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Abstract

This paper studies frictional wage dispersion by extending Ortego-Marti (2016) with
heterogeneous human capital depreciation rates. While baseline search models struggle
to sufficiently explain empirical wage differences among observationally identical work-
ers, the model with human capital loss during unemployment provides a significant im-
provement. Workers reduce their reservation wages because unemployment hurts their
human capital. This paper shows that a model with heterogenous rates of human capital
depreciation increases frictional wage dispersion even further. Workers with a lower de-
preciation rate increase the average wage, while workers with higher rates of depreciation
decline the reservation wage in the labor market. Both changes imply that the model
with heterogeneity yields more frictional wage dispersion than the model with homoge-
nous workers and that the model can thus explain even more of observed frictional wage
dispersion.

Key words: wage dispersion, search and matching, human capital

JEL code: E24, J24, J64

*Aarhus University
t Aarhus University, Corresponding author. Email: s.zhang@econ.au.dk



1 Introduction

Frictional wage dispersion refers to the situation where observationally identical workers are paid
different wages (Hornstein et al. 2011). Empirical evidence shows that such frictional wage dispersion
plays an important role in explaining wage differentials across workers. Empirical literature tries to
control as many variables as their Mincerian regressions can. However, the residual wage dispersion
is still large. It implies that observable worker characteristics such as education and tenure can
only explain a fraction of observed wage differentials. In particular, the 50-10 percentile ratio of the
residuals lies between 1.7 and 1.9 (Hornstein et al. 2011), meaning that the data displays a 70 to 90
percentage differential between the 50th percentile (median) and 10th percentile residual wages.

Baseline search models of the labor market do not offer sufficient explanations of this frictional
wage dispersion. McCall (1970) shows that even wages can be drawn from a random distribution.
However, firms only post the reservation wages of workers because they realize workers accept job
offers as long as the wage is equal or above their reservation wage. Pissarides (1985) shows that
wage dispersion is generated in a related way as workers and firms draw a match-specific productivity
from an exogenous distribution when they meet. Hornstein et al. (2011) show, however, that these
baseline models do not generate sufficient wage dispersion among identical workers. They derive a
theoretical measure of frictional wage dispersion for search models, the mean-min. wage ratio (Mm
ratio) to which the 50-10 percentile ratio is a reasonable empirical counterpart (Ortego-Marti 2016).
Hornstein et al. (2011) show that the Mm ratio for the two baseline search models is only 1.05 which
is far less than the 50-10 percentile ratio of 1.7-1.9 that has been found empirically. Hence, baseline
search models predict far too little frictional wage dispersion. Hornstein et al. (2011) also examine
extensions to the baseline models, including endogenous job separation (Mortensen & Pissarides
1994), returns to experience, directed search (Moen 1997), and on-the-job (OTJ) search (Burdett
& Mortensen 1998), but only find the latter extension to yield a satisfactory improvement in the
magnitude of the Mm ratio.

To generate more frictional wage dispersion, Ortego-Marti (2016) proposes to add permanent
loss of human capital during the unemployment spell to the model. In this model, unemployed
workers gradually become less productive since their human capital depreciates during unemploy-

ment. Workers reduce their reservation wage because being unemployed hurts their human capital
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and affects their future income. As a result, the wage despersion in this market increases. The Mm
ratio in Ortego-Marti (2016) increases to 1.21. It explains around 26% of the empirically observed
residual wage dispersion, while the textbook model only accounts for around 6%.

In this paper, we adopt the model frame from Ortego-Marti (2016) with heterogeneous human
capital depreciation rates among workers. We examine the Mm ratio to check whether the hetero-
geniety can explain observed frictional wage dispersion better. We consider workers in this model
are identical on all observable characteristics. Differences in human capital depreciation rates are
only due to some personal characteristics that cannot be observed in the data. For instance, workers
who are more motivated to stay updated on relevant information and knowledge while unemployed
could plausibly lose human capital less rapidly during unemployment.

The assumption that human capital depreciation happens during unemployment and that these
losses are persistent is widely supported by the empirical literature. For instance, in the empirical
part of his paper, Ortego-Marti (2016) shows that not only recent but also older accumulated
unemployment history reduces wages significantly. This shows that human capital losses due to
unemployment have persistent effects on wages. The part of the literature that focuses on displaced
workers in the U.S. similarly finds that job displacement leads to persistent earnings losses (e.g.,
Neal 1995, Couch & Placzek 2010).!

Using Swedish data, Edin & Gustavsson (2008) investigate whether the negative empirical rela-
tionship between unemployment and subsequent earnings is indeed due to human capital loss. They
find that cognitive skills decay significantly during time out of work, hence supporting the claim
that unemployment does indeed lead to human capital losses. Kleinjans (2019) shows with German
data that unemployment also hurts workers’ non-cognitive skills. Finally, Ortego-Marti (2017) shows
that the rate of wage (i.e., human capital) loss during unemployment varies across industries and
occupations, and that the rate of decay is higher in industries and occupations where more skills
and experience are required. This finding supports the assumption in this paper that workers have
different human capital depreciation rates.

The literature provides some approaches to explain frictional wage dispersion. Ortego-Marti

(2016) allows for human capital accumulation during employment and OTJ search which creates

'Displaced workers are defined as “workers who are fairly attached to their job and are involuntarily separated
from it, with little chance of being recalled by their employer or finding a similar job within a reasonable span of
time”, Ortego-Marti (2016).
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even more frictional wage dispersion. Burdett et al. (2016) follow a similar model but add differences
in productivity among firms and find that this explains much of the wage differentials among equally
skilled workers. Dolado et al. (2009) consider a model with OTJ search and distinguish between
skilled and unskilled jobs as well as highly- and lowly-educated workers. Because of the possibility
of OTJ search, highly-educated workers may accept unskilled jobs because they are allowed to keep
searching while employed. This widens wage differences among highly-educated workers because
some of them will accept a lower wage from unskilled jobs. Fu (2011) shows that firm-funded
training of employees can enhance frictional wage dispersion, as differences in training among firms
cause ex ante identical workers to differ in their productivities ex post.

The rest of the paper is structured as follows. Section 2 presents the search model with het-
erogenous workers. Section 3 discusses that the heterogeneity of human capital depreciation rate

increases the overall M'm ratio analytically and quantitatively. Section 4 concludes.

2 The model

The model presented in this section is based on the stochastic random matching model by Ortego-
Marti (2016). We consider an economy in continuous time. The labor market consists of two agents,
firms and workers. Both are infinitely lived, risk neutral, and discount their future values at a
constant rate r. Jobs end at the exogenous job separation rate s, and there is no OTJ search. Hence,
only unemployed workers search in this labor market. Because of search frictions, it takes time for
unemployed workers to get jobs. The total labor force is normalized to 1. During unemployment,
workers gradually lose human capital at the rate §;. There are two types of workers i € {H, L} with
different human capital depreciation rates. A fraction o of the total labor force has a high human

capital depreciation rate §p, while the remaining 1 — ¢ has a low depreciation rate 6y, < dp.

2.1 Matching function

As the two types of workers ¢ = {H, L} are similar in all observable characteristics, we assume that
they search in the same labor market. Flows from unemployment to employment are determined
by the number of matches between unemployed workers and open vacancies posted by firms. The

matching technology in the labor market is represented by a matching function which determines
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the rate (equivalently, the number) of matches m as a function of the number of vacancies v and
unemployed workers u:

m=m(v,u).

The matching function has the following properties. Firstly, it is increasing and concave in both of its
arguments as more matches can be made when there are either more vacancies or more unemployed
workers, but at a decreasing rate as more matches also imply that either less unemployed workers
or vacancies are left to choose from. Secondly, the function exhibits constant returns to scale, that
is, if the vacancy and unemployment rates increase by the same factor, matches will increase by the
same factor.

Market tightness € is defined as the ratio between vacancies and unemployed workers, 6 = v/u.
By the properties of the matching function, the job arrival rate A(6) for unemployed workers can be
calculated as

m (v, u)

)\(09):4 :m(9,1)7

u

and similarly for the job filling rate ¢(6) for vacant jobs:

According to the properties of the matching function, the job arrival rate increases in market tight-
ness (OA/00 > 0), while the job filling rate decreases (0¢q/00 < 0). That is, when market tightness
is high, there are many vacancies per unemployed worker (or, few unemployed workers per vacancy)

so unemployed workers find jobs more quickly while firms have more difficulty finding workers.

2.2 Workers

When workers initially enter the labor market, they are ex ante identical. However, workers lose and
find jobs randomly because both job separations and matches happen at random. Over time, workers
therefore accumulate different durations of time spent in unemployment. As human capital decays
during unemployment, different unemployment histories also yield different human capital levels
so workers become heterogenous ex post. Heterogenous human capital depreciation rates further

add to this ez post heterogeneity, as two workers with similar unemployment histories but different
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depreciation rates will end up with different human capital levels.

A worker’s unemployment history is summarized by the cumulative duration of unemployment
spells v. The distributions of unemployment histories v among employed and unemployed workers
are determined endogenously and are given by the cumulative density functions GF (v) and GY (v)
for i € {H,L}. These distributions are allowed to depend on worker types i, as different rates of
human capital depreciation might affect unemployment durations. To ensure that these distributions
are stationary, workers are assumed to leave the labor force at rate p (e.g., due to retirement) and
are replaced by new workers with zero unemployment history.

As we consider workers that are observationally identical, human capital is considered the net
of such characteristics. Further, we assume for simplicity that workers do not accumulate skills
during employment. Therefore, human capital only depends on unemployment history v and the
depreciation rate §;. The constant depreciation rate implies that human capital can be written as

an exponentially decreasing function of unemployment history ~:

hi(y) = e

for ¢ € {H,L} and with the normalization h; (0) = 1. Note that the assumption that workers
do not accumulate human capital during employment implies that human capital losses during
unemployment have a permanent impact. This simplifying assumption can be justified as empirical
evidence shows that unemployment has long-term effects on wages (see Section 1). However, it
would also be relevant to examine the more realistic case of skills accumulation during employment.

During unemployment, workers’ valuations of non-market activities are assumed to be propor-
tional to their human capital. Unemployed workers receive the utility flow bh; (y) where b is the
utility flow for an unemployed worker with no unemployment history (i.e., with h; = 1). In general,
this utility flow represents the return when the worker is not producing (Pissarides 1985) and will
therefore include unemployment benefits, the value of leisure, and home production net of search
costs and the disutility of being jobless (Hornstein et al. 2011). Ortego-Marti (2016) interprets
bh; () more narrowly as the flow payments that workers receive during unemployment and thus as-
sumes that unemployment benefits are individual-specific and proportional to human capital. While

this might seem as an unrealistic assumption, it will simplify the subsequent analysis significantly.
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See a further discussion in Section F.

2.3 Firms

The productivity of a match (in terms of output) between a worker and a firm is determined by the
product of a randomly drawn productivity parameter p and the individual-specific human capital
hi (7):

phi (7).

As in the Pissarides (1985) model, not all matches start with the same productivity p. Instead, let the
cumulative density function F' (p) represent a known distribution of match-specific productivities.
When workers and firms meet, they make a random draw p from this distribution. This productivity
represents the matching efficiency of the worker and the firm (Pissarides 1985, p. 679).

Firms post vacancies to hire workers for production. They pay a constant recruitment cost k for
posting vacancies. The production starts once the firm matches with a worker. The match produces
a flow productivity ph; (7) that consists of the matching efficiency and human capital of the worker.

The worker only stops producing if job separation occurs at the exogenous rate s.

2.4 Bellman equations

The above assumptions allow us to derive Bellman equations which represent the value functions of
workers and firms. When workers and firms meet, they either accept the match and start producing
or reject the job and keep searching in the next period. The threshold of productivity p that firms
and workers accept the match is called the reservation productivity. Let pfﬁ denote the reservation
productivity for type-i workers. Matches with a productivity p > p;-k’7 are accepted, while matches
with p < p; . are rejected.

Let U; (7y) denote the value function of an unemployed worker with unemployment history - and
human capital depreciation rate ¢;, and let W; (v, p) denote the value function of an employed worker

with the match-specific productivity p. Then, the Bellman equation for an unemployed worker is

max

(4 WU () = Ui () +20) [ W) = Ui )] dF (0) + %”. (1)

This equation shows that the return to unemployment depends on the flow of unemployment benefits
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and on the probability of finding a job: unemployed workers receive job offers at the rate A\(f) and
accept them if p > pj,,y. In this case, the transition into employment will be associated with a utility
gain of W; (y,p) — U; (v). Furthermore, the value of unemployment decreases with the worker’s
unemployment history due to human capital losses. Since workers leave the labor force at rate p,
the term r + p on the left-hand side can be interpreted as the effective discount rate.

The value function of an employed worker similarly satisfies the Bellman equation

(r+p) Wi (y,p) = wi (v,p) — s [Wi(v,p) = Ui (7)] (2)

Employed workers receive a utility flow from the wage w; (,p). They lose their jobs with capital
loss W (v,p) — U; (7) at the rate s.

As explained previously, differences in workers’ human capital depreciation rates are due to
unobservable worker characteristics, so firms are not able to distinguish them before a match has
been made. Similarly, firms receive applications across all unemployment histories as all workers
search in the same labor market. Hence, firms posting a vacancy must consider the expected gain
from hiring a worker across both worker types, all unemployment histories, and all potential match-
specific productivities. Let V denote the value function of a vacancy, the Bellman equation for

vacancies is

TV =~k +q(0){oBu [Ju (v,p) = V]+ (1 —0)EL [JL (v,p) = V]}, (3)

where

max

BilJi (rp) ~ V)= [ ( [ it - viar <y>) ac¥ (7)

iy
is the expected capital gain if the firm matches with a worker of type i € {H, L} according to their
unemployment history. Assume free entry in the market for vacancies such that firms keep posting
vacancies until V' = 0 which will hold in equilibrium.
In existing matches, the characteristics of the worker and the specific match are known to both
agents. Therefore, J; (7, p) denotes the value function of a filled job. The employee produces the
flow output h; () p and receives the wage wj (v, p). This yields profits h; (7) p—w; (v, p). At the rate

s, the job is destroyed, and the firm will suffer a capital loss equal to J; (v,p) — V. The associated
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Bellman equation thus reads

(r+p)Ji (v,p) = hi (V) p —wi (v,p) — s (Ji (v, p) = V). (4)

2.5 Wage determination and reservation productivities

When accepting the job contract, the worker gives up U; () for W; (v, p) and the firm gives up V
for J; (v,p). Hence, U; () and V are the worker’s and the firm’s respective threat points or outside
options. A successful match thus yields the net surplus S; (v,p) = J; (7,p) =V + W, (v,p) = Ui (7).
Wages are determined through Nash bargaining share rules. That is, the worker and the firm split
the surplus from the match, weighted by their respective bargaining powers. Letting 5 € [0, 1]

denote the bargaining power of workers, the wage is the solution that satisfies

wi (v,p) = argmax [W; (v,p) = Ui () [J; (7,p) = VI'7. (5)

Wy

The worker gets a share 8 of the surplus, and the firm a share 1 — 8. The first order condition for

this maximization problem is?

BJi (v,p) = (1= 8) (Wi (v,p) = Ui (7)) (6)

This condition shows that firms and workers agree on the same reservation productivity p; 7.3 Fur-
ther calculations allow us to arrive at an expression for the wage which links wages to reservation

productivities:

wi (v,p) = hi (v) [Bp+ (1 — B) pi,] - (7)

Rewriting yields w; (v,p) = h; () [6 (p — p;‘ﬁ> + p{v]. At the reservation productivity, we have

Wi(y,pf) = Ui(y) and Ji(v,pf) = 0. The wage at the reservation productivity is w;(vy,p}) =

2The derivations for this section can be found in Appendix B.

3Specifically, the productivity that makes firms indifferent between accepting and rejecting the match must satisfy
the condition J; (7, pfﬁ) = V. With the free entry condition, J; (7, p;‘ﬂ) = 0. Similarly, the productivity that makes
workers indifferent satisfies W; (’y,pfﬁ) = Ui (7). Inserting the pj . that satisfies the firm’s condition into (6) yields

BJi ('Wpfw) =(1-p5) (W, (’Y,p;w) -U; (7))
0=1-8) (Wi (v.piy) = Ui ()
Wi (v,pi5) = Ui (7).

Hence, the reservation productivity that satisfies the firm’s condition also satisfies the worker’s condition.
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hi(v)p;.,, and the value of workers” outside options is (r + p)Us(y) = wi(7,p;). As a result, the
reservation productivity p;‘ﬁ represents the worker’s outside option. When the productivity p is
higher than the reservation productivity, workers obtain their share of the additional productivity
according to their bargaining power 5. Hence, equation (7) shows that workers receive compensation

for their outside options plus their share § of the exceeding productivity from the match.

Proposition 1. The reservation productivity is independent of workers’ unemployment history, i.e.,

o
Piy = Pi-

All proofs of propositions and lemma are showed in appendix A. Following Ortego-Marti (2016),
the result is proven by guessing this solution and then confirming that the guess is indeed correct.
Intuitively, the output h; (7)p that a worker can produce decreases with his unemployment his-
tory. Lower output reduces the value to the firm of hiring the worker, so the firm will offer a lower
wage. This makes it less attractive for the worker to accept the job because the surplus of employ-
ment becomes lower. As a consequence, this increases the reservation productivity. However, the
unemployment benefits bh; () decrease with unemployment meanwhile. This lowers the worker’s
outside option, so the worker is willing to accept worse matches to leave unemployment by lowering
the reservation productivity. Because both output and unemployment benefits are proportional to
hi (7), these two opposing effects exactly net out such that the reservation productivity is the same
across unemployment histories.

Note that this simple result hinges on the assumption that unemployment benefits are propor-
tional to human capital, as this causes the values of employment and unemployment to decrease
proportionally. A more realistic assumption would be to assume constant benefits, as workers are
generally compensated by similar amounts during unemployment. We relax this assumption in F.

Next we look at the relationship of the reservation productivity between two groups of workers.

We derive the reservation productivity p; as?

- T+
N}

)\B p max
7“+,u+s/p;« (1F(y))dy], (8)

According to (8), we are able to derive the first order derivative of p! with respect to ¢; and the sign

4The derivation is in appendix C.
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of the derivative is negative:
op;
06;

<0. 9)

Hence, the reservation productivity decreases in the human capital depreciation rate. Workers with
a faster human capital depreciation during unemployment thus have a lower reservation productivity

than the ones with a lower depreciation rate:

P < PL- (10)

Lemma 1. The reservation productivity is higher with lower human capital depreciation rate, i.e.,
DI > Piy-

The reservation productivity is lower for workers with a high human capital depreciation because
both their productivity and unemployment benefits decrease at a faster rate during unemployment.
Hence, it is more costly for them to remain unemployed so they become less picky and are willing
to accept worse (less productive) matches to leave unemployment faster.

These results above for the reservation productivity can be substituted into the wage in (7) to

obtain a final expression for equilibrium wages:

wi (v,p) = hi (7) (Bp + (1 = B) p7) - (11)

While the reservation productivity is independent of -, wages still decrease in « because workers
with longer unemployment histories are less productive. For the same reason, wages increase in
the productivity p of the match. Furthermore, wages increase in the reservation productivity p;
because workers with a better outside option require more compensation. Hence, when comparing
two workers with the same unemployment history 7 and productivity parameter p but different rates
of human capital loss d;, wages are lower for workers with a high depreciation rate for two reasons.
First, since their human capital depreciates faster, their human capital is lower for a given length of
unemployment. Second, they require less compensation due to a lower outside option so they accept

lower wages.
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3 The Mm ratio

This section turns to the analysis of frictional wage dispersion in the model. Wage dispersion is mea-
sured by the Mm ratio, i.e., the ratio between the mean accepted and lowest accepted (reservation)

wage that can be observed in the labor market:

(12)

A wide range of search models are able to derive closed form expressions of the Mm ratio without
assuming any distribution of the offers that workers draw from. Instead, the Mm ratio in these mod-
els only depends on parameters of the model which can be estimated from the data (Hornstein et al.
2011). This is also the case in Ortego-Marti’s (2016) model with homogenous workers. However, in
our case with heterogenous workers, it is not straightforward to derive such a closed form expression.
Therefore, we must instead rely on numerical methods to calculate the Mm ratio. It is, though,
still possible to derive some analytical results regarding the size of the Mm ratio with heterogenous
depreciation rates compared to the case with homogenous workers. The next subsection turns to
this before moving on to the numerical calculations.

According to Ortego-Marti (2016), the Mm ratio should be calculated net of human capital as
the aim is to show that even after controlling for observable worker characteristics, and in particular
after controlling for unemployment history and human capital, the model still generates a more
realistic wage dispersion than baseline models.® In this way, larger wage dispersion will not be
driven by differences in human capital among workers, but only by the changes in search behavior
that the model implies. Likewise, our goal is to examine whether the heterogeneity increases wage
dispersion further. Therefore, human capital will similarly be disregarded from wages in the following

calculations. This also allows us to compare the results to Ortego-Marti (2016) directly.

®From (11), it can be seen that wages are proportional to human capital h; (7y):
wi (,p) = hi (7) (Bp + (1 = B)pi) = e~ (Bp+ (1 = B) pi) -
Taking logarithm to this expression yields
log w; (v,p) = =6y +log (Bp + (1 = B) pi) -

Hence, one can hold human capital fixed in a Mincerian regression (which also controls for other observable worker
characteristics) by controlling for unemployment history . The logarithm of wages is theoretically equivalent to a
Mincerian regression.
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3.1 Analytical results

With two groups of workers in the labor market, the Mm ratio is given by

owg+ (1 —o0)wg
w*

Mm=— — , (13)
w

where w; = E (w; (v,p) | p > p}) = 5~ ( ;}mm wi (7, p) 1i1;’((€;);<)) dGE(T'). The average wages can be

calculated from (11) as®

w; = hi(7)[8p; + (1 = B) p}]. (14)

Since we are able to remove h;(y) from wages by controlling unemployment history in a Mincerian
wage regression, we consider the wages net of human capital, which is fp + (1 — 8)p}.
Because w} = p} and wj; = pj; when wages are considered net of human capital, and according

to (10), the lowest wage observed in the labor market is wj;. Therefore, (13) can be written as

_ Ty
Mm:JwH—I-(* J)wL‘ (15)
Wy

Lemma 2. The average productivity conditional on the reservation productivity increases with the

reservation productivty, i.e., pr, > PH-

Since p; = E(p|p > p}) and pj > pj;, it must also be the case that the average observed
match-specific productivity is higher among the group of workers with the low depreciation rate,
as the two groups of workers draw p from the same distribution F' (p). This implies that p; > py.
Therefore, since both the reservation productivity and average productivity are higher among the
group of workers with the low rate of depreciation, we have that wy > wpy. These results allow us
to compare the size of the Mm ratio with heterogeneity to the Mm ratio with homogenous workers.
Rewrite equation (15), we get

wH—I—(l—O‘)ﬂ_O'MmH—F(I—U)

* * * )

Wr Wr H

wr,
Mm=oc

where Mmy is the Mm ratio among workers with the high depreciation rate. Start by comparing

the Mm ratio with heterogeneity to the case where workers only have the high depreciation rate.

6See this derivation in Appendix D.
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Since Wy, > Wy, it is also the case that Wy /w}; > Wy /wj; = Mmp. Hence,

> Mmy. (16)

This shows that the model with heterogeneous depreciation rates yields a higher Mm ratio compared
to the case where workers only have the high depreciation rate. Intuitively, because the group of
workers with a lower depreciation rate has a higher average wage, this will increase the difference
between the minimum and average wage, thus generating more wage dispersion.

We also consider whether the overall Mm ratio is greater than the Mm ratio when there are
workers with low depreciation rate only. When ¢ — 0, i.e. there are few workers with high deprecia-
tion rates, the overall Mm ratio converges to wy,/wj;, which is greater than Mmy, = wy/wj. When
o — 1, the overall Mm ratio converges to Mmyg but still slightly greater than Mmyg. According
to Ortego-Marti (2016), the model proves that higher human capital depreciation rate generates a
greater Mm ratio when there is only one type of workers in the labor market. Therefore, we can
conclude that Mm > Mmpg > Mmy,.

Hence, the model with heterogeneity will also yield a higher Mm ratio than the one with all
workers having the low depreciation rate. This unambiguous result means that the positive effect on
the Mm ratio with heterogeneity of a lower minimum wage will always outweigh the negative effect

of a lower average wage.

Proposition 2. The heterogeneity of human capital depreciation rate generates a greater overall

Mm ratio.

In summary, the analytical results show that heterogeneity always yields a higher Mm ratio than
in the model with homogenous workers, irrespective of whether a higher or lower depreciation rate
is introduced. Hence, we are able to increase the frictional wage dispersion implied by search models

even further by adding heterogeneous rates of human capital decay.
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3.2 Numerical solution

The following subsections turn to the numerical calculations of the Mm ratio net of human capital

which is given by

e OB + (L= B)piy] + (1= 0) (85, + (1= B) i)

Pr

Hence, to compute the Mm ratio, we need to know p! and p; for ¢ € {H, L} and the distribution of
workers 0. The difference of depreciation rate is due to unobservable characteristics of workers from
data. Therefore, the distribution of workers with different depreciation rates cannot be observed.
We examine the M'm ratio with o ranging from zero to one in this numerical exercise. From (8),
the reservation productivity p; is determined by the parameters of the model, the distribution of
match-specific productivities F' (p), and the fixed part of unemployment benefits b. Since actual un-
employment benefits vary across workers, we follow Ortego-Marti (2016) and define the replacement
ratio p as the ratio of average unemployment benefits to the average wage.

Specifically, let h denote the average human capital across all workers. Then, p = bh/hw = b/w
where W = owpy + (1 — o) Wy, is the average wage net of human capital. Hence, the fixed part of
unemployment benefits will be given by b = pw. The average wage w is determined by w; and is,
therefore, itself a function of p! and p; for i € {H, L}. Likewise, p} in (8) depends on both w; and
indirectly on p;. Furthermore, the average observed productivity p; = [ If%max p/ (1 —F (p}))dF (p) is
itself determined by p! and by the distribution F (p).

In sum, this leaves us with six equations in six unknowns: the reservation productivities p;, the
average productivities p;, and the average wages w;. To solve these equations numerically, we need
to assume a functional form for F'(p). Following Ortego-Marti (2016), we will assume a uniform

MaxX] where p™®* is normalized to 1. This normalization will not affect

distribution with support [0, p
the results as p} is proportional to p™®* .7 The uniform distribution with support [0, 1] implies that

the system of equations to be solved reads®

"See Ortego-Marti (2016, footnote 17).
8Gee the derivations of these expressions in Appendix E.
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L rHu | A8 (1-pp)°

. = w+ 5
b s P Tt ars 2
*\2
B, = 1—(p;)
Co2(1=pp)

for i € {H, L}.

3.3 Parameter specification

The values attached to the parameters of the model follow Ortego-Marti (2016). Except from the
human capital depreciation rates J; (which are elaborated below) and £, these values are taken
from Hornstein et al. (2011) who calibrate the model to fit the US economy using CPS data. The
assigned values are reported in Table 1 below. The parameter \* is the average job finding rate
across worker types and can be observed from the data. In the model, it is determined by the
product of the job arrival rate A\ and the respective fractions of acceptable matches 1 — F (p}).
Hence, \* = X[o (1 — F (p};)) + (1 — o) (1 — F (p}))]. The reservation productivities in (8) depend
on A so A\ is added as an unknown variable to the system of equations with the target to match the

observed \*.9

Table 1: Parameter specification

r p p s A B
0.0041 0.0021 0.4 0.03 0.43 0.5

All parameter values are monthly. The discount rate r of 0.0041 comes from the annual interest
rate, which is 0.05. The average duration of working life is assumed to be 40 years, so that the
monthly rate p at which workers leave the labor force is 0.0021. Further, Hornstein et al. (2011)
calibrate the monthly separation rate s as 0.03, and the monthly job finding rate A* as 0.43. The

bargaining power of workers f3 is equated to 0.5 based on Petrongolo & Pissarides (2001) and following

9This approach follows Ortego-Marti (2016, p. 16).
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Pissarides (2009) and Ortego-Marti (2016).

According to Ortego-Marti (2016), we are able to estimate the overall human capital depreciation
rate by running a Mincerian regression on the unemployment history. However, the heterogeneity
of the depreciation rate comes from the unobservable characteristics. We are not able to distinguish
these two groups of workers and estimate their human capital depreciation rate respectively. Instead,
we must rely on other existing estimates of the human capital depreciation rate although they will
not exactly reflect our case. Using such estimates will ensure that realistic values are assigned to dr,
and dp.

In a Mincerian regression, Ortego-Marti (2016) estimates the monthly human capital depreciation
rate to be 0.0122 and uses this in his calculations of the Mm ratio with homogenous workers. Further,
Ortego-Marti (2017) finds that the monthly depreciation rate varies between 0.0040 and 0.0218
across occupations and between 0.0066 and 0.0181 across industries. Therefore, it seems reasonable
to consider half of 0.0122 (corresponding to 0.0061) and the double of 0.0122 (corresponding to

0.0244) as further values of the human capital depreciation rate in the simulation below.

3.4 Numerical exercise

The Mm ratio is computed for three combinations of d; and dy. The first case assumes that the
depreciation rate estimated by Ortego-Marti (2016) of 0.0122 corresponds to dy while §y, is half its
size. The second case reversely equates d; with Ortego-Marti’s estimate and sets dp to twice its
size. The last case considers the two “extremes” with §g twice the size of Ortego-Marti’s estimate
and d7, half its size. In this latter case, Ortego-Marti’s estimate can be viewed as an average between
the two depreciation rates. Considering these different cases along with different values of o allows
us to examine whether the quantitative results seem robust to different specifications of §; and o.
Figure 1 below plots the numerical values of the Mm ratio for each of the three cases and for
values of o ranging from zero to one. For ¢ = 0 or ¢ = 1, the model is reduced to the setting
with homogenous workers as in Ortego-Marti (2016) with 6 = d or 6 = dp, respectively. With
homogenous workers and ¢ = 0.0122, the Mm ratio is therefore 1.209 as in Ortego-Marti (2016). For
6 = 0.0061, the Mm ratio is reduced to 1.129 while it increases to 1.369 for § = 0.0244. This conforms

with the analytical finding for homogenous workers that a higher human capital depreciation rate
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unambiguously increases the Mm ratio because workers accept a wider range of wages.!°

Firstly, we see that the numerical results confirm the analytical finding from above that het-
erogeneity will always yield a greater Mm ratio than if all workers had the high depreciation rate.
This follows because the Mm ratio for ¢ < 1 is always higher than if ¢ = 1. As explained above,
this happens because introducing workers with a lower depreciation rate will raise the average wage
which generates more wage dispersion. Secondly, we also confirm the analytical finding that the Mm
ratio with heterogenous workers is always greater than if all workers had the low depreciation rate.

When we introduce heterogeneous workers into the model, we can observe a big jump of the
Mm ratio from 1. We start from the labor market only with low-depreciation workers. Once the
high-depreciation workers are introduced to the model, the reservation wage jumps to the high-
depreciation one, while the effect on the average wage is not significant with a small share of high-
depreciation workers. The jump in the reservation wage causes the jump of the Mm ratio. When
o increases, the average wage is affected by a higher share of high-depreciation workers. The more
high-depreciation workers, the lower average wage. That is why we can observe that the Mm ratio

decreases with o.

Proposition 3. The overall Mm ratio decreases with o.

10T his result has been proved by Ortego-Marti (2016).
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Figure 1: Mm ratio for different combinations of §g and 0y,

(a) Case I: 65, = 0.0061 and 6y = 0.0122 (b) Case II: 6, = 0.0122 and 65 = 0.0244
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(c) Case IIL: 1 = 0.0061 and 6y = 0.0244
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In sum, for all three cases considered, heterogeneity thus yields a higher Mm ratio than the
value of 1.209 from Ortego-Marti (2016) with homogenous workers. Specifically, for case I, the ratio
ranges from 1.210 to 1.259; for case II from 1.369 to 1.459; and for case III from 1.369 to 1.487. As
explained in Section 1, a reasonable empirical counterpart to the Mm ratio is the 50-10 percentile
ratio which is approximately equal to 1.8. Hence, the model with heterogeneity can explain between

26% and 61% of observed frictional wage dispersion.
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4 Conclusion

This paper examines whether the heterogeneity of human capital depreciation generates more fric-
tional wage dispersion. Extending the model in Ortego-Marti (2016) with heterogeneity, we find that
the Mm ratio increases. Since workers are similar in all observable aspects, the heterogeneity that
this model considers must be due to unobservable personal characteristics. Numerically, the overall
Mm ratio increases from 1.209 in Ortego-Marti (2016) to between 1.210 and 1.487. Compared to the
labor market with high-depreciation workers only, the share of low-depreciation workers increases
the average wage so that the overall Mm ratio is higher with heterogeneity. Compared to the la-
bor market with low-depreciation workers only, the share of high-depreciation workers reduces the
minimum wage such that the overall Mm ratio also rises. As a result, we are able to conclude that
the heterogeneity of human capital depreciation raises the M'm ratio, which represents the frictional
wage dispersion.

The model has made use of simplifying assumptions such as no OTJ search, permanent human
capital losses, and homogeneous firms. Obvious extensions of the model would thus be to relax these
assumptions and examine how frictional wage dispersion is affected. OTJ search allows workers to
not lose the option of searching for a better job if they accept a job offer. Adding returns to
experience would ensure that human capital losses during unemployment are not permanent. Both
extensions would raise the value of employment such that workers are willing to accept a wider
range of jobs. This would make frictional wage dispersion increase. The literature also has shown
that adding heterogeneous firms in terms of, for instance, differences in productivity or firm-funded

training of employees can also raise frictional wage dispersion.
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5 Appendix

A Proofs of propositions and lemmas

Proof of proposition 1

Proof. This proof follows the method in Ortego-Marti (2016). The proof proceeds by guessing a
solution to U; () and then confirming that the guess is correct.

First, we guess that the value function for unemployment U; (7) is given by U; (v) = hi (v) U;
with U; independent of unemployment history v but dependent on worker types i. Assuming that
the guess is correct, we obtain the following expression for the reservation productivity p;f‘ﬁ by using

the previous result that (r 4+ ) U; () = hi (7) p;,yz

(r+p) hi (v)U = hi (v) i,

piy = (r+up) Ui

Since U; is independent of ~, so is p;-“ﬁ. Hence, we can write the reservation productivity as p;7 = p;.
Second, the Bellman equation for U; () in (1) has a unique solution for U; because it is a
contraction. To prove that our guess for U; () is correct, we show that this guess yields a unique

solution for U; in (1). Start by inserting U; (v) = h; (v) U; and p} ., = pj into (1):

max max
P P

Wi dP )= [ i viar ) + TP,

(r+p) hi (7) () . : oy

Calculate the derivative:
d[hi (v) Ui]

= 5, 7%U; = —8;h; () Us.
n € ()

Substitute back into the Bellman equation and calculate the second integral (using integration by

parts):
pIIlaX plllax
(r + 1) i (7) Uy = b (v) + A / Wi () dF (p) — A / hi () UsdF (p) — 6:hs () Us
P} D}
plllax
=bhi (v) + A Wi (v,p) dF (p) — A (v) Ui [1 = F (p])] = dihi () Us.
P;
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Now, rewrite the remaining integral. Start by considering the Bellman equation for W; (v, p) in (2):
(r+p+s) Wi(v,p) = wi (v,p) + shi (v) Us.

Substitute in the wage w; (v, p) from (7):

(r+p+s)Wily,p) = hi(v) [Bp+ (1 = B)pil + shi (v) Ui

=hi (7)[Bp+ (1 = 8) p; + sUi].

Substitute the rewritten expression for W; (7, p) back into the integral to see that h; () cancels out
of the equation:

(r -+ ) ha (7) Us = bhi () + A/p 1 O) gy (1= By i+ SULAF () — M (1) Us [1 = F ()] — 8ihs () U

pr r+u+s
)\ max

:bhi(7)+r+‘u+shi(7)/f B+ (1 = B) p; + sUi]dF (p) — M () Ui [L = F (p;)] — dshi (v) Us
(T+M)Ui:b+r+2+s/p: [Bp + (1 = B) p; + sU]dF (p) — Ui [1 = F (p;)] — 6:Us.

Now, calculate the integral on the right-hand side (using integration by parts):

max max pmax

P
+ (1= B)pt + sUildF (p dF (p . dF (p) + sU; dF
[ e a-mis ﬁ/ p ~B)p / @+ [ ar )

i

i

p max
=p <pma"—/* F(p)dp> +pi [1—8—F(pi)] — Bpi +sUi [L - F (py)]
P;
Substitute this back into the equation and gather the terms with U; on the right-hand side:

(r+mwUi=b+

[/3 <pmax - /pmmp) dp) +pf[l— B - F @) +sUi[L F(pz*)]] ST L - F (7)) - 6:U;

r+u+s =
=g (= [T RG] et -5 - P 0 +[( s 1)Au F)) -6 U
=bt |8 - p)dp | +p} P; s P; ;

Finally, we have the expression of Uj:

b+ A [ﬂ (pma"—f;}maxF( )dp> +p; [1—5—F(p?)]}

PG A - F (1))

U, =
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Simplify the expression,

_b+rg;8@L?mﬂl—PWMNw+pﬂl—FOﬁﬂ

f P O A L= F (p))]

Since Uj; is a function of p; and it is independent on =, it is proved that p} is independent on v. [

Proof of lemma 1

Proof. To determine the effect of the depreciation rate on the reservation productivity, insert the

expression for U; into pf = (r + p) U:

b+ s [B ST (= F (p) dp+p [L = F (p})

r+u+&+k£ﬁﬁﬂ—F@ﬂ

pi = (r+p)

Multiply with the denominator and rewrite the right-hand side:

r+pu

0 + A
T+ pt0; + rtp+ts

u—Fmﬂm=v+mG+

p max
5/ (1— F(p))dp+pi[1— F (p})]
p;

r+u+s

_ Ag e LR
‘”*”G+rﬂHsL; a F@M@+EHN+3U ).

Then, gather the terms with p; on the left-hand side and simplify:

[+ 1+ 8 pi = (4 ) <b+r+>f+s/p: (1—F<p>>dp>.

Isolate p;:

. T+
S}

AB D max
S u—F@»@l

Take the derivative of the expression with respect to d;:
9 (rrpte) | rtutsly P

T4+ W A3 8( ;gmax(l_F(p))dp>%
r+u+ 6T+ p+os op; d0;
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To calculate the derivative on the right-hand side, use the Leibniz rule:

A / e F(p))dp]

rtpts Jpr

op; r+u

D (r+ p+ 6;)°
T+ A8

(——-FE)

T+M+5iT+H+S 8(51
Gather the terms with Op}/09;:
op; r+u A8 :| r+u A3 /pmax
L1+ 1-F@p))|=—"—"""—= b+ —— 1-F dp| .
6; ST S i) rtp+6) | rHpts )y ( (p)) dp

Isolate the derivative:

r+ A3 pmax
Ip; _ _ (Tﬂiﬁ%‘)z [b t ot fpf (1—F(p)) dp}

_ < 0.
, + A8 *
a6 Lt ot s (L= F (9)))

Proof of lemma 2

Proof. According to p; = E (p | p > p), we have

mazr
P

p

Take the first order derivative with respect to py,

op (L= FW))(=p () = (—1 () JI pdF (p)
i (1= F(p))?
FEOUE pdF(p) = p; (1 = F(}))]
- (1= F}))?
£} [ (0= p)dF (p)
T 0-Fp))?

> 0.

Therefore, the average productivity conditionally on the reservation productivity, increases with the

reservation productivity. ]
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Proof of proposition 2

Proof. According to the definition of M'm ratio, Mmg and Mmj, are the Mm ratio when there are

only high-depreciation /low-depreciation workers in the labor market, which are

wH
MmH = —
Wr
wr,
MmL =
wr,

The overall M'm ratio is written as

owg + (1 — o)wy,
wy

Mm =

wr,

=oMmyg+(1—-0)—.

Wiy

According to lemma 1 and 2, we have wy, > wy and w} > wj;. Therefore,

Mm:UMmH—i—(l—a)wL

*
Wr
wH
*
Wr

>ocMmg+ (1—o0)
To compare the overall Mm ratio and Mmy, we consider the case when ¢ — 0. When o = 0,

Mm = Mmj. However, if ¢ is a positive number that approaches to zero, the reservation wage of

high-depreciation workers is still taken into account. As a result, the overall Mm ratio is

wr,
Mm —

*
Wy

> Mmpy,.

Therefore, we are able to conclude that the heterogeneity of human capital depreciation rate gener-

ates a higher Mm ratio. O
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Proof of proposition 3

Proof. According to 16, take the first order derivative with respect to o,

oMm B Wy — W,

do Wiy
Given lemma 2,
oMm
< 0.
do
Therefore, the overall Mm ratio decreases with the share of high-depreciation workers. O

B Wage determination

This appendix derives the wage from Nash bargaining. The wage is the solution to the following

maximization problem:

w; (v,p) = argmax [W; (v,p) — U; (1))° [Ji (v,p) — V' 7.
w; (7y,p)

Take logs to this expression:

logw; (,p) = arg maxflog Wi (v,p) — Ui (1) + (1 = B) log[i (v,p) = V1.

Calculate the first order condition:

B oW (v,p) — Ui (7)] 1-8  90[Ji(v,p) = V]
Wi (v,p) = Ui () Oow; (v,p) Ji(v,p) =V 0w (v,p)

=0.

Only W; (v, p) and J; (v,p) depend directly on the wage, so the partial derivates are calculated as

O [Wi (v, p) = Us (1)) /Ow; (v,p) = 1 and 9 [J; (v,p) — V] /Ow; (v,p) = —1:

B __1-8 _,

Wi(v,p) =Ui(v)  Ji(v,p) =V
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Using V = 0, this yields the first order condition in (6):
BJi (v,p) = (1= 8) Wi (v,p) = Us (7)] -
Multiply both sides by (r + u + s):
Br+p+s)Ji(v,p)=1=8)(r+p+s)[Wily,p) = Ui ()]
According to the Bellman equations and the first order condition, we obtain an expression for wages:
wi (v,p) = Bhi (V) p+ (1 =5) (r+ 1) Ui (7).

To obtain (7), the term (r 4+ ) U; (y) is now rewritten by evaluating the Bellman equations for an
employed worker in (2) and for a filled job in (4) at the reservation productivity p = p;j .. For (2),

it is used that the reservation productivity implies that W; (7, p;-“ﬁ> =U; (7):
(r+ ) Ui (v) = wi (v, ;) -
Similarly for (4), it is used that J; (7, p;‘ﬁ> —0asV =0:
hi (7) piy = wi (7,07 ,) -
Combining these two results implies
(r+ ) Ui (v) = hi (7) p; -

Inserting this into the current expression for wages yields (7):

wi (7,p) = Bhi (V) p+ (1 = B) (r + ) Us (7)

=i (v) (Bp+ (1= B)pf) -
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C Reservation productivity

Following the guess in the proof of proposition 1, we can substitute U; into p! = (r + p)U; and get

b+ a8y (L= F(p)dp+pi(1 - Fd)

ro e O+ AR (1 F(p)))

pi =(r+p)

Simplify the expression, we have

max

AB P
Tt pts Jpr

. _ T+ u
IS

(1- F(p))dp]

D Mean wages

The mean accepted wage for a group of workers ¢ is defined as

w; = E(w; (v,p) | p > pj)

max

_ (= [7 wilnp) E
-/ (/ 1_F(p;)dF<p>>dGz )

max

P () (Be+ (1= 8)p}) ;
N /0 </p 1— F(p}) dF (p)> dGi (7)),

where the second equality follows from the definition of a conditional expectation and the last

equality follows from (11). Calculate the inner integral:

/Pm“ hi () (By + (1= B)pi) 4o )_/”max hi (0) By +hi () (A= B) o o
- 1—F(p}) I P L= F(p) ’
— b (,y)ﬁ/pj H{:@dF (p) + hi (17)_(11?119?)) P /p; dF (p)

=hi () (Bp; + (1 — B) p}).
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Substitute back into the expression and calculate the outer integral:

/0 T hi () (8P + (1— B)p!) dGP (7) = /0 b () (8P + (1— ) p?) dGP ()
— (85 + (1 — B) ) / " i (7)dGE ()
0

= hi (Bp; + (1= B) p}),

where h; = E[h;(7)].

E Expressions with uniform distribution
The uniform distribution with support [a, ] is given by

1
Fly) ==
z T —a

a7
1
F(z) b—ady:b—a'

With a =0 and b=1,

Use this to calculate p;:

e rtn [ 8 /pmax
= TP o — 22 1—F(y)d
b T+ p+ 0 P TSy ( (v)) dy
r+p | A (1-pp)?
=——"1— |pw+ :
T+ p+ 0 T4+ p+s 2

Similarly, calculate p; using integration by parts:

max

P y
P; = — Y _4F

1)
2(1—-p))
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F Wage dispersion with constant unemployment benefits

We also examine the Mm ratio with constant unemployment benefits. With constant unemployment
benefits, unemployment hurts less than proportional benefits. It makes workers less worried about
unemployment. Therefore, the overall Mm ratio is relatively lower than the baseline model, but
the behavior with o follows the same pattern. In this case, we set the unemployment benenfits as
0.4. Figure 2 presents the quantative results with constant unemployment benefits with the same

experiments as the baseline model.

Figure 2: Mm ratio for different combinations of § and dy,

(a) Case I: 1 = 0.0061 and 6 = 0.0122 (b) Case II: 6z = 0.0122 and éx = 0.0244
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(c) Case III: §1, = 0.0061 and o0y = 0.0244
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