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DRAFT

Asstract. In armed conflict bargaining, states (or governments and rebel groups) may ex-
change offers while they are fighting, and conflict can end either with a negotiated deal or
a military victory. If fighting is driven by private information about military capabilities or
costs relative to benefits, why doesn’t the possibility of frequent offers lead to rapid learning
and convergence on a settlement, as tends to occur in standard buyer-seller bargaining mod-
els? We show that when private information concerns military capability, equilibrium war
durations can be quite long for reasonable parameter values, and the conditional probability
of negotiated settlement is U-shaped. Armed conflict bargaining with private information
about capabilities is an interdependent values (aka “lemons”) problem, but one that differs
from buyer-seller contexts in that some fighting can directly reveal information about the
value of more fighting. We also show that if, as makes sense for this setting, the sides can’t
commit to implement deals implying “ex post regret,” then in equilibrium there can be long
stretches of pure fighting with no exchange of serious offers. This is typically the case for
both interstate and civil wars.

1. INTRODUCTION

At least since Clausewitz, war has been understood as a kind of bargaining process (Wagner,

2000). But what sort of bargaining process is it? One distinctive feature is that whereas in buyer-
seller bargaining, the good in question changes hands only if both parties agree on the price, in
armed conflict bargaining between two states or between a government and a rebel group, the “good”
can change hands either by negotiated agreement or pure military victory. Indeed, combatants may
understand the prospect of military defeat as the source of pressure that they hope will cause the

other side to make concessions and negotiate a better deal. Wagner (2000) argues that this is in
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fact what Clausewitz meant by his famous statement that “War is the continuation of politics by
other means.”"

In this paper we clarify the nature of the widely employed analogy of war as a bargaining
process, an idea referred to as “the bargaining model of war” in recent work (Reiter, 2003). We
consider a model in which two parties — represented as a government and rebel group although
they could be two states, or a union and firm — bargain while fighting. One side makes offers,
rejection of which yields fighting that may result either in one side winning or in stalemate and
continuation to another offer. The side receiving offers has private information about either its
per period costs of fighting, or its military capabilities and prospects, or both. We consider what
happens in equilibrium as we allow the offering side to make proposals in rapid succession, so as
not to explain war by the time it takes to put offers together.?

When private information is only about fighting costs, in equilibrium the total war duration
approaches zero as the time between offers grows small. Private information cannot explain signif-
icant delay (thus war) in this case, which proves to be analogous to buyer-seller bargaining with
“independent values.” Here, the logic of the Coase conjecture obtains: Because the side making
offers (say, the buyer) cannot commit not to quickly make a better offer after a rejection, it loses
the ability to “screen” between types of seller, and trade (negotiated settlement) happens rapidly at
prices close to the reservation value of the toughest type of seller (Coase, 1972; Gul, Sonnenschein
and Wilson, 1986).

By contrast, if the side receiving offers has private information about its military prospects,
then we find that empirically realistic war durations — even years — are possible in equilibrium
for reasonable parameter values and as time between offers goes to zero. In this case, armed

conflict bargaining is analogous to buyer-seller bargaining with interdependent values, meaning

IClausewitz distinguished between “absolute war” — a pure duel, or fight to the finish — and “real war.” In
real war, the possibility or shadow of absolute war exerts pressure on the combatants to negotiate a political
settlement. Hence war is a continuation of politics (seeking a political goal) by other means.

2Not to say this might not be relevant in some cases, but empirically it does not seem to be a dominant
constraint on how long wars last. See discussion below, and Powell (2002).
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that one party’s private information affects the other’s valuation for the good (Ausubel, Cramton
and Deneckere, 2002). Bargaining over the price of a used car is the classic example (Akerlof, 1970).

Armed conflict bargaining is subtly different from the buyer-seller context in this case, how-
ever. In economic contexts, the seller has private information about the good being traded, which
the buyer experiences only after trade is completed. By contrast, in armed conflict, one combatant’s
private information about the military situation affects the other combatant’s value for fighting,
which is the equivalent of “no trade” in the buyer-seller context. This has two interesting and
consequential strategic implications. First, the act of fighting (delay, failure to trade) can itself
directly reveal private information about the value of continued fighting, which in turn affects the
parties’ negotiating behavior in complex ways.

Second, buyer-seller models assume that if a price offer is accepted, the parties are committed
and the deal is implemented, even though when there are interdependent values the buyer may suffer
“ex post regret.” That is, it can happen in equilibrium that acceptance of an offer reveals that the
buyer has purchased a “lemon” not worth as much as she paid for it. Absent a warranty, the buyer
has no recourse. By contrast, in the anarchical environments of armed conflict bargaining, the
“buyer” can always go back to war. This means that deals that would imply ex post regret are not
feasible. In Section 8 we modify the model so that the side making the offers has to “ratify” a deal
accepted by the other side if it is to be implemented; alternatively it can go back to war. We find
that equilibrium behavior in this no-commitment case changes in ways that match a set of puzzling
stylized facts about armed conflict bargaining.?

In particular, the inability to implement deals that would be worse than war for one side
proves to imply that armed conflict bargaining will be characterized by some degree of fighting

rather than bargaining. In equilibrium the offering party may start out making serious offers that

3As we discuss below and as made clear by Deneckere and Liang (2006), ex post regret is also the reason
that the Coase conjecture can fail (there is inefficient delay even in the limit) in buyer-seller bargaining
with interdependent values. Coase conjecture dynamics operate when the buyer can’t commit not to make
another offer and has an incentive to accelerate trade because there is an expected surplus. But when offered
prices rise to the level that imply ex post regret if accepted, the buyer’s expected surplus from trade can be
very small so she doesn’t want to accelerate trade by making better offers. Long periods where there is very
low probability of an accepted offer result.
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have a positive probability of acceptance (and a stable peace deal), but quickly shifts to making
non-serious offers that are commonly known to have zero chance of acceptance. Fighting proceeds
until direct revelation of information about the military balance leads the offering side to suddenly
shift to an offer that will certainly be accepted, so that a negotiated settlement eventually occurs
if the conflict was not already decided by military victory. The implication is not only that the
hazard rate of negotiated settlement in war will be U-shaped, which we show is true for the case of
commitment to accepted offers, but also that the hazard rate of negotiated settlement can be zero
for an extended period (“fighting rather than bargaining”), accompanied by non-serious offers that
everyone knows have no chance of acceptance.

In the buyer-seller model, offers are always serious even if the chance of acceptance is small,
and the offering side’s proposals increase monotonically. In armed conflict bargaining without
commitment to offers, equilibrium may necessarily involve a (possibly long) period without any
serious offers and zero chance of a negotiated settlement. It can also have a “price path” where the
sides simply leave their offers, or war aims, unchanged while fighting goes on.

This pattern is a better match to what historians and political scientists have observed for
both civil and interstate wars. They are essentially never characterized by constant back-and-forth
and frequent revisions of proposals. Instead they often see long periods of fighting for completely
incompatible wars aims — that are typically surprisingly unaffected by battlefield events — followed
by sudden shifts to serious negotiation at a peace conference (Iklé, 1971; Reiter, 2009; Min, 2017).
Our analysis suggests that this pattern may be a strategic consequence of combatants’ fear that
making a concession will reveal weakness, leading to change of terms by the other side.*

The two closest articles in the literature are Deneckere and Liang (2006) and Powell (2004).
Deneckere and Liang analyze buyer-seller bargaining with interdependent values. Our model differs

by the incorporation of fighting, a different formulation of two type uncertainty, and the section

4Hart and Tirole (1988) identified and studied this “ratchet effect” problem for the context of buyer-seller
bargaining with independent values and inability to commit against renegotiation (the example being bar-
gaining over a rental good or service). There, the ratchet effect undermines screening and leads to immediate
settlement (no delay). By contrast, with interdependent values and the ability to learn from fighting, it can
yield long delays without serious bargaining.
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that modifies the game to disallow commitment to deals that ex post would be worse for one side
than return to fighting.

Powell studied essentially the same “bargaining while fighting” extensive form that we ana-
lyze.” He allows for continuous types and considers the model with an arbitrary number of offers
between discrete battles separated by a fixed amount of time. By contrast, in our version we allow
fighting to be continuous while offers are made, or (an equivalent interpretation) the time between
battles is allowed to be small. Just as here, Powell obtained a Coase conjecture result for the case
where uncertainty is about costs of delay rather than military prospects; in his formulation no
battles occur in the limit as the number of offers that can be made before a first battle increases.
For the case of private information information about military prospects, he shows there may have
to be at least one battle, and that equilibrium takes the form of screening where both offers and
battlefield results contribute to learning. However, he does not consider how much fighting the
model can generate as offers can be made rapidly, or what the equilibrium path will look like in
this case. In part because we analyze the simpler two-type case, we are able to characterize the
equilibrium path and how the probabilities of military victory and negotiated settlement evolve
over time, as well as demonstrating general conditions for failure of the Coase conjecture.® Finally,
like almost all “bargaining while fighting” models in the international relations literature, Powell
assumed that states could commit to implement an accepted proposal, even if it is worse for the
offering state than going back to war would be.”

Bester and Wéarneryd (2006) and Fey and Ramsay (2011) apply the mechanism-design ap-

proach to armed conflict bargaining (Myerson and Satterthwaite, 1983). They both note that

SHis extensive form has an additional move each period; the state receiving the offer can pass and put the
onus of using force on the side making the offers. However, he also assumes that even the highest cost
informed state is “dissatisfied,” meaning that it prefers fighting to the status quo, so this state never passes
and the game is effectively like the one analyzed here.

6In buyer-seller models with or without interdependent values, updating with continuous types takes the
form of truncation of prior distributions. When the private information is a probability of victory or survival
from a period of fighting, the shape of a continuous distribution may change after every battle, which lowers
tractability.

"See also Slantchev (2003) and Filson and Werner (2002). A precursor to this paper (Fearon, 2013), analyzed
the no-commitment case but not (correctly) the commitment case. Fey, Meirowitz and Ramsay (2013) study
bargaining in the shadow of a costly lottery (game-ending) war when offers can be rescinded.
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private information about military capabilities implies interdependent values, and in turn the ab-
sence of an efficient mechanism that guarantees trade (zero probability of war).®* In both, war is
characterized as a costly, one-time lottery, so they do not address war as a bargaining process or
the question of how much fighting private information can produce. And again, as is necessary to
apply the standard mechanism design approach, both assume ex ante commitment to agreements
chosen by the mechanism, thus allowing commitment to deals that a state would want to renege on
ex post. Our focus in this paper is on a bargaining game that can be analyzed under an assumption
that rules out such deals; we comment briefly on novel issues involved in extending a mechanism

design approach to this setting in Section 6.°

2. MODEL

A government G and rebel group R interact in periods ¢ = 0,1,2,.... In each period G
makes an offer z¢ on the division of territory or revenues worth m > 0, a flow payoff. R then
chooses whether to accept or reject. If R accepts the strategic interaction ends, with G receiving
7 — a2t and R 2! in all subsequent periods. G and R have the same discount factor § € (0,1) so
that payoffs for an agreement on z! are (7w — zt,2!)/(1 — §) from this period forward.

If R rejects, then the parties fight in this period (or continuous fighting continues to the next
period) with three possible outcomes: Neither side wins militarily, which occurs with probability
B; R defeats G with probability «; or G defeats R with probability ~, where a + 8+~ = 1. It will
be convenient sometimes to use & and 7 as the exogenous parameters, where @ = «/(1 — ) and
¥ =+/(1—pB). & and 7 are the probabilities that R or G wins conditional on one of them winning
in a period; note also that & + 4 = 1.
8See also Wittman (2009).

“Fey and Ramsay (2011) suggest an ex post participation constraint they call “voluntary agreements” into
their mechanism design analysis; it appears not to play a role in their results, however. The mechanism design
literature contains some work on trading problems with interdependent values that weaken the assumption of
full ex ante commitment. For example, Forges (1999) considers “veto-incentive compatibility” (also Gerardi,
Hérner and Maestri, 2014), and Shimer and Werning (2015) consider ex post participation constraints in the

same manner as here, but focusing on issues of information transmission from the mechanism that do not
arise in the two-type model that we analyze.
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Regardless of the outcome, while they fight the two sides get reservation payoffs g > 0 and
r > 0. We assume that g + r < m so that fighting is costly relative to settlement. If one side wins,
it takes control of ™ beginning in the next period while the loser is eliminated, so a victory by G
gives it g+ 6w /(1 — 0) and likewise R gets r + d7/(1 — ¢) if it wins. The loser’s payoff is zero in all
subsequent periods.

Two alternative interpretations of the model are worth noting. First, instead of a government
and a rebel group fighting a civil war, it could depict an interstate conflict. Suppose state 1 makes
offers to state 2 on the division of territory or other resources worth 7. Let ¢ € [0, 7] be the status
quo division, and let g =™ —q — ¢y and r = g — co, where ¢; > 0, ¢ = 1,2, are per-period costs
of fighting. Or, the model could represent bargaining between a union and a firm over division of
profits m, where we set @« = 0 and v = 1 — (3 is the per-period probability that the union leadership’s
ability to maintain the strike collapses.!”

The complete information game has a unique subgame perfect equilibrium in which G always
offers R’s per-period reservation value for always fighting, which is

r(1—9)+ dar
1-68

g:

and R always accepts any offer of at least this much.'!
Our concern will be with an incomplete-information version of the game in which R can be
one of two types, “weak” and “strong.” The prior probability that R is the weak type, Ry, is

w € (0,1) and G’s belief in period ¢ is u'.

10Hart (1989) observed that Coase conjecture dynamics made it difficult to explain observed strike durations
using plausible assumptions about discount rates. He obtained more realistic durations in a model that
introduces a deadline effect (a known time when the firm’s per-period probability of collapse increases
markedly). Other strike models get realistic durations by assuming that one side can commit not to make
or respond to offers for a given length of time, which rules out Coasian dynamics by fiat (Admati and Perry,
1987; Card, 1990). If strikes might arise not only due to uncertainty about firm profits but also (or instead)
due to uncertainty about the union’s (or perhaps firm’s) ability to maintain internal discipline, then our
results could also address the puzzle Hart posed.

L The reservation value comes from Vi = r+ da(r/(1 —8)) +58Vr. Multiply by 1 — 6 to get the per period,
or time-averaged values.
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The types differ by their reservation values for fighting, with z, > z,,. Substantively, x, —z,,
is the gap that can make the government want to risk war by making tough demands z' < z, that
a strong type would reject but a weak type might accept.

The difference between z, and z,, can arise in multiple possible ways from differences in the
two types’ underlying parameters M; = (a4, 3;,7;) and r;, where i = w, s indexes the weak and
strong types. The M; parameters represent the military capabilities of the rebel group relative to
the government, whereas r; is the rebel group’s flow payoff in a fighting period. z, and z,, are
given by the expression above with the r, «, and 8 terms subscripted by i = w, s.

Note that when M, # M,, the rebel group has private information about its military
prospects relative to the government. This implies in turn that if the government is not sure

whether it faces the weak or the strong type, it is unsure if its own reservation value for fighting is

Wy O Wg, as given by

w g(1 —6) + oy
t 1466

This is the case of interdependent values, since the rebel group’s private information bears on the
government’s value for fighting.

By contrast, most of the bargaining literature on armed conflict considers models in which
the parties’ private information is not about military capabilities but instead costs for fighting (or
value for the stakes), which are assumed to be independent across players. In our model, this means
M, = M, (there is agreement about military odds) but r; > 7, (the strong type has lower per
period costs for fighting), which implies z, > x,,. This case corresponds to buyer-seller models with
independent values — for instance, the seller doesn’t know the buyer’s private value for the good.

In the case of interdependent values (private information about military capabilities), there
are several ways that Mg # M,, can give rise to z, > z,,. To illustrate one empirically important
case, in many small rural insurgencies there is essentially no chance that the rebels can overthrow the

central government, but it is not clear if the government can decisively crush the rebels via successful
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counterinsurgency.'? Formally, s = i, = 0 (rebels cannot take over the central government) and
Buw < Bs = 1 (strong type cannot be defeated by counterinsurgency while there is a positive per-
period chance the weak type can be). In this special case the two types’ reservation values for war
are thus z,, = r,(1 —6)/(1 — 68y) and z, = rs.

In a second special case of interest, the stalemate probabilities are the same for both types,
B8 = Bw = Bs, but the strong type has a greater per-period chance of decisive victory: ag > u,

implying also that vs < 7. Here the rebel groups’ reservation values are

(1 —=6) + 0T 11 —=6) + 0o
T = 1-08 and z, = —— 73

To foreshadow, we find that in the case of private information about military prospects,
much depends on the relationship between the stalemate probabilities of the two rebel types, s
and (,, because this determines what the government can learn mechanically from fighting. If
Bs = Buw, then seeing the rebels survive a period of fighting tells the government nothing. In this
case interdependent values can arise only if there is a difference between the strong and weak types’
odds of winning decisively in a period (that is, as > ay,), and the government can learn about this
difference only via different strategic behavior by the two rebel types in response to offers, not
by observing battlefield outcomes. This case proves to be essentially equivalent to buyer-seller
bargaining with interdependent values, or “lemon bargaining” (because bargaining over the used
car reveals information about its quality only via the seller’s behavior).

By contrast, if 85 > [, then seeing the rebel group survive a period of fighting mechanically
increases the government’s belief that it faces the strong type.'® This favors screening since, other
things equal, rebel survival causes the government’s belief to move in the direction that makes it
more willing to make higher offers, that is, to “pool” weak and strong type because the strong type

is more likely. If 85 < By, then the mechanical effect has the government lowering its belief that it

12Some of many possible examples include the current Afghan government and its NATO allies versus the
Taliban in Afghanistan, Turkey versus the PKK, the Philippines versus Moro insurgent groups in Mindanao,
or Myanmar versus a variety of regional insurgent groups.

13To push the “lemons” analogy, imagine that the seller and potential buyer bargain about the price of the
used car while driving it across the country (and wear-and-tear effects are small).
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faces the strong type as the rebel group survives longer, which increases the government’s incentive
to try to make lower offers. We will not analyze the B < 3, case in this paper.'4

Finally, we will often consider what happens as the time between offers, A > 0, gets small.
Let 6 = e 2 and B = e M2 where p > 0 is a common discount rate and 1/\;, \; > 0, is the
expected duration of an “absolute war” (no settlements) between G and type R;, i = w,s. As A
goes to zero the probability of decisive victory in a very short span of time also goes to zero, so we
have a; = &;(1 — B;) = @(1 — e *?) and likewise ; = (1 — &) (1 — e ) = F;(1 — e~ ?). So,
when varying A, &; = 1—7;, 1 = w, s, are the exogenous parameters describing military technology.

We should comment on what this formulation assumes about how fighting reveals information
about relative capabilities. Powell (2004) fixed the time between battles and let the number of offers
between battles get large, while assuming that there were military preparation or deployment costs
paid while offers are exchanged. This is a reasonable approach for many interstate wars, one that
pictures battles as discrete and sequential events that have a fixed minimum time separating them.
However it does not allow us to ask what happens as the time between battles gets smaller, or
what the implications are if fighting is conceived as a continuous activity that constantly reveals
information (perhaps at a very slow rate). In the first article formulating bargaining while fighting
in terms of a Rubinstein game with a risk of “break down,” Wagner (2000, 474) conceived of the
military contest as “a continuous process taking place in the background while the exchange of
offers takes some finite time to occur.” Many conflicts, both civil and interstate, see near-constant
skirmishing, probing, bombing, or other military or guerrilla activities. So it can make substantive
sense to see information revelation by the military channel as nearly continuous, even if very little
might be revealed in a short amount of time. And even using Powell’s interpretation, it seems worth
knowing how many battles are needed to end a war, and how this number varies with observable

parameters.

14The natural assumption for the guerrilla war example is the 8, > ., as discussed above. However, there
is nothing particularly odd or impossible about g5 < (,: For instance, suppose Bs < f, and ag is much
greater than a,,. This is a case where the strong rebel group is expected to be able to prevail quickly and
take over the state, whereas a weak type can only manage a longer-running conflict with low odds of outright
military victory.
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3. EX POST REGRET AND (G’S COMMITMENT TO OFFERS

When the seller of a good has private information about its quality (like a used car), a buyer
may suffer ex post regret if the seller accepts certain offers, since acceptance can reveal that the
seller is trading a low-quality good not worth as much as what the buyer offered. The buyer would
want to renege on the deal. The literature on bargaining with interdependent values typically rules
reneging out under the assumption that the buyer can commit to pay ex ante via a contract.'®

With private information about military capabilities the issue of ex post regret arises in
armed conflict bargaining — the minimum offer needed to gain peace with a strong type can be
more than the government would be willing to concede to a weak type because it sees its military
prospects against a weak type as favorable. Thus there are deals that a strong type would reject, a
weak type would in principle accept, but if accepted G would prefer to renege and go back to war.

This situation is shown graphically in the top line of Figure 1. Rebel group payoffs are
measured to the right from zero and government payoffs to the left from 7. To accept, the rebel
group requires a deal = € [0, 7] that gives it at least its (per period) reservation value for fighting,
thus x > z,, i = w, s. If it knew which rebel type it faced, the government would require a deal x
yielding a payoff m —x at least as great as its reservation value for war w;, i = w, s: thus ¢ < 7 —w;.
So the bargaining range (the set of deals both prefer to war) would be [z,,, 7 —wy] and [z,, T — ws]
for weak and strong types, respectively. When war against a weak type is better for the government
than war against a strong type (w,, > ws), these ranges may not overlap, so that there are deals
that if accepted would lead the government to want to renege and go back to war (x € (T — 1wy, x,)).

By contrast, in the independent values case shown on the second line in Figure 1, the gov-
ernment’s value for fighting is the same against both types of rebel groups (w,, = ws) so that any
deal acceptable to the strong type of rebel group is also better for the government than continued
fighting against the weak type. With independent values, any accepted deal that the government

prefers to war is also ex post credible.

15But see Shimer and Werning (2015).
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FIGURE 1. Bargaining ranges for interdependent (top) and independent (bottom) values cases
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Virtually all buyer-seller bargaining models assume that the parties can commit to trade at
an accepted price offer, which is natural given the assumed legal environment. But armed conflict
bargaining occurs in the absence of third-party enforcement potential, and here a “buyer” with ex
post regret can wunilaterally decide to return to war. The government should be able, in effect, to
reimpose “no trade” (war) at any time. As we will see, this will make screening by offers impossible

for part of the bargaining process, to be replaced by “screening by fighting” instead.

4. EQUILIBRIUM IN THE GAME WITH COMMITMENT TO OFFERS

In this section we consider the game as described, which assumes that any offer accepted
by the rebel group is implemented. We give a largely heuristic presentation of equilibrium and its
properties, leaving full characterization and proofs to the Appendix.'¢

A history of play to period t is a sequence of offers h! = (20, 2!, 2%, ..., 2'"1). A complete
strategy for G is a probability distribution on possible offers in [0, 7] for every ¢ and every h' (with
hY = (), and a complete strategy for rebel group of type R;, i = s, w, is a probability of rejecting
1650 far as we know, a complete statement of equilibrium in the two-type, one-sided offer bargaining model

has not been published. The difficulty lies in full characterization of off-path behavior and beliefs, which
involve mixed strategies by both parties.
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xt, call it v, for each t and each (h',z'). The equilibrium concept is perfect Bayesian with the
additional requirement that strategies and beliefs satisfy “updating consistency” (Perea, 2002).7

Think of the government as the “buyer” who wants to buy peace from the rebel group in the
form of a deal; x! is the price offered to the rebel group, which is “selling” peace. Intuitively, unless
G is very confident that it faces the tough type, G will start low and gradually raise the offer as R
rejects and fighting proceeds without a victory (we are assuming s > By).

This is indeed what happens in the unique equilibrium. For a given set of parameters,
bargaining/war will be finished in a maximum number of periods N + 1, thus period t = N. In
the last period G offers ¥ = z, and the tough type accepts for sure. In the next to last period (if
the war lasts this long), G makes an offer V=1 < z, that will be accepted for sure by the weak
type and rejected by the strong type. Before this, the government makes an increasing sequence of
offers 2! that are chosen so that R, is indifferent between accepting x! and rejecting, followed by

accepting !t if it survives to t + 1. It is straightforward to derive that this path is given by

(1) Tn = (1= (0Bw)" )z, + (06w)"zs,

where we adopt the convention that time subscripts count down, so that n here refers to the number
of periods left until G’ makes the offer %V = z, and so ends the war for sure. Notice x¢ = x, and
n=N—t.

Until £ = N — 1, the weak type mixes in response to offers on the path, rejecting with a
probability v* € (0,1). (The strong type always rejects any offer less than z,.) As a result, the
government’s belief that it faces the weak type declines along the equilibrium path, due both to
strategy (the weak type is less likely to reject offers than the strong) and the mechanical effect
(weak type is less likely to survive the fighting if 85 > B.).
17Updating consistency is a slight refinement of PBE (weaker than sequential equilibrium) that imposes the
minimum condition necessary for the one-deviation property to hold in an extensive form game (so that
equilibrium can be checked by considering only single-period deviations). Notably it rules out PBE in which
a deviation by, for instance, G in period t, leads G to have beliefs about R in ¢ 4+ 1 that are inconsistent
with G’s beliefs about R’s type and behavior in period ¢. For example, in this game there can be PBE in
which G makes non-serious offers on the path that both types of R reject, supported by G’s expectation
that if G deviated to a better offer, G would suddenly believe that R is certainly the strong type no matter

what R did. Perea (2002) defined updating consistency for finite extensive forms; we extend it here to an
infinite-horizon game.
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An indifference condition pins down the equilibrium sequence of G’s beliefs and R,,’s rejection
probabilities. In equilibrium the government must be indifferent between making the offer x,, when
it has belief u,,, and skipping ahead to the next, higher offer x,,_;. Skipping ahead has the advantage
of saving on fighting costs and risks in order to “accelerate trade” (Deneckere and Liang, 2006),
but the disadvantage of foregoing some probability that the weak type would accept the lower offer
Zp. In equilibrium these costs and benefits balance at every time during the war.'®

The sequence of equilibrium path beliefs p, is produced by a recursion beginning at the
end. For example, p is the belief that the rebels are the weak type that is sufficiently low that G
is indifferent between pooling both types with the good offer z, (which both would accept), and
making the lower offer £ that a weak type would be just willing to accept rather than wait a period
to get x,. Then pg > py is the belief such that G is indifferent between offering zo (which might be
accepted or rejected), and skipping ahead to x1, which would induce separating. The weak type’s
equilibrium rejection probability v» is exactly that which leads G to update from ps to pp using
Bayes’ rule.

We show that the equilibrium sequence of G’s beliefs (which imply as well the sequence of
R,’s rejection probabilities via Bayes’ rule) is much more easily characterized using odds ratios.
Let 0, = ppn/(1 — ptp) and let the initial odds that G thinks R is the weak type be o = pu/(1 — p).
Let A = (7 — wy — z,,) /(x4 — z,,), & constant that is the ratio of surplus when R = R,, to the
difference between the strong and weak types’ reservation values for fighting. Define the sequence

on,n=0,1,..., as follows: o9 =0, 01 = A(m —rs —g)/(m — 1y — g), and for n > 1

(2) On = Onl/g: (1 + An) - 0n2§:Am

18Why, along the equilibrium path, must G’s posteriors ! land at the cutoff values p,? In equilibrium G
has to offer the x,, sequence, or else R,, would not be indifferent between accept and reject. If G deviates to
a2t # x,, then the equilibrium of the continuation must involve R,, being indifferent between accepting and
not accepting today (otherwise, R,, either accepts today with probability 1 or rejects today with probability
1, but neither of these can support continuation equilibria). In turn, R, is indifferent only if G mixes in the
next period following R’s rejection of #'. But for G to mix in ¢ + 1, G’s posterior x'*! must be at a cutoff
value. So if G deviates to x* # x,,, u!t! = u for some cutoff belief. This means that on the path, where
G offers z,,, R, still has to accept with a probability that makes G’s posterior tomorrow equal the cutoff;
otherwise G would strictly gain today by offering slightly more or less.
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where A, = A/(53,)" .

Since A > 0, it is easy to show that when 8, > f,, the sequence o, increases strictly and
without bound, so that for any initial odds o there is a smallest IV such that oy41 > 0. That N
will be the maximum possible duration of the conflict.

The size of the term A strongly influences the rate at which o,, increases and thus the duration
of armed conflict. Note that A > 1 iff # — x, > w,,, which means that G has no ex post regret
for any deal 2 < z,; this condition is implied by independent values. And A < 1 only with
interdependent values.

If A > 1 then for n > 1, o, is increasing at an increasing rate. We show in the proof of
Proposition 2 below that in this case the Coase conjecture holds and maximum duration approaches
zero as the time between rounds gets small. By contrast, if A < 1, then o, can increase at
a decreasing rate at first, and may level out, increasing slowly for a long period of time before
explosive growth finally kicks in. For large enough initial p, the Coase conjecture fails.

19

We can now give a statement of equilibrium path strategies and beliefs in proposition form.

Let po, pt1, .- ., n be the sequence of government beliefs implied by oy,.

Proposition 1. The game has a perfect Bayesian equilibrium that satisfies updating consistency.
The equilibrium path of any such equilibrium is unique, except for G’s choice in the first period in
a non-generic case mentioned below. This path is described as follows. For initial belief p € (0,1)
that the rebel group is the weak type, let N be the largest integer such that uy < .

o On the equilibrium path, G offers z* = xn_4, according to (1), for periods t =0,1,..., N.

o R rejects any offer less than z, and accepts otherwise (both on and off the path).

e On the path Ry, accepts for sure v1 = V"1 in periodt = N —1. For0 <t < N —1, R,

rejects offer xt with probability v = v, = Og;éfs , wheren =N —t, and V° = vy = ONOBiLBS

90ff-path strategies and beliefs are complex, because deviations by the government to a larger or smaller
offer can require that the government mix in multiple subsequent periods. Imagine, for instance, that G
deviates to a slightly higher z'. If R,, were to accept for sure, G would offer x, in the next period, implying
that R, would not want to accept z! for sure. R, must mix in response to the better offer off the path,
anticipating that G will next mix between the old z'*! and the skipping ahead offer z'*2 so that R, is
indifferent. We provide details in the Appendix.
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e G'’s beliefs evolve along the path by ut = pun_¢ fort > 0.

This equilibrium path is unique except in the non-generic case of u = uyn, where G is indif-

ferent between offering xn and xy_1 and so can play according to any mix between them.

5. WAR DURATION IN ARMED CONFLICT BARGAINING WITH COMMITMENT

What are the qualitative features of armed conflict bargaining as it occurs in equilibrium in
this “commitment case”?

Consider first an independent values example. The pie is normalized to size 1, and we use
rs = .5, rp = .1, and g = .3. This means that per-period costs of conflict are 20% of the size of the
pie in a war with a strong type, and 60% in a war with a weak type. The annual discount rate is
5%, and we set the initial probability that the rebel group is the weak type to p = .75. The offer
rate is set to one per month. Alternatively one can interpret the offer rate as the rate of battles, if
one assumes one offer after each battle.

Suppose that A\, = A\s = 1 per year, which means that both types survive a month of fighting
(or a battle) with probability 3; = e~ Y12 = 92. Let @&y, = G5 = .5, so that if the conflict ends with a
military victory, G and R are equally likely to prevail. These assumptions imply independent values
since the government’s payoff for fighting is the same against both types, w; = .49. The difference
between the two types’ reservation values for war proves to be small on a per-month basis, x, = .5
and z,, = .48. This stems from the combination of discounting and the fact that the benefits of
winning are long-run relative to the costs of fighting. So, in this case A = (1 —.49 —.48)/.02 = 1.5.

Table 1 shows median, mean, and maximum possible war durations and some other outcomes
for this case (panel A row 2, or “A2”) and a range of others.?” We see that if the initial offer is
rejected the mean duration of war is less than two months (.16 x 12 = 1.9) and the conflict lasts at
most three months. If we increase the offer (or battle) rate to one per day, the maximum duration
is three days. Because fighting time is so short relative to the odds that a battle is decisive — note
that \; = 1 means that a Clausewitzean “absolute war” would have mean duration of one year — the

20Parameter values are the same except as varied in columns 1-5 or noted. Durations are conditional on war
occurring.
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conflict almost certainly ends by negotiated settlement. This case illustrates the Coase conjecture
at work in a case of independent values, a result we prove more generally below and that parallels
the standard result for buyer-seller bargaining with independent values.?!

Next consider what happens if we introduce a small amount of private information about
R’s military capabilities, beginning with a case of no direct learning from fighting (8, = ;). Let
as = .51 and a,, = .49, so that we make the strong type slightly more likely to prevail if there
is a military victory, and the weak type slightly less. Now the expected duration of a war more
than doubles from two to 4.4 (= .37 % 12) months, and maximum duration triples from three to
nine months, which is realized with an ex ante probability of approximately .25 * .929 = .12, the
probability of the strong type times the probability that no military victory occurs in nine months.

Why the dramatic change? Mathematically, the reason is that even this small divergence in
rebel types’ military prospects leads to a large fall in A, from 1.5 to .77. The bargaining range with
R, has shifted down slightly — G has gotten stronger relative to R,, — while the bargaining range
with R, including x,, shifts slightly higher, so increasing G’s possible gains from separating types,
z, — x,,. Critically, A is now less than one. This makes for a substantive change in equilibrium
behavior related to the fact that there is now an ex post regret zone, (7 —w,,, z,), where an accepted
offer makes G worse off than would more war.

Why does G even make offers in this range, if acceptance would be regretted? Allowing some
chance of a loss if R is the weak type is the only good way G can get to a surplus in a deal if R
is the strong type. Ideally, G might want to stop increasing offers at the time ¢t = N — n, where
Ty R T — Wy, SO attempting to commit to “stand pat” long enough that the weak type would prefer
to accept in this round. But the commitment is not credible since if R,, accepts x5, then G knows
that rejection implies R;, and so would immediately offer z,. R,, would want to mimic R, to get

this. G’s remaining option would be to make the pooling offer (z,) right away (at ¢t = N —n), but

at this point u! is still high enough that G prefers to fight on.

21The case in Table 1, Al is in fact exactly analogous to a buyer-seller model, since here the military
technology is such that neither side can gain the prize by defeating the other militarily.
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TABLE 1. War durations (in years) for different cases

A. Independent values (15 > 74, s = Puw, s = Q)

duration|war P(-|war)
offers/year 1/A,, 1/As a5 @ A median mean max P(war) deal mil vict
12 00 00 . . 1.5  0.17 0.18 0.25 0.56 1 0
12 1 1 05 05 15 0.17 0.16 0.25 0.58 0.84 0.16
52 1 1 05 05 15 0.04 0.04 0.06 0.57 0.96 0.04
365 1 1 05 05 1.5 0.01 0.01 0.01 0.56 0.99 0.01
B. Interdependent values with no learning while fighting (A, = As = Bw = 5s)

duration|war P(-|war)
offers/year 1/X\, 1/As &s &, A median mean max P(war) deal mil vict
12 1 1 0.51 0.49 0.77 0.33 0.37  0.75 0.78 0.65 0.35
365 1 1 0.51 0.49 0.75 0.23 0.27 055 0.81 0.73 0.27
12 1 1 0.75 0.25 0.06 0.75 1.01  5.17 0.26 0.03 0.97
12 1 1 1 0 0.03 0.75 1.02 583 0.26 0.02 0.98
12 1 1 1 0 0.01 0.75 1.02 7.67 0.26 0.02 0.98

C. Interdependent values with learning while fighting (A, > As = By > 8s)

duration|war P(-|war)
offers/year 1/X\, 1/As a&s , A median mean max P(war) deal mil vict
12 1 o0 0 0 0.06 0.5 1.23 292 0.77 0.73 0.27
52 1 00 0 0 0.06 0.29 1.02 2.73 0.85 0.79 0.21
12 1 00 0 0 0.06 2.58 1.75 2.58 0.85 0.77 0.23
12 3 %) 0 0 0.03 1.33 3.42 8.67 0.87 0.69 0.31
52 3 o0 0 0 0.03 0.94 3.02 854 097 0.73 0.27

Notes: In all cases except as noted next, 7t =1,9g = .3,rs = .5,r, = .1, u=.75,p =
.05 (per year). B, row 5: p=.01. C,row 3: u=.5. C,rows 4-5: g =1, = ry, = .45.

To screen, G has to make offers in the ex post regret range, and they need to follow a
particular path (equation 1) if R, is to be willing to mix.?? The question of expected conflict
duration concerns R,,’s probability of accepting offers in or near this range. Intuitively, acceptance
must be unlikely because the deal would be as bad or worse for G than just fighting; if acceptance
were likely, G would want to deviate to worse offers (i.e., ones not increasing as fast). By contrast,
with independent values, R,,’s acceptance is not so bad because G realizes a surplus in any deal that

Ry, (or Ry) is willing to accept. In that case, G’s incentive is to “accelerate trade” (Deneckere and

22(Clearly equilibrium cannot involve R,, accepting with probability one before the next to last round. We
show that in the proof that neither can R,, can reject with probability one in an equilibrium.
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Liang, 2006): The surplus with both types combines with G’s inability to commit not to quickly
make a better offer to yield the Coase conjecture.

For interdependent values (A < 1), the approximate maximum number of bargaining/war

periods from the first offer in the ex post regret region, x5 to x¢p = z, can be found from

T —wy ~ 2y = (1 — (6Buw)™) 2y + (08w) ™z,

A T — Wy — Ly,
(0By)t e —— = A
gs _Q’LU
) log1/A
A —t
Ap+ Aw)
The length of time is thus
T=nA= logl/A'
P+ Aw

Total maximum war duration will therefore be less than 7' if N < 7, and greater if N >
n. Deneckere and Liang showed that in the two-type, buyer-seller interdependent values case
(analogous to (B, = (s here) with large enough initial belief u, the limiting maximum duration is
oT. N > 71, and it takes just as long to get from xy to z; as from z;, to 9.2 The reason is that in
the buyer-seller interdependent values case, equilibrium beliefs evolve symmetrically on either side
of 1, so doubling the total time in the limit.

We find that this is no longer true with direct learning from fighting, or 85 > (,. Beliefs
don’t evolve symmetrically around 1. We show that for initial beliefs greater than a threshold
value that depends on parameters, limiting maximum war duration is greater than zero but at
most 7, exactly half of the maximum duration in the analogous buyer-seller case. As discussed
below, mechanical learning from fighting and strategic learning complement each other, making for

more rapid change in G’s beliefs as R survives more war.

23In their notation, maximum duration is 7' = 2log(¢/v)/r, where 7 is the discount rate; ¢ is the difference
between the high and low quality sellers’ costs of production of the good; and v is the surplus when the
seller is the low quality type. In the armed conflict setting, the weak type’s per period hazard of military
defeat adds to the denominator, and military prospects are also incorporated in the terms in the numerator

because these depend on payoffs from fighting. We provide a full proof of the 2T result for our game in the
Appendix.
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Figure 2 illustrates these varied dynamics. Parameters are same as above (e.g., 12 offers per
year), except as noted in the titles. Panel A is the independent values cases already discussed, in
which war has maximum duration of three months. Panel B is an interdependent values case with
no direct learning from fighting. Notice that R, accepts the initial offer, which would avoid war,
with a relatively high probability of about .9, and the second offer as well (about .8). Thus two
rejections and a little fighting lead to a big change in G’s beliefs, after which R,, becomes extremely
unlikely to accept an offer. GG’s beliefs then change very slowly for a symmetric length of time, nA,
on either side of the time where G offers m — w,,, when offers move into the ex post regret zone.
In this example it takes about 4.5 years for G to get to the point where it is willing to make the
pooling offer to end the war. Since the hazard rate on military victory is 1 for both rebel types,
this means that this conflict would very likely end on the battlefield rather than at the table.

Though not shown explicitly, one can guess from the path of rejection/acceptance probabili-
ties that the hazard of conflict termination in this example is U-shaped: Negotiated settlement is
most likely either in the first few days or months, or at the maximum duration time, after a spell
of fighting during which the chance of an accepted offer is very low. This proves to be a general
feature of armed conflict bargaining in this two-type model, whether we are looking at a case of
independent values, or the two varieties of interdependent values (learning from fighting, and no
learning from fighting).

Panel C in Figure 2 illustrates an insurgency, in which the rebels have private information
that bears on whether they can survive the government’s counterinsurgency effort. Panel D is
similar but gives the strong rebel group a .3 chance of winning, while increasing the hazard of
decisive victory to Ag = .5 per year. In both cases we see that the maximum duration falls towards
T, with the time it takes to get from N to n shrinking relative to panel B. Note that again the
hazard rate of negotiated settlement is U-shaped.

Further, there is an interesting contrast with the “lemons bargaining” case (panel B) in terms
of the evolution of the weak rebel type’s probability of rejecting offers. When 3, = s, Ry, is quite

likely to accept the first couple of offers, and then quickly shifts to rejecting almost for sure. When
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Bs > Buw, by contrast, R, is more likely to reject the first few offers — so war is more likely to begin —
but then only gradually increases its rejection probability towards 1, so making for a shorter overall
duration (other things equal). We show in the next section that this is general for the model with
small enough time between offers. The intuition is not completely clear, although it may result
from G getting additional bargaining leverage from the fact that war itself can “screen” types of
R.

Lastly, we note that for what seem like reasonable parameter values, examples in Figure
2C-D and Table 1C yield mean and maximum war durations that are close to empirical means
and maximums. This model is too stylized and spare to imagine calibration as meaningful, but
it is nonetheless interesting that interdependent values can generate such long delay in armed
conflict bargaining in principle. Other main features also match stylized facts about armed conflict
bargaining. For example, hazard rates of conflict termination by negotiated settlement are U-
shaped, and there are extended periods of fighting with very little chance of negotiated agreement

till the conflict becomes “ripe for resolution” (e.g., Iklé, 1971; Zartman, 1989; Reiter, 2009).
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6. THE COASE CONJECTURE, LIMITING WAR DURATIONS, AND INEFFICIENCY

This section provides a proposition characterizing limiting maximum war duration as time
between battles or offers becomes small for our several cases.?* We also consider insights from a

continuous approximation.?

Proposition 2. Let A be the time between offers in the armed conflict bargaining game when
As < Ay, and let N(A) be the mazimum number of rounds of bargaining in equilibrium. Then the
total possible mazimum duration of war, N(A)A, approaches zero as A approaches zero if and only
if either

(a) ™ — x4 > Wy, which is implied by A > 1, or

(b) m— 1z, < wy and p < p* defined by
_ p 01 _P"’)‘s T —Ws — Ly
Sl 1A pHdpwy — (T—zy)

If (¢) m — 2z, < wy and p > p*, then the maximum and mean war durations are bounded

]

away from zero in the limit as A — 0. When \s = A\, (i-e., Bs = B ), limiting mazimum duration
is 21", where T = log(1/A)/(p + M), for any p > p*. When Ag > Ay, limiting mazimum duration

approaches T from above, but decreases as the initial belief p falls towards p*.

We conjecture that in case (c) when A\, > As (i.e., 85 > (), limiting maximum duration is

given by the T* > 0 that solves, for initial belief 0 > o*,

Aw=As

(3) o:o*e@wsw[ -4 } o

1 — AeQGuwtp)T
See discussion below.
In words, the Coase conjecture applies, and mean or maximum war duration go to zero with
the time between offers, if uncertainty concerns only costs of fighting (independent values) or if

the initial belief that the rebel group is the weak type is sufficiently low (0 < 0* = 01/(1 — A)).

24We do not mean to suggest that war duration as the time between offers is allowed to get arbitrarily small
is the most empirically relevant question to ask about properties of equilibrium. But it is interesting from a
theoretical perspective and very useful for insight into the strategic dynamics.

25Tn this proposition and as relevant in those that follow, terms that depend on A, the time between offers,
refer to their limiting values. For example, z; refers to lima o z;, and likewise for w;, o1, and A.
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If the government’s initial belief is above this threshold and the rebel group’s private information
concerns military prospects, then there will be a war with positive probability. In the buyer-seller
interdependent values case (8, = (), its maximum duration is 2T, which is independent of the
initial belief and is increasing in the size of the ex post regret zone. In the “learning from fighting”
case, the limiting maximum duration is at most T, and decreases as the government’s initial belief
decreases that it is facing the weak type of rebel group.2%

Some insight into strategic differences between the buyer-seller interdependent values case
and “learning while fighting” can be obtained by examining a continuous-time approximation of
On, call it o(T), where 7 > 0 is continuous time measured backwards from the maximum duration

(n =0). Rewriting the main recursion and using r = 35/, we have
On — Op—1 = TAn(On—l - 0n—2) + (T - 1)071,—1-

For small A, if 0, is not increasing at a rapidly increasing rate, then the approximation o, —o0,_1 ~

0n_1 — 0p_o will not be bad. So consider the alternative sequence
on — 0n—1 =1Ap(0n —0n—1) + (r —1)op_1.

For brevity, let L = \,, — \s and let p’ = p+ \,. Dividing by the time interval A and taking limits

as A — 0, we get
L

/ _
d L
2 - =
dr 8 o(7) 1— Aer'7
L
1-A |~
_*_Lt
O(T) =0c¢ |:1 _ Aep’7:|

The last step is from integration and algebra using the initial condition 0(0) = 0*, which is
shown in the proof of Proposition 2.27

26Since A, and A, figure into A, comparative statics on these military parameters can be subtle. It is not

difficult to show, however, that in the “pure insurgency” case where &; = 0, increasing the gap A\, — A
reduces maximum duration.

27The first step, from the discrete differences to o'(7), also requires justification. See discussion in the
Appendix. Because 0, — 0,1 > 0,1 — 0,—2 after a period of time that goes to zero as A — 0, o(7)
increases faster than o,/a|. However, it appears that for any € € (O,T)7 the approximation error appears

to go to zero with A for all 7 € (0,7 — €). We have so far not been able to prove this.
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This analysis works only where o'(7) is well defined, which is not the case when A, = A4 at
times 7 = 0 and 7 = 27". There, lima 10 0n, approaches a step function that rises at 7 = 0 to o*,
and is then flat until 27" when it again goes vertical. Looking from the start of a possible war,
this implies that a deal is struck at approximately ¢ = 0 without any real conflict or delay with
probability u(1 — 0*/o0). If conflict does start, the weak type of rebel group is extremely unlikely
to accept an offer till war duration 2T has passed, if the war goes on that long. This is so even
though G is continually improving its offer. Then all of a sudden the probability of accepting offers
suddenly increases and the conflict ends.

If there is learning from fighting (A, > As), then in the limit o,, behaves the same way around
7 & 0 (rising immediately to 0*), but then increases at an increasing rate, tending towards vertical
as it approaches T. The increase in o(T) — or, from the perspective of the start of the conflict, the
decrease in G’s belief that it faces R, as a war proceeds — is due to both the mechanical effect of
learning while fighting and the strategic effect coming from R,,’s possible acceptance of an offer.

The mechanical effect is captured by the term e(w=2)7 in o(7), while the strategic effect is
seen in the term in brackets. The rate of change of G’s log posterior odds that it faces the weak
type — % log o(T) above — can be written as

Aef'T

L+ L——
+ 1 — Aer'7’

which shows that the elasticity of change in G’s beliefs is the sum of the mechanical component
(L = Ay — As), and the strategic component, which reflects the rate at which R,, accepts offers
along the path. The latter term has two interesting implications. First, more mechanical learning
(greater L) implies that R, also accepts at a higher rate, so that strategic learning also happens
faster. Second, the rate at which R,, accepts is highest at the start of the bargaining process,
and decreases until just before the end (7 = 0). Thus, the hazard rate of negotiated settlement is
decreasing, until it shoots up just before the final round.

The hazard rate of negotiated settlement is also U-shaped in the A\, = As case, but much

more extreme: a significant chance of a peace deal agreement occurs right away with scarcely any
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fighting, or after a long period with almost no chance of an agreement. By contrast, learning while
fighting makes military conflicts more likely to begin but also more likely to be settled by a deal
if the fighting gets going. An intuition for the difference: s > 3, reduces the weak type’s ability
to mimic the strong type, and thus its incentive to maintain a reputation for possibly being the
strong type. This favors the government, in effect giving it some additional structural bargaining

power.

7. MECHANISMS, BRIEFLY

Suppose that a mediator offers deals of the form (x;,n;), i = w, s, where z; is the peace deal
that will be implemented if both sides survive n; periods of fighting. The rebel group then reports
“s” or “w,” and the mediator implements (s, ns) or (zy,ny). We also need to say what happens
if the players reject the mechanism. Following the standard approach, suppose this implies “no
trade,” which here means that the parties get their expected payoffs for an “absolute war” (no
settlements).

We are thus assuming that the combatants (a) for some reason cannot bargain but must
fight to the finish if they reject the mechanism, and (b) can commit both to fight for a given
length of time and to implement any given deal, even if it is not ex post rational. Neither are
remotely realistic for the anarchical context of armed conflict bargaining, but comparisons to the
non-cooperative game are still useful.?®

For cases with 85 > (., it is not difficult to show that in an efficient mechanism R chooses

between (z,,,0) and (x4, ns), so that settlement occurs with no fighting when R = R,, and there is

an armed conflict of at most ns > 0 periods when R = R;. We have

Proposition 3. The mechanism that mazimizes the sum of ex ante expected payoffs achieves the
first best of certain peace (ns = 0) if either m — x, > wy, or if the initial belief o = p/(1 — p) is
28 Assumption (a) seems quite strong even in the standard buyer-seller mechanism design setting, where

contracts are feasible. Why shouldn’t the parties be able to bargain with each other if they reject the
mechanism?
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below a threshold value defined by
o< M= T"L "W
N Wy — (7T - is)
Otherwise, if o > oM, in the optimal mechanism ng is the smallest integer such that
T =Ty — Ws (555)715

s T Loy (5/8111)”5 - A
and Ty = (1 — (68w)"™*)xy, + (08w) ™z, for this ns.

@ 15#‘ z

Condition (4) comes from combining the incentive constraint for R,, and the participation
constraint for G, which bind when the first-best is not possible. These are
(ICw) Tw 2 (1= (65w)"™ )2y, + (65w)"™ 25,

(IRc) vy + (1= pw, < plm = ) + (1= (L = (58,)™ ws + (684)"™ (v — )]
0 < p(m — 2 — wy) + (1= p)(68s)" (m — 2, — ws).
Several helpful observations follow from consideration of these conditions.

First, the central tradeoff: More war (greater ns in the (z,,ns) option) makes R, more
willing to separate itself by accepting a lower z,,. Lower z,, makes participation in the mechanism
more attractive for G, but higher ngs makes it less attractive. The optimal mechanism chooses ng
(and so, through binding IC,,, x,,) to make G just willing to participate.?’

Second, although the mechanism has been described in dynamic terms — that is, fighting
occurs for as many as n; periods if (z;,n;) is chosen — it can be redescribed in static terms, akin to
the approach pioneered by Myerson and Satterthwaite’s (1983) analysis of bilateral trade. Replace
the (68;)™ terms in ICy, and I Rg with ¢,, and ¢s, where ¢; is now interpreted as the probability
that the mediator implements the deal z, and does not impose permanent war (w; for G and z;
for R) if R chooses the option for R;.

If ¢, = ¢, which is the case in our application when 3,, = B, the weak type of rebel group
can get exactly the strong type’s probability of war versus settlement by mimicking the strong type.
The problem is then isomorphic to the buyer-seller trade problem. By contrast, if 5, < (s, then

29This also implies that all the (information) rents go to R.,.
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dw < ¢s when 0 < ng < oo. Lowering S,, makes R,, easier to separate by reducing x,, for any
given ng € (0,00), so relaxing G’s participation constraint, allowing smaller ns. This captures the
impact of direct learning from fighting: It is costly for the weak type to mimic the strong type not
only because z,, is lower, but also because it is less likely to survive armed conflict. In other words,
fighting is a kind of trial by fire that can reduce information rents.

Third, inspection shows that for the government’s participation constraint to bind, it must
be that m — z,, — wy, < 0. This means that the government would prefer to go to war if R chooses
(x4, 0), revealing itself as the weak type. Thus the government necessarily suffers ex post regret in
the optimal mechanism if facing the weak type of rebel group.

Suppose instead that we require that ex post, both parties must prefer implementing the
mechanism to the “no trade” payoff of war to the finish. This is a mechanism design parallel to
the “no-commitment” version of the game analyzed in the next section. The optimal mechanism
with this ex post constraint has x,, = m — w,,, which gives G just enough to prefer not to fight if

R = Ry,. Then ng is chosen as the smallest integer such that IC,, is satisfied,
Ty =T — Wy > (1 - (5ﬂw)ﬁs)$w + (5511))&3@37

which we have already seen above is

_log1/A

=T.
P+ Aw

nsA
Inspection of condition (4) shows that with full ex ante commitment for G, the optimal
maximum fighting duration ng is strictly less than ng (T < T for small A). Thus, the ex post
participation constraint for GG reduces aggregate welfare and increases expected fighting duration
in the mechanism. We will see next that in the bargaining game the strategic pathologies implied
by G’s inability to commit to deals ex post can be much greater still.
Table 2 summarizes results for different cases in both the mechanism and bargaining game
analyses in the form of statements about limiting maximum war duration. Notice that when

Aw = Ag, the Coase conjecture obtains in the bargaining game in exactly the same conditions as

in the mechanism design setting (war duration goes to zero as the offer or battle rate gets large).
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TABLE 2. Limiting maximum durations of armed conflict

A>1loro<oM A< 1and o> oM
Mechanism A = s Aw > As
Full commitment 0 ™ =T + W <T 0<TM < T
With ex post participation 0 T T
constraint for G

A>1oro<o* A< 1ando>oM A< 1and o> o*
Game A = As Aw > Ag
G can commit to deals 0 2T 0<T*<T
G can return to warg 0 00; mean = 11:5 + h;i%/f (>T*)
G can return to warg,, 0 00; mean = %m T if o > 0;

8909 if o € (0%, 0)

Notes:

(1) A= % = ratio of surplus|R,, to G’s max gain for separating.

(2) T =—log A/(p+ ) = fighting time s.t. R,, indiff between deal that gives G its reservation

value w,, against R,,, and fighting till T to get x,.

T TWs ok _ ptAs M 4 s : o
o=z ) 0 T a0 - 08 defined in Proposition 5.

[0} =

gets T — Wy,.

w )

T—Z,, Wy
W — (ﬂ—_ﬁs) '

When there is direct learning from fighting (A, > ), there are initial beliefs 0 € (0*, 0™) such
that the first best of no war is possible in the mechanism but war occurs in the bargaining game.
This is because the mechanism setting allows G to commit to a risk of war-to-the-finish against
the strong type, which is not ex post credible and cannot occur in the non-cooperative bargaining

game.

8. FIGHTING RATHER THAN BARGAINING

In the bargaining equilibrium described above, the government makes offers z! € (7 —wy,, )

that are accepted only by the weak type of rebel group, but which are worse for the government
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than permanent war with the weak type would be. The extensive form thus allows the government
a power to commit that is unreasonable in a setting where no third party can reliably enforce
agreements and the sides can always choose to use force.

We now consider the implications of making the more realistic assumption for this context:
The government (or the offering state) cannot commit to abide by an agreement that is worse for
it than fighting, given its belief about the opponent’s capabilities.

Consider the following modification: In each period, if the rebel group accepts an offer z¢, the
government then has another choice of whether to implement the deal or instead continue fighting.
Implementation ends the game with (time averaged) payoffs (7 —z¢, 2'), while fighting yields (g, ;)
in the current period and the same continuation game as if the rebel group had rejected z! to begin
with — a lottery on military outcomes and, if stalemate, the next period. The key difference from
the game with commitment is that now, if accepting an offer ' < z, reveals that R is the weak
type, the government can go back to war if the deal is not as good as fighting with the weak type
(wy > 7 — at). We call this extensive form the no-commitment game.

It is straightforward to show that with complete information about rebel type ¢ = w, s the
no-commitment game has a unique Markov-perfect equilibrium: The government offers z; in every
period, the rebel group always accepts any offer of at least this much, and the government always
implements any z smaller than a threshold value xZG slightly greater than z;.

However, in contrast to the game with commitment, the no-commitment game has multiple
subgame perfect Nash equilibria even with complete information. We can use the Markov perfect
equilibrium, which gives the rebel group its reservation payoff, as a threat point the players expect
to revert to if the rebels were to accept an offer less than some z*, which can be greater than z;.

Formally we have

Proposition 4. In the no-commitment game with complete information and known rebel type
i =w, s, for small enough time between offers A > 0, there exist subgame perfect equilibria in which

the government offers x* and R; accepts on the equilibrium path, and the government chooses to
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implement after R; accepts. Such equilibria exist for x* € z; U [SUZ-G,TF — wj], where :cZG = dfix; +

(1 - (5,81)(71' - ’U)Z)

Substantively, once the rebel’s type is revealed, we can say that the two parties face a complete
information bargaining problem in which the set of feasible agreements (that both sides prefer to
war) is [z;, ™ — w;]. We will analyze the no-commitment game with incomplete information for two
polar cases, that differ in what the parties expect to happen in equilibrium if the weak type accepts
an offer that reveals its type and the government then declines to implement. In the first case, the
players expect that whenever GG believes that it faces R; for sure, they will play the Markov perfect
equilibrium that implements z = z,, which is G’s favorite feasible outcome. In the second case,
they expect that if R; is revealed they will play a subgame perfect equilibrium that implements
.30

r = 7 — w;, which is R;’s favorite feasible dea

For both cases we obtain striking results. Beginning with the first, we have

Proposition 5. Consider updating-consistent equilibria in the no-commitment game in which Bs >
Bw > 0 and the players expect to implement x; in any continuation where G believes that R is
certainly type R;. For small enough time between offers A > 0, such equilibria exist and must have

the following features:

e On the path, after N* —1 periods of fighting (if both sides survive this long), G offers a deal
x* where ¥ € [y, m — ws) and both types of R accept, ending the conflict. There is zero
chance of a deal (an accepted, implemented offer) before period t = N*. Offers before then
are either rejected by both types or accepted by both types of R, but not implemented by G.

o Maximum war duration, N*A is increasing in x*. Thus the shortest feasible maximum

In this equilibrium, N* is the

conflict duration obtains for the equilibrium with z* = x.

30For the case of interstate conflict, an important alternative interpretation of the second polar case (z =
T — w,, is implemented) is that both states’ acquiescence is needed to change control of territory. Thus state
2 (R) can agree to cede more than w,,, but in the complete information situation state 1 cannot credibly
threaten to go to war rather than live with any territorial division x < 7 — wy,.
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smallest integer such that

*
NA > logo/o ’
Aw — As
where 0o* is the same belief threshold defined in Proposition 2. This is strictly greater than
the limiting maximum duration in the game with commitment, and grows without bound in

the initial belief o that R is the weak type of rebel group.

In words, we immediately get pure fighting rather than bargaining. The government makes
non-serious offers — offers that all know have zero probability of acceptance or implementation —
until its belief that R is the strong type increases to the point that it is willing to make the pooling
offer, z* > x_.. Acceptance of this offer (by both types) leads to a self-enforcing peace.

The logic is straightforward. If the weak type reveals itself by accepting an offer the strong
type would certainly reject, its continuation payoff if G goes back to war is exactly its reservation
value for “pure war,” z,,, because it has no bargaining power in the continuation game and will be
pushed by G to this limit. But by rejecting offers less than z*, and so maintaining the reputation of
possibly being the strong type, it gets its war payoff while fighting (z,,) followed by a strictly better
deal, x*, if it can manage to survive long enough on the battlefield, which has positive probability
as long as 3, > 0.

“Fighting rather than bargaining” can dramatically increase expected and maximum conflict
durations. Maximum duration in this no-commitment case is the time it takes for pure battlefield
learning (the mechanical effect alone) to decrease G’s optimism to the point that it is willing to
make the offer a strong type would accept. The minimum such duration, T;,. = log(o/0*)/(Ay—As),
is of course strictly greater than, T%, the limiting maximum on war duration in the commitment
case with Ay, > A;. Ty can be in years for reasonable parameter values. Note also that T;,. increases
without bound in the initial odds that R = R,,. (By contrast, T is the upper bound for any initial
belief in the game with commitment to accepted offers.)

In strategic terms, fighting-rather-than-bargaining and possibly very long war durations are

driven by a “ratchet effect” like that noted in models of bargaining over a rental good or service.
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Such goods entail flow payoffs (as in the armed conflict setting), which raise the concern that
accepting today might undermine leverage in renegotiation tomorrow by revealing that one is a
higher-valuation type than was previously believed. In the buyer-seller context with independent
values, a seller’s inability to commit not to exploit a buyer who says Yes today ends up producing
immediate trade — no delay, so the Coase conjecture obtains despite lack of commitment to offers. In
that setting, the ratchet effect confers all bargaining power on the buyer (informed party), because
the seller’s inability to commit to her proposal means that the buyer has no incentive to accept any
screening offer. As a result the seller’s best option is simply to make the pooling offer right away.3!

By contrast, in the armed conflict setting when s > B, the government has an alternative
to screening via offers — screening by fighting. Due to interdependent values about the “no trade”
(fighting) option, the government can learn by putting the rebel group through trial by fire. The
government’s belief that the rebels are the tough type rises the longer they survive purely due to
the mechanical effect, eventually to the point that the government is willing to make the better
pooling offer to end the war on terms acceptable to both rebel types.

This stark outcome — pure fighting rather than bargaining when o > 0* — is clearly related to
the government having all the bargaining power if a weak type reveals itself. In effect this limits the
set of feasible agreements to z,, and x* € [z, T — w;) since the strong type will never accept a deal
worse than z, and the weak type can’t expect anything better than z,, due to the government’s
inability to commit not to exploit its bargaining power in complete-information renegotiations. To
the combatants and outside observers it may appear as if the issues in question are “indivisible”
and in effect they are. But this is a strategic consequence rather than an inherent property of the
issues (cf. Powell 2006).

We next show that fighting rather than bargaining remains even if the government does not

have all bargaining power when rebel type is known.

31See Hart and Tirole (1988), the case of short-term contracts. Their setting is independent values, so
that the seller gets a surplus from trading with a high valuation buyer even at the low valuation buyer’s
reservation price. As far as we know our model and analysis are the first of bargaining over a flow payoff
with interdependent values and no commitment to implement accepted deals.
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Proposition 6. Consider the no-commitment game where A < 1 and s > By, > 0. Restrict
attention to equilibria that satisfy updating consistency and in which the players expect to implement
T — &, n any continuation where G believes that R is certainly the weak type, and G never offers

more than x,. For small enough time between offers A > 0 there exists a i1 > p* such that

(1) for initial beliefs u € (u*, 1), any such equilibrium is the same as described in Proposition
5 (with x* = x,);

(2) for w € (f1,1), any such equilibrium follows the same pattern as in Proposition 1 (the
commitment case) for periods t = 0,1,...,N — n, and then switches to the pattern of
Proposition 5 (N is mazimum duration less one). n is the smallest integer n such that
T —wy > (1= (080)")xy + (08w) 2, in the limit nA =T =log(1/A)/(p + Aw). Thus, G
initially makes ascending offers xt = x_; which Ry rejects for sure while Ry, rejects with a
positive probability v until reaching the ex post regret point of x;. After this G makes any

non-serious offers less than x, that R rejects for sure until fighting causes G’s belief to fall

to pt < p*, when G makes the pooling offer z,.

Further limayo i = p* /(" + AX/#' (1 — p*)).

In this case, if R, accepts an offer x! < z that reveals its type, G is then choosing between
implementing 2! and continuing the war. The latter would lead in the next period to a settlement
at G’s reservation for war with the weak type, ™ —w,,.>? Here, if the initial belief that R is the weak
type is large enough, then the conflict begins with an increasing sequence of offers z! < 7 — w,,
that may be accepted by R,,, and which would then be implemented by G. But there is positive

probability that even the weak type will reject all these offers and the conflict will enter a phase

t

of fighting rather than bargaining. Once z' rises to m — w,,, the government cannot commit to

32For the interstate war context, this case has the following natural interpretation: State 1 (G) is simply
making verbal proposals, and both states must agree to implement a change in the territorial status quo.
Once state 2 (R,,) reveals its type, it can cede territory just up to @ — w,, at which point state 1 no longer
has a credible threat to fight. Whereas Fearon (1995) and similar models assume that state 1’s “demand”
is a unilateral change in the status quo that then confronts the other with a choice of acquiescence or war,
Powell (1996b,a, 2004) analyzes models in which both states must agree to change a status quo division. In
these, a status quo is stable if it is common knowledge that both prefer it to war.
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implement more than this (but less than z,), and R,, strictly prefers, in equilibrium, to mimic the
strong type in hopes of surviving long enough to get ..

In the limit as the time between offers gets small, the initial bargaining phase happens very
quickly, tending to instantaneous. Maximum war duration is thus larger than in the commitment
case — it tends to 7' for any p > [i, and is strictly greater than T for € (pu*, ). Again, G’s inability
to commit to implement deals that imply ex post regret increases inefficiency by undermining

screening through offers.

9. CONCLUSION

Several basic empirical features of interstate and civil war are hard to reconcile with standard
models of buyer-seller bargaining, despite good reasons to conceive of war as some kind of bargaining
process. First, war durations, particularly for civil wars, can be remarkably long despite high levels
destruction and costs often born while fighting. In the post-World War II period, median and
maximum duration for interstate wars were 3.4 months and about 10 years, respectively. For civil
wars the corresponding median and maximum duration were eight years and more than 60 years.?

Second, combatants usually declare and stick with extreme war aims that no one expects
the other side to concede except after total military defeat. They choose to fight rather than to
bargain, if by bargaining we mean an interaction involving the constant reformulation and exchange
of serious offers. Third, both interstate and civil wars sometimes do end with negotiated settlements
that are the product of serious offers at a bargaining table, but such bargaining happens quickly
and tends to come after significant periods of fighting without offers that have positive probability
of acceptance in the near term. Fourth, historians and political scientists have argued for many
cases that the reason that serious bargaining can finally begin is that one or both sides have
revised downwards their beliefs about the prospects of military victory based on the accumulation
of battlefield evidence.?*

33Using the Correlates of War data for interstate wars, and Fearon (2004) for civil wars.
34GSee especially Blainey (1973) and the large literature following him; also Zartman (1989).
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This paper clarifies the relationship between buyer-seller and armed conflict bargaining. In
the latter, the “good” can change hands not only via a deal but also by military victory. We
find that with private information about military prospects, armed conflict bargaining is analogous
to buyer-seller bargaining with interdependent values, but differs in that the private information
concerns the value of “no trade” — here, fighting — rather than the value of good at issue (territory,
foreign policies, etc.). That fighting can provide direct information about a combatant’s future
prospects then affects negotiating positions, in a way we find makes for a more slow but steady
change in beliefs about the other side’s capabilities in the early phases of a war.

We also find that when we introduce the natural assumption that the parties can’t commit not
to change a deal after an agreement, we immediately get fighting rather bargaining in equilibrium,
along with negotiated settlements that ultimately become possible only because of mechanical (i.e.,
battlefield) learning about the balance of military power. In anarchical settings, states or rebel
groups can reasonably fear that accepting a deal will lead the other side to conclude that they can
pushed even further. This problem undermines the parties’ ability to discriminate between tougher
and weaker adversaries through the negotiating process, leaving fighting without making serious
offers as a next best alternative for screening between types. It also can greatly increase the median
and maximum durations of a conflict.

There are two main alternative explanations for “fighting rather than bargaining.”3® First,
in some models protracted fighting without serious offers is driven by a commitment problem
occasioned by the fear that military power would shift against one side if it fails to fight or stops
fighting (e.g., Fearon, 1998, 2004; Powell, 2006). Second, since Blainey (1973) a common argument

has been that wars occur when the complexity of making military estimates allows two boundedly

35Far less developed are models that would explain fighting rather than bargaining by reference to principal-
agent problems in domestic politics. Goemans (2000) argues that the German government in World War I
held their war aims steady or even increased them after some battlefield defeats because they expected to be
deposed in a revolution if their war gains were not very large; they were “gambling for resurrection.” Some
models of gambling for resurrection have been developed for decisions to go to war (e.g., Downs and Rocke,
1994; Hess and Orphanides, 1995) but work extending the idea to intra-war bargaining is in its infancy.
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rational or otherwise biased leaderships to be mutually optimistic about their odds of winning (e.g.,
Wagner, 2000; Smith and Stam, 2004). War gradually teaches them who is right.

Both can be plausible for particular cases, and there is no reason why all three mechanisms
might not operate in the same case.?® Nonetheless, two empirical observations suggest that the
ratchet effect problem modeled here may have added purchase. First, the shifting-power com-
mitment problem explanation implies wars to the finish — no negotiated settlements. As noted,
however, both civil and interstate wars sometimes end short of a decisive military resolution, with
a negotiated settlement.?”

Second, the bounded-rationality /mutual optimism explanation predicts that combatants will
continuously adjust their war aims and settlement offers as they update about relative military
capabilities (Wagner, 2000; Goemans, 2000; Reiter, 2009). But states’ and rebel groups’ war aims
in conflicts tend to be very sticky, experiencing little change until there is a sudden shift into
negotiations (Iklé, 1971). A main finding of Reiter’s (2009) examination of 22 “key decision” times
concerning termination in six major interstate wars is that often state leaders did not change their
aims or demands at all, or even increased them, after major battlefield setbacks. He gives “fears of
adversarial non-compliance with war-ending agreements” and “the fear decision-makers sometimes
have that making concessions will send signals of weakness” as two of three main reasons.>®
From a normative perspective it could be useful to know whether protracted fighting due the

ratchet effect or a pure commitment problem is more or less empirically common than protracted

fighting due to ill-founded mutual optimism, and also how to identify one or the other in particular

36For example, Wolford, Reiter and Carrubba (2011) analyze a model in which one state is uncertain about
whether an adversary’s costs for fighting are low enough that there will be no feasible deal in the future due
to a shifting-power commitment problem.

37The very long durations of many civil wars, and other features of civil wars, suggests strongly that they
are often driven by the problem of commitment to powersharing deals. For example, they are much less
likely to end with negotiated settlements than are interstate wars. See Fearon (1998, 2004); Walter (1997).
38Reiter 2009, 221. His third main reason is that “leaders can be patient” and hope to turn things around
in the future; this can result from “overconfidence” but also might reflect, as in the model, the weak type’s
incentive to hang on for the good offer even if the odds of getting it are low. Note that in Reiter’s cases “fears
of adversarial non-compliance” arise both due to fears of power shifts and fears of loss of reputation (as in
“signals of weakness”). Pillar (1983), Iklé (1971), and Smith (1995, chapter 3) also stress fear of appearing
weak as a significant barrier to serious negotiations in interstate wars.
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cases. When the problem is primarily mutual optimism, the most relevant policy intervention may
be third-party provision of better military analysis in hopes of bringing expectations into accord. If
the problem is the ratchet effect or the fear that bargaining power will shift for some other reason
in the future, then the most relevant policy interventions may be third-party efforts to guarantee
and enforce a negotiated deal.®”

In this paper we did not consider the case of £,, > S5, which would describe a conflict where
the rebel group’s failure to win decisively as time passed would tend to indicate that it was more
likely the weak type. We conjecture that in this case pure fighting rather than bargaining could
result in equilibrium even if the government has the ability to commit to offers. It would also be of
interest to explore armed conflict bargaining with private information about military capabilities
when it is assumed, or allowed, that the informed party makes offers. It is immediately clear that
in contrast to the independent values case, inefficient delay could still be necessary in equilibrium,

despite the informed party having all the structural bargaining power (as shown in Gerardi, Hérner

and Maestri (2014), who study this case for the buyer-seller problem).

39See, for example, Walter (2002) on third-party guarantees as an important component of civil war settle-
ments.
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Appendix

1. PROPOSITION 1

1.1. Preliminaries for proof of Proposition 1. We begin by introducing notation and deriving
the recursion that produces the equilibrium path of G’s beliefs and R,,’s mixing probabilities. Then
the proof below first demonstrates uniqueness (generically with respect to the initial belief), and
next checks that it forms an updating-consistent PBE.

First, some notation.

HBs

* Y(p) = :
( ) (1 - H)ﬁw + M/BS
posterior is exactly p. (Thus ¢~1(p) is Bayes’ rule with prior p.) We assume throughout that
Bs > Puw, which implies that ¢ (u) > p.
x

o(z) =

¥(u) is the prior on R,, such that after one round of pure fight the

1—z
e gi=g(1—0)+ 0y;w. Note that g, = (1 — I5;)w;.
O V=T —g—Ty.
e U=T—g— 7.

Consider a sequence of beliefs {p,}5°, with po = 0 and gy, > 9 (pn—1) for n > 1. Let

Vn( )é O(Hn—l)/Bs

o() Bu

Substantively, v, (u) is Ry,’s probability of rejecting an offer such that G would update from p to
ln—1 on seeing rejection (and assuming Ry rejects for sure).

For n > 1 and p > ¢(upn—1), recursively define the functions

B() 2 (1= (1)) (7 = ) + V(1) G + OBt (1))
911_—(555) + (682" (m — 22) = (1= (88:)"yws + (58:)"(m — )
Un (1) & pu (p) + (1 — p)us,.

I
=
S

ul (1) is G’s expected payoff conditional on facing R; with n + 1 periods till bargaining must end,
given belief u. u,(p) is then the expected total payoff for G, given initial belief pu, if it chooses the
bargaining process that lasts at most n + 1 rounds given the sequence fip,—1, fin—2, ..., fo. Un—1(1)

is the payoff if it chooses the one that lasts at most n rounds given u.
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Next, derivation of the recursion.

First we show that the unique sequence {u,}52, that satisfies po = 0 and wy, (pn) = wp—1(p,) for
n > 1 is given by the recursion (2). In words, u, (i) is G’s equilibrium path payoff with n periods
to go and wu,—1(uy,) is G’s payoffs to “skipping ahead” by making the offer z,_; given belief u,.
Writing these out we have

_1—(0Bs)"

) = i (1= 20)( = ) 2+ 0B )]+ (L= ) [0 70 4 88" - )]

and

—(5 ; n—1
Un—1(fn) = tn [(1 - V;L)(W —Tn-1) + V;L(gw + 5ﬁwu$_2)] +(1=pn) [‘6511(_655)8

+ 00 - 2,)
where v, = 0n_10s/0nfBw and vy, = 0n_205/0nfuw-

Setting wuy (tin) = un—1(1yn) and extensive algebra then leads to

(6ﬁs)n_1(1 - 6)2 = On(xn—l - xn) + &On—2(7r — Tn-1— Guw — 5511;“5_2)

Buw
5 Bs G — 0 Buwu?
( ) - Bion—l(ﬂ' —Tn — GJuw — 5wun—1)
= On(xn—l - xn) + &On—an—l - &On—lzn

Buw B

where z, = T —xp — Gw — 0fBwul_;. (2, is G’s gain if facing the weak type if the weak type accepts
in n versus rejecting in n.)

On the other hand, note that v | = 7—p_1—Vp—1(T—Tn—1—Guw—0BuwU o) = T—Tn_1—Vn—12n—1,
from which we can get

Zn =T — Ty — Guw — 0Bu(T — Tp—1 — Vp—12n—1)
= (1 - 5)(7[' —Tw — g) + 5ﬂw1/n—1zn—1
- (1 - 5)@ + 5,8an_1Zn_1,

or

On—12n — 0Bs0n—22p—1 = 0n—1<1 - 5)7)
From (5), we have

B B B B
On(l‘nfl - mn) + 780anan1 - ionflzn = 563 On71($n72 - "L'nfl) + 780”,32”,2 - ioananl

Pw Buw P Bw
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Combining the last two equations gives a second-order linear difference equation (for n > 2)

On = -fn—ll—xn <<563(xn2 - xnfl) + /gz)(l - 6)17> On—1— 52(1 o 5)6()”2)
= Onp-—1 <§'Z gj}An> - On2§;An7

where
1 (1=8)r—ry—g)

An = 5B L (1 08u) (2, — 20)

1.2. Proof of Proposition 1. Throughout the proof we implicitly impose the restriction of
updating consistency. Recall that updating consistency requires upon deviation the beliefs be
recomputed under the new strategies. Hence in what follows, whenever we consider a candidate
strategy, we shall assume the beliefs are consistent with the strategy regardless of whether we are
on the equilibrium path or not.

We prove the proposition in three steps.

Step 1: Uniqueness of the Equilibrium Path.
Any PBE satisfying updating consistency must have the equilibrium path specified in the proposi-
tion.

Lemma 1. For any n > 1,
T —Tp > Gw+ 5/810(77 - xn—l).

Proof. Using the definition of x,,
T —2p = (Gu + 6Pu(T — 2n-1)) = (1 = 6)(7 — 10 — g) > 0.
O

Lemma 1 says simply that on the offer path that makes R,, indifferent between accepting in n
versus n — 1, G does better with acceptance in n versus fighting and then acceptance in n — 1.

Lemma 2. Suppose it > (), and thus ¥~ (i) > pin, for some n > 0. Then
(6) (1= v)(7m = zpg1) + v (G + 0Buwuy (1))
where v = o(y')Bs/o(1) Buw, is strictly decreasing in p' € [pn, v~ (1)].

Proof. For this proof, we always assume ' € [un, ¥~ (n)]. Also, let h(y') denote the expression

(6).

Ifn=0,
h(p') = (1 = v)(m — 21) + v(Gu + 0Bu(T — ).
Since v is strictly increasing in ¢/ and h(y’) is strictly decreasing in v, h(y') is strictly decreasing
. /
in g/
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Now suppose n > 1. Define v/ 2 oy, _1)Bs/ (o(1')Bw). We can rewrite h(y/) as
h(p') =1 —v)(r — 2py1) +v (f]w + 68w ((1 — V) (= xp) +V (gw + 5Bwuﬁ_1(,un,1))))
=T —Tpy1 TV (gw + 5/810(77 - xn) - (7T - xn—f—l)) + VV/éﬁw (gw + 6611)“1:71(/171—1) - (7[' - :L’n)) .

Note that v/ = o(pn—1)B82/ (o()B2) is independent of /. So by Lemma (1), h(y') is strictly
decreasing in p’. O

Lemma 2 says that the higher G’s post-rejection belief that R,,, the lower G’s expected payoff pre
rejection.

Corollary 1. Suppose p > 1p(py) for some n > 0. Then
w1 (1) > Gu + 6Buuyy (97 (1) -
And thus
Uny1(p) > p (gw + 6 Buwtty, (w_l(,“))) +(1— M)ufz-i-l-

Proof. uy, (1) is what we would get by plugging ' = p, into (6), and g, + 0Bwuy (1/)_1(,11)) is
what we would get by plugging 1/ = 1 ~!(x) into (6). So by Lemma (2), we have
Uy 41 (1) > Gu + 6 Buwuy, (1/171(#)) .
]

In words, Corollary (1) means that if © > 1 (u,), making a serious offer that has positive chance of
acceptance (following the bargaining process corresponding to wu,4+1) is better than wasting such a
chance by making an offer that induces certain rejection (which would mean that any belief change
from the current period is purely driven by fighting).

Lemma 3. For any n > 1, un(#) > tn1(1) for i € (1), and un() < tn1(s) for i €
[w(ﬂn—l)aﬂn)'

Proof. From the definition of u;Y we have

Uy, (1) £ (1 = vn(p)(m — zn) + v (1) (G + 6 Buwtiy 1 (ftn—1))

O(/*Ln—l) /35 ~
=T — Ty — — (7 — Ty, — Guw — O Buwty 1 (fn—
O(M) 611)( g 6 1(1u 1))
ey, - LTy

where we have defined, for each n > 1,

h 2 O(Mn—1)§8 (7 = Zn = G — 6Buti®_y (fn1))
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Thus

u( 1
un(p) = puy, (1) + (1 = puy, = p(m — an) + (0= Dha + (1 = pug,

This shows that w, is a linear function in p. Since we know wu, (i) = un—1(n), it then suffices to
show the slope of u,, is larger than the slope of u,_1.

Starting with the equation uy, (f,) = up—1(uy), we can get

Un,
1—pun

S S
hy —hp—1 =w, —u, |+ (Tp—1 — Tp)-

Thus the slope difference between u,, and u,_1 is

(7T — Xy + hy — qu) - (7T —Tp—1+ hpo1 — ufl_l) =hp —hp_1+ (5Un—1 - xn) + (uiz—l - UZ)

1
= 1— i (xnfl - xn)
> 0,
as desired. (]
Lemma 4. If u € [pin, int1) for some n, then
(7) Un(pt) > pawy + (1 — p)ws.

Proof. Let the function h : [0, 1] — R be given by

h(p) = pww + (1 — p)ws.
Note that
h(p) = pgw + (1= )gs + 6(uBw + (1 = ) Bs)h (6~ (1)) ,
for all 4 € [0,1).

First assume (s > [3,, so that pu > ¢(u) for all > 0. We proceed by induction on n for this case.
The base case where n = 0 can be verified by direct computation.

Now suppose (7) holds for n = k, and we would like to show it for n = k + 1. Pick an € > 0 so
that i — ¢~ 1(u) > e for all u € [pry1, rr2). And for convenience assume Ny = (upy2 — frr1)/€ is
an integer. If jup 1 < gt < pry1 + €, then we must have py, < ¢~ () < piry1, and thus Corollary 1
implies
U1 (1) > (G + 08wy (671 (1)) + (1 — p)ujsy

= 1gw + (1 = 1)3s + 6w + (1 — 1) Bsur, (¢~ (1))

> pgw + (1= 1)gs 5(M6w (1= w)Bs)h (67 (1)

= h(p).

(8)
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Assume we have proved the situation for all p € [pg+1, k1 + je), 1 < j < Nji. Consider the
case (b € [fg+1 + J& k1 + (J + De). If u < ¢(pr+1), the same logic of (8) still applies. And
if 4> @(pg+1), recall from the construction of the cutoffs {4;}52, that upi1(p) > ugs2(p) when
< pg+2. Then again by Corollary 1,
w1 (1) > wrra (1) > p(Gu + 6Buuiyr (67 (1)) + (1 — p)uiyy

= o + (1= 1)Gs + 6 (1B + (1 = w)Bs) i1 (67" ()

> i + (1= 1)Gs + 6(ufuw + (1 = 1) Bs)h (67" (1))

= h(p).
We can then conclude that (7) holds for all p € [pg41, ptk+2) by the induction on j. And the
proposition in the case s > (5, follows by the induction on n.

If Bs = Buw =B, (bil(:u) = p. So if pp < p < pp1, then by Lemma 3
Un (1) > tng1 (1) = 10(Gw + 0Bu (67 (1)) + (1 — p)us 4
= 11w + 0Buy (1)) + (1 — p)up 4y
= pgw + (1 - M)gs + 6 Buy (N) )
which implies

un(ﬂ) > ,ugw ';Eld_ﬂ M)gs _ h(,u)

We shall show that PBE is generically unique in that the equilibrium paths are the same: given
an initial belief u € (un, nt+1), G offers zy,,zp—1,...,29 = x5 in turn along the path, R,, mixes
between rejection and acceptance such that the belief path is (i, pin—1,..., 10 = 0), and Ry always
rejects until G offers z,.

For the following, we fix an arbitrary PBE of the game.

Lemma 5. At any history, the maximum offer in the support of G’s strategy is no more than x,.

Proof. Let Z(h) denote the maximum offer in the support of G’s strategy at a history h, and denote
by Z the supremum of the union of G’s strategies over all histories, i.e., T = sup, Z(h). T must
be finite, as G certainly would not offer anything larger than 7. By way of contradiction, suppose
T > x5. So there exists a history h! at which Z(h') > Z — ¢, where € £ (1 — §3;)(Z — x5) > 0. Note
that if R does not accept an offer now, its payoff will be upper bounded by

(1 =0)rs + 0(asm + Bsx) = (1 — 0)rs + dasm + 0S5
= ( - 5/&9)@5 + 5/8&f
= (1-08,)(z, — 1) +7
=7

— €.
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As a result, any offer z* € (Z — ¢, z] will be accepted by R at time ¢. But then z(h') should not be
larger than & — € as no offer in (z — ¢, Z| is a best response by G, a contradiction. It follows that
we must have T < z,. O

Corollary 2. If the current belief is ut € [0, 1), then G offers xzs, and R accepts it.

Proof. Immediate from the preceding lemma. O

Lemma 6.

(1) Suppose the current belief is put € (1, p2). Then G’s best response is x1. Ry, accepts the offer
while Rg rejects it.

(2) Suppose the current belief is u* = 1. Then G’s best response is any mizture between x1 and
zs. If G offers x1, Ry, accepts it with probability 1, and xs rejects it. If G offers xs, R accepts
it.

Proof. The proof works slightly differently in two cases: (a) Bs > By, and (b) Bs = By = B.
We provide the full proof for case (a), and give the mechanics and differences for case (b) when
differences arise.*’

Suppose Bs > B (case a), which implies that p > ¢~1(u) for all u € (0,1). Let € > 0 be such that
p— " () > e for all pu € [ug, p2). Without loss of generality, we assume Ny 2 (ug — 1) /€ is an
integer. First consider the case u' € (u1, u1 + €). By assumption, p‘*t! < ui, so the next period’s
offer must be x;.

i) First of all, note that G can guarantee a payoff arbitrarily close to ui(u') by making an
offer slightly larger than z; in the current period (R, will accept it for sure, since it will
definitely be offered zs in the next period).

ii) By Lemma 5, G does not offer 2t > x,. And offering 2! = x, gives payoff ug(u') which is
strictly less than u1(u?), and thus cannot be optimal.

iii) The optimal offer 2 cannot be in (z1, z5), since G can lower x! slightly while still keeping
it larger than z; and gain a strictly higher payoff (since R,, accepts this any PBE).
iv) The payoff for G from offering = < z7 is

,Ut (Guw + 0Buw(m — zs)) + (1 — Mt)ui < Ul(#t)7

by Lemma, 2, Corollary 1. Thus 2! < 21 cannot be optimal either.
v) The only possible choice left is 2 = 7. And R,, must accept it with probability 1, since if
the rejection probability ! of R,, is strictly positive, then the payoff for G is

P =) = 21) + VN (Gu + 6Bu(m — 25))) + (1= p')ud,
which is strictly less than uq(u!) by Lemma 2.

40This Lemma, the next Lemma, and their proofs use the approach — “upwards induction on beliefs” —
suggested in the sketch offered by Fudenberg and Tirole (1991, 409-410) for the two-type, infinite-horizon
buyer-seller bargaining game. That game is close to being a special case of our model when 85 = 8, = 8. In
our main case of B > 3, the analysis is actually simplified because the “mechanical” effect causes a belief
change following rejection of an offer independent of R,,’s strategy.
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In conclusion, if u* € (u1, 1 +€), in equilibrium G offers 2! = x1, Ry, accepts it with probability 1,
and Rj rejects it. If u’ = pq, the only difference from above is step (ii), in which ug(u?) = uq (u?).
Thus in this case offering x, is also optimal.

Now suppose that if u* € (u1, 1+ ke), 1 < k < Ni, in equilibrium G offers 2! = z1 and R,, accepts
it with probability 1. Consider the case u' € [u1 + ke, p1 + (k 4 1)e). By assumption, 't is in
either [111, 1 + ke) or [0, u1). If uttt € [0, 1), then by the same reasoning as in (i) - (iii) above, the
only possibility is that G offers z1, R, accepts it with probability 1 and Rs rejects it. It remains
to show that u!*! cannot be in [u1, u1 + ke).

First assume pu'*! € (u1,p1 + ke). Again, by making an offer slightly larger than z;, G can
get a payoff arbitrarily close to ui(u!) (since R, cannot get more by waiting). By the induction
hypothesis, z!T! = 21, so 2! can only be x9, as otherwise R,, either accepts z! for sure, which
contradicts with the range of uf*!, or rejects 2! for sure, which makes G’s payoff less than wug (uf).
The payoff for G in equilibrium when facing R,, is then

(1 =) (m = x9) + V" (Gu + 0Bu(m — 21)),
where v = o(u!t1) s /o(ut) Bw. Note that v is increasing in p/*! and
T — X2 > gy + 6ﬁw(7r - xl)-

Hence the payoff is strictly less than what it would be when p/*! = p;, which is exactly ua(uf).
However, us(u?) is less than G’s payoff guarantee u (1) by definition of the recursion, since pu! < o
by hypothesis. This is impossible in equilibrium. It follows that we cannot have p!*t € (uy, 1 +ke).

On the other hand, if u’*! = py, then G’s payoff is either (if G offers g at t) uz(ut) or (if G offers
x1 at t)

(9) pt (1= wa(ph) (m = 1) + v2 (') (Gu + 0B (T = 25))) + (1 — p')us.

ug(pt) < up(pt), and (9) is strictly less than uq(uf) by Lemma (2). So p!*! should not be p;.

By induction on k, we have shown that, if the current belief is u* € (u1, u2), then G offers z1, R,
accepts it, and x; rejects it.

The second part of the lemma is clear by the definition of p1. This proves the claim for case (a),
Bs > Bw. We now sketch what needs to change in the case of 5; = 8, = .

By Lemma 4, we can pick € > 0 such that
p(1 = v + peguw + (1 — p)g
1—-08
(1 = ve)m + peguw + (1 — p1)gs + 6Bur () < ui(p),

for all IS (Ml’ :U’Q)’ where Ve = inf,LLE(,ul,,uz){O(u - 6)/0(/1‘)}‘41

> <wui(p)

First consider the case u' € (1, pu1 + €).

pn—e

4INote that ol —€)/o(u) = 17(576) = (1 - i) li;ig. So limejgve = 1
1—p
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i) By Lemma 5, G will never make an offer larger than z, and thus G can guarantee a payoff
arbitrarily close to uj(u!) by making an offer slightly larger than z; in the current period
(because R,, would definitely accept).

ii) Let u®"P denote the supremum of the expected payoffs over all equilibria with initial belief
p € [u1, 1 + €). u"P must be upper bounded by

max {u1 (@), p(1 — ve)m + (e + (1 — p)gs + 05uP} .

41 < 11 and the second term is a

(The first term is the maximum possible payoff when p
bound on the maximum possible payoff when p!*! > ;)

The above maxmium can only occur at the former expression, as otherwise

WP < /’L(l — VE)W + NVng + (1 B M)g

- 1-46p

a contradiction. It follows that uS"P < uq(u).
Suppose there exists an equilibrium in which p*™ > py with positive probability. Along

any path on which p!* > u1, G’s expected payoff from the current period onwards is upper
bounded by

® < U1<,u),

t+1

pH (1= v + plveguw + (1 — p')gs + 65u™P
< Nt(l - Ve)ﬂ + ,U'tVegw + (1 - Mt>§s + 5ﬂu1 (:ut>
<ur(p),

which is not optimal. And thus in any equilibrium z/*! must be less than .
iii) Other cases are the same as when 5 > .

Upward induction from (u1, 11 + ke) to [u1 + ke, w1 + (k + 1)e) is likewise similar to the case of
Bs > Pu-

0

Lemma 7. Suppose n > 1.

(1) If the current belief is ut € (pn, pins1), then G’s best response is offering x,. If G offers zy,
R, mizes between rejection and acceptance so that p'*' = p,_1, and Rs rejects it.

(2) If the current belief is u* = pn, then G’s best response is any mizture between x, and x,_1. If
G offers x,, R, mizes between rejection and acceptance so that p'*' = p,_1, and Rs always
rejects. If G offers xn—1 and n > 1, R, mizes between rejection and acceptance so that
Pt = 9. If n =1 and G offers x5, R accepts the offer.

Proof. The argument is an extension to that for Lemma 6. We proceed by induction on n. The
base case is just Lemma 6. Assuming the conclusion is true for all n < j — 1, where j > 2, we
consider p! € [p;, uj+1). Again, we begin assuming that 35 > B, and then discuss modifications
needed for the case of 55 = (3, below.

Suppose Bs > By. Let € > 0 be such that ut — ¢~ 1(uf) > ¢, and assume Nj £ (uj41 — ;) /€ is an
integer.
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As a first step, consider the case u! € (u;, pj + €). By assumption, pu*t < ;.

i) We first note that G can guarantee itself a payoff arbitrarily close to u;(u’) by offering
z' = zj4n for small > 0. This is because by offering z* = x;+1n, ptt1 can only be uj_1,42
which implies that G’s payoff is u; (u) — u! (1 —vy, (u!))n, i.e., G’s continuation payoff remains
the same as when z' = z; but G pays an extra 7 in the event that R accepts.

ii) Suppose x! = x,,, where m < j, is a best response. An equilibrium entails E[z = Tm_1,
as otherwise R,, would either accept for sure or reject for sure in this period, resulting in a
payoff less than u;(u') for G. Since pttl < {45, by induction we must have € (1, tm)
in order to have E[z'*!] = z,,_1. However, by Lemma (2), if u'*! € [jtm—1, tm), G’s payoff
would be upper bounded by w, (1"), which is strictly less than u;(u'), a contradiction.

iii) Suppose z' € (2, Tm_1), where m < j, is a best response. By the same reason as for (i),
we must have !t = p,,_1. Hence G can strictly reduce payment by offering slightly less
than x! while providing the same incentive, which cannot happen in equilibrium.

iv) An offer smaller than z; will be rejected for sure, because the worst offer in the future is
z;j—1. By Corollary (1), the payoff for G from offering = < z; is strictly less than w;(u), a
contradiction.

v) The only possibility left is 2* = z;. To support equilibrium, ptt1 can only be in (=1, f15)-
If pt*1 € (uj—1, 1j), by Lemma (2), the payoff is strictly less than u;(u!). So we must have
MtH = Hj-1-

t+1]

If u* = pj, the only thing different from the case u' € (uj, uj + €) is step (ii), since uy,(u') is equal
to uj(p') if m = j — 1. And thus G’s best response could be a mixture between z; and z;_1. If
G offers x;, the situation is the same as above. If G offers z;_1, the only possible case in which G
still gets u;(pu') is when p!t = p;_s.

Next suppose we have shown that if u’ € (uj, p; + (k — 1)€), 2 < k < Nj, then G’s best response is
Ty, and 1 = p;_1. Then consider the case ut € [u;+ (k — 1)€, uj + ke). Again, by definition of e,
pt < i+ (k= 1)e. If p'*1 < pj, by the same reasoning as in (i) - (v) above, the only possibility
is that G offers 2t = z;, and p'*! = p;_1. Moreover, by the argument in (i), G can guarantee itself
a payoff arbitrarily close to u;(uf). It remains to show that p‘*! cannot be larger than or equal to

-

Now assume p'*™! > 11;. By the induction hypothesis, 2+

for G when facing R, is

=z, s0 2! can only be ;1. The payoff

(1 =) = zjs1) + V' (Gu + 08wy (1)),
which, by Lemma (2), is at most u;-”+1(ut). By definition of 41, u;-”+1(ut) < u;"(ut). And thus if

i > ;. the expected total payoff from period ¢ onwards is strictly less than u?’(,ut), which is
absurd.

421¢ pi—1 < pttlt < pj, by the induction hypothesis, the next period’s offer must be z;_1, accepting which is strictly worse
than accepting z; + 7 in the current period for R.. If Ry accepts x; + n for sure, pttl = 0. If ptt! < tj—1, the next
period’s offer is at least x;_2, accepting which is strictly better than accepting z; + n, but then if Ry, rejects z; + n for sure,
p =9 (wh) > pyoa
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If ut*! = p;, the payoff is either (if G offers z;11 at t) uj1(ut) or (if G offers x; at t)
(10) (A= v (W) (7 = 25) + Vi (4 (o + 0By (1)) + (1 — ).
wjr1(pt) < uj(pt), and (10) is strictly less than u;(uf) by Lemma (2). So p*! cannot be p;.

By induction on k, the desired conclusion holds for n = j. And the lemma then follows by induction
on j.

Last, we consider the case of 8; = 5, = 8. Again, the method is induction: assuming the conclusion
is true for all n < j — 1, where j > 2, we consider u' € [u;, f1j41)-

The additional difficulty over the case of 85 > B, is that we need a finer bound on what G can
offer when p! € [uj, p1j41). So to start, we shall show that in any equilibrium and in any period ¢’
following any history, ]E[xtl] < z; when pt' > pj. Let 2°"P denote the supremum of the expected
offer G will propose when the current belief is larger than p; over all equilibria. x°"P is finite as it
must be upper bounded by z; due to Lemma 5. Suppose z, < %P < x3_1 for some k < j. For
any €2 > 0 there exists some equilibrium in which following some history E[z7] > 25'P — €3 and
pu" > pj. We pick an e > 0 such that 2°"P — ey > 21, and will show that any offer 27 > 2% — €3 is
strictly worse than ™ = 2°"P — €5 for G. First note that proposing an offer larger than or equal to
25" — ¢5 must lead to a belief u™ ! < pj as R, definitely prefers the current offer than an expected
offer of at most 25" in the next period. That u™t! < u7 implies R,, accepts such an offer with
positive probability. There are two cases to consider.

o If k=1, for R, any 27 > x5"P — €5 in this period is strictly better than zs in next period,
and thus R,, must accept such z” almost surely, leading to "+ = 0. In this case, any offer
27 > x%UP — ¢y is clearly strictly worse than 7 = 2P — €5 for G.

e Suppose k > 1 instead. In any equilibrium, if 27 = 2P — €3, must not be 0 as
x, in next period is strictly better for R,. That 0 < ut! < u” implies R, must be
indifferent between x” in this period and the expected offer in next period, i.e., 27 =
(1 — &)7w + §(awm + BwE[z™ ). The only belief at which G can offer such E[z7!] is

pu™ Tt = pp_1. Thus the expected payoff for G by offering 27 = 25" — ¢, is
(11) 1 (1= vge(p7)) (= (2% = €2)) + (") (Goo + OBuwri—y (Hr—1))) + (1 — p7)ug.

If 27 > 259 — €9, u” ! cannot be 0 either. So we must have 27 = (1 — §)ry + ST +
BuwE[z™T1]) as well. This implies p™ ! < pp_q. If g™ = pp_1, G’s expected payoff is

p" (1= v (") (7 = 27) + v (7)) (G + 8Bty (k1)) + (1 — p"ug, < (11).
And if py_1 < p™tt < py for some £ < k — 1, G’s expected payoff is

v ((1- O(“T“)> (o) ) G, wwuzf_lw“))) - g

T+1

(1) o(uT)
(12) <" (1= we(p"))(m = 27) + ve(") (G + 0Buwr1 (pe-1))) + (1 — )
(13) <" (1= w(@")(m — 27) + v (W) (Gu + 6Bwrl—y (1r—1))) + (1 — p ) Z
< (11)
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where (12) is due to [INSERT: Lemma 2] and (13) is due to Lemma 3.

In either case, 7 > x°"P — €4 is strictly worse than ™ = 2°"P — €5 for G. So in equilibrium we
must have Pr((z7 > z5"P — €3) = 0), which contradicts that E[z7] > z5"P — eo. It then follows that
E[z"] < x; in any equilibrium when p! > ;. In particular, we have E[z!] < x;.

Next we turn to upward induction to characterize the equilibrium strategies of G. By Lemma 4,
we can pick € > 0 such that

M(l - Ve)ﬂ- + UVeGw + (1 — H)g
1-0p8
,UJ(l - Ve)7r + peguw + (1 - M)gs + 5/3uj(u) < uj(:“)?

for all p € (pj, prj+1), where ve = inf, e, o y{o(pw —€)/o(p)}.

= < uj(p)

First consider the case u' € (uj, pj + €).

(1) We have shown that the expected offer in any period cannot exceed x;, when the belief in
that period is larger than or equal to ;. As a result, if ' > z;, ™! must be less than p;.
Hence G can guarantee itself a payoff arbitrarily close to u;(u') by offering z* = z; + n for
small n > 0 for the same reason given in the proof of Lemma 5.

(2) Other parts are similar to the 55 > 3, case.

O

Lemma 8 (Uniqueness of Equilibrium). Suppose the initial belief is p° € [, finy1) for some
n > 1. Then the equilibrium path of any PBE must satisfy: Att =0, G offers x, if u° > ,, and
G mizes between x,, and T,_1 if ,uo = lin.

(1) If G offers x,, att =0, then the bargaining lasts at most n+ 1 rounds. At eacht =1,2,...,n,
the belief at the beginning of the period is u' = pn_¢, and G’s offer is x,_;.

(2) If G offers xn—1 att = 0, then the bargaining lasts at most n rounds. At eacht=1,2,...,n—1,
the belief at the beginning of the period is ut = p,_¢_1, and G’s offer is x,_¢_1.

Proof. The result is an immediate consequence of Lemma 6 and Lemma 7. ([l

Step 3: Example of a PBE.

To show the existence, we describe explicitly a PBE as follows.
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e Suppose there was no deviation in history. If u' € [pn, pint1), then G offers 2! = z,,. If n > 1,
R,, mixes between rejection and acceptance such that p!t! = u,_1, and R, rejects the offer.?
If n =0, both R,, and R accept the offer.

e Suppose there has been deviation in history, the belief is u! € [un, ftnt1), and the last offer (z*
for R while 2!~ for G) is x satisfying 741 < o < x for some k > 0.

R’s turn: i) If k > n, R rejects the offer.

If K =n and u' < (un), R rejects the offer.

If k =n and u' > v (u,), Ry, mixes between rejection and acceptance such that

utl = p,. Ry rejects the offer.

iv) If 1 < k < n, R, mixes between rejection and acceptance such that p'™! = p.
R rejects the offer.

v) If k =0, R,, accepts the offer while Ry rejects the offer.

G’s turn: i) If u* > p, or n # k, then G offers x,,.

ii) If ! = pu, and n = k > 1, then G mixes between offering z and offering x5

with probabilities (1 — A, A) such that
T =Ty + QT+ (1 = N)0Buxr + NOBuwTr—1.
iii) If u* = 0, then G offers ;.
e Suppose there has been deviation in history and the last offer is = > x,.

R’s turn: R accepts the offer.
G’s turn: G offers x,,.

ii)
i)

111

Step 4: Verification of the PBE.
Finally we verify that the above is indeed a PBE. G’s decision is optimal by Lemma (7), and Rs’s
decision is obvious. So we only need to verify the decisions of R,,.

e Suppose there was no deviation in history, u' € [un, pint1), and 2t = z, is offered by G. By
construction of xx’s, R, is always indifferent between x,, and any other offer in the future, so
any strategy of R,, is optimal.

e Suppose there has been deviation in history, and u' € [y, pnt1). We consider each case (i) -
(v) specified in the strategies.

i) The current offer is x < z,41, which is strictly worse than accepting the offer (either x,, or
Zp—1) in next period.

ii) The current offer is x < x,, which is strictly worse than accepting x,—1 in next period.

iii) Upon rejection, next period G will mix between offering x,, and offering x,,_1 such that the
expected payoff of accepting the offer next period, by construction, is equal to the payoff of
accepting x! this period. So any strategy of R, is optimal.

iv) Same as in (iii), next period G will mix in a way such that R, is different between acceptance
this period and acceptance next period. So any strategy of R,, is optimal.

v) The best offer in the future is x5, which is no better than accepting z' this period.

43Note that at n = 1 the mix is degenerate in that v; = 0.
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e Suppose there was deviation in history and the last offer is © > x,. Clearly acceptance is optimal
for R.

2. PROPOSITION 2

Proposition 2. Let A be the time between offers in the armed conflict bargaining game when
As < Ay, and let N(A) be the mazimum number of rounds of bargaining in equilibrium. Then the
total possible mazimum duration of war, N(A)A, approaches zero as A approaches zero if and only
if either (a) ™ — wy, > x,, which is implied by A > 1, or (b) m — wy < z, and p < p* defined by

of = H __n :p+)‘s 7T_ws_ls_
1l—p* 1—A p+ipz,— (1 —wy)

If (¢) m — wy < x4 and p > p*, then the mazximum and mean war durations are bounded away
from zero in the limit as A — 0. When \s = A\, (i.€., Bs = Bw), limiting mazimum duration is
2T, where T'=1og(1/A)/(p+ Aw). When Ay > A, limiting maximum duration approaches 7" from
above.

Proof of Proposition 2

Preliminaries.
o Let r 2 B,/By = eAw=As) Note r > 1.
o Let L2 )\, — )\,
o Let p' 2 p+ Ay
e Define the sequence O, (x) for n > 1, z > 0, and initial conditions O7 > Oy > 0 by

Op=r(142)Op—1 — rx0p_s.

We note first that from

Op —0p_1=712(0p-1— Op_2)+ (r—1)0p_1
it is immediate that for all n > 0, O,, > O,,_1 and
(14) Oy (z) > Oy, (z") whenever z > 2.

Op(z) is a second-order linear difference equation with roots of its characteristic equation

mi(x) = % (r(l +2) 4+ /r2(1 + )2 — 47“3:) and mo(z) = % (7“(1 +2) — /r2(1 + )2 — 4r:n) .

Using the standard method, we have that its general solution is

1
1 = ———— n — _ n _
(15) O o —— [m}(O1 — Ogma) — my (01 — Ogmy )]
or, in the case of Oy = 0,
my —my
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Lemma 9. Let n = T/A.* All the following limits are for A | 0.

1) limmq =1 and limmsg = x.

li d li

(2) limm2T/A =0 if © < 1 and positive infinity if x > 1.

(8) For z # 1, limmlT/A = exp (HT}:E')

(4) Given Og =0 and for any T >0, if v > 1 then im O|p/n| = +00. If x < 1, then

: (0] TL
lim O|7/a| = 7 _lx exp <1 _:U) .

Proof. Items 1 and 2 are immediate. For 3, consider T'logm(z)/A. Using L’Hopital’s rule,

. logmy(x) .. 0 oy dma(z)/dA
ImT—x— =Tlmgx legm(z) =Tlm—"r0—

Work shows that the final term on the right resolves to*?

. dmi(x) T 2L(1 +z)% — 4Lx
T lim =— |L(1+2x)+
dA 2 ( ) 2\/(1+ )2 — 4z
CTL|(+2)/(1-2)?+1+a°
2 (1—x)2
_E 1—22+4+1+ 22 . TL
2 11— 2| -

from which (3) follows. Item 4 is implied by plugging into lim O 7/ using the preceding results.

Lemma 10. If A > 1, then for any € > 0, limo|/a| = +oo. If A <1, then for any e > 0 such
that Aef’c < 1,

o* < o1 e el < limo < o1 e cL
X I — —— €X D E—— .
1— AP 14 /A S T2 Aere P\ T Aere

Proof. For A > 1, from (14), o|¢/a] > O|¢/a|(A) since A, > A for all n > 1. By Lemma 9(4),
lim O|¢/a| is positive infinity, implying that this is true for o] also. For A < 1, we have that,
for n such that 0 < nA < e and Oy = 01, Oy =0,

Ole/al(A) < 0jja) < Opjaj(Ae),

44wWe can ignore integer issues in what follows.
45The final expression does not depend on the limit value of dx/dA. Since below we use © = A(A), we need to show the
existence of the limit. Through repeated application of I’Hépital’s rule and lengthy algebra, we can show
dA AN2Z /A A A A
lim—:f( 7) ( w+p()\wi/\s)Ts+ wtpAw+p w+p
ALO0 dA 20 As +p As +p p
Thus lima o dA/dA exists and is finite.

AsQgT —

Aw &uﬂr) .
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because A < A|/a) and AeP'"™ < Aef'c. Taking limits as A | 0 and using Lemma 9(4) we have
the conclusion.

Coase conjecture claims
We can now demonstrate the results concerning the Coase conjecture in the Proposition.

Case 1: A > 1. Assume to the contrary that there exists some initial belief 0 > 0 and a T" > 0 such
that limo|7/a| < o. (That is, assume to the contrary that maximum bargaining duration can be
strictly positive in the limit as A — 0.) Since A > 1, using Lemma 10 we can always choose an €
such that 0 < € < T" and have that lim O|./a|(A) = 400, which implies that there exists A such
that for all A < A, 0le/a| > 0, since o7/a] > O|1/a)(A). Thus there cannot be a strictly positive
maximum duration in the limit as A — 0.

Case 2: A <1and p < p*. From Lemma 10, for any o < 0o* and any small enough € > 0, 0 < 0|¢/a|
for all A < A for some A > 0. By the same kind of argument as in Case 1, it cannot be that
maximum bargaining duration is strictly positive in the limit as A | 0.

Case 3: A <1 and p > p*. For convenience let p' = p + \y,. Choose any p € (u*, 1), thus o > o*.
Let T solve

01 TL
T 1" AerT P (1 — AeP'T) '
Note that 0 > o* implies T > 0, and Ae””T < 1. Let B = Ae?’T. For any A and all n < T/A,
On(B) > oy, since B > Ae?™® (using (14)). Because the term on the right-hand side above is the
limit of O|7/a|(B) as A — 0 (with O1 = 01 and Og = 0), and O|7/a|(B) > o7/, it follows that
the limiting maximum duration of bargaining is at least nA =T > 0 for sufficiently small A. This
proves that the Coase conjecture fails if A < 1 and o > o*.

To see that mean duration also is bounded away from zero in this case, note that in the event of
fighting against a strong type, the probability that the bargaining ends with a negotiated settlement
(i.e., ends in period N(A)) is ﬁéV(A). Hence the mean duration is bounded below by

(1= BN (N(A) + 1A = (1 - p)exp (~AN(A)A) (N(A) + 1)A,

which is strictly positive if 0 < lima o N(A)A < co. But we just showed that for this case 0 < T' <
lim N(A)A, with T defined above. And for any initial belief o, we can choose a T" > T such that
Ae?’T" <1 and

< 01 T'L
0 ex )
1= AerT “P\ T 4er™

Thus, for small enough A bargaining is certainly finished in finite time 7", proving that mean
duration is strictly positive.

Limiting maximum durations

Next we prove the claims about limiting maximum durations, beginning with the case of A < 1
and A\, = Ag.
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With A\, = Ag, we can express o, as a manageable sum, as follows. The recursion in this case can
be written 0, — 0p—1 = Ap(0p—1 — 0p—2). Letting z, = 0, — 0p—1,

A
P— Wzn,l for n > 1, where z; = 01, so that, forn > 1
w
An—l
Zn = n(n )
(68u)™

Using Y7, zi = 0p, we get that
i— 1 1(1 1)
Op = 01 Z A 66@1}
Rewriting in terms of the time length of a perlod A > 0 (and recalling p’' = A\, + p),

o0, = 01 ZAi—lep’Ai(i—l)/2
i=1
(16) =01y _exp|(i — 1)log A+ p'Ai(i — 1) /2]
i=1
Choose € > 0 small enough that Ae”/? < 1. We first show that o1/(1 — A) < lima o 0le/a] <
01/(1 — Aer'e/?).

le/A) le/A]
01 Z AZ 1 e/A = 01 Z AepAz/2)
i=1
1A/ iy 'e/2vi—1 1- (Aeple/Q)e/A
A1 SOyasa zZ;(Ae”/) SO Az

Taking limits as A | 0 establishes the claim.

Next, let f(i) be the quadratic function (i —1)(log A+ p’Ai/2), which is the exponent in (16). f()
has roots at i = 1 and i = —2log A/p' A = 2T/ A, and is negative for values in between these roots.

Let 2 = (21 — €)/A and n = €/A for 0 < e < 2T and € is chosen to produce integer values. Note
that f(n) = f(n) < 0. So

S = Zexp(f(i)) < (A —n+1)exp(f(n)), and

- o /
0 < lim S < lim (2(TA6) + 1) exp <(Z —1)(log A + p;)) =0,

AlO AlO

so the limit of S = 0. (The last limit can be shown to be zero, coming from the fact that the power
term goes to negative infinity.)
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It follows from the above that we can choose € > 0 as close as we want to zero, and then for A | 0,
both o/a| and 0| (27—e)/A approach 0o* = 01/(1 — A). Thus o, approaches a step function that

goes immediately to o* and is then flat up o7,

Because AL(2T IRYINE 1 for small enough A and any € > 0 and A, is increasing, using the analysis
above for x > 1, it follows that O\ (27 +¢)/n] 8OCS to infinity for any € > 0. Thus maximum limiting

duration in this case, for 0 > o* = 01/(1 — A), is 27"

Next, the case of A\, > As. We will show that just after 2 ~ T/A (so that A, > 1 for n > #),
O (Az) goes to infinity within any positive time duration € for small enough A, and therefore o,
does also. Recall that for the series O, (x), if O; > Oy > 0, the general solution is

1
On = m [m?(Ol — OomQ) — mg(01 — Ooml)] .
Using Lemma 9, for any = > 1,
' eTL/(=1) N
1&1% O\1/a) = ﬁhm(Ol — Opz) — T limz* /= (01 — Oy).

We show that for Og = TN and O = O\ /A+1)> lim IT/A(Ol — Oyp) is positive infinity, which
implies the claim.

From the recursion

O17/a11] —Ouiya) = A a0 a] = O ac1)) (= 1oz > (r =104, > (r—1)0%,
so that
limxT/A(oLT/AHJ - OLT/AJ) > lim 2 T/2 (M2 — 1)0*.
With multiple applications of L’Ho6pital’s rule, the final expression is shown to be positive infinity
for any T > 0 (when A approaches zero from above).

Finally, we derive the continuous approximation to o, discussed in the text for the case of A, > As.

Let 7 > 0 and n = [7/A]. Then o|;/a| = on is a right-continuous step function in 7, with upward
jumps at points 7 = A,2A,3A,.... The slope in 7 of the line connecting points (|[7/A],0/+/a))
and ([7/A +1],01r/a+1)) 18 85 = (0nt1 — 0n)/A.
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Rewriting the main recursion, using the approximation s;/a| & s|r/a—1) for small A, and dividing
by A we have
Ont1 — 0 =1TAp(0p, —0n—1) + (r —1)oy,
Ont1 — 0n T AR (0nt1 —0n) + (r—1)o,
r—1
On+1 — Op = mon

Opn+1 — On (T_ 1)/A

A 14, "
Olr/at1] —Olr/a) _ (r=1)/A
A 1—rA g /A
Taking limits yields
L
/ _
o (7—) - 1 . Aep/T O(T)7

where o(7) is a continuous function whose derivative at 7 equals the limit of s, /A

We can then solve for o(7) as follows.

o(r) L
o(t) 11— Aer'T
d L
29 -
dr 8 o(7) 1— Aer'7
L
_ 01 LT 1-A o’
o) =1-4° [1 - Aeﬂ'T}

The last step is integration, using the initial condition that o(0) = o* = 01/(1 — A). This initial
condition follows directly from lemma 10: For any € > 0 small enough that Ae”’c < 1,

01 . . pley _ 91 761/
4 < A oLal < QR Olal A = 7 g oxp (1 - Aeﬂ’f) '

Figure 3 illustrates convergence of the approximation.
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Proposition 3. The mechanism that maximizes ex ante expected payoffs achieves the first best of
certain peace (ns = 0) if either m —x, > wy, or if the initial belief o = /(1 — ) is below a threshold
value defined by
o<oM=_"T"Ls 7 Ws

Wy — (71' - &5)
Otherwise, if o > oM, in the optimal mechanism ng is the smallest integer such that

BT Ly~ Ws (68s)"
l—p = zy—z, (0fu)" — A

and = (1 — (08w)™* )2y, + (05w) ™2y for this ng.

(17)

Proof. Omitted (follows from standard results and algebra using the incentive and participation
constraints given in the text).

3. NO-COMMITMENT GAME RESULTS

Proposition 4. In the no-commitment game with complete information and known rebel type
i =w,s, for small enough time between offers A > 0, there exist subgame perfect equilibria in which
the government offers z* and R; accepts on the equilibrium path, and the government chooses to
implement after R; accepts. Such equilibria exist for x* € z; U [SUZ-G,TF — wj], where SCZG = dfix; +

(1 - (5,81)(71' - ’U)Z)

Proof. We drop the type subscripts i = s, w, because they are unnecessary here. So with ¢ =
(1—-68)(m—w)+dBz, note first that & € (x, 7—w). Also, we clearly cannot support an equilibrium
in which z* > m — w is offered and accepted because G would do better by fighting.

Use the following strategies.

t > z regardless of

(1) For z* = x, G offers 2! = z regardless of history and R accepts iff =
history. G implements if 2t < 2©.

(2) For x* € [#%, 7 — w]: Strategies depend on which of two sets of histories of play obtains
in period t. In the first, R has never accepted an offer z® < x* for any period s < t. If
so, then in period t, G offers x*, R accepts any z! > z*, and G implements iff 2* < 2t <
(1 =68)(m —w) + 6Bz*. In the second set of histories, in some period s < ¢, R accepted an
offer z° < z*. If s = t, then G implements if z* < & and fights otherwise. If s > t, then G

and R play the strategies in (1).

Case (1) is straightforward. Note also that this equilibrium is Markov Perfect and exists for any
A > 0.

For case (2), suppose that G' deviates to a! such that & < 2! < z*. If R accepts, G’s continuation
value for not implementing is 7 — & > m — 2!, so G would fight. Anticipating this, R prefers to
reject o' since (1—08)z+dBx* > z. (R would “lose its reputation” by not rejecting the downwards
deviation.)
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Suppose next that G deviates to 2t < 2¢. Since G would implement if R accepts, R prefers to reject
if (1 —6B)z + 0Bx* > x', which is certainly true for small enough A > 0 since z* > 2% > 2t. O

Proposition 5. Consider updating consistent equilibria in the no-commitment game in which
Bs > By > 0 and the players expect to implement z, in any continuation where G believes that R
is certainly type R;. For small enough time between offers A > 0, such equilibria exist and must
have the following features:

e On the path, after n* — 1 periods of fighting (if both sides survive this long), G offers a deal
x* where z* € [z, ™ — ws) and both types of R accept, ending the conflict. There is zero
chance of a deal (an accepted, implemented offer) before period ¢ = n*. Offers before then
are either rejected by both types or accepted by both types of R, but not implemented by
G.

e Maximum war duration, n*A is increasing in z*. Thus the shortest feasible maximum
conflict duration obtains for the equilibrium with z* = z,. In this equilibrium, n* is the
smallest integer such that

logo/o*
D WA

where 0* is the same belief threshold defined in Proposition 2.

Proof. Consider the no-commitment game and restrict attention to updating-consistent equilibria
that satisfy the following property:

P1 The players expect to implement z; in any continuation where G believes that R is certainly
type R;.

Claim 1. In any equilibrium (even without P1) after any history h' such that u* € (0,1), Rs’s
continuation payoff for rejecting offer xt, call it u®(No|xt, ht) is strictly greater than the weak type’s
continuation payoff for rejecting, xt, call it u(No|zt, ht).

Proof. Rs can accept any offer than R,, accepts and gets a higher payoft for fighting, ., > z,,.

Claim 2. Rs accepts an offer z* > z, that G will implement with positive probability in any
equilibrium (even without condition P1).

Proof. (i) There is no SGP equilibrium in any continuation with u* = 0 in which R never accepts.*®
Thus, if R, never accepts an offer, it must be that pu! > 0 for all ¢ on the equilibrium path.

46To see this: Suppose to the contrary that there exists a SGP equilibrium in the complete-information game
in which R; never accepts an offer that will be implemented. Then R;’s payoft is z; and G’s is w;. But G

would definitely implement any accepted offer z* = z; + € € (z;, x?), since it cannot possibly do better by
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(ii) It cannot be that both types R, and R, never accept any offer x! on the path that G would
implement, because then R,,’s equilibrium payoff is z,,. G will implement for sure an accepted
offer x € [z, x%), since it cannot possibly do better by not-implementing in any equilibrium. R,
would do better to accept z = z,, + ¢, and G does better to offer this since for small enough e,
T — Ty — € > Wy

(iii) Suppose then that Rg never accepts on the path; u* > 0 for all ¢; and R,, accepts with positive
probability some offer that would be implemented on the path. Then R, must be indifferent
between accepting such offers and never accepting (otherwise u! = 0 after some amount of time).
Thus R,’s equilibrium payoff would be z,,. But this cannot occur in equilibrium because, as
just argued, G could always and would do better to get acceptance from R,, for sure by offering
2t =z, +e

(iv) But if R,, accepts for sure in some period ¢, then ut/ = 0 for ¢ > t, and then it must be that
R, will accept for sure in the continuation, so contradicting the contrary to the claim. ]

Claim 3. No separating. (a) If u* > 0 and Rs accepts for sure an zt that would be implemented,
then in any Pl-equilibrium R, also accepts zt. (b) If ut > 0, then for small enough A > 0, in no
P1i-equilibrium does R, accept an offer with probability 1 that R, rejects.

Proof. (a) Suppose that u' > 0 and R, accepts an x! that will be implemented, while R,, may
reject this #. Then following rejection, u*t! = 1, so by P1 R,,’s payoff is z,,, which is strictly less
than accepting z! > ..

(b) If Ry, accepts an offer that R, rejects, its continuation payoff is at most 25. By deviating to
reject (mimicking Rs) it would get (1 — 88y)z,, + 08w, since u!™! = 0 implies, with condition P1,
that G will offer ,. For small enough A the latter is strictly greater than z&.

Claim 4. In any P1-equilibrium, there is a period t* in which, on the equilibrium path, Rs accepts
zt > z, with probability 1. Also, Rs never accepts an offer that would be implemented before this
t*.

Proof. Claim 2 implies that we only have to show that it cannot be that R mixes if offered an !

that it accepts (and that G would implement) with positive probability on the path.
If 4! = 0, then by assumption of condition P1 R accepts z' = x, for sure.
If it > 0, then suppose R mixes given x!. R, must accept for sure, because, using Claim 1,

u”(No|z!, ') < u®(No|x', h') = 2' = u™(Yes|x', h').

not implementing. R; prefers to accept such an z!, and G would get, by implementing, 7 — x; — €, which is
strictly greater than w; for small enough € > 0, contradicting the hypothesis.
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But this contradicts Claim 3 (no separating). If Ry definitely accepts an offer 2! > z, in some
period ¢ in any Pl-equilibrium, then there is a smallest such ¢. O

Then we have, immediately,

Claim 5. In any PI1-equilibrium, for small enough A > 0, on the path R, never accepts any z* that
would be implemented for t < t*, where t* is the period in which Rs accepts on the path.

Proof. From Claim 3, there can be no period ¢ < t* in which, on the path, R, accepts with
probability 1 an offer that would be implemented by GG. So we only need to show that it cannot be
that R, could mix on accept and reject in a period ¢ < t*. This would imply that R,, is indifferent.
But R, gets at most & by accepting, and, for small enough A > 0, can get a strictly larger payoff
by mimicking R, and accepting 2!" > z, in period t* > t.

The preceding claims sharply delimit the form that a P1 equilibrium can take, making these easy
to fully characterize. In any P1l-equilibrium, both types of R reject any offer that would be imple-
mented until a period t*, at which point both accept =t > z,. This implies that G’s beliefs along
the equilibrium path are easily characterized by

P M _<ﬁw>t [
o = ==z )
IL—p Bs) 1—u

Using Claims 1-5, suppose that n* > 0 is the period in which R accepts 2™ > z, for sure, and fix
" =g* € [z, T—w;). From the claims, in any P1 equilibrium no offer is accepted and implemented
before n*, so G’s belief evolves according to of as just stated. G is willing to implement z* in period

n* given belief ™" if and only if
-z > Mn*[(l = 6Buw)ww + 0Buw(m —2")] + (1 — Mn*)[(l — 6Bs)ws + 68s(m — x")],
the right-hand side being what G could get by waiting one more period to make the pooling offer

z*.

With algebra, we find that the first period ¢ = n* at which this constraint is satisfied is the smallest
integer ¢t such that

T,
Bs 1_N_1_5waw_(ﬂ'_x*)
_ _ _ *
Aw — s 1—pl—=468s m™—a* — ws
The right-hand side is increasing in z*, so that the minimum maximum duration is for z* = z,
as claimed. And it is easy to show that the right-hand side is negative and thus we can support
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pooling at time ¢ = 0 just when
1 <1—555 T — 2% — w,
1—p  1=0Bpwy — (m—a*)’

which, with «* = z_, is the condition from Proposition 2.

These equilibria can be supported by a large number of off-path beliefs, and a large number of
feasible offer sequences by G prior to period n*. Most straightforwardly, G believes that if R
accepts any offer prior to time t = n*, it must be the weak type. G would then implement if the
accepted offer was z* € [z,,,#%) and not otherwise. O

Proposition 6. Consider the no-commitment game where A < 1 and s > By, > 0. Restrict
attention to equilibria that satisfy updating consistency and in which the players expect to implement
T — x,, n any continuation where G believes that R is certainly the weak type, and G never offers
more than x . For small enough time between offers A > 0 there exists a 1 > p* such that

(1) for initial beliefs p € (u*, 1), any such equilibrium is the same as described in Proposition

95
(2) for w € (f1,1), any such equilibrium follows the same pattern as in Proposition 1 (the
commitment case) for periods t = 0,1,...,N — n, and then switches to the pattern of

Proposition 5 (N is mazimum duration less one). n is the smallest integer n such that
T —we > (1= (080)")y + (08w)" 2, in the limit nA =T =log(1/A)/(p + Aw). Thus, G
initially makes ascending offers xt = x_; which Ry rejects for sure while Ry, rejects with a
positive probability v until reaching the ex post regret point of x;. After this G makes any
non-serious offers less than x, that R rejects for sure until fighting causes G’s belief to fall
to pt < p*, when G makes the pooling offer z,.

Further lima g i = p*/(u* + ALY (1 — ).

Sketch of Proof. Claims 1-4 from the proof of Proposition 5 either hold directly or, for Claims 3
and 4, with minor modification (substituting = — w,, for z,, in a few places). So in any equilibrium
meeting the conditions of the Proposition, there is a period ¢t* in which Ry accepts z, for sure (and
G implements); Rs does not accept any offer that would be implemented before this; and R,, does
not accept with probability 1 any prior offer (that would be implemented).

The most R, can get by accepting an offer that reveals its type before t* is m — wy,, since G
then can get w,, by going back to war. When there are n periods to go to get to t*, R, can get
(1= (8Bw)™)zy, + (0Bw)" x4 by mimicking Rs. This is strictly greater than m — w,, when n < n, so
R, surely rejects any offer that would be implemented for 0 < n < n. Thus G’s beliefs evolve in
this period only by mechanical learning, specifically,

n
Hn _(58) Ho
1_/1% Bw 1_M0’

where g is G’s belief in period t*, when G offers 2! = z, and R accepts.
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Next, po = p*, which is the belief such that G is indifferent between ending the game by offering
7 —z,, and fighting for one more period and then offer this.*” (Obviously p cannot be greater then
this or G would not be willing to pool, and if it is sufficiently smaller then G would have wanted
to offer x, earlier than ¢*.)4®

We next describe construction of the equilibrium path for periods n > n. Proofs of uniqueness are
essentially the same as for Proposition 1.

Given a sequence of beliefs {1, }22 o with pg = p* and g, > ¢(pn—1) for n > 1, define recursively
the functions:

Uy, £ (1= (0Bw)")ww + (6Bw)™ (7 — z) for n < n
) (1) £ (1 = vn (1)) (7 = @n) + v (1) (1 = 0Bu)ww + 6Buwtisy— (pin—1)) forn > n
ud & (1 — (08:)")ws + (685)™ (7 — z)
un (1) & pagy (1) + (1 = p)uy,
where

N O(Mn 1)Bs
) 0B

The sequence of belief cutoffs are now given by

*

po = p
(18) tn = Y (pn—1) ifl<n<n
Un (tn) = Un—1(fin) if n > .

It is straightforward to verify that this sequence exists and satisfies ¥ (up—1) < pp < 1 for all n;
this is direct for n < n, and by the same arguments as in Proposition 1 for n > 7.

Note that by construction R,, is indifferent between accepting any z,, n > 7, and fighting to n = 0
in hopes of getting z,. For periods n > n > 0, R,, strictly prefers fighting to any offer that G
would implement if it accepted (off the path). G is likewise indifferent between offering x,, and
ZTp—1 when n > n, by the same construction as in the game with commitment. At n = n, G is
indifferent between offering x; and the expected value of the pure fight (till n = 0) that will ensue
if R rejects.

47That is, p* from Proposition 2 solves
Tz = p((1 = 0fw)we +08(m —z,)) + (1 — p)((1 = 685 )ws + 65 (m — z,)).

48We ignore here a small range that vanishes in the limit that could allow inconsequential variation in the
final belief.
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Remarks. (a) For Proposition 6, we have omitted analysis of equilibria in which G pools in the last
period on the path on an z'° > z, as discussed in the case analyzed in Proposition 5. Changes
are insubstantial but tedious to fully describe. In short, the period of pure fighting lengthens; R,
begins rejecting with probability 1 offers at a period n’ > n.

(b) Propositions 5 and 6 consider only “learning from fighting” environments where 35 > f3,,. Table
2 mentions results on limiting maximum and mean durations for the no-commitment game with
B = Bw = PBs- We briefly describe equilibrium behavior for these somewhat pathological cases here,
without giving a full analysis.

Under the assumptions of Proposition 5 (that the players expect to implement z,, in any continua-
tion with certainty that R = R,,), R, and G both know that G would implement any accepted offer
2t € [z,,25), and is willing to implement 2! = 2&. For convenience, define € so that z,, + ¢ = 2&
and note that lima g€ = 0.

In equilibrium: In the first period, ¢t = 0, G offers 2§, and R,, rejects with probability v° = 0*/o,
so that in ¢ = 1 G has belief y* and so is indifferent between ending the game by offering 7 — z,
and fighting another period before doing so. In ¢ = 1 and all subsequent periods, both types of
R always reject the low offer, and both types accept the high offer. In £ = 1 and all subsequent
periods, G mixes in every period between offering a;g and z, putting probability p € (0,1) on the

high offer, where
e(1—94p)

P= 5B(£s _gw—i_e).
This p is the probability such that R, is indifferent between accepting & and fighting in hopes of
getting z, in the next period. (Because R,, is indifferent, R, is willing to reject with probability

1.)

Because, after the initial offer, R never accepts the low offer, GG’s beliefs stay fixed at o*. There
is no limiting maximum duration by which the war ends with probability 1, although the ex ante
expected duration is

po*fo+1—p
p+(1-p(1-p5)"

po*fo+l—p 1-—pl
A 1= N

which approaches

as A gets small.

The Proposition 6 case (players expect to implement ©z = 7 — w,, if R, is revealed) is similar,
substituting = — w,, for z,, in the relevant places above. G’s equilibrium high-offer probability p
for this case is
1-68 m—2,— wy
08 wy — (T —x,)
Computing the limiting mean duration yields

wo*/o+1—p A_,uo*/o—l—l—,u 1—p 1

li = = :
Aop+(L—p)1=B)" A+(+NB 1—pw A+ (p+NB




m—x, —W
where B = —=»—%

Wy —

(r—z,)"
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