose
{u;}ier satisfy Independent Prospects. Then as shown in Appendix C, u, is utilitarian
if and only if it is weakly utilitarian and > satisfies Ex post Pareto with respect to
{>"}iez. So our main focus will be on establishing weak utilitarianism. We now come

to our main results.

Theorem 1 Let S be a Polish space. Let R be a tame set of probability measures on
S. Forallje J, let =; be a preference order on A admitting an SEU representation
(2) with p; € R. Assume that {u;}iez satisfy Minimal Agreement. Then >, satisfies

Almost-objective Pareto if and only if u, is weakly utilitarian.
In fact, Theorem 1 is a special case of the following result.

Theorem 2 Let S be a Polish space. Let R be a tame set of probability measures

on S. Forall je J, let =; be a preference order on A, such that either
e >, has a compact GH representation (3) with P; < R; or
e >, has a SOSEU representation (5) with P; < R.

Assume that {u;}ier satisfy Minimal Agreement. Then >, satisfies Almost-objective

Pareto if and only if u, is weakly utilitarian.

5 Asymptotically objective expected utility

The proofs of Theorems 1 and 2 use the fact that the representations introduced

in Section 2 take specific asymptotic values on almost-objective acts, as we now
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explain. Throughout this section, let R be a collection of probability measures on S.
Let K € N, let g € AX let x € XX and let a = (a™)®_, be an R-almost-objective

act subordinate to (q,x). Theorem 1 can be proved using the following result.

Proposition 2 For any p € R, and any measurable u : X —R,

K
lim | uoa™dp = quu(xk)
n—aoo

§ k=1

Proposition 2 is a special case of the next two results, which are used to prove

Theorem 2.

Proposition 3 Let V' be a compact GH representation (3) with P < R. Then

n—ao0

lim V(a") = ) geules). (10)
k=1

Proposition 4 Let V be a SOSEU representation (5) with P < R. Then

n—0o0

lim V(") = ¢ (Z qku(:ck)> . (11)

6 Extension to state-dependent utilities

As noted in Section 1, Bayesian social aggregation may encounter difficulties when
individuals have state-dependent utilities.!® The simplest version of state-dependent
utility supposes that the agent has the same utility function in all states, up to some
state-dependent scalar multiplier. In other words, the agent’s state-dependent utility

function v : § x X—R has the form

v(s,z) = w(s)u(x), forallseS andze X, (12)

150One way reconcile the ez ante Pareto axiom with some form of social SEU maximization in an
environment with heterogeneous beliefs is to introduce state-dependent social welfare function; see
e.g. Mongin (1998, Prop.6), Chambers and Hayashi (2006, Thm.1), Desai et al. (2018, Thm.4),
Sprumont (2019), and Mongin and Pivato (2020, Thm.1). But the issue under discussion here is

state-dependent individual utility, not state-dependent social utility.
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where u : X—R and w : S— R, are bounded measurable functions. Heuristically,
u is an underlying state-independent utility function, while w assigns more “weight”
to this utility in some states than in others. Let > be a preference on A. Given a
state-dependent utility function like (12), a state-dependent SEU representation is a

representation (1) where

Vie) = J v(s,a(s)) dpls] = J w(s)u(afs)) dpls], for all a € A.
S S (13)
Now let R be a collection of probability measures on S. Let K € N, let q € AX| let
x € XX and let @ = (a™)®_; be an R-almost-objective act subordinate to (q,x). A

straightforward modification of the proof of Proposition 2 yields the following result.

Proposition 5 For any p € R, and any measurable u : X—R and w : ¥—R,,

n—o0 S

K

lim | w(s)u(a(s)) dpls] = W(p) Z qr u(xy), where W(p) :zf w dp.
k=1 §

Using this, it is easy to prove the following state-dependent version of Theorem 1:

Theorem 3 Let S be a Polish space. Let R be a tame set of probability measures
on'S. Forall j € J, let >; be a preference order on A admitting a state-dependent
SEU representation (13) for some u; : X¥—R, w; : S— R, and p; € R. Assume
that {u;}ier satisfy Minimal Agreement. Then >, satisfies Almost-objective Pareto if

and only if u, is weakly utilitarian.

In Theorem 3, it might seem surprising that the weight functions {w;};es do
not appear in the social welfare function. But as explained in Proposition 5, for all
Jj € J, the weight function w; and belief p; effectively get collapsed into a constant
W;(p;) = §gw; dp;. These constants then get absorbed into the weights in the
weighted sum (9) defining the weakly utilitarian social welfare function.

GH representations like (3) and SOSEU representations like (5) also have state-

dependent versions analogous to (13). But in these cases, the analogies of Proposition
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5 are more complicated, because the weighting factor W (p) varies as p ranges over P.
The resulting formulae not well-behaved enough to yield a state-dependent analogy

to Theorem 2.

7 Discussion

We have considered a decision environment of radical uncertainty, in which the
ex ante preferences of each agent admit either generalized Hurwicz representation
or a second order subjective expected utility representation. We have introduced a
very weak Pareto axiom, which applies only to asymptotic preferences along a se-
quence of acts for which all possible probabilistic beliefs entertained by all agents
converge to the same limit. We have shown that social preferences satisfy this weak
Pareto axiom if and only if the ex post social welfare function is a weighted sum of the
ex post utility functions of the individuals. In other words, social preferences must be
ex post utilitarian. Importantly, however, our results do not impose any relationship
between collective beliefs and individual beliefs, or between collective ambiguity at-
titudes and individual ambiguity attitudes. For reasons already explained in Section
1, we see this as an advantage. We will now discuss the relationship between our
results and the watershed paper of Gilboa et al. (2004).

Let & = {Gi,...,Gk} be a partition of S. Let us say that & is a consensus
partition if there is some q € AX such that p;(Gy) = g forall ke [1... K] and j € J
—in other words, all agents exactly agree on the probabilities of all elements of &.
If the measures {p,}es are nonatomic, then the Dubins-Spanier Theorem says that
such consensus partitions exist for any q € AX. Gilboa et al. (2004) proposed the

following axiom:

Restricted Pareto. For any acts o, 5 € A, if @ and 3 are both measurable with respect

to some consensus partition &, and a >; [ for all i € Z, then a >, (.

This seems quite similar to Almost-objective Pareto. Indeed, if & is a consensus
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partition, and we define &,, := & for all n € N, then the sequence (&,,)_; is trivially
an “almost-objective” sequence with respect to the family {p;};es. Thus, if o and
[ are measurable with respect to &, and we define «,, := « and [, := S for all
n € N, then trivially, the sequences a = («,)°_; and B := (8,)_, are compatible
almost-objective acts. Thus, any unanimous preference which is admissible to as
input to Restricted Pareto is also admissible to Almost-objective Pareto, except that
our axiom accepts a larger variety of inputs, and yields a weaker conclusion. From
this perspective, it might seem as though we have just deployed a lot of topological
machinery to obtain a variation of a result that Gilboa et al. (2004) already achieved

by a much simpler argument in an abstract measure space.

However, there are several important differences between Almost objective Pareto
and Restricted Pareto. First to apply Restricted Pareto in a particular situation, we
must be able to recognize consensus partitions, which requires precise knowledge of
the measures {p;};c7 —something which may be difficult to achieve in practice. In
contrast, to apply Almost-objective Pareto, we need only know that {p;};cs belong to
some broad family R of probability measures. It is possible to determine whether
a partition sequence is R-almost-objectively uncertain without knowing anything
about {p;};es, and also possible to construct such partition sequences on demand

(e.g. using the methods of Appendix A).

Second, as agents acquire more information and Bayes-update their beliefs, differ-
ent partitions of § will become consensus partitions. Thus, the range of application
of Restricted Pareto will shift as the information available to the agents changes. Mon-
gin and Pivato (2020) show that this makes Restricted Pareto vulnerable to a kind
of “spurious unanimity” phenomenon: different agents might “spuriously” assign the
same probabilities to the cells of a partition because they receive different informa-
tion. This can lead Restricted Pareto to make recommendations which are obviously
incorrect in light of the aggregate information of the entire group. Mongin and Pi-

vato refer to this as complementary ignorance. In contrast, Almost-objective Pareto is
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formulated relative to a family R of probability measures, independent of the agents’
current beliefs or current information. So it is not vulnerable to complementary
ignorance.

Third, an important difference between the theorem of Gilboa et al. (2004) and
our theorems is that ours do not impose any relationship between social beliefs and
individual beliefs. As explained in Section 1, this gives our results added flexibility
—especially in decision environments where a linear aggregation of beliefs is inap-
propriate.

Finally, although the Dubins-Spanier Theorem yields consensus partitions for a
finite collection of probabilities, it does not apply to infinite collections. Thus, there
is nothing analogous to Restricted Pareto for GH preferences or SOSEU preferences, in
which each agent’s beliefs might be represented by an infinite set of probabilities. So
it is not straightforward to extend the result of Gilboa et al. (2004) to such ambiguity

attitudes.'6

A Proofs from Section 3

The proof of Proposition 1 requires an auxiliary concept and four preliminary lemmas.

Recall that in Proposition 1, S was assumed to be a Polish space equipped with the

Borel sigma algebra. Therefore, without loss of generality in this appendix we will

suppose that & has a metric d, and when necessary, we will further assume that this

metric is separable and/or complete. For any J < S, the diameter of ) is defined:

diam()) := 51113); d(s,t). For any € > 0, an e-partition is a measurable partition
s,te

2 = {V}, of § (for some N € N u {w}) such that if diam(}),) < € for all
kEel[l...N].

Lemma A.1 Let (S,d) be any metric space. Then (S,d) is separable if and only if

it admits an e-partition for all e > 0.

1630 far, the most general results along these lines are those of Danan et al. (2016).
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Proof: “=" Let {s,};"_; be a countable dense subset of S. Let ¢ > 0. For all

s € S, let B(s, €) be the open ball of radius €/2 around s. Now for all N € N, define
N-1

Yn = B(sn,€)\ |J B(sn,e€); then diam(Yy) < e. Thus, {V,};-; is an e-partition
n=1

of S.

“<=" For all m € N, let 9™ = {Y"}_, be a ()-partition. For all (n,m) € N?,
let s € V). Then {s,, m}; -1 is a countable dense subset of S. So S is separable.

O

Let P be a collection of Borel probability measures on S, let K € N, and let
q=(q,...,qx) € AK. A q-Poincaré sequence for P is a sequence {(&", D", ¢,)}>_,,
where for all n e N, &™ = {G},..., G} is a K-element measurable partition of S,

€, > 0 and YY" is an €,-partition, such that

e lime¢, =0.
n—0oo

e For all p € P, there exists N € N such that for alln > N, all ke [1... K], and
all Y e 9", plGy n V] = qip[V] (and thus, p[Gy] = ak).

Example. Let & :=[0,1). Let P := {A} where X is the Lebesgue measure. Let
q=(3,1). Forall n e N, let € := 1/2" and let 9" := {7}, ..., Vi.} where YV} :=
[E2, &) for all k€ [1...2"]. Finally, let &" := {G', G7'}, where

2n+171 2n+1
n L n+1 n o n+1
gr = |J ¥t ad g = |J W
k=1 k=2
k odd k even

Then {(&",9)",€,)}2, is a (3, 3)-Poincaré sequence for {\}.

Lemma A.2 Let (S,d) be any separable metric space. Let H < M(S) be a countable
collection of nonatomic signed measures on S. Let F be the linear subspace of M(S)
consisting of all finite linear combinations of elements of H. Let P < F be the set
of all probability measures in F. Then for all K € N and all q € AX, P has a

q-Poincaré sequence.
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Proof: Suppose that H = {n,}>_,. For all n € N, the Hahn-Jordan Decomposition
Theorem says that n, = n," —n, , where n} and 7, are either zero or positive mea-
sures. They are nonatomic because 7, is nonatomic. Thus, by replacing {n,}>_,
with {nF}® | if necessary, we can assume without loss of generality that all ele-

ments of H are positive, nonatomic measures.

Let {€,}>_, be a positive sequence with lim ¢, = 0. For all N € N, Lemma A.1
n—oo

says S has an ey-partition V.

Claim 1: For all N € N, and all Y € ¥, there is a measurable partition

{GY,...,G%} of Y such that n € [1... N]|, we have

m(GY) = qu-n(Y), forallke[l...K]. (A1)

Proof: Let ne [1...N]. If n,(¥) = 0, then the equations (A1) are trivially satisfied
for any partition {G3,,...,G5}. So, let N := {n e [1...N]; n,(¥) > 0}; it
suffices to construct a partition satisfying the equations (A1) for all n € . For
all n € N, let 7),, be the nonatomic probability measure on ) defined by setting
M (U) = n,(U) /0, (Y) for all measurable U < Y. Thus {7, }.en is a finite
collection of nonatomic probability measures, so the Dubins-Spanier Theorem

yields a partition {GY,...,G%} of J such that
ﬁn(gg) = q forallke[l...K]and neN. (A2)

(Aliprantis and Border, 2006, Theorem 13.34, p.478). For all n € N, multiply
both sides of equation (A2) by 1,()) to obtain equation (Al). <& claim 1

Fix N € N, and apply Claim 1 to all Y € 29V. Observe that the sets in the
collection {GY; ¥V € YV and k € [1... K]} are all disjoint. For all k e [1...K],
define

gy = |]|a (A3)
yepN
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Then {G¥,...,GN} is a measurable partition of S: these sets are are disjoint, and
K K K
Oar - UUe) - U (0e) - u» - s
k=1 k=1 \ YepN VeV \k=1 YeyN

Furthermore, for all Y € PV, we have GY 1Y = G for all k € [1... K]; thus, for
allnell.. N,

Un(gévﬂy) = nn(gg) = qum(Y), (Ad)

()
where (*) is by equation (Al).

Now, let p € P. Then there exists some N € N such that p is a linear combination
of n1,...,nny. Thus, for any n > N, p is also a linear combination of 7,...,n,
(with zero coefficients for ny41,...,m,). Thus, for all Y e P and all ke [1... K],
equation (A4) yields p[Gp N V] = qx p[YV], as desired. 0

Lemma A.3 Suppose (S,d) is a complete, separable metric space. Let K € N, let
q e AX, Let P be a collection of probability measures on S, and let {(&™, D", ,)}_,
be a q-Poincaré sequence for P. Let L be the set of all probability measures on S that
are absolutely continuous with respect to some element of P, with bounded Radon-
Nikodym derivative. Then (B™)*_, is L-almost-objectively uncertain and subordinate

n=1

to q.
Proof: Let A€ £ and let k€ [1... K]. We will show that

lim M(GY) = . (A5)

n—o0

dA
There exists p € P such that A « p. Let ¢ := P and C' :=sup ¢(s). Then C' < oo
Y seS

by hypothesis. Fix e > 0. Since § is complete and separable, it is Polish, so Lusin’s
Theorem yields a compact subset K < § such that ¢« is uniformly continuous on

IC and

p(KY) < Yol (A6)
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(Aliprantis and Border, 2006, Theorem 12.8, p.438). It follows that

AT = dp < . 1 < e €
) = [ea < oot < o - 8

where () is because 0 < ¢(s) < C for all s € S, and (f) is by inequality (AG6).

(A7)

Since {(&", 9", €,)}~_, is a Poincaré sequence for P, there is some N; € N such

that for all n > N; and all Y € 9",

plGe n V] = apl]. (A8)

Claim 1:  Foralln> Ny, Y] ‘p[g;; AY K] —aqply nK]| < %.
Yeyr

Proof: Let n > N. For all Y € 9",

LG 0 Y A Kl =g ply 0 K|

— |olGr A Y A K] = plGE 0 V] + plGE V] - anplY 0 K|

= |plG N Y N K] = plGy n V] + quplY ]—qkp[yﬁfc]‘

= Jolgi 0 ¥ A K1 = plGi Y1+ a (o] = plY A K]),

< |plgr A V1= plGE A Y A K| + gy o] - p[Y 0 K|

= plGE Y A K]+ qe plV 0 K. (A9)

Here, (*) is by equation (A8). Thus,

> plgr ayakl—any okl < Y (oG nY KT+ aeply 0 K)

Ve M yYepn
= | ]G aYaKY | +ap| | | VKLY
| Yeyn Yeyn
= ,og,’ijCCmuy +qip ICCm|_|y
i yeyn Yeyn
— p[Q”mICC]+qkp[ICC] < L-FL = L
&) F o 8C  8C 4C°

as claimed. Here, () is by applying inequality (A9) to each Y € ", (x) is

because |_| Y =S8, and (¢) is by inequality (A6). O claim 1
yeyn
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Recall that ¢ is uniformly continuous on K. Thus, there exists some § > 0 such
that, for all s1,s5 € IC, if d(s1, 52) <6, then [¢(s1) — ¢(s2)| < §. Find N, € N such
that €, < 0 for all n = Ny. Thus, if n > Ny and Y € 9", then diam()) < ¢, < 4,

so that for all yi,y2 € Y n K we have |¢(y1) — ¢(y2)| < §. Thus, there is some
cy € Ry such that [¢(y) — cy| < { for all y € Y n K. Thus, for all n > Ny,

J (¢ —cy) dp
YnKnGp

< f (o —cyl dp < f id = plY n K n G, (A10)
ymlCr\gg ymlCmg”

where (x) is because ¢ =

AY A KA G = ey plY 0 K0 G

GO

IR

By a very similar argument,

d_p.

‘/\D} N K] —cyplY n IC]‘ < plY n K], for all n > Ns. (A11)

A

Now, for any n € N,

MG A K] = i ALK DIAMGEAK AV =g D AK Y]

[

Ye Ye9)
= Y ewlGi nKaVl= Y epplGE n KVl + X AGEnK Y]
Vel Ye) Ve
—ae DA AV +ax Y5 eyplKK n VI —ax Y eyl n Y]
Vel Ye2) Ve
= 2 (vl KV = geey ol V1) + Y (MG K Y] = eypldi n K d))
Ve Ve
—qe ), ( AIK Y] = eyplKn y]> (A12)

Ve

where (x) is because |_| Y =38. Now let N, := max{Nj, No}. Then for all n > N,
yeyn

AGE K] - g ALK

> (Mg kY] —Cyp[g,:}m/cmy])‘
Ye

> ey (PlGE A K A Y] = geplK 0 D))

(o) y€®

+qk

> (A A Y] = eyplic o y])‘
ye)
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< y%@ ‘p[ggﬂ/Cmy]—qkp[Kﬂy]‘ + %)A[ggmkmy]—cw[gﬁr%ﬂy]\
e Y, K A Y] = eyl 2 V)
Yey
(f) C);@’p[gZﬂ/Cﬂy]—qkp[/Cﬂy]) + %ip[gZﬂKﬂquk%ip[Kﬂy]
< C% + i);@p[gﬁmlCmy]—FiJ;@p[lCmy]
< SrSugrakls k] < Sefes = X (A13)

Here, (¢) is by equation (A12), while (x) is by inequalities (A10) and (A11). Finally,
(t) is by Claim 1, and also uses the fact that ¢, < 1. Thus, for all n > N, we

have:

MG = @l = NG A KT+ ALGE A K= e (MK + ALK
< MGE A K|+ [ALGE A K] = i MK+ [ ALK

€ €
< S+|Agra K] - g K] + £
. € n 3€ n €
o8 48 T ¢

where (*) is by two applications of inequality (A7), while () is by inequality (A13).

We can construct such an N, for any € > 0. This proves the limit (A5). O

Lemma A.4 Let S be any measurable space, and let L be a collection of probability
measures on S. Let R be the convex closure of L in the total variation norm. Let q €
AKIf a partition sequence (8™)*_, is L-almost-objectively uncertain and subordinate

to q, then (&™), is R-almost-objectively uncertain and subordinate to q.

Proof: Let Ry be the convex hull of L. If (&")%_, is L-almost-objectively uncertain

n=1

and subordinate to q, then it is easily shown that (&™) _, is also Ry-almost-

objectively uncertain subordinate to q.
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For all n € N, suppose &™ = {G}',...,Gr}. Let p e R. Then there is a sequence
{pm}2_y in Ry such that klim lpm — pl,, = 0. For all ke [1... K], we must show
—0
that the limit (7) holds for p.

Let ¢ > 0. There exists m € N, with |p,, —pl,, < 5. This means that

lpm(G) — p(G)| < €/2 for all measurable G < S. In particular,

(G — pm(GP)| < g forall ne N, all ke[l...K]. (A14)
The limit (7) holds for p,,, so there exists some N, € N such that

P (G1) — qu| < % forall ke [1...K] and all n > N,. (A15)

Combining inequalities (A14) and (A15) yields |p(G) — qx| < € for all n = N.. We
can obtain such an N, for any ¢ > 0. We conclude that the limit (7) holds for p.
O]

Proof of Proposition 1. If R is a tame set of probability measures, then there is a
nonatomic, separable, closed linear subspace N' < M(S) such that for all p € R,
there is some v € N such that p « v and % is bounded. Since N is separable, it
is spanned by a countable subset ; since N is nonatomic, all elements of H are
nonatomic. Let F be the linear subspace of M(S) consisting of all finite linear
combinations of elements from H. Then N is the norm-closure of F. Let P be the
set of all probability measures in F. Let £ be the set of all probability measures on
S that are absolutely continuous with respect to some element of P, with bounded

Radon-Nikodym derivative.
Claim 1: R is contained in the norm-closure of L.
Proof: Let p € R. Find v € N such that p <« v and ¢ := —gg is bounded. Since

N is the norm-closure of F, there exists a sequence (1,)_; in F converging to

v in norm. For all n € N, let Xn € M(S) be the measure such that Xn L Uy
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and % = ¢. Next, let )\, := Xn/fn, where /,, 1= Xn(S) Then A, € L. (Proof:
By construction, \, is a probability measure, and A\, < v,. Let 7, := 1, /v,,(S);
then m, € P, A\, « m,, and % is a multiple of ¢, hence bounded.) To prove
the claim, it suffices to show that the sequence {\,}°_, converges to p in norm.

For any n € N,

R e . IRl e (A16)
Now, for any measurable / = S,
o) =300 = f¢du—f¢d%/ | oaw=n)
< 4l —vn(U)],
where (x) is because % = ¢ = %. Combining this inequality with defining

formula (4), < |9l - v = vall,, =250, where (%) is

because v, converges to v in norm by hypothesis. Thus,

i o], =0 (A17)
Meanwhile,
— ‘p<3)_ Jqﬁdy—Jqﬁdun
S S

N

n—00

Léd@—mﬂ

. . dp _ _dX ;
where again, (x) is because g2 = ¢ = = and (f) is because v, converges to v

16l v = vallye =2 0,

in norm. Thus,
lim ||A, — A\,
n—0oo

- 0. (A18)

vr

Equations (A16), (A17) and (A18) yield lim [p — A, [,, = 0, as desired. < c1ain 1
n—0o0

Let g € AX. Since S is separable, Lemma A.2 says that P has a q-Poincaré
sequence {(B",9",¢,)}r_ ;. Then Lemma A.3 says that (&")r_, is L-almost-

n=1
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objectively uncertain, subordinate to q. Then Lemma A.4 and Claim 1 says that

(&™) _, is R-almost-objectively uncertain, subordinate to q. O

B Proofs from Section 5

The proof of the results in Section 4 use results from Section 5, so we will prove those

first.

Proof of Proposition 2. By the standing hypotheses of Section 5, there is an R-
almost-objectively uncertain partition sequence G = (&™), subordinate to the
probability vector q, and for all n € N, the act o" is &"-measurable. Suppose
q=(q1,-..,qx) € AX (for some K € N). For all n € N, write &" := {G}, ..., G},
such that the limit equations (7) hold. By hypothesis, there is a K-tuple x € XX
such that for alln e N, all k€ [1... K], and all s € G, we have o (s) = x. Thus,

for any p e R,

J;ztocwldp =Y ulw) p(GD).

M=

K
Thus, lim | uoa”dp = lim Zu(xk)p(gﬁ) =

n—ao0 S n—o0

u(w) lim p(G})

k=1 k=1
K
= D ul(zk) qr,
k=1
where (*) is by the limit equations (7). O

Proof of Proposition 3. Recall the notation of equation (3). We will first show that
the limit equation (10) holds for V and V, and then show that it holds for V itself.

n—o0

K
Claim 1: lim V(a") = Z qr u(Tg).
k=1
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Proof: Let B := |ul,. Then B < oo, and the sequence {V (a")};_; is bounded in

n=1
the interval [—B, B], so it has convergent subsequences. To prove the claim, it

o0

suffices to show that every convergent subsequence of {V (a")}*_;

Z qr u(xy).

So, let {n(¢)}, be an increasing sequence in N such that the subsequence

converges to

(V(a™)}2 | converges to some limit V*. We must show that V* = 3% g, u(xy,).

For all ¢ € N, define the linear function v, : A(S)—R by
ve(p) = J uoa™® dp, for all p e A(S). (B1)
S

This function is continuous in the norm topology, while P is closed in this
topology. Thus,

V(") = min vi(p) = velpe), (B2)

for some py € P. Furthermore, P is norm-compact. Thus, the sequence {ps}7
has a subsequence {py, }°_, that converges to some limit point p, € P in the

norm topology.

Let € > 0. There exists M; € N such that, for all m > My, |pe,, — p«/l,, < 55-

Thus, for all n € N and all m > My,
J uoa” d(pe,, — ps)
S

Juoa" dpgm—f woa" dpy
S S
€ €

< e — pa B-— = ~-. (B3
[uoa™l, lpe, —pul < Bozm = S (B3)

In particular, setting n := n(¢,,) in inequality (B3) and invoking equation (B1)

yields
€
oo, (pe,) = v (o) < % (B4)
Next, substituting equation (B2) into inequality (B4) yields
V(@) vy, (p)] < = (B5)
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Meanwhile, p, € R, so Proposition 2 implies that there is some N € N such

that,

K
J uo o™ dpy — Z qr u(xy)
S

k=1

< % for all n > N. (B6)

Since the sequence {n(¢,,)}*_, is strictly increasing, there is some M, € N such

that n(¢,,) > N for all m > M. From this and inequality (B6), it follows that

< %, for all m > M. (B7)

K
J wo ot dps — Z qr u(xy)
s k=1

Using the defining equation (B1), we can rewrite inequality (B7) as follows:

K
ve,, (px) — Z g u(zy)| < g, for all m > M. (B8)
k=1

Finally, by hypothesis, Elim V(™) = V*. So there is some L € N such that
—00

forall ¢ > L. (B9)

Vv -ve) <

Since the sequence {/,,}%_, is strictly increasing, there is some M3 € N such

that ¢, > L for all m > Mj. From this and inequality (B9), it follows that
‘V* — K(a"(z"‘))’ < %, for all m > M;. (B10)

Now let M, := max{Mj, My, M3}. Then for all m > M., we have

K
| VA 2 qr u(xy)
k=1

N

V= V@) + V() i, (p)] +

Ve, (ps) = D g ulwy)
k=1

<
()

where (*) is by inequalities (B5), (B8), and (B10).

+-+5 = €

Wl ™
Wl ™
Wl m

K
This argument works for any ¢ > 0. Thus, V* = 2 qr u(xy), as desired.
k=1

<> Claim 1
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By an argument very similar to Claim 1 (replacing min with max), we can show

that
B K
lim V(a") = quu(xk). (B11)
k=1

n—00

Combining inequality (3) with Claim 1 and equation (B11) yields equation (10),
proving the theorem. 0

Proof of Proposition 4. For all n € N, define the function @, : P—R by setting

O,.(p) = o (Lu oa" dp) , for all p € P.

Now, ¢ : R— R is concave, hence continuous. For all p € P, Proposition 2 says
that
K K
7}1_{210 Su oa™dp = Z qr u(xy), hence 7}1_{210 D, (p) = ¢ (Z qr u(xy)
k=1 k=1 (B12)
Let u := inf u(x) and @ := sup u(x); these are finite because u is bounded. For all

reX reX
peP and neN,

s [ueadp < m hewe 0w < B() < @)
S

because ¢ is increasing. Thus, the sequence of functions {®,}*_; are all bounded

between the constants ¢(u) and ¢(u). Meanwhile, equation (B12) says that the se-

quence {®,,}*_; converges pointwise to the constant function with value ¢ (Zszl k u(xk)> :

Thus, the Lebesgue Dominated Convergence Theorem says that

7}1_{1010 P<I)n dp = Jpgé(];qku(xk)> dp = (b(];qku(xk)) (B13)

However, equation (5) says V(a") = f ®,, dp for all n € N. Thus, equation (B13)
P
yields equation (11). (]
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C Proofs from Section 4

Let U be the Banach space of bounded, measurable, real-valued functions on X,

endowed with the norm |||, defined by |u|,, := sup|u(z)| for all u € Y. We shall
zeX

use the following lemma, which is a straightforward consequence of the Separating

Hyperplane Theorem.

Lemma C.1 Let {u;}jes €U, and suppose {u;}icz satisfy Minimal Agreement. Sup-
pose there exists z € X such that u;(z) = 0 for all j € J. Let C be the convex cone
in U spanned by {u;}iez and 0. If u, ¢ C, then there exist finitely additive probability

measures vy and Vs on X such that

f u, dvy < f Uy, dvo,  while J w; dvyy > J uw; dvy  forallieZ. (C1)
X X X X

Proof: (Pivato, 2022, Lemma A.2). OJ

Theorem 1 is a special case of Theorem 2, so it suffices to prove the latter.

Proof of Theorem 2. “==" (by contradiction) Suppose >, satisfies Almost-objective

Pareto, but wu, is not weakly utilitarian. Let z € X.

Claim 1: We can assume without loss of generality that u;(z) = 0 forallj € J.

Proof: Let ¢; := u;(2), and then define @;(x) := u;(x) —¢; for all z € X. If >;
has a GH representation (3), then >; also admits a GH representation where u;
is replaced by ;. On the other hand, if >; has a SOSEU representation (5),
then define ggj(r) = ggj(r + ¢;) for all r € R. Then >, also admits a SOSEU

representation where u; is replaced by #; and ¢; is replaced by %. <& claim 1

Let C be the closed, convex cone in U spanned by {u;},cz and 0. Then u, is weakly
utilitarian if and only if u, € C. Thus, if u, is not weakly utilitarian, then u, ¢ C,

in which case Lemma C.1 yields finitely additive probability measures v; and v, on
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fujdul—J uj dus|.
x x
1

€ = Erﬁf}l e (C2)

X satisfying the inequalities (C1). For all j € 7, let € :=

Let

Then € > 0. Inequalities (C1) and definition (C2) yield

J u, dvs J u, dvy > bSe, (C3)
X X

while J u; diy —J u; dvo > b5e, forallieX. (C4)
X X

Let R := max {||u;] o} this value is finite because {u;}jcs are bounded. Let

jeg’
N := [R/e] + 1; then Ne > R, so the interval [-N e, N €) contains the ranges of
{uj}jes. Forall je J and alln e [-N ... N], let V! := (u;)"*[ne, (n+1)€). Then
9)7 .= {YJ}__ is a measurable partition of X. Let 2 be the common refining
partition of {2)7},c7. This is a measurable partition of X'. Suppose it has K cells,
and write Q) = {Vp}E . For all k € [1..K], let pi := v1(V)) and p? := vo(Jh).
Then p! := (p})%_, and p? := (p})X | are K-dimensional probability vectors. For

allke[l...K],let xkeyk.

Claim 2: Forall je J,

K
Zpk w; () f u; duy
1 X

K

Z Dy, w; (k) f uj diy
X

and < €.

Proof: To prove the first inequality, note that
K
! uj(xy) —f u; diy Z (Vi) w;(xg) ZJ uj diy
X k=1
K K
Z (J uj(zy) dny —J Uj dl/l)‘ = Z (J uj(zy) — ui(y) dVl[?J])‘
k=1 Vi Vi Yk

k=1
K K

Zf o) —w) dall < D[ edn = Ve - -
k=1YYk

() k=1
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as claimed. Here () is because for all k € [1... K], we have x; € Y while
ne <uj(y) < (n+1)e) for all y € Yy, so that |u;(zr) — u;(y)| < e for all y € V.

The proof of the second inequality is similar. <& claim 2

Combining inequalities (C3) and (C4) with Claim 2 yields

K K
Epi Zp uo(TE) > 3, (C5)
k=1 k=1
K
while Zpk wi (k) Zp wi(zg) > 3e, forallieZ. (C6)
k=1 k=1

Let g € AX*K be the probability vector defined by g, := pj.p? for all k¢ €
[1...K]. Since § is Polish and R is tame, Proposition 1 yields an R-almost-
objectively uncertain partition sequence (8")*_, subordinate to q. For all n € N,

write &" = {G}! ,/}1*,_, with
lim p(Gy,) = qry, forallpe R and k,le[l...K]. (C7)
n—00 ’

For all n € N, and (,k € [1... K], define Gf, = G', U Gy U --- U G and
Gev =019 Gy,u UGk, Then the equation (C7) yields

lim p(Gy,) = p, and lim p(G',) = p;, forall peR. (C8)
n—00 ’ n—00 ’
For all n € N, define acts o™, 8" : S—> & as follows.

e Forall ke [l... K], let a"(s) := x; for all s € G .

e Forall fe[l... K], let 8"(s) := w, for all s € G,

Thus, a = (a™)¥_, and B = (5")F_, are R-almost-objectively uncertain acts.

They are compatible because for all n € N, " and " are both &"-measurable. By

construction and equations (C8), « is subordinate to (p', x), while 3 is subordinate
to (p?, x).

Claim 3: o> B foralliel.
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Proof: For all ¢ € Z, the preference >; has a representation V; : A—R that is
either a compact GH representation (3) or a SOSEU representation (5), with

P; € R in either case. We will deal with these two cases separately.

Case 1. If V; is a compact GH representation, then Proposition 3 says that

lim V;(« Zpk ui(rg) and lim V;(8") Zpk wi( ).

n—o0 n—o0

Thus, there exists N € N such that

K

Vi(a")—Zp,lcui(xk) < € and < ¢ foralmn=N.
k=1

K
2
= 2 kil
k=1

(C9)
Combining inequalities (C6) and (C9), we obtain V;(a™) — Vi(8") > e, for all
n > N. Thus, a > 3, as claimed.

Case 2. If V; is a SOSEU representation, then Proposition 4 says that

r}giolov = (Zpku xk) and ggroloV(ﬁ" = ¢ <Zpk xk>
(C10)
Now, ¢; : R—R is concave, therefore continuous. It is also increasing, hence
bijective. Let W < R be a compact neighbourhood of Zlep}c u(zy) and
S pRu(xy), and let Z := ¢(W). Then ¢; : W—2Z is a continuous bijec-
tion with compact domain, thus, a homeomorphism. Thus, the inverse function
¢;' © Z—W is also continous. In fact, Z is compact, so ¢; ' is uniformly

continuous. So there is some § > 0 such that

for all z1, 2, € Z, <|zl — 2| < 5) == (\@_1(21) — Cbi_l(Z?)‘ < 5)
(C11)

K K

Now, Z is a neighbourhood around ¢; (Z u(xy ) and ¢; (Z Py u(x )
k=1

Thus,

<5> _ <¢1

for all z € Z, <

o (S)
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and( <5> — (

Now, the statements (C10) yield some N € N such that for all n > N, we have

Vi(B") — & (Z i U(%)) ' < 0.

k=1
(C14)

67" (2) = X, piul)

k=1

z— ¢ (Z pi u(%))

k=1

< 6) (C13)

Vi(a™) — ¢ (Zpilgu(%))‘ < 4 and
k=1

Combining statements (C12), (C13), and (C14), we obtain

K K
o; (V;(a")) — Zp,ﬁ ui(ry)| < € and |¢;* (V;(ﬁ”)) — sz ui(zk)| <€, foraln>=N.
k=1 k=1

(C15)
Combining inequalities (C6) and (C15), we obtain ¢; ' (V;(a™)) —¢; " (Vi(8")) >
¢, for all n = N. Thus, the logical contrapositive of statement (C11) implies
that |Vi(a”) — Vi(B")| > 6, for all n = N. Since ¢; is increasing, this means

Vi(a™) = Vi(B"™) > 6, for all n > N. Thus, a > 3, as claimed. <& claim 3

By an argument identical to Claim 3, but using inequality (C5) rather than (C6),
it is easy to prove that o <° 3. This, together with Claim 3, is a violation of
Almost-objective Pareto. Contradiction. To avoid this contradiction, u, must be

weakly utilitarian.

43 2

<" (by contradiction) Suppose u, is weakly utilitarian; thus, u, = Z C; U;
€l
for some constants ¢; > 0. Suppose Almost-objective Pareto is violated. Then there

exist compatible almost-objective acts o and 3 such that o > 3 for all i € Z,

while ae < 3. Thus, for all i € Z, there is some ¢; > 0 and some V; € N such that
Vile™) =Vi(B") > 2¢, foralln>=N; (C16)
whereas there is some ¢, > 0 and some N, € N such that

Vo(B") = Vo(a™) > 2e,, for all n > N,. (C17)
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There exists K € N, p e A% and x € X¥ such that « is subordinate to (p,x).
Likewise, There exists L € N, q € A*, and y € X* such that 3 is subordinate to

(a,y).
K L
Claim 4: ForallieZ, Z prui(xg) — Z qoui(ye) > 0.
k=1 (=1
Proof: For all i € Z, >, has a representation V; : A—R that is either a compact
GH representation (3) or a SOSEU representation (5), with P; € R in either

case. We will deal with these cases separately.

Case 1. If V; is a GH representation, then follow the argument in Case 1 of the
proof of Claim 3 to obtain M; € N such that

K

Vi(a™) = > i i)

k=1

L

Vi(B™) = > qewi(ye)

/=1

< ¢ and < ¢, forallm=>= M,.

(C18)
Now let n > max{N;, M;}, and combine (C16) and (C18) to get the claimed

inequality.

Case 2. Suppose V; is a SOSEU representation. Let W; < R be a compact
neighbourhood of Zszl pr ui(xg) and Z1zL=1 qe u;(ye). The convex function ¢; is
continuous, hence uniformly continuous when restricted to W;. So there is some

d; > 0 such that

for all w,ws € Wi, (|21 — 2] <26,) = (j6i(21) — du(z2)] < 26) - (C19)
Combining inequality (C16) with the contrapositive of statement (C19), we get
¢ [Vila™] = ¢ [Vi(B™)] > 26, foralln>N. (C20)

1

Proposition 4 implies that there is some M; € N such that for all m > M;

o7 [Vi(@™)] = 3 o ()

k=1

< 61 and < (SZ‘,

o7 V(8™ = D qe s (ye)
/=1

(C21)
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Now let n > max{N;, M;}, and combine the inequalities (C20) and (C21) to

obtain the claimed inequality. <& claim 4

By an argument similar to Claim 4, but using inequality (C17) rather than (C16),

one can show that

qruo(ye) < 0. (C22)

\\Mh

K
Z Pk Uo(iUk
k=1

Now, u, = ZC" u;. Thus,

i€l
K L
Pk Uo LCk - de uo<y€) = Pk C; 'LLZ Hj’k Qe Ci U y@
2 2 S Beutn) - Yoy
k=t =1 i€l /=1 i€l
B Zci (Z Pr wi(r) 2% i (Ye ) (C23)
€L k=1

But ¢; = 0 for all i € Z, so equation (C23), inequality (C22) and Claim 4 are
logically inconsistent. To avoid this contradiction, Almost-objective Pareto must be

satisfied. ]

We finish with the proofs of two statements made in the text.

Proof of statement (6). Let V; and V3 be contiguous representations of >. Define
¢ Vi(A) — V5(A) as follows: for all r € Vi(A), set ¢(r) := Va(a) for some
a € A such that Vi(«) = r. Since V; and V; represent the same order >, this is
well-defined independent of the choice of «; for the same reason, ¢ is a strictly
increasing function. But V7 and V5 are contiguous, so that Vi(A) and V5(A) are

intervals of R. It follows that ¢ is continuous. O

Proof of statement (8). Let V; : A—R and V; : A—R be contiguous representa-

tions of >. Statement (6) yields a continuous, increasing function ¢ : R—R such
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that V; = ¢ o V5. We will first show that, on the relevant domain, ¢ is uniformly

continuous.
Since (™)., is an almost-objective act, there is some K € N and K-tuple
x € XX such that a(s) € {x1,..., 2k} for all s € S and all n € N. Likewise,

there is some J € N and y € X7 such that 8%(s) € {y1,...,ys} for all s € S and
all n e N. Let Z := {z1,...,2x,y1,...,ys}. Let ¢ := min{Vs(x.); 2z € Z} and
G := max{Vs(k.); z € Z}; these are well-defined because Z is finite. Let Q := [q,7];

this is a closed, bounded interval, hence compact. Thus, ¢ is uniformly continuous

when restricted to Q.

We claim that V5(a™) € Q and V(™) € Q for all n € N. To see this, let
n € N. Since > satisfies Very Weak Dominance, there exist z;,z; € Z such that
Koy, < 0" < Ky, thus ¢ < Va(ke,) < Va(a") < Va(ky,) < @, because V; represents

>. Thus, V3(a") € [¢,q] = Q. By a similar argument, V5(3") € Q.

Since ¢ is uniformly continuous on Q, there exists e; > 0 such that, for all
q,r € Q, if |g — r| < €3, then |p(q) — ¢(r)| < €. Since ¢ is increasing, this means
that for all ¢,r € Q, if r < ¢ + €3, then ¢(r) < ¢(q) + ;. Contrapositively, if
o(r) > ¢(q) + €1, then r > g + e5. By hypothesis, there is some N € N such that
Vi(a™) > Vi(B™) + € for all n = N. In other words, ¢ o Vo(a™) > ¢ o Vo(B") + €
for all n = N. As already noted, Va(a™) € Q and V5(5") € Q; it follows that
Vo(a™) > Vo(B") + €2 for all n = N. O

Utilitarianism vs. weak utilitarianism By definition, if ug is utilitarian, then
it is weakly utilitarian. We will just show that ex post Pareto is satisfied. Let o and
3 be two riskless acts such that « >* 3 for all i. Assume that a(s) = x and 8(s) =y
for all states s € S. We will have V(a) = u'(xz) and V¥(3) = u'(y), for all i € J.

Thus, with u'(z) > ui(y) for all i € Z and u® = b + Y, c;u; we have u®(z) = u°(y).
1€l
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Furthermore, if there is 7 € Z such that u’(x) > u'(y), since ¢; > 0, we will obviously
have u®(z) > u’(y).
Conversly, if u° is weakly utilitarian, then for all i € Z, there is ¢; > 0 such that

u® = b+ > cul. Let i € Z. To show that ¢; > 0 let 2%, ' € X such that u’(z%) > u'(y?)
€L
and v/ (z') = u’ (y") for j # #; this exists by the hypothesis of Independent Prospects.

Considering the riskless acts a’(s) = z% and '(s) = ', we have VJ(a?) = VI(5?)
for all j € Z and V'(a’) > V¥(8"). By Ex post Pareto, we have V°(a') > VO(j3).
Thus, u®(z") — u®(y") = ' (ui(x?) — u'(y))) > 0. But since (ui(2?) — ui(y?)) > 0, we

get ¢; > 0.
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1. Introduction

In a watershed 1955 paper, Harsanyi considered social decisions in the presence of risk. He
showed that if all individuals and the social planner are expected utility maximizers, and the
planner’s ex ante preferences satisfy the Pareto property with respect to the individual ex ante
preferences, then the planner is a “utilitarian”, in the sense that the social utility function is a
weighted average of the individual utility functions. While the connection between this formal
result and philosophical utilitarianism can be debated (Weymark, 1991), there can be no doubt
that it has been highly influential in welfare economics.

Harsanyi formulated his result in the von Neumann-Morgenstern framework, where risks are
described by objective probabilities. But around the same time, Savage (1954) developed a theory
of decision-making under uncertainty, where each agent maximizes expected utility relative to an
idiosyncratic probability distribution, interpreted as her “subjective beliefs”. This raised a ques-
tion: does Harsanyi’s result remains valid when the individuals and the planner are Savage-style
subjective expected utility maximizers, perhaps with different beliefs? In an influential paper,
Mongin (1995) answered this question in the negative: in the Savage framework, the planner can
satisfy the ex ante Pareto axiom if and only if all agents have the same beliefs. Since such homo-
geneity of beliefs is empirically implausible and perhaps even normatively undesirable, Mongin
interpreted this result as an impossibility theorem.

This seemed to deal a fatal blow to Harsanyi’s project of founding utilitarianism in the theory
of rational decisions. But in 2004, Gilboa et al. rescued Harsanyi by weakening the ex ante
Pareto axiom so that it applied only to preferences between acts that depend upon events about
whose probabilities all agents agreed. They showed that this restricted ex ante Pareto axiom
was compatible with belief heterogeneity, but still strong enough to imply not only that the social
planner is a utilitarian, but also that her subjective beliefs are a weighted average of the subjective
beliefs of the individuals.

As already noted by Mongin (1995, 1997), when individuals have heterogeneous beliefs, a
naive application of the Pareto axiom to their ex ante preferences may lead to cases of spuri-
ous unanimity, where there is disagreement in both the utility functions and the beliefs of the
individuals, but these disagreements “cancel out”, to create apparent agreement in their ex ante
preferences over acts. The key insight of Gilboa et al. (2004) was to restrict the Pareto axiom
to exclude such cases of spurious unanimity, by applying it only when the relevant underly-
ing beliefs are in agreement. Gilboa et al.’s landmark result became the point of reference for
all subsequent literature on social decisions under uncertainty (Chambers and Hayashi, 2006,
2014; Alon and Gayer, 2016; Danan et al., 2016; Billot and Vergopoulos, 2016; Zuber, 2016;
Qu, 2017; Desai et al., 2018; Sprumont, 2018, 2019; Hayashi and Lombardi, 2019; Ceron and
Vergopoulos, 2019; Brandl, 2021; Dietrich, 2021; Billot and Qu, 2021).l Most of these papers
either employ non-SEU preferences or follow Gilboa et al. (2004) in weakening ex ante Pareto,
so as to avoid cases of spurious unanimity while still axiomatizing a simultaneous aggregation
of utilities and beliefs. To distinguish mutually beneficial financial trades from mere “betting”,
Gayer et al. (2014) and Gilboa et al. (2014) consider weak ex ante Pareto conditions that are still
stronger than the one proposed by Gilboa et al. (2004). But Mongin and Pivato (2020, §6) re-
cently argued that Gilboa et al.’s restricted Pareto axiom is actually roo strong. The linear pooling
of beliefs which they derive from this axiom might not be an asset, but a liability, because there

1 See Mongin and Pivato (2016) or Fleurbaey (2018) for reviews of this literature. See also §4.8.
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are situations where linear pooling of beliefs is not desirable —in particular, it is not compatible
with Bayesian updating under the arrival of new information. More fundamentally, Gilboa et al.’s
restricted Pareto axiom is still vulnerable to a sort of “spurious unanimity” in beliefs themselves:
different individuals may assign the same probability to an event, but for different and incom-
patible reasons. For example: starting from the same prior, they might Bayes-update on different
private information, but coincidentally end up assigning the same posterior probability to some
event, even though their combined information would yield a different conditional probability
for this event. Mongin and Pivato refer to this as complementary ignorance.

These cases of spurious unanimity and complementary ignorance suggest that ex ante Pareto is
a mistake, even in weakened form. Perhaps we should jettison it entirely, and fall back on a purely
ex post approach. But in some situations, this is not possible. In a temporally extended decision
problem with an infinite planning horizon, there is a progressive resolution of uncertainty over
time, but this process never terminates in a state of final certainty. The ex post outcome on
Monday evening becomes the ex ante situation on Tuesday morning, and the ex post of Tuesday
evening becomes the ex ante of Wednesday morning, ad infinitum. So a purely ex post approach
may be unavailable.

Even in decisions without an explicitly intertemporal element, we may never obtain total
knowledge of the state of nature. Risse (2001, 2003) and Hild et al. (2003, 2008) consider de-
cisions under uncertainty with a non-atomic Boolean algebra of events, so that any event can
always be split up into smaller events, encoding more precise information. They construct an
example where ever-more-precise information can cause agents to reverse their preferences, and
then reverse them again, repeatedly, forever. Their conclusion is that, for practical purposes, there
is no such thing as ex post.”

Meanwhile, in social decisions where all agents share the same probabilistic beliefs, and it
is plausible that these beliefs are correct, the ex ante Pareto axiom is unproblematic, and even
normatively compelling. Consider an insurable risk with a publicly known and well-established
loss distribution (e.g., based on extensive actuarial data). If Alice is more risk-averse than Bob,
then there are insurance contracts that Bob is willing to sell and Alice is willing to buy. The ex
ante Pareto axiom explains why society should endorse such transactions. In this case, the axiom
asserts a kind of nonpaternalism: it says that if rational agents with correct beliefs can negotiate a
mutually beneficial risk-pooling arrangement, then we should approve. A repudiation of ex ante
Pareto would make it difficult to explain why insurance markets are socially valuable and should
be facilitated, whereas markets for quack medicines or bets on sports events are not. So ex ante
Pareto should not be entirely rejected, but rather, restricted to cases where it is “appropriate”
because agents agree for the “right reasons”. This was precisely the justification given by Gilboa
et al. (2004) for their restricted Pareto axiom. But as I noted earlier, their particular restriction is
not appropriate in decision environments with changing information.

However, there is another important issue, which has not received sufficient attention in the lit-
erature on Bayesian social aggregation. Humans are fallible. Not only are their beliefs susceptible
to future revision in light of new information, but their expected-utility calculations themselves

2 All four papers use the same example. But Risse (2001) also states a theorem showing that such examples are generic.
The example is formulated in the Bolker-Jeffrey SEU model, where there is no distinction between outcomes and states
of nature, and “acts” are just subsets of the state/outcome space. To obtain a similar example in the Savage framework,
one needs a sequence of Savage models, each with its own state space and outcome space, and a rule identifying each
“outcome” in model n with an act in model n + 1. The stochastic process framework of the present paper provides one
natural way to do this.
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could be inaccurate, because of misspecifications in their probabilistic beliefs or an imperfect
understanding of the causal relationship between actions and consequences. Such fallibility is
especially relevant in complex, multi-period stochastic decision problems. So an individual’s
preference for one policy over another is more credible if it is robust, in the sense that it has
a margin of error. Likewise, a unanimous preference in a society is more persuasive if it is a
unanimously robust preference.

The present paper is a reaction to these concerns. I will consider a model of decision-making
under uncertainty in which agents steadily receive more information over time, and update their
beliefs and their preferences accordingly. Many contemporary social decision problems have this
structure. Three obvious examples are anthropogenic climate change, emerging pandemics, and
macroeconomic crises. These are all complex, poorly understood phenomena, unfolding over
time. Different agents may have different beliefs about how these phenomena will evolve in
the future, either because they assign different values to parameters in their scientific models, or
because they use entirely different models. Due to different beliefs and different utility functions,
different agents may have different preferences over policies. As time passes and new empirical
data arrives (e.g. about weather patterns, infection and mortality rates, GDP trends, etc.), the
agents may update their beliefs. They may revise their estimates of model parameters, or even
discard certain models altogether in the face of new evidence. Thus, their policy preferences may
change over time.

In particular, there might initially be unanimous consensus amongst the individuals that policy
A is better than policy B, but this consensus might crumble as the individuals learn new facts
about the world. Thus, in retrospect, it would have been a mistake to apply the ex ante Pareto
axiom to this ephemeral consensus. At the same time, the individuals might gradually converge
on a unanimous consensus that policy C is better than policy D. If this new consensus persists
over the long term, then it may be a suitable target for the ex ante Pareto axiom.

As earlier noted, the individuals might never obtain complete knowledge about the underlying
phenomenon. Thus, they might never converge to perfect agreement in their beliefs. But there
might still be enough belief-convergence to support an enduring consensus that C is better than
D. Is such an enduring consensus a sufficient foundation for a Paretian social preference for C
over D? Not necessarily, because of the fallibility of individual preferences, discussed above.
This enduring consensus would be more compelling if it was built from enduringly robust pref-
erences, each having a margin of error.

A unanimous, enduring, and robust preference for C over D provides a cogent Paretian jus-
tification for a social preference for C over D. But does it justify an enduring and robust social
preference for C over D? In light of individual fallibility, perhaps not. A more conservative
Pareto principle would simply require a social planner to not directly contradict the individuals’
robust, enduring consensus for C over D by developing a robust, enduring social preference for
D over C instead.

In view of these considerations, I will restrict the Pareto axiom to cases where the individ-
uals not only unanimously prefer one act to another, but these preferences are robust, and this
unanimity persists as the individuals acquire more and more information. This Pareto axiom pro-
hibits the social planner’s robust, enduring preferences from directly opposing a robust, enduring
consensus of the individuals. I will show that this weak, asymptotic form of the Pareto axiom is
necessary and sufficient for the social planner to be a utilitarian. But it does not imply that social
beliefs are an aggregate of individual beliefs. (I argue that this should be seen as a strength, rather
than a weakness; see §4.7.)
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To obtain this utilitarian conclusion, I require only a weak compatibility between agents’
beliefs. The agents may have heterogeneous beliefs, but there must be some probability distri-
bution (perhaps not representing anyone’s beliefs) which is absolutely continuous with respect
to the beliefs of all agents (including the social planner). Roughly, this means that while agents
can disagree about probabilities, there is some agreement about which events are impossible (i.e.
have probability zero) or almost-certain (i.e. have probability one): an event deemed impossible
by one agent cannot be deemed almost-certain by another.

The paper is organized as follows. Section 2 introduces some tools from probability theory.
Section 3 contains the framework and main result. Section 4 contains further interpretive remarks
and conceptual discussions. Appendix A contains the proof of the main result, while Appendix B
contains the proofs of other statements made in the paper.

2. Preliminaries

Throughout this paper, let S be a countable set (i.e. either finite or denumerably infinite). Let
N =1{0,1,2,3,...}, and let SN be the set of all N-indexed, infinite sequences § = (5;);2 of
elements drawn from S. Endow SN with the product sigma-algebra. An event is a measurable
subset of SN, Let A(S N) be the set of all (countably additive) probability measures on this
sigma algebra. A measure p € A(SN) is called a stochastic process.

Elements of S are called instantaneous states, and elements of S N are called histories.® For
any history s € SN, write s = (5:)72,- Forany T e N, let spo..7 := (s,)szo (an element of SI0-77,
describing all the information revealed up to and including time T') and let S(7_.o0) := (s,)?iT 4
(an element of ST, describing all the information that will be revealed after time T).* For
any q € SIT1 and r € ST, define (q, r) to be the unique s € SN such that S[0..7] = q and
S(T..0c) = I. We will interpret a history s as a flow of information revealed over time, with s;
being the information revealed to all agents at time 7. For example, in a macroeconomic decision
problem, s; could be a vector of inflation data, employment data, and other economic indicators
observed at time . In the context of a pandemic, s; could be a vector of geographically localized
rates of infection, transmission, morbidity, mortality, vaccination and other epidemiological data
observed at time 7. In the context of anthropogenic climate change, s; could be a vector of mete-
orological, atmospheric, glaciological and oceanographic data observed at time ¢. (See §4.4 for
further discussion.)

Conditional probabilities Let T € N. For any q € SI%71, let [q] := {s € SV; 8077 = q}. For
any B C ST define {q} x B :={s € SN; sj0..71 = q and S(7..oc) € B}. If p[q] # 0, then we
define pg,7 € A(ST°)) as follows: for any event B C ST+~

p ({q} x B)
B) = —. 1
pq,7(B) oldl ey

If s € SN is a random history drawn from p, then pq,7(B) is the conditional probability that
S(T..00) € B, given spo.77=q. For any s € SN and T € N, let Ps,T := Pq,T» Where q =s[o..7].

3 There is unfortunately a slight terminological incompatibility between the jargon of decision theory and that of
stochastic processes. Elements of S N (“histories”) will play the role of states of nature, in Savage’s terminology. Ele-
ments of S (“states”) are best seen as signals about these states of nature.

4 In this paper, for any N, M € N, the notation “[N..M]” denotes {N,N +1,..., M}, while “[N..M)” denotes
{N,...,M—1} and “(N..M]” denotes {N+1, ..., M}. The notation “(N..00)” is defined similarly.
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Coalescent processes For any t € N, and any s € SN, define i§ g S(t-00) by setting ?sn =
sp—t—1 for all n € (¢..00). This defines a bijection SNssi>se S-%) which is measurable
with respect to the product sigma-algebras on S N and §-°). For any measurable subset B C
S N, define ‘B := {;b; b € B}; this is a measurable subset of S+, Heuristically, if 5 describes
a possible future event seen from the perspective of time 0 (e.g. “It will rain in three hours™),
then ‘B describes the same event as seen from time t + 1 (e.g. “It will rain three hours after time
t+17).

Let (A, d) be a metric space, let B,C C A, and let € > 0. Say that B is e-dense in C if,
for all ¢ € C there exists b € B with d(b, c) < €. A set is totally bounded if, for any € > 0, it
has a finite, e-dense subset. (A metric space is compact if and only if it is complete and totally
bounded.) I will now introduce a condition on stochastic processes which roughly requires the
set of conditional probability distributions over the future to be “totally bounded”.

Letn e A(SN) be a stochastic process. For any s € S N and measurable B cS N, let Cs 5 C

[0, 1] be the set of cluster points of the sequence {ns,,(;B)};’il . In other words, for any ¢ € [0, 1],

we have ¢ € Cs g if and only if there is an increasing sequence t| <t <3 < --- in N with
lim s, ("B) = c. Let us say that 7 is coalescent if for any € > 0, there is an event F C SN
n—oo

with n(F) > 0, and a finite set {uq,..., un} C A(SN) of nonatomic® measures such that, for

allse F and B C SN, the set {1 (B), ..., uy (B)} is e-dense in Cs.B-
Coalescence is stronger than the (obvious) statement that the Cartesian product space
[Iser [1csn Cs. is compact in the Tychonoff topology.® Heuristically, it means that for all

s F and B C SV, and any large enough 7 € N, the value ns,,(’dB) can be well-approximated by
Un(B) for some n € [1..N].7 Let us say 7 is fully coalescent if F = SN for all € > 0. Here are
some examples of coalescent processes. (Nonobvious proofs are in Appendix B.)

(1) ii.d. processes. Suppose n describes an N-indexed sequence of independent, identically
distributed S-valued random variables. Then Cs 5 = {n(B)} for all s € SN and B < SN. Thus,
n is fully coalescent.

(i) Exchangeable processes and other mixtures. Suppose n =g n; + (1 — q) i, for some g €
(0,1] and some 71,1y € A(SN) with disjoint support. If n; is coalescent, then it is easily
verified that  is also coalescent. In particular, if 1 is an exchangeable stochastic process, then
de Finetti’s Theorem says 7 is a mixture of i.i.d. processes. If one of these i.i.d. processes has
nonzero mass in the mixture (in particular, if 1 is a mixture of a countable collection of i.i.d.
processes), then 7 is coalescent.

(iii) Markov chains. Suppose S is finite, and 1 is a nonatomic Markov chain with transition
probability matrix P.® For any s € S, let ys be the Markov chain generated by P starting from
state s.” For any ¢ € N, we have g, = s, - S0 Cs B C {us(B)}ses forany s € SN and any event
B < SN. Thus, n is fully coalescent. (For any €, use the finite set {s}ses.)

5 A measure 1L is nonatomic if there isno q € S N such that nl{q}] > 0.

6 This space is not metrizable, so its compactness cannot be expressed in terms of total boundedness.

7 This does nof mean ns,¢ itself can be well-approximated by 1, because n might depend on B.

8 Thatis: P = (Pr.s)r.ses is an S x S matrix of non-negative real numbers such that for all r € S, the “row vector”
Pr = (Pr,s)ses is a probability vector (i.e. Y cs prs = 1).

9 je., for anyT e Nandre S10-T1, uslrl=0if ro #s, and wus[xl = ps.r| - Pryry - Pry_y.rp ifro=s.
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(iv) Hidden Markov chains. Let S and R be countable sets, and let ¢ : S—>R. Define @ :
SN RN by @(so, 51,...) = (@(s0), ¢ (s1), ...). For any n € A(SY), let ®(n) € A(RY) be
the push-forward of 7 through ®.'" If 5 is a Markov chain, then ®(n) is a hidden Markov chain.
Any nonatomic, finite-state hidden Markov chain is fully coalescent.
More generally, for any s € S, any event B C S N, and any r € N, let 1/48 (s) =
inf ’ns,,(ZB) —c
ceCs.B
process 1 is uniformly coalescent if n is coalescent and furthermore the sequence of functions
{1#,8 }72, converges uniformly to zero, for every event BC S N (For example, i.i.d. processes

. Then llim th (s) =0, by the definition of Cy 5. Let us say that a stochastic
— 00

and Markov chains are uniformly coalescent; indeed, in these cases, th =0 forall r and B.) If
n is fully and uniformly coalescent, then so is ® (7).

(v) Quasimarkovian processes. Let S* :=|J3_,; SV. Forany N < M < L < 0o, and any s €
S10-L1 let s(v.pmy i= (SN+1,SN+2, - - SM—1,Sum); treat this as an element of S¥~N —and
hence an element of $* —in the obvious way. Say that a stochastic process 7 is quasimarkovian
if there is a function u : S*—> A(SN) with the following property: for any € > 0, there exist
M e N and an event F C SN with n(F) > 0, such that

lim sup
t>2M, t—00

ns,t(;B) — 1 (S¢—m.01) (B)‘ <e, forallse Fandallevents BC SN. (2)

In other words, for any s € F and event B C SN, there is some T5 3 > M such that
ns,t(FB) — /L(s(,_M,_,])(B)’ < € for all t > T 5. Thus, at time ¢, given information about the

“recent past” (t —M ..t], we can use u to estimate the conditional probability of B with e-
precision, without any information about what happened before time ¢+ — M. I will refer to
as a Markov function. For instance, any Markov chain is quasimarkovian.'! If S is finite, 7 is
quasimarkovian, and w(s) is nonatomic for all s € S*, then 7 is coalescent.

3. Framework and main result

Let X be a measurable space; let us refer to elements of X as outcomes. Let A be the set
of all measurable functions from SN to X which take a finite number of distinct values; let
us call these functions acts.'” An element of A can be interpreted as a public policy (e.g. a
fiscal stimulus plan, a carbon tax system, a vaccination program). Elements of X’ can be seen as
possible long-term consequences of these policies. (See §4.5 for further discussion.)

Let > be a preference order on .A. Say that > has an SEU representation if there is probability
measure p in A(S N) and a bounded, measurable function u# : X — R such that,

foralla, B € A, (azﬁ) — (/uoadp?/uoﬁd/)) (3)

SN SN

10 Formally: for any event W C RN , we define ®(n)[W]:=n [<I>*1 (W)].

[ O fact, for a Markov chain, one can reduce u to a function p : S— A(SN), and inequality (2) is satisfied with
€=0, M =1and F = SN, without taking the limsup as 1— oo.

12 The main theorem is also true (with exactly the same proof) if we instead define A to be the set of all measurable
functions from SN to X. Restricting A to finitely-valued acts broadens the scope of the result: it emphasizes that the
proof does not require preferences to be defined on any larger domain of acts.
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Robust conditional preferences As already noted, for any ¢ € N there is an isomorphism be-
tween SN and S0, Thus,ﬂany function o : SN—> X can be transformed into a function
o : SU-°) s X by defining ’oza(’s) = a(s) for all s € SN, If « represents an action that one
could execute at time zero, then ‘o represents executing the action « at time ¢ + 1.

Foranyse S Nandre N, let >, be the preference order on A defined as follows:

7 7
Forall o, B € A, (ais,lﬁ):}( / uo'adps; > / uoﬁdps,,). @)

S(t..00) S(t..00)

If > has the SEU representation (3), then > ; is the conditional preferences that the agent would
have for the same acts starting at time t + 1, once she has already observed history s up until
time ¢, and updated her beliefs to conditional probabilities via formula (1).

In fact, we will work with a “robust” version of the conditional preferences defined by formula
(4). For any € > 0, let .= ; be the partial order on A defined as follows:

Forall o, B € A, (a€>st /3) — ( / uo'adps; > €+ / uotﬁdps,,).
S(t..00) S(t..0)

®

This means that the agent’s conditional preference for « over 8 is “e-robust”, in the sense that
there is an e-sized margin of error in the expected utility advantage of o over B. As explained in
Section 1, this guards against small errors in the initial specification of p, in the calculation of
the updated beliefs ps;, or in the calculation of # o o and u o B.

Eventual preferences Let HC S N be a measurable set with p(#) > 0. Let us define a partial
order >4; on A as follows: for any o, 8 € A,

There exists € > 0 such that, for all s € H, there
(a K /3) = . (6)

is some T € N such that o > ; B forall t > T

Thus, if the agent observes any history in H for long enough, then she eventually develops an
e-robust conditional preference for o over 8, which persists from that time onwards. Clearly,
>4 is transitive and reflexive. But it is not complete; for many «, 8 € A, it may be that neither
o >3 B nor o < B. (See §4.6 for further discussion.)

Statement (6) might seem hard to satisfy, and hard to verify even if it is satisfied. But the next
example gives an easily checked condition that implies (6).

Example 1. Suppose p is quasimarkovian, with Markov function p : S*—> A(SN). Let o, B €

A, and suppose there exist € > 0 and N € N such that for all M > N and s € SM,!3
/uoadus > e’—i—/uo,Bd,us. (7
SN SN
Then there is an event H € SN with p(H) > 0 such that o >4 . (See Appendix B.) &

13 For clarity in inequality (7), I write j(s) as us.
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If X is a metric space, then one can reformulate definitions (5) and (6) in terms of stability
under small perturbations of « in the uniform metric on .4, without any mention of expected
utility. But there is insufficient space to discuss this in detail here.

Utilitarianism and weak utilitarianism For the rest of this paper, let Z be a finite set of indi-
viduals, and let {>='};c7 be a set of preference orders on A. Let > be another preference order
on A (representing a social planner). Suppose that {>'},c7 and > have SEU representations (3)
determined by probabilistic beliefs {p'};c7 and oY, utility functions {u'};c7, and an ex post so-
cial welfare function W. Let us say that the SWF W is weakly utilitarian if there exist constants
¢! >0foralli €Z,and a constant b € R such that

W= b+) cu ®)
iel

If W is not a constant, then ¢! > 0 for at least some i € Z. But the definition still allows the
possibility that ¢/ = 0 for some other j € Z; in other words, the preferences of some individuals
might be ignored. If ¢! > 0 for all i € Z, then let us say that W is utilitarian.

Minimal agreement and independent prospects The utility functions {u'};c7 satisfy Minimal
Agreement if there exist 1, 12 € A(X) such that [ u’ duj > [y u’ dus forall i € Z. In other
words, there is some pair of “objective lotteries” over outcomes, for which all individuals have
the same strict preference. This condition or its variations are ubiquitous in the literature on
Bayesian social aggregation (see e.g. Danan et al. 2016).'*

The utility functions {u'};c7 satisfy Independent Prospects if for all i € T, there exist x, y €
A& such that u; (x) > u;(y) whereas u;(x) = u;(y) for all j € Z\ {i}. This is also a common
condition (see e.g. Weymark 1991; Mongin 1998; Danan et al. 2016; Zuber 2016).

Riskless Pareto An act « is riskless if it is a constant function. Let us say that > satisfies the
Riskless Pareto!” axiom with respect to {>'};c7 if, for any riskless «, 8 € A,

o Ifa ' Bforalli €Z, then a > B.
e If, in addition, o >' B for some i € Z, then o > B.

Suppose {u'};c7 satisfy Independent Prospects. Then it is easy to see that W is utilitarian if and
only if it is weakly utilitarian and > satisfies Riskless Pareto with respect to {>'};c7. Therefore,
the main focus of this article will be on establishing weak utilitarianism.

Unanimously non-null sets Let J :=T 1 {0}. Let H C SN be an event. It may happen that
all agents agree that H has positive probability, but this agreement is “spurious”, because H is a
disjoint union of several subsets, every one of which is deemed to be null by at least one agent. To
rule out such a scenario, let say that H is unanimously non-null if there is a measure n € A(SN)
such that 7(#H) > 0 and n < p/ forall j € J (hence, p/ (H) > Oforall j € 7). Heuristically, 7 is

14" Minimal Agreement is logically weaker than Minimal Agreement on Consequences (MAC), another common condi-
tion in the literature, which posits outcomes x, y € X such that ui(x) > ui(y) foralli € Z (see e.g. Mongin 1995, 1998;
Alon and Gayer 2016).

15 This is often called ex post Pareto. But in light of the remarks in Section 1, I eschew the term ex post.
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a “weak consensus belief”, whereby the agents can all agree that  is non-null, and furthermore
ensure that this is not a “spurious” agreement.'® We do not assume that {p/} jeg are mutually
absolutely continuous. But if they were, then it would be sufficient to require that p/ (%) > 0 for
some (hence, all) j € J.

Eventual Pareto The social preference > satisfies the Eventual Pareto axiom with respect to
{>'};e7 if, for any unanimously non-null event H C SN, and any o, B € A

(a -1, B forall i ez):> (a Aoy ,B). ©)

In other words, if all the individuals eventually agree on a robust conditional preference for o
over f after observing any history in H for long enough, then the social planner cannot directly
oppose this long-term consensus by developing a robust conditional preference for § over « after
observing any history in H for long enough. This weak axiom does not require « >7; . So the
social planner does not need to eventually develop a conditional preference for o over 8 (even
a non-robust one), after observing even some histories in H for long enough —it is enough that
she does not develop the opposite preference.

Clearly, the Eventual Pareto axiom is binding only insofar as there exist «, 8, and unanimously
non-null A such that « >§_[ B for all i € Z. For example, if {0/} jeg have disjoint support, then
there are no unanimously non-null subsets; in this case, Eventual Pareto is vacuously satisfied.
In the main result, at least one unanimously non-null event exists by the hypothesis of concor-
dance.

Concordant preferences Let us say the beliefs {p/} jeg are concordant if there is a nonatomic
coalescent stochastic process n on & N that is absolutely continuous with respect to p/ for all

j € J. This is a weak form of agreement between the beliefs of different agents.

Example 2. Let {1,}_, be a set of stochastic processes on SN and suppose 11 is nonatomic

n=1 R
and coalescent (e.g. a nonatomic Markov chain). For all j € 7, suppose p/ = 2,11\;1 ¢y for

some positive constants {c;}_, with }"N_, ¢} = 1. Then the collection {p/} jeJ is concordant.

To see this, note that n; < p/ for all j € J (because c{ > 0).
Heuristically, this collection of beliefs describes a system whose stochastic evolution is poorly
understood. One of the processes {Tin},l,\;] is the correct model of the system, but we do not

know which one it is. The coefficients {c;ﬁ}fl\’: | describe the subjective probabilities that agent j
(initially) assign to the different models.

In particular, such a collection of beliefs could arise through deliberation, as follows. Suppose
{nn}ne g are the original beliefs of the agents before deliberation, while { 04} jeg are their beliefs
after deliberation. During deliberation, agents learn about each other’s beliefs. Each agent j
might remain confident in her own beliefs, while acknowledging the possibility that she could be

wrong and someone else might be correct. She can represent this by setting p/ = doned e,

with cn > O forall n € J. (Presumably c would be close to 1.) Suppose there is some n € J such
that 1, is coalescent (or 7, is a convex combmatlon of measures, one of which is coalescent).
Then {p’} jc .7 is concordant. &

16 See Proposition B.1 in Appendix B for a precise formulation of this statement.
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We now come to the main result.

Theorem. Let > and {>'};c7 be preference orders on A with SEU representations given by
utility functions W and {u'}je1 and a concordant collection of probability measures p° and
{(p'}ie1, and suppose {u'};ct satisfy Minimal Agreement. Then > satisfies Eventual Pareto with
respect to {>'Y;cr if and only if W is weakly utilitarian.

4. Discussion

This section discusses the interpretation of the theorem, some conceptual issues, and some
key elements in the proof. (A sketch of the proof also appears in Appendix A.)

4.1. Spurious unanimity vs. asymptotic agreement

The theorem might seem surprising in light of Mongin’s (1995) impossibility theorem. Could-
n’t the individuals converge to a “spuriously unanimous” preference for one act over another
in the long run, despite maintaining different conditional beliefs? In such a scenario, Eventual
Pareto would behave like the ex ante Pareto axiom from which Mongin derived a contradic-
tion.

But in fact, this does not occur, because of concordance. If the agents’ beliefs are concordant,
then in the long run, their conditional beliefs must become very similar. To illustrate this heuris-
tically, let us reconsider Example 2, but now suppose that {nn}ff:l are ergodic Markov chains.'”
Suppose 7, is generated by the transition probability matrix P,,. For any n € [1..N] and s € S,
let n} denote the (nonstationary) Markov chain generated by P, starting from state s (see Foot-
note 9). For any s € SN and r e N, note that n,.s; = . From this, for any j € 7, it can be
verified that

N
e = Y 10)
n=1

for some positive coefficients {c,]l; p ,11\7: | summing to one. Intuitively, {Tln},l,vz | are the different

“hypotheses” considered by agent j, and as she learns more about s, she adjusts the probabilities

{c,]“ . t}r}:]:I that she assigns to these hypotheses. Now suppose s is a random history drawn from

one of the processes {1, }fl\’:l, but j doesn’t know which one. By observing a long enough initial

segment of s, she can, with very high probability, determine which of the ergodic processes

N 18 P : J _ : : jo_
{nn}nzl generated s.'® Thus, if s is drawn from 7,,, then 11_1)120 Conist = 1 while tl_l)llgo Cposy =

pl, — | = 0. This holds for all j € J.

0 for all n # m. Thus, formula (10) yields tlim
—00

17 A stationary Markov chain defined by a matrix P is ergodic if there is some T € N such that all entries of pPT
are nonzero. Thus, any state can be reached from any other state any time after 7' steps, with positive probability. In
particular, any stationary Markov chain with full support is ergodic.

18 Thisis a consequence of the Birkhoff Ergodic Theorem: if s is randomly generated by the ergodic process 7y, then

for any r e &2, we have nulr]l = t€[0.T); (¢, 841) = r}, with 7, -probability 1 (see e.g. Petersen 1989,

lim 7#{
T—oo T
Thm 2.2.3, p. 30). So agent j can obtain an arbitrarily accurate estimate of 1, by looking at a sufficiently long initial
segment of s.

11
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So although the agents might never exactly agree, the disagreements between their beliefs will
become arbitrarily small in the long run. The formal statement of this is a celebrated result of
Blackwell and Dubins (1962), which appears in Appendix A as Lemma A.1. So in the long run, it
is not possible to sustain the sort of spurious unanimity which underlies Mongin’s impossibility
theorem.'”

4.2. Public vs. private information

This argument assumes that all agents update their beliefs only with information from a com-
mon information source. This is crucial. To see what can go wrong otherwise, suppose that
S = Q x R for some finite nonsingleton sets Q and R, so that SN =~ QN x RN, Thus, any
history in SN can be written as an ordered pair (q, r), where q € ON andr e RN, Suppose that
there are two types of agents: Type Q and Type R. Type Q agents only observe q, while type R
agents only observe r.

For any pg € A(QN) and pg € A(RN), there is a product measure pp ® pr € A(SN).
Suppose all agents have beliefs of this kind. So each agent’s belief has two independent compo-
nents: a belief about the process on ON | and a belief about the process on RN As explained
in §4.1, under certain assumptions, all Q-type agents will eventually converge to approximately
the same beliefs about the QN-process. But their beliefs about the RN-process need not ever
converge. For R-type agents, the reverse is true. Thus, even in the long run, the agents can have
very different beliefs, so spurious unanimity remains possible.

This does not mean that the main result of this paper is undermined by the presence of any
private information. The main result just needs some common information source that is shared
by all agents, and is independent of their private information sources. To see this, suppose that
S =P x Q x R for some finite nonsingleton sets P, Q and R, so that SN = pN QN x RN
and any history in SN can be written as a triple (p, q, r), with p € PN, qe oN and r e RN,
Suppose that type Q agents only observe (p, q), and type R agents only observe (p, r). Thus, q
and r are two sources of private information, while p is a public information source. Suppose that
each agent’s belief is a product measure pp ® pg ® pg, for some pp € A(PN), po € A(QN)
and pg € A(RY). Then all agents will eventually converge to approximately the same beliefs
about the PN-process. Thus, if we restrict Eventual Pareto to acts that depend only on PN, then
the main result of this paper implies that W is weakly utilitarian.

Also, the agents’ initial beliefs {p/} jeg might themselves be the result of updating on differ-
ent private information, which was observed “primordially”, prior to time zero. What is important
is that their beliefs after time zero are updated only on the common information source. The main
result of this paper remains valid even in the presence of heterogeneous primordial private infor-
mation, as long as the initial beliefs are concordant.

4.3. Concordance
Concordance does not require {p’} jeg themselves to be nonatomic or mutually absolutely
continuous. It just says there is some coalescent process 7 that is “minimally compatible” with

the beliefs of all agents. As explained in §4.1, this plays a key role in the proof, by inducing agents
to n-almost-surely converge in their beliefs in the long term, thereby extinguishing spurious

19" This argument works for any ergodic processes. I focused here on Markov chains only for simplicity.
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unanimity. For this, we need some 7 € A(SN) such that n < pl for all j € 7. Blackwell and
Dubins (1962) showed that the existence of such an 75 is sufficient for convergence of beliefs,
while Kalai and Lehrer (1994) showed it is necessary.zo Under what circumstances does such an
n exist?

Recall that two probability measures p! and p? are singular if there exist disjoint measurable
sets By, B, € SN with SN = B, L B, such that pl(B1) =0 and p%(B,) = 0. More generally, let
us say that a collection {p/} jeJ 1s singular if there is a partition of S N'into disjoint measurable
sets {B;}je7 such that o’ (Bj) =0forall j € J. So no set in this partition is deemed non-null
by all agents. Under such conditions, we would not expect even the minimal level of agreement
needed for concordance —or even for nonvacuity of Eventual Pareto itself. And indeed, there
exists n € A(SN) such that n < p’ for all j € J if and only if the collection {p/} jeJ 1s not
singular (see Proposition B.1 in Appendix B). It is a separate question whether 7 is coalescent.
But as explained in Section 2, coalescence is a fairly mild property, satisfied by many important
families of stochastic processes.

4.4. The interpretation of stochastic processes

As explained at the start of Section 2, a stochastic process represents “information revealed
over time”. This could be construed in two ways.”! In one interpretation, the world evolves over
time, and each history s in S N describes one possible path that its future evolution could take;
thus, s; describes the observable state of the world at time ¢. (The examples in Section 2 con-
cerned evolving economies, pandemics, and climate systems.) In another interpretation, the state
of the world is fixed and already determined at time zero. But the agents’ information about
this state gradually expands over time. In this case, s; describes the new information that the
agents discover at time ¢. For example, geological surveys progressively uncover new mineral
reserves in the Earth’s crust. Analyses of ice cores and marine sediments reveal paleoclimato-
logical data, informing our models of future anthropogenic climate change. Genomics gradually
reveals genes linked with certain diseases, yielding new possibilities for diagnosis and treatment.
Metagenomics can even discover entirely new species. More abstractly, the growth of human
scientific knowledge can be seen as a process of this type.

In the first interpretation, a stochastic process describes evolution, while in the second it de-
scribes discovery. The model in this paper is compatible with both interpretations. Most of the
concrete examples that appeared in Sections 2 and 3 seem to fit more naturally with the first
interpretation. But the first interpretation itself can be seen as a special case of the second inter-
pretation: watching a system evolve over time is just discovering what the system will do next.””
Also, as explained in the discussion of equation (10) in §4.1, Bayesian updating from observa-
tions of an evolving system can be seen as a form of scientific hypothesis testing, with eventual
convergence on the correct hypothesis.

20 However, Diaconis and Freedman (1986), Kalai and Lehrer (1994) and Lehrer and Smorodinsky (1996a) have demon-
strated weaker forms of belief-convergence without absolute continuity.

21 1 thank a referee for emphasizing the importance of this distinction.

22 This might seem to assume deterministic evolution. But as a purely mathematical observation, it is equally true for
systems whose evolution is genuinely random. In fact, the distinction between “deterministic” and “genuinely random”
is less clear-cut than it appears; see e.g. List and Pivato (2015).

13
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4.5. The meaning of acts and the realization of outcomes

Notwithstanding the remarks of §4.4, this paper is not a model of intertemporal choice. This
is for two reasons. First, the elements of N represent consecutive moments in time when new
information is revealed —but these moments might not be equally spaced in time. Second, in
the model, an “act” is a function & : SN —> X', which transforms any history in SN into a single
outcome in X' — not a time-indexed consumption stream. (See also footnote 29 in §4.8.)

However, this raises a question. For any s in SN the act « yields an outcome «(s) in X
But the history s is never fully revealed; at time ¢, only the initial segment (s, ..., s;) has been
revealed. This suggests that a(s) is never actually realized until “the end of time”, which makes
it difficult to see how mortal agents could have preferences over acts at all.”>

However, the outcome «(s) will already be known in the far (but finite) future. So for practical
purposes, we do not need to wait until “the end of time”. To see this, endow the countable set S
with the discrete topology. Then the Tychonoff topology on S N makes it a totally disconnected
Polish space (Aliprantis and Border, 2006, §3.13-3.14). The product sigma algebra on S N is the
Borel sigma algebra induced by this topology. Let p be a probability measure on S N (e.g. the
beliefs of some agent), and let o be an act; so « : SN—>J) is a measurable function, for some
finite subset JV € X'. Endow ) with the discrete topology. For any € > 0, Lusin’s Theorem yields
acompact subset L € S N with p(K¢) > 1 —¢, such that the restriction of « to /C¢ is continuous.
This implies that there is some 7. € N and @ : S!*T¢]— Y such that a(s) = @ (so, .. ., s7.) for
all s € K. In other words, with arbitrarily high probability, the outcome of o on any history
is determined by a finite initial segment of that history. So an agent is almost certain to learn
the outcome of any act after a finite amount of time, even though she will never learn the entire
history.>*

For a concrete illustration of this surprising claim, let S := {H, T}, and suppose that p €
A(SYN) is a coin-flipping process, and we are interested in whether we will first see six “head-
s” in a row, or six “tails” in a row. Let x, y € X, and define o : S N__, x as follows: for any
s e SN, a(s) = x if the block (H,H,H,H,H,H) appears in s earlier in time than the block
(r,7,T,T,T,T), whereas «(s) = y otherwise. For a random s, the time until the first appear-
ance of (H,H,H,H,H,H) or (T,T,T,T,T,T) is a random variable, finite but unbounded. The
expected time is 32. With very high probability, it is less than 1000. But for any 7 € N, there is
a small but non-zero probability that we must wait until time ¢ to learn the outcome of «. Nev-
ertheless, with probability 1, we will learn this outcome after a finite time. While simplistic, this
example is in fact entirely typical of the general case.

4.6. The significance of eventual preferences

An agent’s conditional preference order at time ¢ concerns acts that could be executed at time
t + 1; we are interested in the evolution of these preferences as t—oo. This does not mean

23 1 thank a referee for raising this issue. Its precise nature depends on our interpretation of the stochastic process.
In the “evolution” interpretation, the outcome «(s) is not even determined until the end of time. In the “discovery”
interpretation, the outcome «(s) is already determined at time zero; we just might not learn this outcome until the end of
time. Either interpretation poses the same problem for decision-making.

24 This argument actually does not require acts to be finitely valued. If X itself has a topology, then Lusin’s theorem says
that with arbitrarily high probability, the agent can estimate the outcome of « with arbitrarily high precision by observing
a long enough segment of the history. If her utility function u : X —> R is continuous, she can thereby estimate the utility
that « yields in that history.

14



M. Pivato Journal of Economic Theory 200 (2022) 105399

that agents never make choices. It just means that they can make such choices after waiting an
arbitrarily long time, and acquiring an arbitrarily large amount of information. The preference
order >, in formula (4) answers the question: “If you had to commit to a choice at time ¢,
having observed the initial part of the history s, then how would you choose?”

Eventual Pareto is formulated in terms of conditional preferences that are eventually stable
under this process of gradual information acquisition. In other words, the axiom concerns the
relationship between individual and social preferences in the long run. But as Keynes said, “in
the long run, we are all dead.” We must make decisions today. So what is the relevance of hypo-
thetical social preferences which only apply in the long run?

However, this paper investigates a normative question. To answer such a question, it is per-
fectly appropriate to consider hypothetical preferences, such as those which obtain in the long
run. Furthermore, the main result says that contemplation of these “long run” preferences actu-
ally has immediate policy relevance. It says: the only way for social preferences to be consistent
with individual preferences “in the long run” (according to Eventual Pareto) is for the SWF to be
utilitarian —something with immediate policy implications.

4.7. Collective beliefs

Notable by its absence in the main result is any rule for aggregating individual beliefs into a
collective belief. This is in contrast to the classic theorem of Gilboa et al. (2004), which char-
acterizes a combination of utilitarianism and linear pooling of beliefs, or the more recent and
equally elegant result of Dietrich (2021), which characterizes a combination of utilitarianism
and geometric pooling of beliefs.

However, this lack of a belief-aggregation rule is intentional and justified. The construction
of an ex post social welfare function and the construction of a collective belief are two fun-
damentally different kinds of problems. The former is an ethical question, while the latter is a
doxastic one. There is no reason that these two questions should be answered at the same time,
by the same theorem, using the same axioms, or even with the same data. In some cases, it might
be reasonable to suppose that there are “objectively correct” probabilities, which the collective
belief should track as closely as possible. In other cases, probabilistic beliefs might be “purely
subjective”, in which case belief aggregation is more analogous to the aggregation of risk atti-
tudes or discount rates.”> But in either case, the doxastic question is disparate from the ethical
one. We might expect an answer to the ethical question that holds under very general conditions,
but accept that the answer to the doxastic one will be much more ad hoc and situation-specific.
Depending on the circumstances, it might be more appropriate to form collective beliefs through
linear pooling, geometric pooling, multiplicative pooling, or some other pooling rule (see Genest
and Zidek 1986, Clemen and Winkler 2007 and Dietrich and List 2016 for surveys). In some
cases, it might be better to adopt a “supra-Bayesian” approach, where the beliefs of the agents
are treated as data, which a Bayesian social observer uses to update her own beliefs (Morris,
1974). In other cases, it might be best to form collective beliefs using a betting market (Hanson,
2013), or with a voting rule, as in the Condorcet Jury Theorem and its generalizations (see e.g.
Pivato 2013, 2017). It might even be appropriate to totally ignore the individuals’ beliefs, and in-
stead form social beliefs by consulting an expert committee, totally disjoint from the individuals
whose welfare is at stake. Finally, it may sometimes be best to form social beliefs through an im-

25 1 thank a referee for emphasizing this point.
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personal algorithm, machine learning or some other statistical analysis. In light of these myriad
alternatives, it may be unwise to commit to a particular doxastic procedure at the moment when
we answer the ethical question.

But it is important not to overstate the dissociation between individual and collective beliefs,
given the hypothesis of concordance. As explained in §4.1, concordance implies that all agents
(including the social planner) will eventually converge to approximately the same belief. So in
the long run, it doesn’t matter exactly how (or even whether) the social beliefs were originally
obtained from individual beliefs. On the other hand, concordance requires some minimal com-
patibility between social and individual beliefs at time zero —for example, they cannot have
disjoint support (§4.3). Such compatibility is more plausible if social beliefs were obtained from
individual beliefs through some reasonable aggregation procedure. In contrast, if social beliefs
were completely divorced from the individual beliefs (e.g. obtained via machine learning), then
concordance might be less likely.

Furthermore, while in some decision problems there is a natural way to obtain social beliefs,
in other problems there is not. In some contexts, it might be appropriate to apply some belief
aggregation rule, but not clear which rule to apply; then a single theorem which specified how
to aggregate both utilities and beliefs would be quite attractive. The stochastic process setting of
this paper demands dynamic rationality (i.e. Bayes-updating of beliefs) from all agents. Dietrich
(2021) makes dynamical rationality a linchpin of his approach to Bayesian social aggregation,
and derives a geometric pooling rule for beliefs. Is it possible to adapt his result to the stochastic
process framework of the present paper?

4.8. The purely ex ante approach

The distinction between ethical and doxastic questions in §4.7 assumes that the utility func-
tions {u'};c7 really gauge well-being, while the probability measures {p/} jeg really reflect the
agents’ beliefs about the state of nature. But according to a minimal, behaviourist interpretation
of SEU, these objects simply provide a convenient mathematical representation of agents’ choice
behaviour, and have no real psychological significance.’® This interpretation undermines both the
ethical relevance of ex post utilitarian formulae like (8) and the epistemological significance of
the belief aggregation rules characterized by Gilboa et al. (2004) and Dietrich (2021).”

Furthermore, the issue of belief aggregation (§4.7) only arises in the first place because we
assumed that the social planner, like the individuals, is an SEU maximizer. This assumption
makes sense if the “social planner” is a real agent (e.g. a benevolent government). But in some
contexts, the “social planner” is just a loose metaphor for public policy; then there is no reason to
ascribe Bayesian rationality to this “planner”. Mongin’s (1995) impossibility theorem shows that
social Bayesian rationality is incompatible with the ex ante Pareto axiom, posing a dilemma. This
paper, like most of the literature, seizes one horn of this dilemma, weakening the ex ante Pareto
axiom so as to preserve social rationality. But one may instead seize the other horn, weakening

26 For instance, if we allow the possibility that agents have state-dependent utility functions, then there is no reason to
interpret { pj }je as their beliefs; see Baccelli (2017) for a good discussion of this problem.

27 This is not a purely theoretical question. In discussions of financial market regulation, Posner and Weyl (2013),
Gayer et al. (2014), Gilboa et al. (2014), Brunnermeier et al. (2014), and Blume et al. (2018) have argued that one
can identify “purely speculative” trades by criteria of “spurious unanimity”, and perhaps subject them to more stringent
policy scrutiny. But on the basis of the considerations in this paragraph (among others), Duffie (2014) has strongly
disputed these arguments.
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social rationality to save ex ante Pareto.”® For examples, see Mongin (1998, Prop. 6), Chambers
and Hayashi (2006, Thm. 1), Mongin and Pivato (2020, Thm. 1), Desai et al. (2018, Thm. 4),%
and Sprumont (2018, 2019).

However, a choice between ex ante Pareto and social SEU a la Savage is only forced upon us
because of the heterogeneity of agents’ beliefs. As explained in §4.1, concordance implies that
all agents will eventually converge to approximate agreement. So in the long term, the ex ante
and ex post roads may lead to the same destination. Nevertheless, in the short term, a dilemma
remains. The ex ante approach resolves this by answering the ethical question while obviating
the doxastic one. In contrast, the present paper brackets the doxastic question, leaving it to be
solved later, by other means.

4.9. Normative relevance

One might also argue that there is no longer any need to answer the ethical question. Af-
ter all, didn’t Harsanyi (1955) already give a convincing argument for utilitarianism in cases
where risks are quantified with known, objective probabilities? Of course, many social decisions
do not involve objective probabilities. But even in a social decision with radical uncertainty,
for which we have only subjective beliefs (e.g. climate change), one could “augment” the deci-
sion problem with some independent source of objective risk (e.g. a fair coin toss). One could
then first apply Harsanyi (1955) to agents’ preferences over this objective risk to fix the ex post
SWEF as a weighted sum of individual utility functions, and then form social preferences with
respect to subjective uncertainties using this ex post SWF. To put it another way: one could
replace Bayesian social aggregation in a Savage framework with Bayesian social aggregation
in an Anscombe-Aumann framework, where Harsanyi’s result has some grip.>’ What, then, is
the value of another result which simply recapitulates Harsanyi’s classic answer to the ethical
question?

If things were this simple, then the results of Gilboa et al. (2004) and Dietrich (2021) would
face a similar criticism, since both linear pooling and geometric pooling have attractive axiomatic
characterizations dating from the 1980s. So both the ethical question and the doxastic one already
have well-established solutions in the literature, rendering any new axiomatic characterizations
somewhat otiose. But things are not this simple, for several reasons. First, “augmentation” with
an objective risk is only feasible when the social planner can actively intervene in the decision
problem (e.g. by providing a fair coin to toss). The “augmentation” argument is less convincing
when we wish to normatively evaluate policies concerning phenomena in which the social plan-
ner cannot directly intervene (e.g. involving large market institutions, or the far future). Second,
proponents of a “subjectivist” or “personalist” account of probability (e.g. de Finetti, Savage)

28 The first horn of the dilemma is often called the ex post approach, while the second is the ex ante approach. Raiffa
(1968, Ch. 8, §13) calls them the Group Bayesian and Paretian approaches, while Sprumont (2018) calls them the Savage
and Pareto approaches.

29 Like the present paper, Desai et al. consider Bayesian social aggregation in a stochastic process. But whereas I
consider acts which deliver a single outcome in the far future (cf. §4.5), Desai et al. consider acts described by partially
observable Markov decision processes, which generate a history-contingent consumption stream, similar to the model of
Kreps and Porteus (1978). In other words, their paper has a model of learning while acting. In contrast, the present paper
has a model of learning, then acting.

30 Mongin and Pivato (2020, Theorem 2) propose a similar solution, but one where the distinction between “subjec-
tive” and “objective” probabilities —and indeed, the fact that the agents have SEU representations at all —emerges
endogenously from the representation, rather than being stipulated in advance.
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do not believe objective risks even exist, so they would say such an augmentation is not even
possible. Therefore, rather than augmenting the decision problem with an “artificial” source of
objective randomness amenable to a Harsanyi-type argument, it would be better to find a “nat-
urally occurring” phenomenon that is already present in the original decision problem, about
which all agents will eventually and persistently agree, and apply a Harsanyi-type argument to
this phenomenon. That is the strategy of the present paper.

Finally, Harsanyi’s original proof depends critically on the ex ante Pareto axiom. This axiom
seemed to Harsanyi and his contemporaries to be innocent, even normatively compelling —but
Mongin’s (1995) result can be seen as its reductio ad absurdum. Nevertheless, as I argued in
Section 1, ex ante Pareto cannot be entirely rejected, because there are settings where it is still
plausible or even indispensable, such as insurance markets (see also footnote 27). One could
restrict the axiom to apply only to risks with purely objective probabilities; as suggested above,
this would block Mongin’s impossibility theorem, while still leaving room for Harsanyi’s social
aggregation theorem. But such an etiolated version of ex ante Pareto might be inadequate for a
normative analysis of risk-sharing institutions, where objective probabilities are not always avail-
able. This was one motivation for the less restrictive Pareto conditions of Gilboa et al. (2004),
Gayer et al. (2014) and Gilboa et al. (2014) —but as explained in Section 1, they run into trouble
in environments with changing information. Also, an “objective-only” Pareto axiom may be in-
capable of coping with situations where subjective uncertainty is never entirely resolved, such as
those discussed by Risse (2001, 2003) and Hild et al. (2003, 2008). This raises the question: is
there a Pareto axiom applicable to environments with perennial and purely subjective uncertainty
and changing information, strong enough to support utilitarian conclusions, but weak enough to
avoid Mongin-style impossibilities? This paper answers that question.

Appendix A. Proof of the main result

The main result is proved by contradiction. Suppose that W is not weakly utilitarian. Then
it is not contained in the convex cone spanned by {u'};c7 in the Banach space of measurable
real-valued functions on X. Thus, the Separating Hyperplane Theorem yields a linear functional
separating W from this cone. Using a Riesz-type representation theorem and the Jordan Decom-
position Theorem we can convert this functional into two probability measures vy and v, on X
that manifest a strict violation of a “Pareto” type property in terms of the expected-utility pref-
erences defined by {ui }iez and W on probability measures over X (Lemma A.2). Since this is a
strict violation, any measures on X sufficiently close to v; and v, will also strictly violate Pareto.
In particular, we can define a partition ) on X" such that any pair of probability measures which
assign approximately the same weight to all elements of ) as do vy and v, will strictly violate
Pareto (Claim 1 in the proof).

The goal now is to construct acts a1 and a that induce probability measures on X’ close to
v1 and vy in this sense. If all agents had the same beliefs, this would be easy —but they don’t.
However, as explained in §4.1, concordance implies that, after updating their beliefs on a long
enough initial history, all agents will converge to approximately the same beliefs (Lemma A.1).
This will happen on a set G of n-measure 1, where 7 is the “concordance” measure. This will
allow us to construct o and op with the desired properties.

But there is a complication. The Eventual Pareto axiom (9) is formulated in terms of agents’
eventual preferences (6), the asymptotically stable part of their robust conditional preferences
(5). But their conditional preferences change with every time-step, as they update their beliefs
with new information. So although at any moment in time in the far future, all agents will have
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roughly the same conditional beliefs (cf. previous paragraph), these conditional beliefs are a
moving target. So o and o must track this moving target.

Now, n is coalescent, and all agents asymptotically have beliefs very close to 1. So the con-
ditional beliefs of all agents at any time ¢ in the far future can be “approximated” by a finite
collection of measures {{t1, ..., iy }. This is only true on a set F of positive n-measure. But
n(G) =1, so if we define H = F N G, then n(H) > 0 also. So H is unanimously non-null, hence
a suitable site for application of the Eventual Pareto axiom. The Dubins-Spanier Theorem yields
a measurable partition 98! of SN such that:

e There is a bijective correspondence between the atoms of 3! and the atoms of 2).
e All of the measures {1, ..., iy} assign to each atom of 93! the same probability that vy
assigns to the corresponding atom of Q) (cf. eqn. (A24)).

We can likewise construct a partition 32 of S N which “duplicates” the values of v> on ). Now
define the act o' (respectively, «?) to map each element of P! (resp. ) to the corresponding
element of ). Thus, at any time in the far future, along any history in 7, the subjective expected
utilities assigned by the agents to o' and ? are very well-approximated by the expected values
of {u'};c7 and W with respect to vy and v, (cf. (A29) and (A30)). But by construction, vy and v,
manifest a strict violation of Pareto; this implies that o' and > manifest a violation of Pareto at
all times in the far future along any history in H, which leads to a violation of Eventual Pareto;
hence a contradiction.

To proceed with the proof, we will need two lemmas. Let 7 € N. For any 1, v € A(S"+>)),
the total variation norm distance between p and v is defined:

lw—vll = sup  |u(B) —v(B)|. (A1)
BES("‘OO)
measurable

For any measurable function ¢ : S¥~°°) —R, it is easily verified that

$du — / pdv| < @l e — . (A2)
S(t.00) S(t..00)

Lemma A.l. (Blackwell and Dubins, 1962) Let S be countable, let p and n be two stochastic
processes on S N and suppose that n is absolutely continuous with respect to p. Then there is a
subset G C SN such that n(G) = 1, and such that for all s € G, tlim ||,os,, — Ns.t H =0.

—00

In fact, the Blackwell-Dubins Theorem applies when S is any measurable space. The key
requirement is that p and n be predictive stochastic processes. Roughly speaking, this means
that for any 7 € N there is a function pr : SI% 71— A(ST-%)) such that for any q € SI*-71,
pr(q) plays the role of the conditional probability given q. If S is countable, then all stochastic
processes on S N are predictive: define p7(q) using formula (1). Diaconis and Freedman (1986,
1990), Schervish and Seidenfeld (1990), Kalai and Lehrer (1994) and Lehrer and Smorodinsky
(1996a) proved enhancements and variations of the Blackwell-Dubins Theorem; see Lehrer and
Smorodinsky (1996b) for a survey of this literature. Interestingly, Miller and Sanchirico (1999)
provided an alternative proof of the Blackwell-Dubins Theorem which specifically relies on its
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role in asymptotically eliminating “spurious unanimity” in zero-sum bets between two players.
But they did not connect this to Bayesian social aggregation.

Let U be the Banach space of bounded, measurable, real-valued functions on X', endowed
with the norm || - || defined by |lu|| := sup |u(x)| for all ¥ € U. Recall that 7 :=Z u {0}.

xeX

Lemma A.2. Let {uj}jej C U, and suppose there is some z € X such that u’(z) = 0 for all
j € J. Suppose that {u'};c1 satisfy Minimal Agreement. Let C be the closed, convex cone in U
spanned by {u'};c1 and 0. If u® is not in C, then there exist finitely additive probability measures
v1 and vy on X such that

/uo dv; < /uo dvo, while /ui dv; > /ui dvy foralli el (A3)

X X X X

Proof. C is a closed subset of /. So if u® ¢ C, then the Separating Hyperplane Theorem yields a
continuous linear functional ¢ : ./ —> R and some constant R € R such that

@’ < R < ¢(0), forall ¢ € C. (A4)

(see e.g. Dunford and Schwartz 1958, Theorem V.2.10, page 417, or Conway 1990, Theorem
1V.3.13, p. 111). In particular, since 0 € C, this means that R < ¢ (0) = 0. Furthermore, we must
have ¢ (c) > 0 for all ¢ € C, because if ¢(c) < 0 for some ¢ € C, then ¢ (r ¢) < R for sufficiently
large r > 0, contradicting the fact that r ¢ is also in C (because C is a cone). In particular, ¢ (u') >
0 for all i € Z. Now, {u'};c7 satisfy Minimal Agreement, so there exist /11, 2 € A(X) such that
Jru' dui > [y u' duy foralli € Z. Define ¢ : U—> R by setting ¥ (u) := [ u dpy — [y u dus
for all u € Y. Then  is a linear functional, and ¥ (u’) > O for all i € Z. Let ¢’ := ¢ + €,
for some small € > 0. Then ¢'(u’) > 0 for all i € Z. If € is sufficiently small, then we still
have ¢’ %) < 0, because R < 0 in inequality (A4). Thus, we get a continuous linear functional
¢’ : U{—> R such that

W’ <0 < ¢ W), foralli € Z. (A5)

The dual space of U is the space of finitely additive, signed measures on &X' (Dunford and
Schwartz, 1958, Theorem IV.5.1, p. 258). So there is a finitely additive, signed measure A on

X such that ¢’ (u) = / u dA for all u € U. So we can rewrite inequality (A5) as:
X

/uo dr < 0 < /u" da, foralli € Z. (A6)
X X

Let §, be “point mass” at z —that is, the finitely additive probability measure on X" such that,
for all measurable B C X, §,(B) := 1 if z € B, while §,(B) :=0if z ¢ B. Let L := A(X), and
define A" := A — L 8.. Then 1'(X) = 0. Note that [, 4 dA’ = [; u® di because [, u® ds, = 0.
Likewise, [y u' dA' = [ u' di for all i € Z. Thus, (A6) yields

fuo d/ <0 < /ui dw, foralli € Z. (A7)
X X
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The Jordan Decomposition Theorem yields unique positive, finitely additive measures v| and
v, on X such that A’ = v — v} (see Dunford and Schwartz 1958, Theorem IIL.1.8, p. 98, or
Bhaskara Rao and Bhaskara Rao 1983, Theorem 2.5.3, p. 53). Furthermore, vi X)) = vé(X), be-
cause A'(X) = 0 by construction. Let H := v{(X) = v}(X), and let v; :=v|/H and v, := v} /H.
Then vy and vy are probability measures, and inequality (A7) yields the inequalities (A3). O

Proof of the Theorem. “<=" (by contradiction) Suppose W is weakly utilitarian, but > vio-
lates Eventual Pareto. Thus, there exists a measure 7 € A(SN) with n<Kplforall jeJ,a
measurable subset H C SN with n(H) > 0, and acts «, 8 € A violating statement (9) —i.e. such
that o >fH B foralli € Z, but @« <4 B. For all j € J, formula (6) yields some €/ > O and for

all s € H, it yields some Tj € N such that if j € Z, then o ;> , B forall t > TS , whereas

o 0<g; P forallt > TO Lete _mmlejef then € > 0 For all seH,let Ty :=max;cy TS ;
then Ts € N, and for all r > Ty and all i € Z we have o .~ B, whereas o <s; B. Thus, formula
(5) yields

uola dpl, — / W o'Bdpl,>e forallieZands > T, (A8)
S(..00) S(t..00)
while / Wo ?Ol d,o?), — / Wo ?,8 d,oS), < —e¢, forallt > T. (A9)
S(t..00) S(t..0)

For all j € J, Lemma A.l yields a measurable G; C SN with n(G;) =1 such that

1_1)111 ’ps, —17s,|| =0 for all se ;. Let G := ﬂjejgj. Then n(G) =1, and for all j € J
and all s € G, we have llgglo ‘ ,o‘s",t — st || =0. Since Huf HOO < 00, inequality (A2) yields
lim [ wl o'o dpl, — f wl oo dg,| =0 (A10)
— 00 ’
S(t..0) S(t..00)
and  lim / w o' dpl, — f uwl o'B dng,| =0. (Al1)
—00 ’
S(t..00) S(t..00)

Now, G NH # @, because 1n(G) = 1 and n(H) > 0. For any s € G N H, we can combine inequal-
ities (A8) and (A9) with equations (A10) and (A11) to obtain

litminf f ' oy dns; — / u' o ?,3 dns: | >€, forallieZ, (A12)
— 00
S(t..00) S(t..00)
while limsup f Wola dns,: — f Wo ?ﬂ dns; | < —e. (A13)
—00
S(t..oo) S(t--OO)

But W= "c'u’, where ¢ >0 forall i € Z. So (A12) and (A13) yield a contradiction.
iel
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“=—=>" (by contradiction) Recall that 7 :=Z U {0}. Let u®:=W.Let z € X. For all jeJd,
by replacing u/ with u/ — u/(z), we can assume without loss of generality that u/ (z) = 0. (This
does not affect the SEU representations.) Let C be the closed, convex cone in I/ spanned by
{u'};ez and 0. Then u° is weakly utilitarian if and only if u° € C.

To get a contradiction, suppose that u° is not in C. Then Lemma A.2 yields finitely additive
probability measures vy and v, on X satisfying the inequalities (A3). For all j € 7, let €/ :=

/uj dvy —/uj dvy|. Let

X X

1 )
€ = — min €’. (A14)
5 jeJg

Then € > 0. Inequalities (A3) and definition (A14) yield

fuo dv, —fuo dv; > 5S¢, and fu" dv; —/u" dvy > 5¢ foralli eZ. (A15)

X X X X
Let R := max { |l ||°°}jej' Then R is finite because {Mj}jej are bounded functions. Let N :=
[R/€]+1;then Ne > R, so the interval [-N €, N €) contains the ranges of {u’};c 7. Forall j €
Jandalln € [-N..N],letY) = w/) 'ne, (n+1)€). Then 9/ = {y,{}f;’:w is a measurable
partition of X'. Let ) be the common refining partition of {2)/} je- This is a measurable partition
of X'. Suppose it has K cells, and write ) = {yk},le. For all k € [1..K], let p,l = v1 (W) and
p,% :=v2(Y). Then p1 = ( p,l),f: , and p2 = ( p,%)f:1 are K -dimensional probability vectors.

Claim 1: Fix £ € {1,2}. Let v € A(X) be any measure such that

‘v(yk)—p,f) < ﬁ forallk e [1..K]. (A16)

Then /uj dv—/uj dve| <2eforall je J.
X X

Proof. Fix j € J.Forany k € [1..K], there is some n € [N ... N] such that Yy C y,{. Suppose
thatn € [N ... — 1]. (The argument when n € [0... N] is similar.) Then

nev(yk)</ufdv < (D evl)
Vi

and n € v (V) < / wdve < (D) eve),
Yk
because ne <ul(y) < (n+1)e forall y e )),{, by definition. Thus,

/uf dv—/u/ dvy (A17)

Vi Vi
< maXH(n+1)6 ve(Qh) —ne V(yk)‘a

(n+ Devd) —nevo|}
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Now,
| eve @) —nev)| = |m+De (v = v +evi)| (A18)
<Int € [ Q) = v +evl) < Inle w0 = v| +evh)

(©)

1
|n|€‘Pk_V(yk)‘+€V(yk) < Ne-—+ev(Qh) = i+6v(37k),

® ) KN K

while

|+ evi) —nev)| = |ne (v =) + €| (A19)

1
Shile b0 = pf[+evOh) < NeopoderO = L +evOw.

( ()

Here, (¢) is because n < 0, so that n <n + 1 <0, hence |n + 1| < |n|. Meanwhile, both (x) are
by the definition of p*, while both (1) use hypotheses (A 16) and the fact that [n]e < N e.
Inequalities (A17), (A18) and (A19) imply that

/uj dv—/uj dve| < %-l—ev(yk). (A20)
Yk Yk
This holds for all k£ € [1..K]. Thus,

K K
/uj dv—/uj dve| < Z /uj dv—/uj dvy| < Z(%+ev(yk)>
fe e ® = y 3 (N —
. K
=K +e dvQk) = et+e = 26
k=1
K
as claimed. Here, () is because X = |_| Yk, while (F) is by inequality (A20). < claim 1
k=0

Let 7 be the concordance measure. For each j € 7, n < p/ by hypothesis, so Lemma A.1
yields a measurable subset G; € S N with n(G;) =1, such that

hm
—

Let G := ﬂjeJ G;. Then n(G) = 1, and for all s € G, the limit (A21) holds for all j € J. Thus,

for all s € G, there exists Ts/ € N such that

‘ 1
2K N’

Claim 2: There is an event F € SN with n(F) > 0, and a finite collection of nonatomic

measures {11, ..., uy} such that, for any s € F and event B C SN there exists Ts//B € N such

pli—nei| = 0 foralls € G;. (A21)

psj,t — Ns,t forall j € J andallt > T}. (A22)

1
that for all t > B’ there is some m € [1..M] with |ns, t(’B) um(B)| < KN
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Proof. (by contradiction) Let § := ﬁ The process 7 is coalescent, so there is an event F C
SN with n(F) > 0, and a finite collection of nonatomic measures {u1, ..., iy} such that for
any measurable B C SN the set of values {11 (B), ..., uy(B)} is 8-dense in the set of cluster
points Cs 3 for all s € F.

Suppose there was some s € F and event 3 C SN falsifying the claim. Thus, for any 7 € N,

there exists 7 > T such that ns,,(;B) — U (B)’ > § for all m € [1..M]. Thus, there is an infinite

sequence ] < tp < t3 < --- such that

ns.s, ["B] — Mm(B)‘ > 8 forall me[1..M] and n € N.

But {ns, "B]}°° | 1s a subset of [0, 1], which is compact. So by dropping to a subsequence
if necessary, we can suppose that this sequence converges to some c¢ € [0, 1]. It follows that
lc — wm(B)| = 8 for all m € [1..M]. But ¢ € Cy 3, so this contradicts coalescence. < claim 2

Let H := F NG. Then n(H) > 0. For all s € H and all measurable B C SN, define T g =
max{7y, Tz}. Forall j € J and t > Ty 3, Claim 2 and inequality (A22) imply

;oo 1
psj’,([B) —umB)| < N for some m € [1..M]. (A23)

Recall (pk)k , and (pk)k |» defined just before Claim 1. The measures {1, ..., upy} are
nonatomic. Thus, for both ¢ € {1, 2}, the Dubins-Spanier Theorem yields a measurable partition
pl= {P,f},le of SN such that

wm(PY) = pf, forallk e[l..K]and all m € [1..M]. (A24)

(Aliprantis and Border, 2006, Theorem 13.34, p. 478). For all k € [1..K], let y; € V. For both
€ €{1,2}, define &' : SN — X by setting (a*) "' {yx} := P{ for all k € [1..K]. Then a’ is mea-
surable, and a‘(s) € {yk},f=1 (a finite set) for all s € SN; thus ! € A. I will now show that o'

and «? violate the Eventual Pareto axiom (9).
Foranyse H,allk e [1..K] and all £ € {1, 2}, define T, spLas prior to inequality (A23). Then

let 75 := max {7 P £e{l,2}and k € [1..K]}. Thus, for all s € H, if t > T, then for all j € 7,
k €[1..K], and £ € {1, 2} statement (A23) implies that

ol t(’Pk) m (Pk)‘ N for some m € [1..M]. (A25)

Combining statements (A24) and (A25), we deduce

- 1
ps{t(fP,f)—p,f‘ < = forall jeJ. kell.K] €e{l.2Landr > T (A26)

Now, for all k € [1..K] and £ € {1, 2}, the construction of ¢ implies that («®)~'(Q)) = P,f;
thus (‘o f)—l(yk) — Pl Forall jeJ, te{l,2),seH, and t > Ty, let v/} :="al(pl,) (ie.
vs, (W) = pst [(’ 6 1(VV)] for any measurable subset VW C X). Then

vV =l (P, forall jeJ, ke[l.K], and €€ {1,2}. (A27)
Substituting equation (A27) into inequality (A26) yields

1
Jte[yk]_plgﬂ < o foralljed. kell.KL £e(l.2)andr>T.  (A28)
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Thus, Claim | and the inequalities (A28) yield

/uj dvsj”f — / ul dvy| <2¢, forall j e J,bothte{l,2},andall s> Ts. (A29)
X X
A change of variables theorem (see e.g. Petersen 1989, Proposition 1.4.1, p. 13) yields

/uj vl = / (uf ofa‘f) dpl,,  forall jeJ and e ({l,2}. (A30)
X SN
For all ¢t > Ty, combining the equations (A30) with inequalities (A29) and (A15) yields

/ u’ o 7012 dpgt — / u® o ?al d,ogt > ¢, while (A31)
SN SN

/ U olo? dpé’t - / U oo dpé’t <—e foralli eZ.

SN SN

By defining formula (5), the inequalities (A31) imply that
a' <5, o, while o' o=/, o forallieZandalls>T,. (A32)

This holds for all s € 1. But () > 0, and n < p/ forall j € 7, so H is unanimously non-null.
Comparing statement (A32) and definition (6) yields ol < o? while o! >§_[ o? foralli € Z,
contradicting statement (9), and thereby contradicting Eventual Pareto.

To avoid the contradiction, W = u® must be an element of the cone C, which means that W is
weakly utilitarian. O

Remark A.3. (a) Note that concordance is only used in the “==" direction of the proof. The
proof of “«=" works for any collection of measures {p/} jeJ-

(b) The argument leading up to inequality (A23) can be used to show that the measures
{0j}je7 themselves are coalescent, if they are concordant.

(c) Diaconis and Freedman (1986, Theorem 3) proved a version of the Blackwell-Dubins theo-
rem for exchangeable stochastic processes (i.e. mixtures of independent coin-tossing processes).
Their result does not require any absolute continuity assumption, but it only yields weak* con-
vergence of conditional beliefs rather than convergence in total variation norm. However, weak*
convergence is all that is needed for the proof above, and any coin-tossing process is coalescent.
This yields a version of result which replaces concordance with the assumption that the beliefs
of all agents take form of exchangeable processes.

Appendix B. Proofs of other statements
Proofs of coalescence (from Section 2). Parts (i), (ii), and (iii) are immediate.

@iv) Let n € A(SN) be uniformly and fully coalescent, and let ' := ®(n); we must show
that n’ is also uniformly and fully coalescent. Let € > 0. Let €’ := ¢/3. Since 7 is fully coa-

lescent, there is a finite collection {uq,..., up} C A(SN) such that, for any event B C SN,
the set {u1(B), ..., upu(B)} is €'-dense in the set Cp := U Cs.B. Let u), := ®(uy,) for all
seSN
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m € [1..M]. Let K be the closed convex hull of {;/1, ceeh /,L?W} in A(X). This is a compact subset
of A(X) with respect to the total variation norm (because it is the continuous image of an M-
dimensional simplex, which is compact). Thus, there is a finite subset A, C K that is €’-dense
in K in the total variation norm. I will show that A, satisfies the coalescence property for 7’.
To be precise for any event A C RN 1 will show that the set {A(A)};c A, 1s €-dense in the set
= U Cr.A-
reRN _

For any t € N, define '® : S>) R in the obvious way. Let B:= ®~!(A). For all
t € N, it is easily verified that ol (?A) — 1. For any r € RN and 1 € N, recall that [rjo.]:=
{r e RN, r), =ry forall n € [0..]}. A simple computation shows that

né,t(;A) = /Ust(B)dn[S] where Q; = & '[rj.]. (BD)
77[1'[ 1

Since 5 is uniformly coalescent, there exists 7. € N such that, for all s € SN and all ¢ > T,
there is some ¢; € Cg such that

ns,,(?B) — c,‘ < €’. Meanwhile, there is some m,(s) € [1..M]
such that |c, — M, (s) (B)’ < €, because {1 (B), ..., uy(B)}is €’-dense in Cg. Combining these
inequalities, we conclude that ns,,(YB) — M, (s) (B)‘ <2¢ . Forallme[l.M] and t > T,, let
O :={s € Q; my(s) =m}. Then

1si(B) = in(B)| < 2¢, forallse Q. (B2)
m . 12" m
etg;" 1= (Q).NotethatQt |_|Q . Thus, Zq, =1,s0 E q" w,, € K. Thus,
AN~
m=1 m=1

inf
kekl

M
M, (A —K(A)’ <l (A =D qr /LLI(A)‘

m=1

]/nsw) dnls] — Zq, 1 (B)

EII

77[1' m=1

1 . M
_ L @B dnls) — " 1 (B)) B3
5 ) /’7,1( ) dnls] mZZIn(Ql)M (B) (B3)

Q

Here, () is by equation (B 1), and the fact that n” = ®(n) while B = &~ 1(A). Meanwhile, (1) is
because 7' = ®(n), Q; = ™ '[rp.], and ¢/" = n(Q")/n(Q;). But

M M
[ s anisi= Y n@ n®| = | [neiBranisi= 3 [ un e
Q m=1 Q m=lgm
M -
13 [ (1B~ ) anisl) - < > [ [1es B = @) ans
m=1Q;n m= IQm
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M

<y [2eansi = 2¢ 3 n@n 5 2. (B4)

® =y o

Here, (%) is by inequality (B2), and both (}) are because O, = |_|fn4: 1 QF'. Combining (B3)

and (B4), we get i";ﬁ; e, (A —K(.A)‘ < 2¢€’. By construction, A, is €’-dense in K. Thus,
Ke :

inf

n}t(;A)—A(A)’ <3¢ =

ThlS argument works for any event A C RN, any r € RN, and any t > T.. We can construct
such a finite subset A, C A(RN) and 7, € N for any € > 0. We conclude that n’ is fully and
uniformly coalescent.

(v) Suppose &S is finite and 5 is quasimarkovian, with Markov function & : S*—> A(SY),
such that p(s) is nonatomic for all s € S*. I claim that 7 is coalescent. To see this, let 0 < € < €'.
There is some M > 0 and event F C SN with n(F) > 0 such that for all s € F, the limsup
inequality (2) is satisfied. For all r € SM, let jup := u(r) € ASN). Let M := {uy; r € SM}.
This is a finite collection of measures, because S is finite.

Let s € F and let B C SN be an event. I claim that {(B); 1 € M} is €’-dense in Cs.5- To

see this, let ¢ € Cg 5. Then ¢ = lim Ns.1, ("B) for some sequence t; <t <13 < ---. Inequality

(2) says that there is some T5 3 > M such that

UER t([B) M(S(—M 1] )(B)‘ e forall t > T .
T)s,tn(”B) - M(S(t,,fM..t,,])(B)‘ Leforalln > N. By
dropping to a subsequence if necessary, we can fix r € S¥ such that s, _p ., =r foralln > N
Ns.1, (;"B) — ,ur(B)‘ < € for all n > N. Thus, we must

Let N := min{n € N; t, > T; g}. Then

(because SM is finite). Thus, we have

have |c — ur(B)| <e <€, as des1red
This argument works for any €’ > 0. We conclude that 7 is coalescent. 0O

Proof of Example 1. Suppose p is quasimarkovian, with Markov function x : S*— A(SY).
Let «, B € A, and suppose there is some €’ > 0 and N € N satisfying inequality (7). Let K :=
llulloo and let € :=€'/(2 K + 1). The quasimarkovian property yields some M > N and measur-
able F € SN with p(F) > 0 such that for any s € F and measurable subsets B € SN, the limsup

inequality (2) holds; hence there is some Tg g > M such that |ps, t(tB) Mso_y . (B)| < € forall

t > Ty . Since « and B are finitely valued, there is a measurable partition 3 = {P1, P2, ..., Py}
of SN such that both o and B are measurable with respect to 3. Thus, the integrals of u o
and u o 8 over S are welghted sums involving the measures of Py, P2, ..., Py, whereas the

integrals of u o’a and u o ’ﬂ over S~ are the corresponding weighted sums involving the
measures of ’771 , ’772, e ’PJ. For any s € F, define Ty := max{T; p,, Ts p,, ..., Tsp,}; then T

is finite, and for all r > T, we have ps,t[’qP,'] — Usy_p . [Pjl| < €forall j €[l..J]. Thus,

/ U o dps.: — / uoadus, , | <Ke (BS)
S (..00) SN

and f wo'fdps, — / wo B dus, | <Ke, (B6)
S (t..00) SN
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forall r > Ts. (Recall K := ||u||5.) Combining inequalities (7), (B5) and (B6) yields

/ u o;(x dos; > €+ f u o;,B dps;, foralltr > T,
S(1..00) S(r..00)
hence, o > B, for all ¢t > T;. This holds for all s € F; thus, @ > 7 8, as claimed. O

Finally, here is a technical result that was mentioned in footnote 16 and in §4.3.

Proposition B.1. Ler {p/} jeg be a collection of probability measures on S N There exists ne
A(SN) such that n < p/ forall j € J if and only if{pj}jej is not singular.

Proof. “=" (by contradiction) Suppose there exists n € A(SN) such that n < p/ for all j €
J, but {p’} jeg is singular. Let {B;};c7 be a measurable partition of S N such that p/ (B i) =
0 for all j € J. Then for all j € J, we have n(B;) = 0, because n « o’ . Thus, n(SN) =
Z n(B;) =0, contradicting the fact that n € ASN).
jed

“«<=" (by induction on | J|) The case |J| = 2 follows from the Lebesgue Decomposition
Theorem: for any two measures if pl, p%e A(SN), we can write p! = 5 4 p1, where § < p?,
while p and p? are singular. It is easily verified from this equation that p < p' as well. If p! and
p? are not singular, then p # 0. Thus, let 7 := 5/p(SN); then n € A(SY), and by construction
n< p!andn < p?

Now let J > 3, and suppose inductively that the claim is true for | 7| = J — 1. For simplicity,

suppose J = {1,2,3,..., J}. Since {p/}]ej is not singular, in particular the measure p
not singular versus any of p!, ... r pl 1 . Thus, for alli e [1..J ) the Lebesgue Decomposmon
Theorem yields two measures 5 and pt ! on SN with p' = ' + p ', such that 0 # p' < o’

and p! ! is singular to ,o . This means there are disjoint measurable sets BI,CI C S N such that
SN =B L, with p! (B') =0 and p” (C') =0. Let

J-1

J—1
B and C := c,
e e U

i=1
Then SI\.I = BUC (by de Morgan’s Law), and pj_(B) =0foralli €[l..J), while p/ (C) =0, and
hence p' (C) =0 foralli € [1..J).

Claim 1: {p',..., 5/~ is not singular.

Proof. (by contradiction) Suppose this collection‘ was singular. Then there would be a measur-
able partition SN =D!'u...uD’~! such that 5 P (D’) =O0foralli e[1..J). Foralli €[1..J),
let & :=BND;. Then B=E'L---ué/~! and p'(£') =0 foralli € [1..J). Now let £/ :=C.

Then E'u---u&/~TLE =B C SN 5o the collection (& }JJ: | is a measurable partition of
SN . Forany i € [1..J), we have
pIEH = BFENFPLE) = 040,

() ()
where (x) is because p' = pf + ,oj_, while (1) is because ' (£') = 0 and ,oj_(Ei) < pj_ (B) =
Finally, p/ (£7) = p’ (C) =0, as already noted. Thus, the partition {£/ }jJ.: | makes the collection

{p/ } je7 singular, contradicting the hypothesis of the theorem. < claim 1
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Given this claim, we can apply the induction hypothesis to construct some probability measure
ne A(SN) such that n <« p' for all i € [1..J). For any i € [1..J), we have p' < p' and thus,
n < p'. Meanwhile, p' <« p”, and thus, n <« p”. Thus, n < p/ forall j € 7. O
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