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I. BASIC DECOMPOSITIONS

Background reading:

Blinder, Alan S. (1973), “Wage Discrimination: Reduced Form and Structural
Estimates,” Journal of Human Resources 8: 436-455.

Oaxaca, Ronald L. (1973), “Male-Female Wage Differentials in Urban Labor Mar-
kets,” International Economic Review. 14(3): 693-709.

Greene, William H. (2003), Econometric Analysis, Fifth Edition (International
Edition), Chapter 3.

Skookoskokok skokoskok kokok skokoskokkokok

For purposes of illustration only, the decomposition techniques and issues are ap-
plied to the case of decomposing (log) wage differentials between men and women
into explained and unexplained differences. However, it is clear that the approaches
described below apply to any attempt to decompose mean sample differences between
any two categories of observations, e.g. union workers versus nonunion workers, man-
ufacturing firms versus non manufacturing firms, public sector workers versus private

sector workers, workers in York versus workers in Manchester.



From the properties of OLS we have Y = X3, where Y is Tx1, X'is 1xk, and J3 is

kx1. A standard male/female wage decomposition is

Vo= ¥y = (X = X)) Bt X (B = By). (1

This decomposition assumes that the m (male) structure is the norm. Accordingly,

the term (X'm - Xy ), Bm represents the "explained" differential. Therefore, the term

X } (Bm — 3 f> represents the “unexplained” differential. In some circles and in some
contexts this term is interpreted as a measure of discrimination.

We might think of 73 = X} 3, as the mean competitive, nondiscriminatory (log)

wage for females. In this case ?Sn =Y, =X’ Bm since the male wage structure is

the norm. The decomposition can be equivalently stated as
Vo=V = (Vo-7)+(V5-75)
- (7))

Typically in wage regressions Y is the log of the wage, so that

Y = (Zén (wt)) /T = tn(0),

where w is the geometric mean. In this situation

?m—Yf = En(wm)—ﬁn(ﬁ)f)
= In(G+1)

where G = ui—m — 1 is the gross (unadjusted) wage differential. Along these lines we
Wy

can view the explained gap as the gap attributable to qualifications differences, i.e.
= =0
(Xm —Xf) B = Ym—Y;
= (n (W) — ln (0})

= In (Qm + 1)



W

where Q,, = ~—7g — 1 is the wage differential attributable to differences in qualifica-
W

tions when using the male wage structure as the norm. This leaves the unexplained

differential, i.e.

5 (3 - (%-7)
= In (0}) — tn(wy)
= (n(Dy+1)

=0
w

where D,, = —L — 1 is the wage differential that is unexplained (discrimination ?)
wy

when using the male wage structure as the norm . With this notation in hand, we

arrive at the following accounting identity:
In(G+1) =In(Qu+1)+n(Dp +1).

An alternative decomposition is given by

Ym—Yf: ()_(m —Xf)/Bf_I_X?/n <3m_Bf>

This decomposition assumes that the f structure is the norm. Now the term

(Xm - Xy ), Ef measures the "explained" differential and X/, (Bm — Bf> measures
the "unexplained" differential. Here we can think of 721 = X/ Bf as the mean
competitive, nondiscriminatory (log) wage for males. In this case 73 =Y;=X i 3 s

since the female wage structure is the norm. Equivalently

V-V = (Vo-Y7)+ (V- V0)
(Vo =Ys) + (Vo= V0)

The accounting identity that results from this decomposition is given by

n(G+1)=0n(Qf+1)+In(Dy+1)



where

and

tn(D;+1) = (?m - ?Sn)
= X;n <Bm - B f)
= In (D) — ln (@) -
&0
It is clear that Qy = w—’; — 1 is the wage differential attributable to differences in
qualifications when using the female wage equation as the norm, and Dy is the wage
differential that is unexplained.
The two sets of decompositions corresponding to the male wage structure as the

norm or the female wage structure as the norm illustrate the index number problem
with decompositions. In other words the separately calculated explained and unex-

plained components will in general differ depending on which structure is assumed to

be the norm. Of course their sum will be the same.



II. IDENTIFICATION ISSUES

Background Reading;:

Jones, F.L.; (1983), “On Decomposing the Wage Gap: A Critical Comment on
Blinder’s Method,” Journal of Human Resources 18, 126-130.

Oaxaca, Ronald L. and Michael Ransom (1999) "Identification in Detailed Wage
Decompositions" (with Michael R. Ransom), Review of Economics and Statistics, vol.
81, no. 1, 154-157.

Javier Gardeazabal and Arantza Ugidos, "More on Identification in Detailed Wage
Decompositions," The Review of Economics and Statistics, Vol. 86, No. 4, November
2004, 1034-1036.

Myeong-Su Yun, "A Simple Solution to the Identification Problem in Detailed Wage
Decompositions," Economic Inquiry, vol. 43, Oct 2005, 766 - 772.

Greene, William H. (2003), Econometric Analysis, Fifth Edition (International
Edition), Chapter 7 (pp.116-120).

Skoskoskokosk skokoskoskoskokok skokoskoskoskokosk

Separately estimated (log) wage equations for males and females evaluated at the

sample means are given by

N .
Ym :Bmo+z _r(;{)/nyJL) )
j=1

N
o > ()1 20)
Yy =B+ > XP'B]
j=1

where Bio is the estimated intercept term, BEJ) is a column vector of estimated slope

coefficients for the set of regressors comprising the jth variable , and )_(Z-(j " is a row
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vector of regressor means for the set of regressors comprising the jth variable. There
are N variables defined by IV sets of regressors, e.g. experience and experience squared
would constitute the experience variable. If we adopt the m wage structure as the

norm, the gender wage gap is decomposed according to

Voo =¥y = (Bo - )+Zx<ﬂ ' ﬁ "B, )

- S

v
dlscrlmlnatlon endowments

where ABU) = B,(i) — By) and AX0 = X0 X}j)/. The contributions of the jth

variable to discrimination and endowments are )_(J(cj YA B(j and AX0) [‘3 and the

m
A

contribution of the intercept term to the discrimination component is (ﬁmo e fo>.
Given the specification of the X's, there is seemingly no ambiguity surrounding the
decomposition. However, this is an illusion.

Consider the case in which a variable V' defined by a set of dummy variables is
added to the wage regressions, e.g. marital status. The set of dummy variable mean
values are denoted by {Vzk | k=1, ...Kl} , where ZkK:ll Vie = 1,4 =m, f . Without
loss of generality the first dummy variable category (1_/11) will initially serve as the
left out reference group, e.g. married, spouse present. The separately estimated wage

equations for men and women evaluated at the sample means can now be expressed

as
K N
Ym = Bmo + Z mG Smk + Z _r(g,)/ 31(7]1)
k=2 Jj=1
K1 N
k=1 j=1

Yy = 5fo+Zka5fk+ Xy 5f
1

Jj=
Ki R N
k=1 j=1
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where &k = ém —9“ , and our left out reference group choice implies the normalization

~ ~

B, = 0i1 . Accordingly, the resulting wage decomposition is given by

K N .
Y,, — Yf = <Bmo - Bfo> + Z ka <8mk — 5fk) + ZX}j)’A B(j) (3)
2 =1

J/

Vv
discrimination

K N .
+5 (Vi = Vi) G + S AX O3
= = )
endm;?nents

K1 R R N . L ()
= Zka <0mk — ka> +ZXJ(‘]),A6]
k=1 Jj=1

TV
discrimination

K N .
3 (Vo = V) e+ S AX 03
k=1 Jj=1

J/

TV
endowments

A number of things are immediately apparent from the decompositions described
by (3). First, the estimated overall discrimination and the estimated overall en-
dowment effect are invariant to the choice of left out reference group and to the
suppression of the constant term in the absence of a left out reference group. That is,
the alternative expressions for the estimated overall discrimination and endowment
contributions in (3) are the same decompositions. Second, the contribution of the
variable V' to discrimination as estimated by 25;2 ka <3mk — 6 fk) is not invariant
with respect to the choice of left out reference group. For example, designating the
last dummy variable category (‘7; K1) as the left out reference group (e.g. single, never
married) would replace the immediately preceding measure of discrimination effects
with ZkK:ll_l Vi (&mk — &fk> , where &Zk = 0y — éz’Kl . These two sets of estimates
will not be the same because the intercept term is altered by the renormalization,

~

Bip = @iKl . Third, it is possible to identify the contribution of V' to discrimination



as <Bmo — 5fo> —I—ZkK:12 Vik <5mk — ka> = Z,If:ll Vi <9mk — 9]%), i.e. the intercept
contribution is part of the contribution of V' to discrimination. This interpretation
requires a normalizing restriction that holds that in the absence of variable V' there
would be no constant term. Last, the contribution of V' to endowments is invariant
with respect to the choice of left out reference group, i.e. ZkK:lz (mG - ka) 3mk =

i (Vi = Vi) G = 2oy (Vik = Vi) O

The analysis can be generalized to multiple sets of dummy variables. It is clear
that if the constant term is suppressed in models with more than one set of dummy
variables, all but one of the sets of dummy variables must have left out reference
categories in order to avoid perfect multicollinearity. A number of implications follow
from the generalization. First, alternative decompositions are equivalent in terms of
the estimates of overall discrimination and the overall contribution of endowments.
Therefore, the overall decomposition is invariant with respect to the choice of left out
reference groups. Second, it can be shown that the combined estimated contributions
of all sets of dummy variables to overall discrimination (inclusive of the constant
term) and to overall endowment effects are invariant with respect to the choice of left
out reference groups. Third, the separate contributions of sets of dummy variables
to discrimination are not invariant with respect to the choice of left out reference
groups. Fourth, unlike the case with only one set of dummy variables expressed by
(3), there are no unique estimates of the separate contributions of the sets of dummy
variables to overall discrimination.

Empirical Examples

The first example is based on gender salary decompositions for a sample of full
time, full-year U.S. college and university professors. The model consists of variables
to measure total experience as a professor, seniority at current institution, and a set
of dummy variables to indicate highest degree held, along with continuous measures

of publication activity (journal articles, books, and collections), and dummy variables



for a 12 month contract, teaching field, and race/ethnicity. We specify the “highest
degree” variable with respect to two different reference groups. In one case, the
reference group is those who have no advanced degree; the other reference group is
those with a Ph.D. degree. The unadjusted differential is 26.6 log points. That is,
women’s salaries are about 25 percent less than men’s. The decomposition table

below illustrates the identification problem.

Wage Decompositions with Alternative Reference Groups

No ADV. Deg (Ref) Ph.D. (Ref)

Variable Disc Endow Disc Endow
Constant 0.219 0.000 0.219 0.000
Seniority -0.014 0.007 -0.014 0.007
Experience 0.064 0.074 0.064 0.074
Degree Type -0.193 0.042 -0.011 0.042
Cont length 0.007 -0.005 0.007 -0.005
Pub Activity -0.046 0.049 -0.046 0.049
Field 0.053 0.010 0.053 0.010
Race/Ethnic -0.000 -0.001 -0.000 -0.001
Total 0.090 0.176 0.090 0.176

Differences in average qualifications between men and women explain 17.6 log
points, so the estimate of discrimination is 9 log points. When No Advanced De-

gree is the reference group, the partial contribution of degree type to discrimination
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is -19.3 log points, and the contribution of constant term differences is 21.9 log points.
For Ph.D. as the left out group, these contributions are -1.1 log points and 3.7 log
points, respectively. The partial contribution of degree type to the endowment effect
is 4.2 log points regardless of the left out reference group. This clearly demonstrates
the identification problem—the choice of education category for the reference group is
entirely arbitrary, yet the amount of discrimination that is attributed to degree type
varies dramatically.

Second example: G is an indicator variable for university graduate (non university

graduate is the omitted reference group) and T is work experience

Y,, — Yf = (ém — Gf) Blm + (Tm — Tf) BZm
+ <BOm - BOf) + <Blm - Blf) Gf + <62m - BZf) Tf’
Suppose instead that the omitted reference group is non university graduate (S =

1 — G), the resulting decomposition is

Voo =V = (S = 55) Ous + (Ton = Ty) Bop,
+ <9gm — éof) + (élm — élf) gf + (B2m - B2f> Tf-

Unfortunately, (BOm — Bof) + (éOm — 90]«), and (Blm — Bu) #+ (91m — 91f> even
though (ﬁ()m — BOf) + (Bm - Bu) Gy = <90m - é0f> + (ém — é1f) St

Solutions: Gardeazabal and Ugidos (2004) and Yun (2005)

Force coeflicients on a set of indicator variables to sum to zero

Yi = bp + b1 Gi+a1Si+ 6, T; +¢
= bo"‘bl (Gl_sl)—i_BQj—’z + &

since by + ¢; = 0, so that ¢; = — by.
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The decomposition is now expressed by

Vo= Y7 = (bom—bog) + (b = bis) (Gs = 55) + (Bom — oy ) Ty
i | (G = Gp) = (Sm = S5) | + Bow (T = Ty)

the choice of omitted reference group no longer matters, i.e. (l;lm — 131 f) (G’ F— S f) =
— (C1m — C17) (Gy — S§).
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III. GENERALIZED WAGE DECOMPOSITIONS

Background Reading;:

Cotton, Jeremiah (1988), “On the Decomposition of Wage Differentials,” Review
of Economics and Statistics 70: 236-243.

Reimers, Cordelia (1983), “Labor Market Discrimination against Hispanic and
Black Men,” Review of Economics and Statistics 65: 570-579.

Neumark, David (1988), Employers’ “Discriminatory Behavior and the Estimation
of Wage Discrimination,” Journal of Human Resources 23: 279-295.

Oaxaca, Ronald L. and Michael Ransom (1988), “Searching for the Effect of Union-
ism on the Wages of Union Workers and Nonunion Workers”, Journal of Labor Re-
search, IX (2): 139-148.

Oaxaca, Ronald L. and Michael Ransom (1994), “On Discrimination and the De-

composition of Wage Differentials,” Journal of Econometrics 9: 5-21.

stk sksfok ok ok ok sk ok skofok ok ok

The standard decomposition technique estimates only relative differences. In the
case of discrimination estimates, we do not know how much of the unexplained (dis-
criminatory) wage gap arises from favoritism toward one group of workers and how
much arises from pure discrimination against the other group. If we let ‘0’ denote the
absence of discrimination in a competitive labor market, the following relationships

are implied by the log wage decompositions:

G = W,,/W; — 1 (the unadjusted male/female wage differential)

Q = Wy, /W¢ — 1 (the male/female wage differential attributable to qualifica-

tions)
D= Wy /Wy=Wg2 /W?)/ (we/ WJ?) represents the discrimination differential.
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In general we could write

m(G+1) = (D+1)+m(Q+1)
= In(Wp /W) + (W /Wy) + n(W, /W?)

= In(0mo+ 1) +4n(bof +1) +n(Q+1)

where 0,,, = Wy, /Wy, — 1 (favoritism toward males) and 6,5 = W7/W; — 1 (pure
discrimination against females).
In log terms the nondiscriminatory wages for men and women could be expressed

as

~ — A%k

n(Wy) = X3

where B* is the estimated parameter vector in the absence of discrimination. An

operational wage decomposition for a sample of workers can be expressed as

(G +1) = en(Wm/WO) + (W3 /Wy) + tn(W3 /W?)
= X, (B = B)+ X (B =B+ (X, - X)) B
= 0n(Omo + 1) + n(Dop + 1) +n(Q + 1).

We can quickly narrow down the possibilities for obtaining B " to an infinite number.
Fortunately, we can confine our attention to a smaller number of plausible possibili-
ties. Assume that in the immediate aftermath of a sudden cessation of labor market
discrimination, B* would be a function of the currently estimated wage structures
for males and females. A simple approximation would be to express B* as a matrix

weighted average of the vectors Bm and B £



where () is an arbitrary kxk matrix and [ is a kxk identity matrix. This still appears
to admit an infinite number of possibilities. A reasonable choice for the weighting

matrix is

Q= (X'X) (X Xom)

where X' X = X| X,,, + X} X; is the cross product matrix for the combined sample
of males and females. It is easily verified that B* in this case is the OLS estimator

applied to the combined sample:

~ %

= (X'X)'XY
= 0.
There are some interesting special cases to consider:

A

s Omo =0, D = b,p = W2/ W) — 1.

I
W

Q=1I=4

~ A

52007 =0, D = b = W, /W2 — 1.

I
W

Q=0=43

Cotton (1988): Q = /¢, I, where ¢, is the male proportion of the labor force.

Suppose the sample proportion of male workers is used, £, = T,,,/T.

Cotton’s weighting scheme is equivalent to that of Oaxaca & Ransom in

the following instance:
Q. = Q= (T,,/)T)(X'X) = (X X)
= T HX'X)=T, (X X,).
This implies that the first and second sample moments for the regressors
are identical for males and females. In particular this means that average

characteristics are identical, so that all of the unadjusted differential is

attributable to discrimination.

14



Reimers (1983): Q = 1. This is a special case of Cotton’s weighting scheme,
ie. T,/T = 1.
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IV. DECOMPOSITION STANDARD ERRORS

Background reading;:

Oaxaca, Ronald L. and Michael Ransom (1998) “Calculation of Approximate Vari-
ances for Wage Decomposition Differentials”, Journal of Economic and Social Mea-
surement, 24(1).

Greene, William H. (2003), Econometric Analysis, Fifth Edition (International
Edition), Chapter 4 (pp. 53-54), Chapter 5 (p. 70), Appendix D (pp. 913-914).

Skoskoskokoskoskokoskoskoskokok skokoskskokokok

We start with the variances of the log wage decomposition when adopting the male

wage structure as the norm. Note

Eln(Qm+1)] = (Xm—Xf)/E(Bm>

when we condition on X. The true variance of ¢n (Q,, + 1) is given by
(%0 =)}

= (X, —X;)'®

!/

var [n (Qm +1)] = E {()_(m - X )/ <Bm — 5m> <Bm — ﬁm>
5, (Xm —Xy)

where ¥ = var <5m> is the kxk variance/covariance matrix of Bm Next we seek

an expression for the variance of /n (D, + 1). Note
Eln(Dn+1)] = X5 [B(B.) - E(3))]
= X; (Bu—By) -

16



Accordingly, the true variance of ¢n (D,, + 1) is given by
var [fn (D,, +1)] = E{[X} ((Bm - Bm> - (Bf - 6f>>]
[(Ga=52)- (-2 5]
= X (%5, +35,) X5
where Eéf = var <B f) is the kxk variance/covariance matrix of B s~ Note that

cov <3m, B f> = 0. It is straight forward to show
var [fn (G +1)] = X, 55 X, + X} EBfo :

The true standard errors of ¢n (G + 1), {n(Q,, + 1), and ¢n (D,, + 1) are simply
the square roots of var [¢n (G + 1)], var [¢n (Q,, + 1)], and var [¢n (D,, + 1)]. In prac-
tice the variance and standard errors are estimated by using the estimated values of
Y B and X B,

We next consider the variances and standard errors for the decomposition terms
corresponding to the decomposition that assumes that the f structure is the com-
petitive, nondiscriminatory norm. In a parallel fashion to the above expressions, we

obtain

Eln(Qr+1)] = (X —X;) 5
Eltn(Dy+1)] = X, (B —By)
var [tn (Qs + 1)) = (X _Xf)’zgf (X — X;)
var [fn(Dy +1)] = X (Eﬁm —I—Eﬁf) X,

The true standard errors of ¢n (Qy + 1) and ¢n (D; + 1) are simply the square roots of
var [fn (Qs + 1)] and var [¢fn (Ds + 1)]. In practice the variance and standard errors

are estimated by using the estimated values of 35 and ¥ B,
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Suppose we are interested in placing standard errors on the differentials () and D.
As an example, consider the simple decomposition in which the m structure is the

competitive, nondiscriminatory norm. We know that

— I~

n(Qm+1) = (X — X;) By

implies

which is a nonlinear function of Bm In a simple case like this, one can apply the
delta method which is a first order Taylor series approximation. In general g <@) ~
g(0) + 4 (09) <é’ - 0) , where ¢'(0) is the first derivative of ¢g(#) with respect to 6. An

asymptotic approximation yields

£ [s(9)] =0

var [g <9>} = [¢'(8)] var <9> [9'(9)].

Under fairly general conditions

A

g(9) = N(9(0), [9@)] var (9) [9 ).
In practice 6 is replaced by 0 for purposes of calculation. In our example
g(0) =an
b =5,
var (é) = var(B,,) = D)y
J(0) = O _ e(Xm =X1) B (Xom — Xy )/ = (Qm+1) (X, — Xy )/. Accord-

9B,
ingly,



In the case of D,, we have
tn (D +1) = X} (B, By)

which implies

D,, = X (Bm—By) + 1.
Application of the delta method yields
var (Dy,) = (Dy, +1)° )_(} <Ef3m + ZBJ X;.
The construction of the variances for the decomposition differentials under the f

structure is quite similar. Note that

— I~

n(Qr+1) = (Xm _Xf) By

implies
Q=X %) 8 1
and
tn(Dy+1) = X, (B~ By)
implies

Dy = X (Bn=Bs) 1,

It is straightforward to show

!

var (Qp) = Qs +1)° (X = Xy) B3, (X — %)
and
var (Dy) = (D +1)* X, (Eﬁm + 23f> Xom
The estimated standard errors for these various differentials are obtained by taking
the square roots of the variances and replacing the variance/covariance matrices for
Bm and Bf with their estimated values. Omne can also obtain variances and stan-

dard errors for the favoritism and pure discrimination differentials for the generalized

decomposition in an analogous fashion.
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V. DECOMPOSITIONS WITH SELECTIVITY CORRECTIONS

Background reading;:

Ronald L. Oaxaca and Shoshana Neuman, "Wage Decompositions with Selectivity-
Corrected Wage Equations: A Methodological Note," Journal of Economic Inequality
vol. 2, No. 1, April 2004, 3-10..

Neuman, Shoshana and Ronald L. Oaxaca. (April 2001), "Gender Versus Ethnic
Wage Differentials Among Professionals: Evidence from Israel," Annales D’Economie
et de Statistique.

Greene, William H. (2003), Econometric Analysis, Fifth Edition (International
Edition), Chapter 22 (pp. 780-787).

SkoskoskokoskoskoRoskosk kR ok skoRoskoskokokok

In this section we consider how decompositions are affected by corrections for sam-
ple selection. For example, working men and women may not be a random sample of
the working age population. This sample selectivity may impart biases in wage equa-
tions unless the sample selection effects are taken into account when estimating the
wage equation. The simplest approach is to first model the probability of employment

as a probit. A two equation model arises for each gender group:

E = Zijv; + ey

Yij = Xi; B, + wij,
where for individual ‘’in the jth gender group, E; is a latent variable associated
with employment, Z/; is a vector of the determinants of employment, Y;; is the mar-
ket wage (in logs), X, is a vector of determinants of market wages, v, and j3; are the
associated parameter vectors, and €;; and uj; are 7.i.d error terms that follow a bivari-

ate normal distribution (0, 0,045,004, pj). For identification purposes, the variance of

€j; is normalized to 1.
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While E}; is unobserved as a continuous variable, market wages (Y;;) are observed

when E7; > 0. The probability of being employed is given by

Prob(Ej; > 0)=Prob (e > —Z,fﬂj)

= q)(Zz{j 7]‘)7

where ®(-) is the standard normal C.D.F. (the variance of ¢ is normalized to 1). The
market wage equation is estimated for {z | €5 > —szﬂj} .

We have the familiar result that the expected wage of an employed worker is

E(Yy | E;>0) = X0+ E (uy | e; > —Z;v;) -
= X B+ pjou,Nij
= X; 0, +0;\ij,

where 0; = p;o.;, Nij = ¢(Z;; v;)/P(Z; 7;), and ¢ (-) is the standard normal

density function.
It is clear that correction for selectivity bias when comparing two demographic
groups m and [ requires a wage decomposition of the following sort (assuming the m

wage structure is the norm):

V-V, = (X,’n B, + mm) . <X} B, + mf)

The first two terms in the above decomposition are the familiar discrimination and
endowment components, and the last term measures gender differences in the selection
effects. A potentially critical issue is how to analyze and interpret this last term.

One way to finesse the problem of what to do with the term (/ém/)\\m - gfj\ f> is to
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simply net out the estimated differences in conditional means from the overall wage

differential so that one is left with the familiar decomposition terms:

V) - (Bud-) = X (5. 5))
+ (X = X;) B
On issue that arises is that this approach does not provide a decomposition of the
observed wage differential Y,, — Vf.

Of particular interest is the question of whether or not the term <§m S\m — gf B f>
should be subject to further decomposition into discrimination and endowment com-
ponents, and if so, how should this be done? It is important to understand what gives
rise to gender differences in the selection terms. Consider the following decomposition
of the gender difference in the conditional mean error terms for the wage equations

for the employed :

E (tum | em > —Z5A) — E (ug | e > =25 7)

o~

O A — 05 A

~0  ~

—~ ~ o~ ~0 ~
:Qm <)\f_)\f) +‘9m (>\m_/\f) + (em_ef)/\ma

Ni

where ; = %Xj /N, and Nj = 6(ZL, 3,))®(Z; 7,) for j =m, f, Ay = > /Ny
and /)\\?f = &(Zi; V) /®(Zi; 4,)- The term 3\3 is the mean value of the Inverse Mills
Ratio (/M R) if females faced the same selection equation that the men face. The
term 6, (X? — /):f) measures the effects of gender differences in the parameters of the
probit selectivity equation on the male/female wage differential. The effects of gender
differences in the variables that determine professional employment are measured by
the term /H\m (;\\m — /):?c) Finally, the effects of gender differences in the observed wage

response to selection are captured by the term (/9\m - /éf)/j\ 7. Given that @j = Pj0u;
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and the parameters p; and 7,; are identified, further decomposition of gm — gf is

possible:

A

On =05 = P (Gup = Gup) + (P — D) Guy (4)

= (i)m_pf) a-um"i_pf (é-um_a'uf)' (5)

The decompositions derived from (4) and (5) measure the effects of gender differ-
ences in wage error term variances and correlations between unobserved errors in the
selection and wage equations. Decompositions (4) and (5) correspond to standardiz-
ing on the male correlation coefficient (female wage error variance) or on the female
correlation coefficient (male wage error variance).

We can consider four alternative decompositions that in effect define labor market
inequity with respect to how sample selection varies across demographic groups.

The most straight forward approach is imply to identify the overall selection com-
ponent as a category apart from discrimination and endowment effects:

Voo V=X (B By) + (X —va)'B@+ (Em&m_afif). (6)

s

(.

Vv
discrimination

~
selectivity

endowments

If one believed that gender differences in the probit selection parameters for em-
ployment represented discrimination and that gender differences in personal attributes
that determine the probability of employment are simply endowment differences, the

resulting decomposition would be:

— — ~ -~ -~ ~0 o~
Y=Yy = \Xf (ﬂm_ﬁf)—i_em()‘f_)‘f)l (7)
discrin?;lation

_ o~ ~ o~ ~0
+(Xm _Xf) ﬁm‘i_em()‘m_)‘f)

J/

TV
endowments

4 O — 05Ny
——

selectivity
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A second alternative is to add the effects of gender differences in p to the estimated
endowment (human capital) effects on the grounds that the gender difference in the
error correlation coefficient is a justifiable structural source of gender wage gaps. It
is difficult to know where to assign the wage gap effects of gender differences in the
wage error variances. Differences in wage dispersion might or might not reflect direct
labor market discrimination. Consequently, we include wage dispersion effects in the
neutral category of selection effects. Upon standardizing on the male wage error
variance, the overall wage decomposition becomes

— o~ -~ ~ o~ o~
Y=Y, = Xf(ﬁm_ﬁf)"}_em(/\f_/\f)J (8)

(.

discrimination

—_— JE— ;o ~ ~ ~0 N R R
endO\;:nents

b (0, = 52,).
~ TV
selectivity

The most encompassing view of discrimination is to regard both gender differences in
the estimated ~ parameters from the probit selection equation for employment and
gender differences in the wage effects of selectivity () as manifestations of discrimina-
tion. Gender differences in the values of the employment determining variables (H')
continue be treated as nondiscriminatory endowment effects. These assumptions lead

to

JE— JR— ~

_ ~ ~ ~ ~0 o~ ~ ~
Yo=Y = X (B = Bf) F0m(Np = Af) + (0 — 0f) As (9)

discrimination

_ — o~~~ ~0
+(*va _Xf> /8m+0m()‘m_)‘f) :

endowments

o~ ~ ~ ~0 ~ o~
= Xy (B = By) +0n; —0r 0y

(.

discrimination

_ — o~~~ ~0
+(Xm _Xf> 6m+0m()‘m_/\f)

J/

'
endowments
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An example taken from the Israeli 1995 Census illustrates how much difference it
makes when selectivity is not taken into account and when it is taken into account,

how much difference the chosen decomposition method makes.

Wage Decomposition with Selectivity Correction

(log) wagfe gap = 0.2567

Decomposition Method Endow Disc Select

Standard (1) 0.0916 0.1651 0.0000
(35.68%) (64.32%) (0.00%)

Selection (6) 0.0976 0.1730 -0.0139

(38.02%)  (67.39%) (-5.41%)

Selection (7) 0.1595 0.1305 -0.0333
(62.13%)  (50.84%)  (-12.97%)

Seletion (9) 0.1595 0.0972 0.0000
(62.13%)  (37.87%)  (0.00%)

The decompositions are applied to a sample of male and female professional workers.
The unadjusted (log) wage differential is 0.2567. The endowment effect accounts from
35.68% to 62.13% of the wage gap, and the discrimination effect accounts from 37.87%
to 67.39% of the wage gap.
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VI. ECONOMETRICS AND EQUITY SALARY ADJUSTMENTS

Background reading;:

"Using Econometric Models for Intrafirm Equity Salary Adjustments" (with Michael
R. Ransom), Journal of Economic Inequality, vol. 1, No. 1, December 2003, 221-249.

Ashenfelter, Orley and Ronald L. Oaxaca (1987), "The Economics of Discrimina-
tion: Economists Enter the Courtroom," American Economic Review, 77 (2): 321-
325.

Becker,William and Rebecca Goodman 1991), “The Semilogarithmic Earnings Equa-
tion and Its Use in Assessing Salary Discrimination in Academe,” FEconomics of Fd-
ucation Review, 10(4): 323-32.

Koch, J.V. and Chizmar, J.F. (1975), “Sex discrimination and affirmative action
in faculty salaries,” Economic Inquiry, 14: 16-24.

The Linear Salary Model

Let D =X } (Bm — B f> represent an unbiased estimator of average discrimination
or inequity.

Let Ny denotes the number of female workers in the relevant job unit.

Then Ny D represents an unbiased estimator of the aggregate amount of salary
inequity.

The salary predicted for the ith female according to the estimated male salary
model is Y/JZZ”L = X}, B .

Therefore, the predicted salary gap for the ith female can be calculated as e =
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Method 1
A seemingly straightforward approach would be to let A;Zl,) = —e}! define the salary

adjustment algorithm.

The aggregate adjustment is given by

Ny
1 (1)
Af - ZAfz
i=1

Ny
= D

=1
— N;D.

The mean equity-adjusted salary for females is simply

Note that salary adjustment Ag) can be expressed equivalently as

A

A%) - X}z B — <X}z Bf_'_ej‘:)
- X}z (ﬁm_3f>_6£"
where e;; is the in-sample prediction error (residual) for the ith female:

o _ - f
efi - Yfi_Yfi'

= Yfi_ }zﬂf
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Method 2
An alternative salary adjustment is one in which the own in-sample prediction error

is added to the salary gap estimated on the basis of the male salary regression:
AP = A e
- g+
= Yi- Yf{
= X}i (Bm - Bf) .
The equity-adjusted salary implied by (A%) ) is

v = AP vy
= X (B By) + XjiBy +
= X}i Bm—l—e}l

_ vm f
- Yfz‘ +€fi‘

The aggregate salary adjustment A?) is identical to that yielded by Agcl):

Ny
AP =3
Z:le Ny
= et e
i=1 i=1
= AV =N, D

Ny
since e}l = 0 by the property of OLS.
=1

7
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The method 2 adjustment implies that the mean adjusted salary for females is

identical to that of Agcl) , L.e.

f
-(2)
. Z Yfi
Yf(2) _ =1
Ny
Ny | Ny s
2YE Xy
_ =1 +z:1
Ny Ny

There is an invariance property for the effects of the adjustment algorithm on the
salaries of the firm’s male employees when the algorithm is symmetrically applied to

males.
Method 3

To avoid nominal wage cuts for women, salary adjustments could be implemented

only for those women for whom Ag) = —ef + e}: > 0:

(3) _ (2)
Afv: - ¢fi Afv', )
. 2 m
¢y = 1if Agf,-) = —ep + ei >0
= 0 otherwise.
The adjusted salary implied by Agf:_’) is
% 2
Yf(z'S) - Yfi + ¢fi A.Sci)
- X}iBf_‘_e}:_l_stz‘X}i <5m_6f>
~(3
- X}Zﬁ;) + eﬁ-’
~(3 ~ N
where B;i) = [gb £ B+ (1 — ¢ fi) 15} f] is a constrained nondiscriminatory wage struc-
ture for females and is a special case of the matrix weighted average wage structures

developed in Oaxaca and Ransom (1994).

29



One potential difficulty with algorithm #3 is that if female salary adjustments are
ruled out for those women for whom Agf) = —ef + e}: <0,
there will be an upward bias to the total equity adjustment.

The aggregate salary adjustment under algorithm #3 is given by

Ny
3 _ (3)
Ay = ) Ay
i=1
Ny
_ (2)
- Z¢f1 Afi
i=1
Ny

SR DR

5, =1 i=1
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Method 4
Award only positive adjustments in proportion to each individual’s shadow contri-
bution to the sum of the positive adjustments, A;B)

Each individual’s allotted share of the original adjustment is given by Ay, Agcz) ,

where @) @
)‘f _ Afi _ ¢fi Afi

i (3) (3)

Af Af

for 0 < Ay, <1and2)\f—1

The resulting constralned equity salary adjustment is given by
@ _ )
The constrained equity adjusted salary is

4 2
V0 = v+, AP

fi
. A(Q)
_ L% AR @
= XpfBp+tep+ 3) Ay
Af

_ oyt W
- Xfiﬁfi +€fi’

~ (4 (2) N
where 552-) = [(% ) ) 5 + ( P1, (3) ) B f] is a constrained nondiscriminatory
wage structure for females and is another special case of the matrix weighted average

wage structures developed in Oaxaca and Ransom (1994).
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Algorithm #4 constrains the total salary adjustment to equal the original discrim-

ination estimate :

Ny
4) _ (4)
Af o ZAfi
=1

Ny
= DAY
=1

~

2
= AP =N; D.

Hence, there is no aggregate under- or over-compensation.

The mean constrained salary adjustment is calculated as

() =1
Yf = —
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Satisfaction of all of our constraints is not without cost. Anyone who receives an
adjustment can do no better than she would under the previous procedures and may
possibly do worse.

Those entitled to an adjustment (ASCQ) > O) would receive

: () ()
since Ay” < >0 AL
b7, =1
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Method 5

For legal or other reasons it is sometimes the case that all females must receive a
positive salary adjustment regardless of whether or not some are already overcom-
pensated relative to the standard adopted.

Consider the following ordering of all of the provisional salary adjustment amounts
from salary adjustment algorithm #2:

Agci) > .. > AS‘?’ where Agci) is the highest provisional award (Agi) > 0), and Ag)
is the lowest provisional award.

For simplicity we consider the case in which A%) < 0.

Suppose A}z) = Ny D is allocated according to ¢, A;Q) where
(2) (2
Afi B Afe +7

(47 - 47 +)

=1

Ny
for 0 <9y, <1, ;wﬂ, = l,and v > 0.
In general if Ar(i’i)n < D is the minimum allowed adjustment, then setting Ag) =

() : : A 4(5)
Afz lmphes [#%]D = A

min*
A, (D-42)
——

D—Al

min

Therefore, the supplementary adjustment factor is

calculated according to v =

The implied post-adjustment salary is given by

YO~ v 4 A0
X _A(2)
- X}q 65‘5) + A’yﬁ)fe +€£’

S A

~(5) o D > D . . . ..
where ;" = (DfA}i)H) B + (1 DASI?""Y) f¢ is a constrained nondiscriminatory
wage structure for females, and is yet another special case of the Oaxaca/Ransom

matrix weighted average wage structures.
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The Log Salary Model

en(Yj'L):X‘;7/B]+€]z7 .]:m>f

For log normal models F (Y | X'8) = exp (X' + 0.552).
One’s actual and predicted salaries may be expressed in terms of the own estimated

logarithmic salary regression by

ijz' = eXp(X;iBj+éji)

Ji

where £;, is the log salary residual for the it/ individual in the jth gender group, and
f; is an estimate of 0.502 .

The variance parameter 6; can be estimated from the residual variance.

An alternative estimation method for ; is to impose the restriction that the pre-

dicted mean salary equal the sample mean salary:

Tj = Y
i [GXP(XJI; B+ éj)} v
= Nj -
N;
= 0; =n(N;Y;) —tn Z [GXP(XJ/‘i Bj)i|
i=1

Define the own residual between the actual and predicted salaries of the ith individual
as

i _ v Vi
eji_Y% Y;z

It is clear that Zf\gl egi = 0.
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Log Salary Adjustment Algorithms

The predicted salary for the ¢th female from the estimated logarithmic salary re-

gression for males is given by
Y = exp(X}, B, +0y).

By the same reasoning used for adjustment #2 in the linear model, we add one’s
own salary residual to the individual conditional mean salary prediction to arrive at

an equity adjusted salary.
. N A® .
Average and total inequity are estimated by D = ZZN;ff and NyD = Zf\ifl Ag).

Post-Adjustment Salary Orderings

It follows from A?) = ¢20 A;f) + ¢>21A§5) that a cet. par. rise in the amount
fi— fi—
of overpayment of some women will reduce the aggregate amount of inequity. Under

algorithm #4, this means that those receiving positive adjustments will receive smaller
increases.

It is obvious that anyone for whom ASS) < 0 is no worse off under salary adjustment
algorithm #5 than under algorithm #4 since Agcf) > Agfj) =0.

Those with relatively higher provisional awards must subsidize those with lower
provisional awards in order to hold the total adjustment constant at the best estimated
value of Ny D.

It is easily shown that
Oy
Iy

Post Adjustment Convergence

> (2) -
= 0 as Afi D.

VIIA

Post-adjustment salary inequity for the kth adjustment algorithm would be mea-
sured by
NyDW =y <YfT - Yf(ik)) , k=1,..,5.
i=1

D®) = 0 for algorithms k = 1,2,4, and 5 because Zf\ifl Yf(ik) = vazfl Yfm
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For method #3, post-adjustment salary inequity would be estimated by

Ny

Ny D=y (yfT - Yﬁ3)>
=1
Ny

Orm (2)
= Z (Yfi - Yfi - ¢fz‘ Afi )

=1

Ny

_ (2 E: (2)

- Af o (bfi Afi SO’
=1

therefore, D®) < 0.
Since overcompensated women cannot be subjected to nominal salary reductions,
algorithm #3 will produce negative discrimination (favoritism) for women.

Log salary error variance

Let ; = aw;, where v; ~ i.i.d. (0,02) .

Then &; ~ i.i.d. (0,a%0?), where a?c? = 20.
Use 0y if ay = ay, = v and 0 # 03 .

Use 0,, if ay # a,, and O'%f = U%m = o2.

If af # a,, and sz # o2, the adjustment algorithms are not identified.
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VII. SPECIFICATION BIAS IN WORK EXPERIENCE MEASURES

Background reading;:

Regan, T. and R.L. Oaxaca, "Work Experience as a Source of Specification Er-
ror in Earnings Models: Implications for Gender Wage Decompositions." Journal of
Population Economics, forthcoming.

Our discussion of specification error will be framed in the simplest of models—a

traditional (Mincerian) log wage equation,

K
Yi = Bo+ B1Si + Bo X[ + B X2 + Z%‘Hi +e,t=1,..,N, (10)
i—1

where Y is the natural log of the hourly wage, S is the schooling level, X* is actual
work experience, H is a set of K other control variables, ¢ is a random error term, ¢
indexes the individual, and N represents the sample size. More compactly, we can

express (10) as,

Y =W +e¢,

where Y and ¢ are (N x 1) vectors, W* is the (N x (K +4)) observation matrix, and
v is the ((K +4) x 1) coefficient vector. Taking the probability limit of the OLS

estimator yields,

plim(3) = 7 + Sy Swee
which is consistent only if plim(N~'W*¢) = L. = 0. Thus, the regressors, specif-
ically schooling and experience, must be exogenously determined (i.e. uncorrelated
with €).

Now suppose that actual work experience, X*, is unobserved. Instead one observes

X, which can be thought of as potential work experience (e.g age - education - 6).
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For simplicity we can express the relationship between potential and actual work

experience as,

where v is the discrepancy between the experience measures. At this point we will
allow that v may be correlated with X* and that the mean of v may not be, and
most probably is not, zero. As is traditionally the case we will, however, assume that
there is no correlation between v and €.

The nature of the model misspecification problem we are considering can be seen

by substituting (11) into (10) yielding,

K
Y = Bo+ BSi + BoXi+ B X7 + Y ouH; + €], (12)
=1

where e = ¢g; — B,0; — 28X v; — Byv?.

More compactly, (12) can be expressed as,

Y =Wry+¢e',

where W is the (VN x (K + 4)) new observation matrix, and €* is the new (N x 1)

error vector. The error vector £* may be expressed as,

e =ec—vfy, —2[X*Ov] By — [vO V]S,

where X*©v and v©®v are Hadamard products (i.e. element by element multiplication
between X* and v and between v and v, respectively).

The probability limit of the OLS estimates is,
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plim(y) = v+ EE[}WZWe - Z;Vlwzwqﬂz - 2217[/1WEW,X*@U53
_ZEVIWEW,UQWB3

= 7 ZI;}WEWvﬂQ - QZITI}WEVV,X*Qvﬁ?) - E‘;/]-WZW,UQUﬁ:b

assuming E;VIWZwe = 0. Now, with specification error associated with substitution
of X for X*, the asymptotic bias in 4 consists of three distinct terms.
Our approach to correcting for specification error consists of modeling actual ex-

perience as a stochastic regressor generated from a semi-log model:
In(X7) = Ziyy + ¢y, (13)

where Z is a set of regressors that includes the regressors in (10) (i.e. S, H) and
a set of identifying variables (i.e. a respondent’s age, a set of occupational dummy
variables, and the number of children for females), and v, satisfies the standard
assumptions without any particular distributional assumption.

The semi-log specification bounds X} away from zero. Our proposed correction
procedure uses a predicted measure of actual work experience constructed in the

following fashion:

X7 =b1exp(Z4,),

where 4 is obtained from OLS estimation of (13), and 0; is a scale factor that forces
the predicted mean to match the sample mean: (see Oaxaca and Ransom, 2003 and
Sarnikar et al., 2007)

5 Zz Xz‘*

1= = 7o\
> exp (Zif1)
While our procedure for predicting experience resembles instrumental variables, its

motivation does not depend on endogeneity issues. Our motivation is simply to apply

the correction model to data sets lacking information on actual experience.
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Our empirical implementation of (12) includes completed schooling, marital status,
industry dummies, regional dummies, and SMSA (Standard Metropolitan Statistical
Area) dummies as the set of control variables, H.

Of particular interest are the implications of misspecification of work experience
for gender wage gap decomposition. Without loss of generality, we will adopt the
estimated wage structure for males as the comparison standard. Accordingly, the
standard decomposition is expressed as,

V=¥ = (Xme— X00) ™ 4 he (B 5™

-m 7j Af?]

= (Xmd - X1) G eX (5 _3 ) ,
where m, and f denote males and females, a denotes actual experience, j denotes pre-
dicted or potential experience, Y is the mean log wage, X is the mean characteristics
vector, and B is the estimated parameter vector. The effects of experience specifica-
tion bias on the endowment (explained) component of the wage decomposition can

be decomposed into parameter bias and mean experience measure bias:

-~m,

(Xm,a B Xf,a) 3 a (Xm,j _ j(f,j) Bm’j — ()’(m’a _ vaa) (Bma — Bm]) (14)

i [(Xm,a _ X—f,a) _ (X-m,j _ j(f,j)] Bm’j.

The first term on the rhs of (14) represents the difference in the explained wage gap
component that arises because of differences in the estimated parameters. The second
term on the rhs of (14) represents the difference in the explained wage gap component
that arises because of mean differences in the measures of experience. The effects of
experience specification bias on the discrimination (unexplained) component of the
wage decomposition can also be decomposed into parameter bias and mean experience

measure bias:

X/a (Bma B Bf,a) _ Xt @md B Bﬁj) _ gl [(Bma B Bf,a) - (ij 2 f’ji)l}a)
b (e x09) (B 3.
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The first term on the rhs of (15) represents the difference in the unexplained wage
gap component that arises because of differences in the estimated parameters. The
second term on the rhs of (15) represents the difference in the unexplained wage gap
component that arises because of mean differences in the measures of experience.
Note that the only differences in the mean characteristics vectors between actual
and potential or predicted experience stem from the differences between mean actual
experience and its square and mean potential or predicted experience and its square.
On the other hand, all of the parameter estimates can differ between specifications

that use actual experience and those using either potential or predicted experience.
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VIII. JUHN-MURPHY-PIERCE DECOMPOSITION

Background Reading;:

Juhn, Chinhui; Murphy, Kevin M.; Pierce, Brooks (1991). “Accounting for the
Slowdown in Black-White Wage Convergence.” AEI Studies, no. 520. Washington,
D.C.: AEI Press; distributed by University Press of America, Lanham, Md.

Suen, W. , "Decomposing Wage Residuals: Unmeasured Skill or Statistical Arti-
fact?," Journal of Labor Economics, 15, July 1997, 555-566.

Datta Gupta et. al, “Swimming Upstream, Floating Downstream: Comparing
Women’s Relative Wage Progress in the United States and Denmark,” Industrial and
Labor Relations Review, 59, no. 2, January 2006, 243-266.

The original intent of the JMP decomposition was to account for changes in the
unobserved prices and quantities that comprise the change in the unexplained wage
gap over time.

The wage equation for a typical worker in period ¢ would be written as Y;; =
X!,B, + o.vi ,where o0, = €;; and vy is a standardized residual with mean 0 and
variance 1.

Adopting the male wage structure as the standard, the gender wage gap is decom-
posed as AY, = AX!B3, , + 6emiAby,where AY, = Y, — Y, AX] = (X, — X}t) ,
and .., Av; represents the gender difference in standardized residuals (unobserved
components).

It is easily seen that 6., A0 = X J’ct (Bmt - B ft> .

Datta Gupta et. al (2006) relates the JMP decomposition to the Oaxaca and

Ransom (2004) generalized decomposition.
GtV = X!, (Bmt — @:) and 6,405 = —X}t (B: — Bﬂ) so that
OetAV = OetUpp — Oc4Upy
= Xrlnt (ﬁmt - 57&) + X}t (ﬁt - ﬁft) .
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JMP decomposition of changes in the gender wage gap between period ¢ and period

th

AV, =AYy, = (AKX = AX) By + AX] (Bs = Buso)

+ (Af)t — A@to) 65mt0 + A@t (6-5mt - a-emto) . (16)

(ADy — ADyy) Oemty + Ay (Gemt — Femi,) is the sum of the effects of changes in
unobserved quantities and unobserved prices but can also be interpreted as the change

in the unexplained or discriminatory gap.
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IX. DECOMPOSITIONS WITH AN ENDOGENOUS SWITCHING
TOBIT MODEL

Background Reading:

Sarnikar, et. al. “Do You Receive a Lighter Prison Sentence Because You Are a
Woman? An Economic Analysis of Federal Criminal Sentencing Guidelines," 1ZA
Discussion Paper #2870, June 2007

We define y as the months in prison the defendant is sentenced to, X as the vector
of the individual’s characteristics, and § as the vector of weights on the defendant’s
characteristics in the respective regimes. Equation (17) represents sentencing out-
comes when an individual pleads guilty or is convicted by trial:

Xi . if defendant is in pl i
in{ Bp + ep, if defendant is in plea regime (17)

XiBp + er, if defendant is in trial regime.

In order to more formally take account of the regime outcome conditional upon
conviction, let 7p represent the probability of a guilty plea, 7 represent the prob-
ability of going to trial and being convicted, and mrg 4 represent the probability of
going to trial and being acquitted. Conditional upon prosecution, these probabil-
ities sum to 1. Because we do not have observations on those who went to trial
and were acquitted, we can only estimate the following conditional probabilities:

. Tp d o TT&C
Tpc = ——— and Tp¢g =

Tp + Trgc Tp + Trgc
probability that one’s conviction was from a guilty plea and 7r¢ is the probability

, which sum to 1 and where wp¢ is the

that one’s conviction was by trial. Let the variable s* represent the conditional latent
variable corresponding to a defendant’s conviction by trial. The variable s takes on
a value of 1 if the defendant’s conviction is by trial, and a value of 0 if the defendant
enters a guilty plea. The vector index variable Z; is a set of variables affecting this
probability. Accordingly, the binary regime determination model may be expressed

as
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s = Ziv+u (18)
{ lLif sf >0

1
0 if 57 < 0. (19)

S; =

Correlation between unobservables in the plea decision stage and unobserv-
ables in the sentencing stage will create non random selection that will prevent us
from obtaining consistent estimates of the parameters if they are estimated by OLS
or Tobit. To account for this self-selection, we model the sentence determination
process using a switching regression model with endogenous switching. We assume
that the error term from each regime’s sentence determination equation follows a
bivariate normal distribution with the error term from the selection equation. The
nature of this model requires that an explicit distributional assumption be made.
The structure of the error terms is given in the following variance-covariance matrix,
where T" denotes the trial regime, P denotes the plea regime, and s denotes the binary

selection equation (the variance of which is normalized to 1):

1 O ps OTs
Vi=1ops 0% opr (20)

2
Ors Opr Orp

The likelihood function of the model is then:

N Si
I — H {igb (%) Pr(u; > —Zi'}’|5Ti)}

o
i=1 \OT

op op

This expression is simplified once we take account of the conditional distribution

ofuonce:
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~la yi — XiBrp Ziy+ ZTT (i — XiBr)\ |
b= H{E(é( or )(I) I — ppg

T~ — PRs (X, 1=s:
{ 1, (yi—mp> q)( Zyy — 222y, Xﬂ;:))} )
op op L —pp,

One additional econometric problem we face is the non-continuous distribution of

the dependent variable. Because sentence length cannot be negative, and nearly 25%
of our sample receives no prison time, it may be necessary to account for this mass
point at 0 in order to obtain consistent estimates. In the context of our switching
regression model, we treat the dependent variable as a mixed discrete continuous

variable, with limit observations at 0. The sentence outcome is now represented as

yp; = XiBp+ep, if defendant is in plea regime (23)

ypi e Ir B (24)
0 ifyp, <Oands; =0

yr;, = X;Bp+ er if defendant is in trial regime (25)
roif s > 0and s; =1

yri = yri ! y? (26)
0 ify;, <0O0ands; =1

The likelihood for the switching regression with endogenous switching and censoring
allows four different types of entries to the likelihood function: limit and non-limit

observations in both of the regimes. The likelihood function is

N sili (1—s4)l;
-X,B - X0
L = H {(1)2 ( or TJ_Zi77pT5)} {(1)2 < op P7 iy;pPs)}
=1
s:(1=1;)
A L (e X g (2o = )
or or 1 —prps

(1=s:)(1-1;)
1 i Xz _Zz — Crs 7 X’Lﬁ
_¢ (M) o ( v op (yP P> (27)
op op 1 —pps
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where [ = 1 for limit observations and ®, represents the cumulative bivariate normal
distribution.

Decomposing Sentencing Differentials

To examine how much of the gender difference in sentences is due to leniency
toward one sex or the other, we apply empirical methods developed in the labor
economics literature to estimate gender bias in criminal sentencing outcomes. Our
decomposition is achieved by a three-step analysis. The first step typically involves
estimation of our empirical model for males and females where the dependent variable
is the length of the prison sentence. Here, instead of estimating the empirical model
separately for both males and females, we estimate the model for males only. This
approach is consistent with viewing the unexplained gap as a residual. It is also
necessary in our case, as the relatively small number of female observations in the
trial regime means that we are unable to identify a number of parameters in an
estimation of the model for females only. This approach allows us to decompose the
differential without estimating the female weights, thus circumventing the problem.

In the second step, we predict the average sentence length for females if they faced
the male weights. In the third and final step, we use results from the first two
steps and decompose the differences in length of sentences for males and females into
two components: one attributable to male-female differences in circumstances and a
second attributable to unobserved differences in attitudes of judges towards the sexes
and unobserved differences in circumstances.

In addition to the problems with identifying the female weights, we face two ad-
ditional challenges which force us to expand beyond the decomposition. The issue
of selection bias in decompositions is addressed by in the context of a Heckit model.
We are able to build off of this work in the decomposition we develop, as the Heckit
is essentially a special case of an endogenous switching regression model. Finally, we

must account for the existence of the limit observations in our data set.
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Decomposing Sentencing Outcomes by Regime

First, consider the sentence determination equation for the trial regime:

yr; = Xrifp+ e if defendant is in the trial regime (28)

yr ity > 058 =1

P = . 29
T {0 ity;, <0; s, =1 (29)
The expected value of a sentence in the trial regime is derived in Appendix 1.
Define the sample average sentence in the trial regime as ¥r,, for males and yr; for

females. The sample is composed of Nr,, men and Npy women. The average

predicted value of sentences for males is defined as:

_ 1 =

Yrm = N_Tm ; Y1rmi, (30)
where 47,,; is the predicted sentence for the ith male in the trial regime. However, in
a finite sample the predicted mean and the sample mean terms will not necessarily

be equal, i.e.

1 NTm 1 NT"L
Yrm = —— YTmi 7 Yrm = Tmi 11 general.
Jrm = 5 Z:; Grmi 7 Jrm = 53— ; Yrm: 0 g

Assuming that the underlying model can be consistently estimated, we would have

phim(Yrm — Yrm) = 0 (31)
plim(yry —Yry) = 0. (32)
When the predicted mean outcome does not match the sample mean outcome, we

have sample mean prediction error. The proportionate sample mean prediction errors

for males and females can be expressed as
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Sp, = JIm (33)

/y\Tm
oy = 211 (34)
Yry

It follows from consistency that

plim($) = plim (g) = 1.
)
The average value of sentences for females in the trial regime using male weights is

defined as:

Ny
> iy
0 i=1
=—— 35
Y1y Nrs ( )
where 9. 1i is a fitted value of the ith female sentence had they faced the male weights.

We decompose the difference in average sentences in the trial regime as follows:

Urm = Ury = 07w (Grm — Gog) + Oron — 0r0)2y + 0rs (B0 — Trs) . (36)
The first term in eq (36 ) measures the explained sentencing gap while the unexplained
gap is the sum of the last two terms. Note that the second term measures the
contribution of gender differences in the sample mean prediction error while the last
term measures the contribution of gender differences in the estimated parameters of
the model. It is therefore possible to separate out the effect of gender differences
in 3T if the econometrician estimates both ng and ng . While we are able to
decompose the difference in outcomes into the portion caused by differences in weights
and differences in characteristics, we will be unable to isolate the difference caused
by weights into a portion caused by different 57 terms. However, if it is the case

that ng — STf ~ 0, the unexplained gap is totally captured by ng (ﬂ%f — @\Tf) R~
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B\Tm @%f — Ur f). Under these circumstances one could identify the predicted mean

R 1 S
outcome for females as yry ~ @'%f - (g—> [(@Tm - ng) — O0Tm (mi - ﬂ%f)] .
Tm
The decomposition of sentences in the plea regime follows closely that of the trial
regime. Now using male weights from the plea regime, the fitted value of the length

of sentence in the regime becomes ¢p, which differs slightly in form from g.

Decomposing Regime Choice

Now consider a decomposition of regime choice. Consider the regime determination
model given in (18) and (19) where a positive outcome indicates conviction by trial.
The observed proportion of females and males going to trial are, respectively

Ny
S
pry = izjlvf (37)

N

E Smi

Prm = ZZlN—m (38)

We define the difference in outcomes for males and females as the observed differences
in proportions of males and females in the trial regime, pr,, — Dry.

Recall that we do not estimate the model separately for females. However, we
are still able to decompose the difference in male and female outcomes into the por-
tion caused by differences in characteristics and the portion caused by differences in
weights. We go about these single model decompositions by decomposing differentials
using only the estimated weights for males.

Here, we decompose the difference in the propensity of males and females to be
convicted by trial regime using only male weights. Consider the regime determination

model estimated for males:
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Smi = Zmi/ym'f—ui (39)
B {1if st >0

4
0if 5%, <0 (40)

Smi

The estimated weights in this model allow us to obtain a predicted probability of

conviction by trial for each individual in the sample:

Drmi = Y(Znifm) (41)

We compute the average predicted probability by averaging the individual predicted

probabilities:
N

. D(ZmiVm

Prm = ; (X;—TZ) (42)
Note that in the probit model, unlike the logit model, the average predicted prob-
ability of entering the trial regime will not necessarily equal the proportion of the
sample who do in fact enter the regime (for further work on the decomposition of
differentials in the context of a probit model.

In practice the difference is typically negligible. However, the selection probability
parameters in our model are obtained from FIML applied to the joint estimation of
the selection probability and sentencing equations. Hence, there is a need to scale the
mean predicted probabilities when conducting a decomposition of gender differences
in the propensity to be convicted via the trial regime. As above for the sentencing
outcomes, the sample mean (probability) prediction errors for males can be expressed

as follows:

Sy = DL (43)
Prm
The same consistency argument applies here as in the case of sentencing outcomes.

We estimate the average predicted probability of females being in the trial regime

had they faced the same weights as the males:
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The difference in the average probability of conviction via the trial regime can then

be decomposed as follows:

Brm — Py = (Brm — OsmDys) + Gsmbys — Pry) (45)
where the first term on the right hand side represents the difference in probabilities
that can be attributed to differences in characteristics, and the second term represents
the part of the difference that can be attributed to differences in weights.

Total Decomposition

Consider an algebraic decomposition of sentencing differences by regime. Define
Um as the average sentence for males in our sample, and ¢y as the average sentence
for females. Each gender’s average sentence will be a weighted average of the average

sentence in the two regimes:

Ym = Y1rmPrm + YrPm (1_13Tm) (46)
yr = Yry bry +ypy (1 —pry) (47)

The difference in average sentences can then be expressed as

Um — Yg = Yrm Prm + Gpm (1 — Drm) — Jrf Pry — Gpg (1 — Dry)
Adding and subtracting the terms yrs prm, and yps (1 — pry,), and collecting terms

appropriately yields

Ym — Y = (ng - ng) me + (ng - ng) (1 _ﬁTm>
+(@rs — ypy) (Prm — Dry)- (48)
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The first two terms in (48) can be interpreted as a weighted average of the differences
in mean sentence outcomes for men and women (weighted by the probability of being
in each of the two regimes). The final term can be interpreted as the difference in
mean sentence outcomes that can be attributed to gender differences in the propensi-
ties of being in the trial regime (weighted by the differences in mean outcomes among
females in the two regimes).

Recall how we decomposed each of the single decomposition terms. Denote the
portion of the difference attributed to differences in characteristics (the explained
portion) as E. The portion of the difference attributed to gender differences in the
parameters (the unexplained portion) is denoted as U. Each portion also contains a

subscript denoting the part of the estimation from which it originates:

Yrm — Yrf = [ng(Z/J\Tm - g(%f)] + [(ng —ng)ggf +8\Tf @%f - ?/J\Tf)]

= Er+Ur (49)
Ypm — Ypf = [gpm(ﬂpm - ?7?3,1)] + [(gpm — Op )by + 0ps (Ty — ?/J\Pf)}

= Ep+Up (50)
Prm = Pry = (Brm = damBys) + OamPy — Pry)

= E,+U, (51)

The decomposition of the overall gender sentencing gap can then be expressed as

Um —¥r = [(Er+Ur) prm + (Ep +Up) (1 — prm)]
+(@Tf - ng) (Es + Us) (52)

= \EIT Drm + Ep (1 — prm) + Es (Yrf — ypy)
B
+£fT Prm +Up (1 — prm) + Us (Yry — ?prz )
U

where E is the total amount of the overall gender sentencing gap that is explained
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by differences in characteristics, and U is the total unexplained gap associated with
differences in weights.
We note that a more straight forward total decomposition of the mean sentencing

differences between men and women can be calculated as

where
o _ 2 [Prplirs + (1= Prps) gl
Yy Nf

and

5 = {ZZ [Drmi¥rmi + (1 = Prmi) Upma) } {L} '
N Um

In this decomposition gj?c is the mean fitted overall sentence for females using the

male weights. Empirically, it turns out that both (52 ) and (53) yield virtually

identical values of the total explained and unexplained portions of the overall gender

sentencing gap. However, a shortcoming of the decomposition given by (53) is that

it obscures the sources of the overall gender sentencing gap revealed by the more

detailed decomposition given in (52).
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