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Abstract

This paper establishes asymptotic properties of quasi-maximum likelihood estimators for SAR panel
data models with fixed effects and SAR disturbances, where the time periods 7" can be finite or large
(and the number of spatial units n tends to infinity). A direct approach is to estimate all the parameters
including the fixed effects. In the presence of fixed effects, because of the incidental parameter problem,
some parameter estimates may be inconsistent or have asymptotic bias. We propose alternative estima-
tion methods based on transformation. For the model with only individual effects, the transformation
approach yields consistent estimators for the common parameters even T is finite. The direct approach
does not yield a consistent estimator of the variance parameter unless T is large, but the estimators
for other common parameters are the same as those of the transformation approach. For the model
with both individual and time effects, the transformation approach yields consistent estimators of all the
common parameters regardless 7" is finite or large. When we estimate both individual and time effects
directly, consistency of the variance parameter requires both n and 7" to be large and consistency of other
common parameters requires n to be large.
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1. Introduction

Spatial econometrics consists of econometric techniques dealing with the interactions of economic units in
space, which can be physical or economic characteristic. A sample may consist of cross sectional observations,
where the spatial autoregressive (SAR) model by Cliff and Ord (1973) has received the most attention in
economics'. Panel data with spatial interaction is also of great interest as it enables researchers to take into
account the dynamics but also control for the unobservable heterogeneity (e.g., Anselin 1988, Baltagi et al.
2003, 2007, Kapoor et al. 2007, Yu et al. 2007, 2008 and Yu and Lee 2007). Baltagi et al. (2003) consider the
specification test for spatial correlation in a panel regression with error component and SAR disturbances.
Kapoor et al. (2007) provide a rigorous theoretical analysis of a panel model with SAR disturbances and
error components. Baltagi et al. (2007) generalize Baltagi et al. (2003) by allowing for spatial correlations in
both individual and error components such that they might have different spatial autoregressive parameters,
which encompasses the spatial correlation specifications in Baltagi et al. (2003) and Kapoor et al. (2007).
Instead of random effect error components, an alternative specification for panel data models assumes fixed
effects. The fixed effects specification has the advantage of robustness in that the fixed effects are allowed
to correlate with included regressors in the model (Hausman, 1978). Yu et al. (2008, 2007) and Yu and
Lee (2007) consider, respectively, the time and spatial lags in a panel data setting with stationarity, spatial
cointegration, and unit roots in the time dimension.

For panel data models with fixed individual effects, when the time dimension T is fixed, we are likely
to encounter the incidental parameter problem discussed in Neyman and Scott (1948). This is because
the introduction of fixed effects increases the number of parameters to be estimated. For the linear panel
regression model with fixed effects, the direct maximum likelihood (ML) approach will estimate jointly the
common parameters of interest and fixed effects. The corresponding ML estimates (MLEs) of the regression
coefficients are known as the within estimates, which happen to be the conditional likelihood estimates
conditional on the time means of the dependent variables. However, the MLE of the variance parameter is
inconsistent when T is finite. The inconsistency of this variance parameter is exactly the one illustrated in
Neyman and Scott (1948). For the SAR panel data models with individual effects, similar findings of the
direct ML approach are found in this paper. The direct estimation approach will yield consistent estimates
for the spatial and regression coefficients except the variance of the disturbances when 7" is small (but n is

2 For the SAR panel models with both individual and time effects, the direct estimation approach

large).
will be inconsistent for the estimation of the common parameters unless n is large. Even when both n and

T are large so that individual and time effects can be consistently estimated, the estimates of the common

!Early development in estimation and testing for cross sectional data can be found in Anselin (1988), Cressie (1993), Kelejian
and Robinson (1993), and Anselin and Bera (1998), among others.

2When a dynamic effect is considered into the SAR panel data, we will have an “initial condition” problem which will cause
the inconsistency of the direct likelihood estimates for all the parameters unless T is large (see Yu et al, 2007, 2008 and Yu and
Lee (2007)). The initial value problem for the dynamic panel data model is well known (Nickell, 1981).



parameters would still exhibit asymptotic biases.

To eliminate the fixed effects, the method of conditional likelihood is used when effective sufficient
statistics can be found for each of the fixed effects. For the linear regression and logit panel models, the
time average of the dependent variables provides the sufficient statistic® (see Hsiao, 1986). For the normal
panel regression model, the conditional likelihood can be constructed as a likelihood function from some
transformed data. In this paper, we investigate the use of similar transformations to the SAR panel model.
By using a data transformation from (I7 — %ZTZ’T) to eliminate the individual effects where [1 is the vector
of ones, the transformed disturbances are uncorrelated. The transformed equation can be estimated by the
quasi-maximum likelihood (QML) approach. For the more general model with both individual and time fixed
effects, one may combine a transformation from (I, —11,,1/,) with another transformation from (I — #ipl}) to
eliminate both the individual and time fixed effects. By exploring the generalized inverse of the transformed
equation, one may end up with a QML approach for the transformed model*. The transformation approach
for our models can either be justified as a conditional likelihood approach or a modified likelihood approach
based on a concentrated likelihood of the direct estimation (Kalbfleisch and Sprott 1970, Cox and Reid 1987,
Lancaster 2000, Arellano and Hahn 2005)°.

Panel regression models with SAR disturbances have recently been considered in the spatial econometrics
literature. The model considered in Baltagi et al. (2003) is Y,,; = X80 + €no + Unty, Unt = AoWoUpt + Vi,
t=1,2,...,T, where elements of V,,; are i.i.d. (0,03), c,0 is an n x 1 vector of individual error components
and the spatial correlation is in U,;. A different specification has been considered in Kapoor et al. (2007)
with Y,,: = X8y + U,J[t and Un+t = )\oWnU:t +duo+ Ve, t = 1,2, ..., T, where d,,g is the vector of individual
error components. Kapoor et al. (2007) propose a method of moment (MOM) procedure for the estimation
of \g and the variance parameters of d,,g and V,,;. The two panel models are different in terms of the variance
matrices of the overall disturbances. The variance matrix in Baltagi et al. (2003) is more complicated and
its inverse is computationally demanding; the variance matrix in Kapoor et al. (2007) has a special pattern
and its inverse can be easier to compute. The model in Kapoor et al. (2007) implies spatial correlations in
both the individual and error components having the same spatial effect parameter. Baltagi et al. (2007)
formulate a model which allows for spatial correlations in both individual and error components having
different spatial parameters. Both Baltagi et al. (2003) and Baltagi et al. (2007) have emphasized on the test

of spatial correlation in their models. With the fixed effects specification, all these panel models have the

3Effective sufficient statistics might not be available for many other models. The well-known example is the probit panel
regression model, where the time average of the dependent variables does not provide the sufficient statistic even though probit
and logit models are close substitutes (see Chamberlain, 1982). In addition to the conditional likelihood method, other methods
to eliminate nuisance parameters from a model have been discussed in Kalbfleisch and Sprott (1970), Cox and Reid (1987) and
Lancaster (2000) among others.

4The use of the transformation from (I, — %lnl;) to eliminate time fixed effects has been considered in Lee and Yu (2007a)
for a spatial dynamic panel model with large 7. In a group setting with group fixed effects, a similar transformation can
eliminate the group effects (Lee et al., 2008).

5However, our modified likelihood is not one of those which could be constructed from their formulas.



same representation. By the transformation (I, —\gW,,), the data generating process (DGP) of Kapoor et al.
(2007) becomes Yyp = X180+ €no + Unt where cn0 = (I, — A\oW,,) ~*dy0 and U, = Ut — (I, —MoW,) tdpo.
The Uy,; = A\oWynUpt + Viy forms a SAR process. By regarding (I, — AW, ) ~!d,0 as a vector of unknown
fixed effect parameters, these two equations are identical to a linear panel regression with fixed effects and
SAR disturbances. In this paper, we consider the estimation of the SAR panel model with both spatial lag
and spatial disturbances. For the model with individual effects, we consider the case where n is large but
T can be finite or tends to infinity. For the model with both individual and time effects, we focus on the
scenario with both n and T being large®.

This paper is organized as follows. In Section 2, the SAR panel model with individual fixed effects is
introduced. We consider first the direct ML approach where the individual effects are also estimated. We
investigate its consistency and possible asymptotic distribution. We find that, when T is finite, the estimate
of the variance parameter is inconsistent but the estimates of the other common parameters, including the
spatial effect parameters, can be consistent and asymptotically normal. These results correspond to the
finding of the incidental parameter problem in Neyman and Scott (1948), where the model is a simple nor-
mal panel data model with different means as individual effects and a common variance parameter. As an
alternative estimation method, we propose a data transformation procedure, and establish the consistency
and asymptotic distribution of the QML estimator of that approach. We demonstrate that the estimates (ex-
cept the variance parameter) from the direct approach are identical to the corresponding estimates from the
transformation approach. These results extend those of the within estimates and the conditional likelihood
estimation of the linear panel regression model to the SAR panel model. Section 3 generalizes the model to
include both individual and time effects. For the direct ML approach which estimates both the individual
and time effects, even both n and T are large, we might encounter asymptotic biases for those estimates.
The asymptotic biases can, however, be removed by some bias-correction procedure. On the contrary, the
transformation approach will yield consistent estimates as long as either n or T are large, and their asymp-
totic distributions are normal and properly centered. For the model with both effects, the transformation
approach is not necessarily a conditional likelihood approach but it corresponds to a modified concentrated
likelihood function. Simulation results are reported in Section 4 to compare the two approaches. Section 5
concludes the paper. Proofs are collected in the Appendix.

2. The Model with Individual Effects Only
The SAR panel model with SAR, disturbances and individual effects is

Ynt = )\OWnYnt + Xntﬂo +cpo + Unta Unt = poMnUnt + Vnt7 t= 17 27 "'7Ta (1)

where Yo: = (Y11, Y2t, - Unt)” and Vg = (v1g, Vot vy Une)” are n X 1 column vectors and vy is i.i.d. across 4

6We may point out in some occasions the implication of either m or T being finite. For a SAR model, because spatial
interactions are highly parameterized, it is of interest only when n is large. Otherwise, a vector autoregression model would be
preferable. For this reason, as suggested by a referee, we focus our attention on n being large.



and ¢ with zero mean and variance o3, W, is an n x n spatial weights matrix, which is predetermined and
generates the spatial dependence on y;; among cross sectional units, X,,; is an n x k matrix of nonstochastic
time varying regressors, and c,g is an n X 1 column vector of fixed effects. Similarly, M,, is an n X n spatial
weights matrix for the disturbance process. In practice, M,, may or may not be W,.

In this paper, we consider first the estimation of the model including the fixed effects and investigate
the possible incidental parameter issue. We then consider the estimation after the elimination of the fixed
effects. We use an orthogonal transformation which includes the Helmert transformation as a special case
to eliminate the fixed effects”. Our asymptotic analysis will pay special attention to the case where n tends
to infinity but T" can be finite or large®. Define S,,(\) = I,, — AW,, and R, (p) = I,, — pM,, for any X\ and p.
At the true parameter, S, = S, (Ao) and R, = R,(py). Then, presuming S,, and R,, are invertible, (1) can
be rewritten as

Yor = S, XtBo + Si teno + Sy R, Vs (2)

For notational purposes, we define Y = Yo — Yy fort = 1,2,---,T where Y, = % Zthl Y,:. Similarly, we
define X,y = Xt — Xpr and Vyyy = Viyy — Vi, A list of frequently used notations is provided in the Appendix
A for easy reference. For our asymptotic analysis of the estimators, we make the following assumptions.
Assumption 1. W, and M, are nonstochastic spatial weights matrices with zero diagonals.
Assumption 2. The disturbances {v;;}, i = 1,2,...,n and t = 1,2,..., T, are i.i.d. across i and ¢t with zero
mean, variance o2 and E |v;]*" < oo for some 5 > 0.

Assumption 3. The parameter space © of § is a compact set, where 6 = (5, \, p,0?)". S,,(\) and R, (p)
are invertible for all A € A and p € P, where A and P are compact. Furthermore, Ag is in the interior of A
and pg is in the interior of P.”

Assumption 4. The elements of X,,; are nonstochastic and bounded'?, uniformly in n and ¢. Also, under
the asymptotic setting in Assumption 6, the limit of % Zthl X‘;Lt)?m exists and is nonsingular.
Assumption 5. W,, and M,, are uniformly bounded in both row and column sums in absolute value (for
short, UB)!!. Also S,;1()\) and R,,*(p) are UB!?, uniformly in A € A and p € P.

Assumption 6. n is large, where T' can be finite or large.

"In dynamic panel data, the first difference or Helmert transformation have often been used to eliminate the individual
effects (see Anderson and Hsiao (1981) and Arellano and Bover (1995) among others).

8The case with a finite n and large T is of less interest as the incidental parameter problem does not occur in this model.

9Due to the nonlinearity of A and p in the reduced form of the model, compactness of A and P is needed. However, the
compactness of 3 and o2 can be relaxed. This is so if we investigate the relevant likelihood by concentrating out the 8 and o2
estimates given A and p. For simplicity on the analysis via the likelihood with 6, we adopt the compactness of the whole space
0.

10Tf Xt is allowed to be stochastic and unbounded, appropriate moment conditions can be imposed instead.

1'We say a (sequence of m x m) matrix Py is uniformly bounded in row and column sums if sup,s; | Pn|loe < oo and
sup,>1 [|Pnll; < oo, where [|Pnllo, = suP1<icn 251 [Pijn| is the row sum norm and [|Pall; = supy<jcpn 2ojeq [Pij,n | is the
column sum norm.

12This assumption has effectively ruled out some cases, and, hence, imposed limited dependence across spatial units. For
example, if A\gp, = 1 — 1/n under n — oo, it is a near unit root case for a cross sectional SAR model and St will not be UB
(see Lee and Yu (2007Db)).



Assumption 1 is a standard normalization assumption in spatial econometrics. In many empirical appli-
cations, each of the rows of W,, (and M,,) sums to 1, which ensures that all the weights are between 0 and 1.
In this section, our estimation and analysis for the model do not require the feature of row-normalization.
Hence, we do not impose that feature in Assumption 1. The zero diagonal assumption helps the interpreta-
tion of the spatial effect, as self-influence shall be excluded in practice. Assumption 2 provides i.i.d. regularity
assumptions for v;;. We note that the disturbances in U,; are allowed to be spatially correlated. It is the
noise term in U, that are i.i.d. distributed. If there are unknown heteroskedasticity, the MLE (QMLE)
would not be consistent. Consistent methods such as the GMM in Lin and Lee (2005) and that in Kelejian
and Prucha (2007) may be designed for that situation. Invertibility of S, (A) and R, (p) in Assumption 3
guarantees that (2) is valid. Also, compactness is a condition for theoretical analysis on nonlinear functions.
When W,, and M,, are row normalized, a compact subset of (-1,1) has often been taken as the parameter
space in theory. When exogenous variables X,,; are included in the model, it is convenient to assume that
the exogenous regressors are uniformly bounded as in Assumption 4. Assumption 5 is originated by Kelejian
and Prucha (1998, 2001) and also used in Lee (2004, 2007a). That W,,, M,, S, (\) and R, '(p) are UB
is a condition that limits the spatial correlation to a manageable degree. Assumption 6 allows two cases of
interest: (i) both n and T are large; and (ii) n is large and T is fixed. For (ii), we are interested in the short
panel data case in contrast to the case where T' is large in other studies, e.g., Hahn and Kuersteiner (2002)
and Yu et al. (2008).

2.1. The Direct Approach

For the estimation of the linear panel regression model with fixed individual effects, the ML approach
which estimates the fixed effects directly provides consistent estimates of the common parameters except o3,
which are known as the within estimates. For the SAR panel model with fixed individual effects, one may
wonder whether or not the MLEs of spatial effects and regression coefficients will yield consistent estimates
when T is small. As we will see below, this direct approach will yield consistent estimator for all the common
parameters except 03; and the estimator of o2 is consistent only when T is large.

Denote 8 = (', A\, p,02) and ¢ = (8, A, p)’. At the true value, 8y = (B4, Ao, po, 72)" and o = (B4, Mo Po)'-

The log likelihood function of (1), as if the disturbances were normally distributed, is
d nT ) 1 T /
In L (6, €0) = ~ 5 In(2m0%) + Tln [SuN)| + 0| Ra(p)] ~ 53 Sy Via G enlVarlGren), (3)

where V,,1(¢,c,) = Rn(p)[Sn(A\) Yt — XS — ¢,]. We can estimate ¢, directly and have the asymptotic
analysis on the estimator of 8y via the concentrated log likelihood function. Using the first order condition

for ¢, the log likelihood function with c,, concentrated out is

In £ (6) = "5 (2r0) + Thn Sy )|+ 1 [Ra(o)l] — 55 Sy Vi OVia ), @

where V;,¢(¢) = Ry (0)[Sn(A\) Vi — Xone5].



~d
Denote 07 = g — (01 (k+2), %0'(2))/. We show that, the extremum estimator 6, derived from (4) may

~d
converge to f7 in the sense that 0, — 07 2.0 as n goes to infinity. Denote G,, = W,S,;t and

1

HTLT(p) = m ZZ:l(Xntv GantBO)/R;z(p)Rn(p)(Xnta GantBO)a (5)
0.2
o (p) = trl(Ru(p) R (Ru(p) R, 1)),

O'gz()‘v p) = %tr[(Rn(P)Sn ()‘)Srle;l)/(Rn(P)Sn(/\)‘s;1R:Ll)}-

Assumption 7. Either (a) the limit of H,r(p) is nonsingular for each possible p in P and the limit of
(2In|o3R, VR — L1n |02 (p) R, (p) R, (p)]) is not zero for p # py; or (b) the limit of

(5t lod e, s R = 2 a2 ) O/ OV )

is not zero for (A, p) # (Ao, pg), as n tends to infinity.

When M,, = W,, and A\g # p,, the condition in 7(b) would not be satisfied as (Ao, py) and (py, Ag) could
not be distinguished from each other. Identification will rely on either Assumption 7 (a) or extra information
on the order of magnitudes of \yg and p,. Assumption 7 states the identification conditions of the model,
which generalizes those for a cross section SAR model in Lee and Liu (2006) to the panel case. The part
(a) of Assumption 7 represents the possible identification of \g and [, through the deterministic part of the
reduced form equation of (1), and the identification of p, and o3 from the SAR process of U, in (1). The
part (b) of Assumption 7 provides identification through the SAR process of the reduced form of disturbances

of Y,;; in (2). The identification and consistency are shown in the following theorem.

Theorem 1 Under Assumptions 1-7, 0y is identified and for the QMLE @iT based on (4), éZT —0r 2 0.
Proof. See Appendiz B.3. ®

For this theorem, we shall emphasize that 2% does not converge to o3 when T is a fixed finite value as
Adi o d ~d
n tends to infinity. The component (3,7, X,z por)’ of 0, 1 will be consistent even when T is small. But for

631%«, it will be consistent only when 7' is large.

e A . : In L% (02
The asymptotic distribution of 8, can be derived from the Taylor expansion of an"a’ig(m around 0.
Denote C,, = G,, — ”f" I, and D, = H, — ”’f" I,.

Assumption 8. The limit of - [¢tr(C5C3)tr(DsD3) — tr?(C5 D3] is strictly positive as n tends to infinity.

Assumption 8 is a condition for the nonsingularity of the limit of the information matrix ZgT,nT (see
(30)). When the limit of H,r(p,) is singular, as long as the limit of % [tr(C5C3)tr(D5 D) — tr*(C5D3)]
is strictly positive, the limit of ZgT,nT remains nonsingular. Using the Lemmas in Appendix B.2, we have

the following theorem.



Theorem 2 Under Assumptions 1-6 and 7(a); or 1-6, 7(b) and 8,
5 d : T _ _
nT(enT - eT) - N<0’ lim ﬁ(ngmT) 1(ZgT7nT + QgT,nT)(EgT,nT) 1)7 (6)

where the lim is taken under Assumption 6, and EgT,an QngT are in (30) and (32). Additionally, if viy’s
are normally distributed, / nT(@iT —0r) <, N(0,lim %(EngT)_l).
Proof. See Appendiz B.4. ®

~dr od
From Theorem 2, we see that 3,1, A,,r and bfLT are properly centered at their true parameter values, but
vV nT(&Z‘% — 03) may have an asymptotic bias even T also tends to infinity, unless 7 goes to zero. However,

from Theorem 1, it is straightforward to construct the bias corrected estimates as

bt = B Ao s 034 7
The bias corrected estimate of o3 becomes consistent and properly centered at 03 when n goes to infinity,
regardless whether T' goes to infinity or T is a fixed finite value.
2.2. Transformation Approach
2.2.1. Data Transformation and Conditional Likelihood
To eliminate the individual effects, which are invariant over time, the simplest transformation for the
sample observations is the deviation from the time mean operator, Jy = (I — %ZTlif), as in the panel
regression model. Because W,, is also time invariant, the variables in the deviation from time means would
still be a SAR model. Such a transformed model consists of Y,y = AW, Yt + Xntﬁo + U, and U, =
poMy, f]ntJrf/m. However, the resulted disturbances Vnt would be linearly dependent over the time dimension.
To eliminate the individual fixed effects but without creating linear dependence in the resulted disturbances,

a transformation can be based on the orthonormal matrix of Jr. Let [Fprp_1, ﬁl’f] be the orthonormal

matrix of the eigenvectors of Jr, where Frp_1 is the T x (T' — 1) eigenvector matrix'® corresponding to
the eigenvalues of one. For any n x T matrix [Z,1, -, Z,7], define the transformed n x (T' — 1) matrix
[ZF,- 7Z;,T71] =[Zn1, -, Znr)Frr—1. Denote X}, = [X:;t,hX;:t,% cee ;tk] Then, (1) implies
Yor = AW Yy, + X580 + Une,  Upy = poMnUpy + Vi, t=1,--- T -1 (8)
Because (V1 ,Vy'r_1) = (Frp_y @ L) (Vyq, -+, Vor) and vy's are d.i.d.,
E( :1/7 T ':,IT—I)I( ;1/’ T ;,IT—I) = Ug(FYI“,T—l ® In)(FT7T—1 ® I’ﬂ) = UgIn(Tfl)'

Hence, v},’s are uncorrelated for all ¢ and ¢ (and independent under normality) where v, is the ith element

*
of V3.

13 A special selection of Fpr_1 gives rise to the Helmert transformation where Vit is transformed to (Tji;trl)l/Q[Vm —

ﬁ(vn!tJrl + « -+ 4 V)], which is of particular interest for dynamic panel data models.



The log likelihood function of (8), as if the disturbances were normally distributed, is

In(2m0) + (T = Dlin |8,00] + I [Ra(p)l] ~ 55 S VOV, (9)

T-1
Ly 7 () = — =D
where V5(C) = R (p)[Sn(N)Y;5, — X*,8]. Thus, V%, = V%(¢,). The QMLE 6,7 is the extremum estimator

derived from the maximization of (9). For any n-dimensional column vectors p,: and gn¢, as

T—1 %1 x
et Pttt = (Phas Do) (Frr—1 @ L) (Fpp_y @ In)(4h1, -+ Gor)

= Whrs Par) I @ L) (dars o) = Sopey Pragint

by using (Pn1,: s Dnr) = (Pn1s s Pur)JdT, (9) can be rewritten as

M 1n(27r02) + (T - 1)[111 ‘Sn(/\)l +1n ‘Rn(p)ﬂ - % 23:1 Vrit(() ’rbt(C)7 (10)

InL, () =-—
where V;,1(¢) = Ry (p)[Sn(N) Yt — X, 8]. For (10), its first and second order derivatives are (33) and (34) in
Appendix C.

We note that the likelihood function in (10) has a conditional likelihood interpretation. It is the condi-
tional likelihood conditional on the time average Y, 7, which is a sufficient statistic for ¢, under normality.
This is so as follows. (1) implies that Y,,7 = AW, Y1 + Xn1 B0 + €no + Unr with Unr = po M, Ut + Viur,
but ¢,,o does not appear in Y,y = AW, Yos +Xntﬁo + Uy with Uy = pOMnﬁnt + Vit AsVpy, t=1,---,T,
are independent of V,,7 under normality, the likelihood in (10) is the product of conditional likelihoods of
Yo, t =1,...,T conditional on Y,z (Hsiao 1986, Lancaster 2000).

2.2.2. Asymptotic Properties
Under the identification conditions from Assumption 7, we obtain the consistency of the transformation

estimates.

Theorem 3 Under Assumptions 1-7, 0q is identified and, for the QMLE 0,7 based on (10), O — 00 2 0.
Proof. See Appendiz C.3. m

The asymptotic distribution of the QMLE 0,,7 can be derived from the Taylor expansion of alnL"a’ig(e"T)

around 6g. At 6y, the first order derivative of the log likelihood function involves both linear and quadratic

functions of V,,; in (35). The asymptotic distribution of 7 (;71) 9ln LgéT(GO) can be derived from the central

limit theorem for martingale difference arrays (see Lemma C.3 in Appendix C). The variance matrix of

1 dln Ly 1(00) - _ 1 9°InLyn,7(f)
NSy 54 is equal to Xg, n1 + Qoy.nr, Where g, 7 = —F 2 (T=T) 50507 and Qg, 7 are,

respectively, in (36) and (37). When V,,; are normally distributed, Qg, 7 = 0 because p, — 303 = 0.

2 2
Also, under Assumptions 1-7, we have n(T1_1)6 11(;55,0,7(0) — n(T1—1)6 1na§g,9T,(00) = |6 — 6ol - Op(1) and

n(T1_1) 92 1nagg,9Tl(00) + Zgonr = Op(\/ﬁ) from Lemma A.3 in Appendix A. Combined with Lemma

C.3, we have the following asymptotic distribution of (;7nT.



Theorem 4 Under Assumptions 1-6 and 7(a); or 1-6, 7(b) and 8,

d . — —
(T —1)(Onz — 00) = N(0,1im 25" 1 (Sog.nr + Qog 1) S, ) (11)

Additionally, if vii’s are normally distributed, /n(T — 1)(Onr — 6o) 4, N(0,lim Ee_ol,nT)'
Proof. See Appendiz C.4. ®

Hence, after the data transformation to eliminate the individual effects, the QMLE is consistent and
asymptotically normal even when T is small'*.
2.3. Comparison of the Two Approaches

One may compare the concentrated log likelihood function in (4) of the direct approach with the log
likelihood function in (10) from the transformation approach. We see that the difference is on the use of
T in (4) but (T'— 1) in (10). A closer comparison of the two log likelihood with a further concentration is
revealing.

For the direct approach with (4), we can further concentrate out 8 and o2 and focus on (), p). The

QMLEs of 3 and ¢? given ) and p are
Bur O p) = (1) X Ry (0) R(0) Xod] T [Ty X By (0) Ra(9) S (V) ],
G20 p) =~ S0 Vo = Xoa B O ) Bo0) R (0) (50N Vo = KB (A, )
The concentrated log likelihood function of (A, p) is
In L (A, ) = "o (0(2m) + 1) "5 6240, p) + Tin [Su(3)| + 0| B ()] (12)
For the transformed approach with (10), the corresponding estimates are

énT()‘a p) = [23:1 X;LtR;z(p)Rn(p)Xnt]_l[Zle X;ztRiz(p)Rn(p)Sn(/\)Ynt]a
1

n(T —1)
and the concentrated log likelihood function of (), p) is

OA'?LT(Aa p) = Z?:I[Sn(A)ﬁLt - XntBnT(A’ p)]/R'In(p)Rn(lD) [STL(/\)Y/"t - XntBnT(Aa p)]v

n(T —1 n(T —1 N
L (00) = = Dm0 - " a2 000) + (@ - D, (0] + B (13
Note that 3,,(, p) = BZT()\, p), but 62%.(\, p) = %&ZT(A, p). Hence, (12) can be rewritten as
T T7-1 T
In L (0 ) =~ n(2m) 1 1) "L a2 0 ) 4 Tl S|+ n|Ra()] (14)

~d
By comparing (13) and (14), we see that they yield the same maximizer (An7,p,7). As B,p(X, p) and
BnT(/\, p) are the same, we can conclude that the QMLE of (, = (85, Mo, pp)’ from the direct approach will

14We have emphasized the asymptotics when n goes to infinity but 7" can be finite or infinity under Assumption 6. The result
in Theorem 4 is valid even when n is finite but T tends to infinity.



yield the same consistent estimate as the transformation approach. However, the estimation of o3 from the
direct approach will not be consistent unless 7" is large, which can be seen from the difference of Eri‘}()\, )
and 62(), p). From the relation 62%.(\, p) = L2152 1(X, p), we see that the bias corrected estimate 921T is
numerically equivalent to the estimate Opr. Hence, the ML estimation of the SAR panel model with fixed
individual effects shares some common features with those of the ML estimation of the linear panel regression
model with fixed effects.

In some social interaction models (see, e.g., Case (1991)), if each unit has many neighbors, the QMLEs
of the parameters in ¢, = (85, Ao, py)’ might have a lower rate of convergence. For the cross section SAR
model without SAR disturbances, Lee (2004) shows that when the generated spatial regressor G, X, [, is
asymptotically multicollinear with X,,, the information matrix is asymptotically singular and the MLEs of
By and Ag will have a lower rate of convergence. Only when G, X, 5, is not multicollinear with X,,, would
the rate of convergence be regular \/n under “many neighbors” setting. In the SAR panel data with SAR
disturbances, we might have similar findings. Namely, when H,,r is singular, the estimates of 8, and Ay will
have a lower rate of convergence under “many neighbors” setting. When H,r is nonsingular, the QMLEs
of (By,A\o) have the regular rate. However, the rate of the MLE of p, would be lower under the “many
neighbors” setting, regardless of the singularity of H,r or not. Hence, the result in Lee (2004) would carry
over to (By, \o), while the rate of the MLE of p, would always be lower!®.

3. A General Model With Both Individual and Time Effects

Both Baltagi et al. (2003) and Kapoor et al. (2007) focus on models with only individual effects. In the
panel data literature, there are also two way error component regression models where we have not only
individual effects but also time effects (See Wallace and Hussain (1969), Amemiya (1971), Nerlove (1971)
and Hahn and Moon (2006), etc). The model including both individual and time effects would be useful for
empirical applications where the time effects might be important, for example, in growth theory and regional
economics (see, e.g., Ertur and Koch (2007) and Foote (2007) for recent empirical applications of panel data

models with both time dummies and spatial effects). Hence, we generalize (1) to
Ynt - )\OWnYnt + Xntﬁo + Cpo + atoln + Unt7 Unt = poMnUnt + Vnta t= 17 27 ceey T7 (15)

where ;g is the fixed time effect. From a methodological point of view, the asymptotics are of interest
only when both n and T tend to infinity'!®. When T tends to infinity, the time effects may cause the
incidental parameter problem in addition to the individual effects. In the following sections, we consider
the direct QML approach, which estimates both the individual and time effects, and a likelihood approach

based on transformed data, where both the individual and time effects are eliminated. The direct approach

15We do not provide a rigorous analysis of this “many neighbors” case in this paper. However, by investigating the elements
of information matrix of (12) or (13), we can infer the rates of convergence for the QMLEs of (Ao, py), and hence the rates for
the QMLEs of B, and o'g‘ The “many neighbors” case is of special interest in social interaction models. One may have a deeper
understanding of that model with the approach in Lee (2007b) via a group setting.

16Tf T is finite, the time effects can be regarded as a finite number of additional regression coefficients similar to the role of 3.
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is discussed in Section 3.1. For the transformation approach, we may first eliminate the individual effects in

(15) by Frp_1 similar to (8), which yields

Yy, = AWoY,, + X B+ aloln + U, UYy=poMUy + V0, t=1,2..,T -1, (16)
where [afoln, &5pln, - - ,a}fl,oln] = [a10ln, a20ln, -, aroly]Frr—1 can be considered as the transformed

time effects. We can make a further transformation to (16) to eliminate the time effects. This transformation
approach is investigated in Section 3.2.
3.1. Direct Approach

With both time and individual effects, the log likelihood function of (15) is

nT 1
In L2 (0, €0, @7) = =" In(2m0%)+ T (10 Sy (N) [0 | R ()]~ 55 Sty V(G e @1)Vae(G, e aer), (17)

where V,:((, ¢y ar) = Ry(p)[Sn(N)Ynt — Xt 8 — ¢ — anly] with ey = (aq, ..., ar)’. Using the first order

conditions for a; and c,,, the log likelihood function with both c¢,, and ap concentrated out is
nT 1 T = -
n L2 £(60) = — - In(2m0) + T S0 + I [Ra(o)] = 55 Siy Vi O Verl0), (18)

where f/nt((:) = Rn(p)[Sn()\)f’m — Xmﬁ] and J, = I, — %lnl;I is the deviation from the group mean trans-
formation over spatial units. For (18), the first and second order derivatives are, respectively, (38) and (39)
in Appendix D.

The concentrated likelihood estimate of 8y from (18) can be derived from setting the first order derivatives

~d
in (38) to zero. Denote these estimates as 6,,,- and also denote!”

HHT(p) = m Z?:l()zntv Gantﬂo)lR/n(p)Jan(p)(Xnta GantBO)v (19)
0.2
an(p) = - - [ (R (p) B T (R (p) By,

0.2
(A p) = =2t (B (p) SN S, By ) (B (0) S (V) S By )

The following assumptions provide conditions for parameter identification. These assumptions modify those
in Section 2 in that .J, will be involved.

Assumption 4’. The elements of X,,; are nonstochastic and bounded, uniformly in n and ¢. Under the
setting in Assumption 6, the limit of n% Zthl X!, J, Xt exists and is nonsingular'®.

Assumption 7’. Either (a) the limit of H,r(p) is nonsingular for each possible p in P and the limit
of (ﬁln|a%R;1’JnR;1| - ﬁln|J?L(p)R;1(p)’JnR;1(p)|> is not zero for p # py; or (b) the limit of
(ﬁ In|odR, VSTV IS R — L In|o (A, p)R;l(p)’S;I()\)'JnS;l()\)R;I(p)D is not zero for (A, p) #
(Aos po)-

TH,7(p), 02 (p) and o2 (), p) for Section 3 have different meanings from corresponding ones in Section 2 although they share
the same notations. The difference is that, we have J, matrix present in those in Section 3.
18 This assumption rules out regressors which are either time or cross section invariant.
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Assumption 8’. The limit of ﬁ [tr(CsCa)tr(Dy D) — tr*(CsD3)] is strictly positive, where C,, =
JnGy — 2Ca 1 and D, = J,H, — "Latle

When M, = W,, and A\ # py, the condition 7’(b) would not be satisfied as (Ao, py) and (pg, Ao) could
not be distinguished from each other, i.e., A\g and p, can interchange roles. Identification will rely on either

Assumption 7’(a) or extra information on the order of magnitudes of Ag and p,.

Theorem 5 Under Assumptions 1-8,4°,5,6 and 7°, 0y is identified and, for the QMLE @ZT based on (18),
~d
0,7 —Or 2.0 where 07 = 0y — (01 (k+2) %0’%)/.

Proof. The arguments will be similar to those in the proof of Theorem 1. ®

From Theorem 5, the consistency of the QMLE of ¢, = (8, Ao, o)’ requires only n to be large. If T
were finite, the time dummies would introduce an additional finite number of regression coefficients in the
main equation, which can be consistently estimated as n tends to infinity. However, the consistency of the
variance parameter requires both n and T to be large.

Similar to the previous sections, the asymptotic properties of 9ZT can be obtained by the Taylor expansion

alnLe (0 G .
%T() around O7. However, for the score evaluated at O7, it will not be centered at zero when T is

of
large, due to the incidental parameter problem from time effects. Denote bg,. n7 = (EgTynT)_lang where

¥, np is in (41) and"?

1 1 1
n=(0 U RyGo R, =1 Hyl,y, — ).
agr, ( 1xk; n nR G Rn 777, n ) 20_%)

Theorem 6 Under Assumptions 1-8,4°,5,6 and 7’(a); or 1-3,4°,5,6, 7°(b) and &8’

— ~d /T [T\ a . T - -
nT(enT_eT)—l_ gbeT,nT—i_OP ( Tlg) - N(07 ]'lm T _ 1 (EgT,nT) 1(EgT,nT+QgT,TLT)(EgT,nT) 1)’ (20)

where 33, and Q. are in (41) and (42).

When 7 — ¢, where 0 < ¢ < oo,

~d 1 d . T _ _
v nT(enT - QT) + 7b9T7nT - N(07 lim ﬁ(EgT,nT) 1(2(91T,nT + QngT)(ZgT,nT) 1)'

7

~d
When % — 0, n(0,,p — 01) + bgp nr 0.

n ~d d . _ —
When # — o0, VnT (6,7 — 01) = N(0,lim 755 (3¢ .7) " (24, or + Q4,0 (B4, ) 7Y

Additionally, if v s are normally distributed,

~d /T /T . T _
vnT(GnT - HT) + EbGT,nT + Op ( 77,3) i N(Oahm ﬁ(EgT,nT) 1)'

Proof. See Appendiz D.5. m

1 1)/

19When W, and M,, are row normalized, agp,n Will be reduced to (01%k, ﬁ, Topy 302
T
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~d
Hence, 0,7 is vnT consistent when n and T go to infinity but has the bias which is the sum of

—(01x(kt2), 703) and —Lby, 7. The bias is of the order O(max(+,2)). The confidence interval for

0,7 will not center properly around 6y when 7 — c for finite ¢ > 0. The situation becomes worse when z

tends to zero. When z — 0, i.e., T is large relative to n, the bias component with bg,. ,,7 is the dominating
one, and @iT has the low n rate of convergence and its limiting distribution is degenerate. On the other
hand, when % — oo, i.e., T' is small relative to n, the estimate of the common parameter ¢, = (B, Ao, po)’ is
still asymptotically centered, while only the estimate of 03 has the low T rate of convergence and its limiting
distribution is degenerate®’. In terms of consistency, when 7 is finite, the estimates of 3,, Ao and p, are
consistent, but that of o2 is not, because the finite number of time effects only play the role of T' additional
regressors in the model, and the incidental parameter problem occurs due to the many individual effects.
For (, there is no incidental parameter problem caused by a finite number of time dummies. The additional
incidental parameter problem occurs when T goes to infinity at the same rate as or faster than n.2! When
T is relatively large, it generates the asymptotic biases in all the common parameters via bg,. n7.

In general, analytical bias reduction procedures are possible. Arellano and Hahn (2005) review various
bias-correction methods for nonlinear panel data models with fixed individual effects. To correct for the bias
due to the presence of incidental parameter problem, they compare analytically the bias correction of (i)
estimators; (ii) moment equation (the score); and (iii) concentrated likelihood. A restricted case that relies
on parameters orthogonality (Cox and Reid (1987); Lancaster (2000)) is also discussed. For our SAR panel
data model with fixed effects, we develop a bias correction procedure corresponding to (i).22
The overall bias can be corrected in two steps — an additive correction and then followed by a scalar

adjustment in the o2 component. The first step is to correct for the bias of %bgT,nT and the second step is

to correct the bias of (01 (x+2), 703). Denote

~dl ad : ~d2 ~d1
enT = anT B ;T7 and GnT =Ar- GnT’ (21)
. I
where B, = [_(2g7nT)*1 'a(”"He:éiT and Ay = < 0’1—:2(]6”) (;gﬁlﬁ)m ) As is shown in Appendix D.5,

- ~d1
Bur + boypnr = Op (max (\/%, %)) Hence, when & — 0, 0, is v/nT consistent and asymptotically

A ~d1 ~d2
normal centered around f7. With rescaling®® of the estimator of o2 in 6, by =, the bias corrected 6,

is asymptotically normal centered around 6.

201 is T(624. — 02) + o 2 0 where 524, is the last entry of éiT

211t is of interest to see that for the panel model without time dynamics, the finite or relatively short T' (relative to n) do
not cause asymptotic bias for most of the common parameters except the variance parameter of the disturbances. This feature
differs from those of the dynamic panel data models in Hahn and Kuersteiner (2002) and Hahn and Moon (2006), and spatial
dynamic panel models in Yu et al. (2008).

220ther bias correction methods for SAR panel data via (ii) and (iii) might be possible and would be of interest in future
research.

23 An alternative is to correct that entry in an additive fashion as &iT + %&%T. However, for a finite T', such bias correction
n_

73 — 0.

would not yield a consistent estimate for 0(2); and for T being large, asymptotic bias would be present unless
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Theorem 7 Under Assumptions 1-8,4°,5, 6 and 7’(a); or 1-3,4°,5,6, 7°(b) and 8’, when % — 0,

— .d2 T
nT(GnT 90) H N(O lim — T_-1 (EQT,rLT) 1(2 O ,nT + QQT rLT)(ZQT,nT) 1)' (22)

Additionally, if vit’s are normally distributed, \/nT(éﬁp —6o) A N(0, 755 hm(ZGT o) ).
Proof. See Appendix D./. m

2. Transformation Approach
3.2.1. Data Transformation and the Likelihood Function

Our proposed method is motivated by the construction of the within estimator in the panel regression
model. For a panel regression model with both individual and time effects, those effects can be eliminated
by taking deviations from time and cross section means. For example, for y;;, denote y; = % Zthl Yit s
ye=23" ypandy, = =50 23;1 yit. The resulted variable is y;; — y.: — v;. + v... The within
estimator of § in the panel regression model is to regress y;: — ¥+ — ¥i. + Y. on X — xp — x;, + 2. (see, e.g.,
Wallace and Hussain 1969; Baltagi 1995). The within estimator is a conditional MLE of y;;’s conditional
on all y;. and y . In terms of matrices, these transformations correspond to Jr and J,. With W,, and M,
being row normalized, J, W, J, = J,W,, and J,M,J, = J,M,,. Using these transformations for (15), we
have J,Yn: = MoJuWadnYoi + JnXniBo + JnUni with J,Upi = poJnMyJnUpne + JuVii. The elements of
Jn Yo, ete., are in the deviation form from both individual and time means. This transformed equation is
in the form of a SAR model without individual or time effects. The parameters can then be estimated from
this equation.

In order to eliminate the fixed effects but without creating linear dependence on the resulted disturbances,
the transformations can be based on orthonormal matrices of eigenvectors of Jp and J,,. Let (F, 1, fl )
be the orthonormal matrix of .J;,, where F}, ,,_1 corresponds to the eigenvalues of ones and ﬁln corresponds
to the eigenvalue zero. Similar to Lee and Yu (2007a), we can further transform the n-dimensional vector
Y, in (16) to an (n — 1)-dimensional vector Y, ;" such that Y = Fy Y. For analytical purpose, we
need W,, and M,, to be row normalized as argued above?*

Assumption 1°. W, and M,, are row normalized nonstochastic spatial weights matrices with zero diagonals.

With W,, and M,, being row normalized, from Lemma A.2; (16) can be transformed into
Y:t* = /\0( n,n— 1W an 1))/7Lt +X*:BO ;::7 Unt - pO(F;Ln 1M Fn" 1) nt £+ ':t*’ (23)

fort =1,..,T — 1 where X;;} = F}, ,, X}, and V' = F} |, V,5,. After the transformations, the effective

nt — ,n—1
sample size is now (n — 1)(T' — 1). Because (V;1', -, V4 ) = (Ir—1 @ F) ) (Vi Vil ) =
Ur 1@ F) o ) (Fpr 1@ L) (Var, s Vor ) = Fpp 1 @F, . 1) Va1,V py)'s we have
BV Vot ) (Vi Vi) = 03(Frp y @ B ) (Frir—1 © Fne1) = 0g(Ir—1 © In_1).

24When W,, and M,, are not row normalized, we can still eliminate the transformed time effects; however, we will not have
the presentation of (23). In that case, the likelihood function would not be feasible, and alternative estimation methods, such
as the generalized method of moment, would be possible. Such an estimation approach is beyond the scope of this paper.
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Hence, v};*’s are uncorrelated for all ¢ and ¢ where v};* is the i¢th element of V.

nt
The log likelihood function for (23) is

—1)(T -1
InL,r(0) = w In(270?) + (T — 1) In |In_1 — AF}, Wi Fppn_]
+(T — 1) In |In_1 — PFTIL,n_anFn,n—1| 2% 5.2 ZT ' V:*/( )V;t*(C)a (24)
where V3 (¢) = R}, (p)[(In—1 = AFy, i Wn 1) Y7 — X0 8] with Ry (p) = —pEy 1My Fy 1. The

determinant and inverse of (I,—1 — AF,, , (W, Fy, 1) are (see Lemma A.2 in Appendlx A)

1
|In—1 )\Fn n— 1W71Fn,n—1| = ﬁ ‘[n - )\Wn‘ 5
( n—1— >\Fn n_1WnFn,n—1)71 = F7/L n— 1( )‘Wn) 1Fn,n—la

and, similarly, for (I,—1 — pF7’17n71MnFn7n_1). For any n-dimensional column vector p,; and ¢, as

Jn(pnla T 7pnT)JT = Jn(ﬁnla T 7Z~)nT)a it follows that

T—1  swxs xx

t=1 Pnt dnt = (p:m T 7p;1T)(FT7T—1 ® F’fbﬂb—l)(F’l/",T—l ® Fn n— 1)((1;11, T 7(1:1T)/

= Phrs 5 Por) I © Jn) (s 5 o) = Zt:l Prat InGnt-

This implies that (24) is numerically identical to

InL,r(0) = —Wln(zmﬂ)—@—1)[1n(1—A)+1n(1—p)}

HT = ) ]Sa ()] + 1 | Ra(p)] ~ g Sy Vi (e (0). (25)

We note that this likelihood function is, in general, not necessarily a conditional likelihood as the sample
average over spatial units at each ¢ might not be a sufficient statistic for the time dummy. This is because
the cross section average %l;WnYnt might not equal to ¢ -y for some scalar ¢, unless the column sums of
W, are all equal to unity. In practice, W,, is usually row-normalized but not column-normalized. On the
other hand, the likelihood in (25) may be regarded as a modification of the concentrated likelihood in (17)
as Lyr(0) = Ly 1(0)Anr(0) where Ayr(0) = (270?) {[Q =X =P SN - [Ru(p)[} 1. The
factor A, 7(0) modifies the concentrated likelihood of the direct approach so that the modified likelihood can

n+T—1
2

improve upon the concentrated likelihood function. There are various ways to construct a modified likelihood
function from the concentrated likelihood of a direct approach in Cox and Reid (1987), Lancaster (2000),
and Arellano and Hahn (2005), which involve approximations and related to bias corrected estimation. The
Cox and Reid (1987) and Lancaster (2000) approach involves orthogonal parameterization, which is model
specific. For our model, our modification does not seem to relate to theirs as our intention is not to make a
bias correction on the direct estimate. Our approach is motivated by the estimation of the within equation,

which relies on the linearity feature of the specified model?®.

25The approaches in Cox and Reid (1987) and Arellano and Hahn (2005) may be applied to nonlinear models.
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3.2.2. Asymptotic Properties
The first and second order derivatives of (25) are (43) and (44), and the score is in (45) in Appendix
E. With the identification conditions in Assumption 7°, we can obtain the consistency of the transformation

estimates.

Theorem 8 Under Assumptions 1°,2,8,4°,5,6 and 7’, 0y is identified and, for the QMLE 0,1 based on (25),
01 — 00 2 0.

Proof. The steps of the proof are similar to that of Theorem 3. m

The estimates from the transformation approach will be consistent even when T is small?6. This is different
from the direct approach, where the consistency of the estimates requires both n and 7" to be large.

dln Ly 1(00) -
\/(n_ll)(T_l) - aéT( 0) is equal to Y0007 + Q00 n1, Where g, 7 and Qg o7 are,

respectively, in (46) and (47). The asymptotics of the estimates from the transformation approach can be

The variance matrix of

obtained similarly to that of Theorem 4.

Theorem 9 Under Assumptions 1°,2,8,4°,5,6 and 7’(a); or 17,2,3,4,5,6,7°(b) and 8’,

(n = )T = 1)@z — 00) > N(0,1im Sy, 1 (So0,n7 + Qy.n) Sp r)- (26)

Additionally, if vi’s are normally distributed, \/(n — 1)(T — 1)(9nT — b)) 4, N(0,lim Ego%nT).
Proof. See Appendiz E.3. m

Hence, after the data transformation to eliminate both the individual and time effects, the QMLE is
consistent and asymptotically normal when either n or T are large, and it is properly centered. The direct
approach needs both n and T to be large for consistency; when T is large, it requires n to be large enough
to have a properly centered distribution. When both n and T are large, estimates of the two approaches will
be consistent and have the same asymptotic variance matrix.

4. Monte Carlo

We conduct a small Monte Carlo experiment to evaluate the performance of estimates under different
settings. We first look into the model (1) with individual effects but no time effects, where we compare the
performance of the transformation approach in Section 2.2 with the direct approach in Section 2.1. Then,
we investigate the model (15) with both individual and time effects, where we compare the transformation
approach in Section 3.2 with the direct approach in Section 3.1.

We first generate samples from (1):

Ynt = )\OWnYnt + Xntﬂo +cno + Unt, Unt = poMnUnt + Vnt t= 13 27 "',Ta

26We have emphasized on the asymptotic when n goes to infinity but 7 can be finite or infinity (under Assumption 6).
However, the result in Theorem 8 is valid even when n is finite but T tends to infinity.
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using 3 = (1.0,0.2,0.5,1)" and 08 = (1,0.5,0.2,1) where 8y = (85, Mos Pg; 03)’s and X,t, €n0 and Vi, are
generated from independent standard normal distributions, and both the spatial weights matrices W,, and
M,, are the same rook matrices®’”. We use T' = 5, 10, 50, and n = 9, 16, 49. For each set of generated
sample observations, we calculate the ML estimator 0,7 and evaluate the bias 0,7 — 6o. We do this for
1000 times to get ﬁ ili(io (9nT —0p);. With two different values of 6, for each n and T, finite sample
properties of both estimators are summarized in Table 1. For each case, we report the bias (Bias), empirical
standard deviation (E-SD), root mean square error (RMSE) and theoretical standard deviation (T-SD)2®.
Both approaches provide the same estimate of ¢, = (8p, Ao, py)" While the estimator of o2 by the direct
approach has a larger bias. The transformation approach yields a consistent estimator of 62 and the direct
approach does not, which can be seen from the last two columns in Table 1 when T is small. The Biases,
E-SDs, RMSEs and T-SDs for the estimators of ¢, = (3(, Ao, py)’ are small when either n or T' are large.
T-SDs are similar to E-SDs, which means that the negative inverse of the Hessian matrix provides proper
estimates for the variances of estimators. Also, when T is larger, the bias of the estimator of o2 by the direct
approach decreases.

We then generate samples from (15):
Ynt = )\()Wnynt + Xntﬁ() + Cpo + atln + Unt; Unt - poMnUnt + Vnta t= ]-7 27 veey T;

using the same n, T', 6, 98, W, and M,,. The X,;, Cno, @10 = (1,2, -+ ,ar) and V,;; are generated from
independent standard normal distributions. The finite sample properties of the estimators are summarized
in Tables 2-4. Table 2 is for the estimators using the direct approach in Section 3.1, and Table 3 is for those
estimators after bias correction. Table 4 is for the estimators using the transformation approach in Section
3.2. We see that the bias of the transformation approach is small when either n or T are large. For the
direct approach, the bias is small when n is large, and the bias is large when n is small and T" might be large,
while the bias for the estimate of o2 is small only when both n and T are large. By comparing Table 2 and
Table 3, the bias correction reduces the biases of the direct approach estimates, without significant increase

in the variance (S-TD).2 This is consistent with the theoretical prediction.
Tables 1-4 here

5. Conclusion
In this paper, we consider the estimation of SAR panel models with fixed effects and SAR disturbances.
We first consider the model with only individual effects where the time periods T" can be finite (or infinity)

while the number of spatial units n is large. If T is finite, the direct ML estimation by estimating jointly all

2TWe use the rook matrix based on an 7 board (so that n = r2). The rook matrix represents a square tessellation with a
connectivity of four for the inner fields on the chessboard and two and three for the corner and border fields, respectively. Most
empirically observed regional structures in spatial econometrics are made up of regions with connectivity close to the range of
the rook tessellation.

28The T-SD is obtained from diagonal elements of the negative inverse of the estimated Hessian matrix.

29For the T-SD of the bias corrected estimates, its values are also similar to those of the estimates before bias correction.
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the parameters including the fixed effects will yield consistent estimators for the common parameters except
the variance of disturbances. These features are similar to the direct ML estimation of the linear panel
regression model with fixed individual effects. As an alternative estimation approach, we suggest the use of
transformation approach, which eliminates the individual fixed effects and can provide consistent estimates
for all the common parameters including the variance of disturbances. In the transformation approach, the
individual effects are eliminated by taking deviation from time average for each spatial unit. A likelihood
function, which takes into account the generalized inverse of the resulted disturbances, can be constructed
from the transformed data. The transformation approach is shown to be a conditional likelihood approach
if the disturbances were normally distributed.

We consider next the model with both individual and time fixed effects. We show that the direct
approach will yield consistent estimates when both n and T are large. However, asymptotic biases may still
be presented. Bias correction procedures are useful to remove those asymptotic biases. For the practical case
where the spatial weights matrices are row-normalized, likelihood type estimation based on transformed data
is also available, where both the individual and time effects can be eliminated by proper transformations.
The common parameter estimates from the transformed approach are consistent when either n or T is large
and the asymptotic distributions are properly centered. Monte Carlo results are provided to illustrate finite
sample properties of the various estimators.

While Baltagi et al. (2003), Baltagi et al. (2007) and Kapoor et al. (2007) consider spatial models with
random effects, the SAR model in this paper considers a fixed effects specification. The proposed estimation
methods are robust regardless of the different specifications in Baltagi et al. (2003) and Kapoor et al. (2007),
and are computationally simpler than the ML approach for the estimation of the generalized random effects
model in Baltagi et al. (2007). However, when the individual effects are random in the true DGP, proper
methods which take into account the random effects’ variance structure can improve the efficiency of the
estimates. Hausman’s type specification test of fixed effects versus random effects may be constructed. These

may be investigated in future research.

Appendix A. Notations and Some Lemmas

The following list summarizes some frequently used notations in the text:
Sn(A) = I, — AW, for any possible A and S,, = I, — AgW,.

R, (p) = I, — pM,, for any possible p and R,, = I,, — pyM,.
Gn,=W,S; ' and H,, = M,R;'.

Yo = Yoy — Yyp for t = 1,2, , T where Y,,p = % Zthl Y.

Wn = Ranerla Gn = Wn(In - )\OWn)_la Xnt = Rnxnt
0= (8", A\ p,0%) and ¢ = (8", A, p)".
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As = Al + A, for any n x n matrix A,.
In Section 2, HnT(p) = ﬁ Zf:l()znta Gantﬂo),R/n(p)Rn(p)(th Gantﬁo)
In Section 3, H,r(p) = m ZtT:l(X'm, GnXmBO)’R;(p)Jan(p)(f(m, GantﬂO).

Lemma A.1 Suppose that {B,} is a sequence of symmetric UB matriz with elements by, ;;, and D,y is a

420 for some

sequence of constant vectors with its elements dp;; uniformly bounded. The moment E(|v;]
0 > 0 of v exists. Let UQQRT be the variance of Q.1 where Qnr = Zthl (D} Vit + Vi, By Ve — 03trBy,)
such that 0, . = o S DLy DT (g — 308) S0, b2 ii+200tr(B2)]+2us S S dpiibn i Assume
that the variance O'QQHT is O(nT) with {ﬁaéﬂ} bounded away from zero. If either n or T are large, then
Qur 4, (g, 7).
9QnT

Proof: When T is fixed and n is large, this is Lemma A.13 in Lee (2004), which is essentially the CLT
in Kelejian and Prucha (2001). When T is large and n is either fixed or large, it is a special case (where
there is no moving averages of past disturbances in @, ) of the CLT in Yu et al. (2008). B

Let (Fun—1, ln/y/n) be the orthonormal matrix of J, = I,, — %lnl; where F,, ,_1 corresponds to the

eigenvalues of ones and l,,/+/n corresponds to the eigenvalue zero. Thus,

JnFn,n—l = Fn,n—l; F;Z}nlen7n—1 = In—17 Jnln = 07
F”/L’ﬂfll" =0, anlevIl,nfl + %lnl;z = I, Fn,nlev/z,nfl = Jn.

Lemma A.2 For Wy = F} , W, F, 1, when W, is row normalized, we have |I, 1 — A\W,| = 5 [ — AW, |
and (In—y = AW;) "V =F) 1 (In — AWy,) "' Fonet.

Proof: The derivation of these results can be found in Appendix A.2 of Lee and Yu (2007a). B
Lemma A.3 Let ||0 — 0] be the Fuclidean norm of 6 — 601, and ©1 be a neighborhood of 01. Under the
assumptions for Sections 8, the corresponding Hessian matriz of In L, 7(0) of the transformation approaches
with 61 = 6, has the following properties:

1 0?InL, r(0) 1 0?InL, r(61)

) (SRt Oy g - 64 0,(1),
2
i g e, =0 ()
and )
sup gl Rl s, L= g 0=l o)

foralli,j=1,2,---  k+4.
Similarly, for In L;iLT(H) of the direct approaches with 01 = 01, the corresponding properties above hold.
Proof: When n is large and T is fixed, the derivation is similar to Lee (2004) for the cross sectional
SAR model. When T is large and n could be finite and large, the derivation is similar to (38)-(41) in Yu et
al. (2008). m
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Lemma A.4 Suppose that {A,} and {B,} are sequences of matrices with elements ay;; and by, ;;, and

{Dni} is a sequence of constant column vectors with its elements dy; ;. Then,

- o T-1)?
v (S0 Ty An Ve, (5, T BuVi)] = (g — 308y LY

Tvec'D(An)vecD(Bn) + O'é(T — Ditr(A,B;,),

and (:01)[(2:7?:1 ‘N/TitAnf/”t),ZtT:l D;nf/nt] = 0, where vecp(Ay) is a column vector formed by the diagonal
elements of A,, and BS = B, + BJ,.
Proof: Denote V,r = (V/1,Vig,- -, V). With Jp = Ip — Liply, we have |, V!, A,V =

V! (Jr ® A,)V,r. Hence, using the formulas for cross moments of quadratic forms,
B Vi AnVi) (31 Vi B Vi)
= EV;LT(JT [029] An)VnTV;ZT(JT &® Bn)VnT
= (uy — 308)vech(Jr @ Ay )veep(Jr @ By) + ogltr(Jr @ Ap)tr(Jr @ By) + tr(Jr @ A,)(Jr ® BE)).

Using the fact that tr(Jr®A,) = tr(Jr)tr(A,) = (T'—1)tr(A,) and veep(Jr®A,) = (1— 3)lr®@vecp(A,),

we have vec), (Jr @ Ap)vecp(Jr @ By,) = (T;1)2vec'D(An)vecD(Bn). Hence,

E(Zthl Vr/LtAnVnt)(ZZ;l VTILtannt)

= (g — 30%)@U€CID(AH)’U€CD(BH) + op[(T — 1)%tr(A)tr(B,) + (T — 1)tr(A,BS).

Also, we have E(Zthl V! AwVine) = 03(T — 1)tr(A,) and E(z:tT:1 V! ByVi) = 03(T — 1)tr(B,,). Therefore,

(T —1)?

COU[(Z?:l VétAnVnt)v (23;1 f/r/LtBnVnt)] = (pg — 303>Tvech<An)vecD(Bn) + Ué<T — Dtr(AnB;).

For the covariance between the quadratic form and the linear form, we have cov[(ZtT:l V! A Vi), Zle D! V] =
B(X 1y Vi AnViut) X 3041 Dy Vie]. Denote Dyp = (D, -+, D)’ where Dyg = Dyt — & Y21, Dy with

elements cZ"tﬂ;. It follows that
cov[(X s Vi AnVir), Sorey DoVt = EV 0 (Jr® Ap) VDl p Vi = (1—%)% S oy i i =0,
where (5 is the third moment of v;;, and the last equality holds because ZtT:1 CZW =0.1

Appendix B: The Direct Approach in Section 2.1

B.1. The First and Second Order Derivatives

For the concentrated log likelihood function (4), the first and second order derivatives are

012\/% ?:1(Rn(p))~(”t)/f/"t(<)

]_ 81DL:{L’T(9> %\/% ;{21 (Rn(p)WnYnt)IVnt(g)_UQtan<)\))
Vil 06 | AL ST (Hu(p) W (Q)) Via Q) — o%trH ’ 0
02 \/nT &~t=1 n{P)Vnt nt ooir n(P))
2




1 0%ln LZ,T(Q)

= 28
nT 8989/ (28)
02 Zt 1( ( )X )/Rn(p)Xnt - >|<~ i * %
o L3 (R (p) Wi Yot) R (p) Wi Yoe
| A ST Rap) X 7 2 B 2T n
T | EYL(Ralp) nt)'H (P)Vur () > Zt 1 (B (p)Wh YntzilHLfP)Vn( ) 0 o
+U2 Zt 1( nX t) Vng( ) + Zt 1(M W 5{ t) V:nt(C)
04 Zt 1 nt( )R (p) X 04 Zt:1( n(P)WnYnt)' Vir () 0 0
Okxk  Okrx1 Ok x1 Ok x1
1 O1x% 0 0 0
- 2 31 (Ha(p) V() Ha(p) Ve (
72 2t=1\{In{pP)Vnt n(P)Var ()
| Ok 0 T2 () o
O1xk 0 ﬁ Zf:1(Hn(p)Vnt(C))/Vnt(O 204 + UG Zt 1( ( OVa t(g))
The score of the log likelihood function evaluated at 6p is
T -
alT \/:ﬁ Zt 1 X/ V o .
1 alanlz,T(oT) _ T\/ﬁZt 1 (GnXntBo) Vit + 2 \/7215 1(VritG;ant — oqtrGy) (29)
vnT 00 é \/ﬁ Zt:l Vé Han‘, — O'Tt’I“H )
20T \/ﬁ Z?:l(vritvnt - ”U%>
s . d 1 9%In Ln 7(01)
From the second order condition in (28), we have 3§ » = —E & ——pz57— =
0”%"% Z;F:1 X;ltXm * * *
a’%ﬁ Zzzl(GantBO)ant a%ﬂ# Zz;l(GantﬁO)lG?XntﬁO + %terGn * *
O1xk %tr(HiGn) %tT(HfLHn) *
01k U%ntr(Gn) a%ntr(Hﬂ) 2;‘}
(30)

B.2. Some Lemmas

The following lemmas provide some basic elements for consistency and asymptotic analysis of the direct
estimator.
Lemma B.1 Under Assumptions 1-6, —=In LZT(H) - i,T(Q) L0 uniformly in 0 € © and Q2 1(0) is
uniformly equicontinuous for 6 € ©, where szT( )= E% In LﬁyT(H).
Lemma B.2 Under Assumption 7, ¥§_ . in (30) is nonsingular.
Lemma B.3 Under Assumptions 1-6 and 7(a); or 1-6,7(b) and 8, 7ll angieT(eT) N(0,lim #— (EgT nrt+
QgT,n)) where EngT and Qng are in (30) and (32). When vy’s are normally distributed,

Oln L2 (0 T
1 n n,T( T) d (O lim ——— Zg nT)
vnT o0 T—-1 "%

Proof of Lemma B.1
Uniform convergence:

We have QnT( )= ilnLiT(G) and - lanlL r(0)=—3imn2r—1Ino?+ L In|S,(\)|+ 2 In|R,(p)| —
g7 et Vit (Ve (). From the DGP, Fot(6) = Ral)[5n()7 KBy — Ko+ ()87 A Vo] and
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hence,

- - 1 - - - -
E% 23:1 Vrit(C)Vnt(C) = nT Z?:1(Sn(A)S;1Xnt50 - Xntﬁ)/Riz(P)Rn(P)(SnO‘)SEantﬁo - Xntﬁ)

1 /
+oogtr (RS, S (R (p) Ba(0)Sn (M) S, R (31)

where 0% = £=10Z. When T is large, from Lemma 15 in Yu et al. (2008), we have —- Zthl V! BV —
Eﬁ 23:1 V,;tBn‘N/m 2,0 and ﬁ Zthl letBn‘N/nt 2. 0 for any UB matrix B,. When n is large and 7T is
finite, the results still hold by using Lemma A.12 in Lee (2004)3°. Hence, as © is a bounded set, G,, and

R, (p) are UB, and o2 is bounded away from zero in ©,

1 1 1 ~ ~ 1 - . )
Ll (0) ~ Qir(0) = —5 5 <T St Vi OVar(€) = —=E S v;t<<>vm<<>) 0

202 \ n

uniformly in 6 in ©.

Uniform equicontinuity:

We have Q4,(0) = —3In2r — $Ino? + L1n[S,(A)| + + In|R,(p)| — ﬁEZle V! (Vi (C). For
LB VL (OVi(C) in (31), the first term is equal to (8 — 8y, A — Ao)Her(p)(B' — By, A — Ao)! where
HZT(/)) = ﬁZtT=1(Xnt>Gantﬂo)lR%(P)Rn(P)(Xnt,Gantﬁo)a by using S,(\)S, 1 = In — (A — Xo)Gn;
the second term is equal to o2, (), p) where o02,()\, p) = %tr[(Rn(p)Sn()\)SglR,jl)’(Rn(p)Sn()\)S’;lel)].
There terms are all polynomial functions of 6. To prove Qi”T(G) is uniformly equicontinuous in 6, the
following are sufficient: (i) Ino? is uniformly continuous; (i) 1 1In|S,(A)| and 11n|R,(p)| are uniformly
equicontinuous; (iil) (8" — 8o, A — Xo)He 7 (p) (8" — Bo, A — Xo)’ is uniformly equicontinuous; (iv) o2,(A, p) is
uniformly equicontinuous.

The (i) is obvious because o2 is bounded away from zero in ©. For (ii), 2 In[S,(A2)| — L In S, (A\1)| =
Lir (WSt (X)) (A2 — A1) where A lies between Ao and ;. As S;'()) is UB, uniformly in 6 € O,
Ltr (W, S, (1)) is bounded, and, hence, X In |5, (A)| is uniformly equicontinuous. Similarly, + In|R,(p)| is
uniformly equicontinuous. For (iii) and (iv), the functions are simply polynomial functions of 5, A and p.

The uniform equicontinuity of those functions on any bounded set are apparent. B

Proof of Lemma B.2

We can prove the nonsingularity of the limiting information matrix by using an argument by contradic-
tion (similar to Lee (2004)). We need to prove that lim EgT’nTc = 0 implies ¢ = 0 where ¢ = (¢}, ¢2,¢3,¢4)’,
c9,c3,c4 are scalars and c¢; is k x 1 vector. Denote C, = G, — %In and D, = H, — %In SO
that Ltr(GsG,) — 2 (%) = Lir(C3C3), Ltr(HSH,) — 2 (2)® = Ler(D3D3) and Ltr(H3G,) —
ZM% = itr(C;‘inL). Also, denote Hg,r = T%T Ethl X;LtX"t’ Heanr = T%T Ethl X! Gantﬁm

n nt

30% Zz;l VétBnVnt = ﬁV;TAnTVnT where Vi, = (V!,,--+ ,Vor) and Appr = Jr @ Bn. As Ay is UB due to the

special pattern of Jr and B, being UB, Y%TV:LTA,LTV”T is just a quadratic form of V,,7 with a UB matrix A, .
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Hognr = H’ﬁ)\’nT and Hy v = T%T Ethl(G,L)N(,Ltﬁo)’é,LXmﬁo. By the method of substitution and elimina-

tion, lim EngTc = 0 will imply

. 11 s s _

{hm (Jg ﬁtr(DnDn) (Hant — Hagnr (Haar) "Haxnr) + ‘I’n>} Xcp=0
T

where ®,, = .15 [tr(C5Ca)tr(D3 D) — tr*(C3D3)| and Hanr — Hagnr (Hanr) ~"Hpa,nr are nonnegative

by the Cauchy-Schwarz inequality. Hence, the nonsingularity of lim EngT follows from Assumption 7. B

Proof of Lemma B.3

For (29), it is a linear and quadratic form of Vit with zero mean because Ef/;;tf/m = %na% =
. . s . . dln L (0
nUQT. For its variance, as X,; is uncorrelated with V,;, using Lemma A.4, we have E(ﬁngi’;(ﬂ .
L OlnLagOn)y _ 2 (wd 4+ Qd ) where 54 s in (30) and
VnT o6’ = T—1\“07,nT 0p,n) WHETE Zig . pp 1S 1N an
Ok xk * * *
4 15 A2
0d _ (T - 1) (:u“4 - 300) 01k L& Zi:__l G"yii 1 * * (32)
= n n 2
Or,nT T O’% O1xk n Zizl Gn,iz’Hn,ii n Zizl Hn,iz‘ *
1 A 1 1
01><k QJ%ntTGn 20%ntan 4(7%

When V,,; are normally distributed, QgTﬂT = O(x43)x (k+3) because py — 303 = 0. By using the central limit
theorem in Lemma A.1, (29) will be asymptotically normally distributed. B
B.3. Proof for Theorem 1

Without loss of generality, we are presenting the analysis under the asymptotic setting that n tends to
infinity with a fixed finite 7. The extension to the case with infinity 7" is immediate with a slight modification
of assumptions, because the arguments below follow the consistency framework in White (1994) which allows
a sequence of true parameters to depend on sample sizes.

As B Zthl V! Ve = T-1o% = 62, at 67, we have - F'ln L%T(GT) =—1l2r—ilno%+ L[n|S,|+

In|Ry|] — 4. As Vi = S; 1 (XeBy + Ry Vit) and S,(N)S; ! = I, + (Ao — A)G,, we have
Vat(€) = Ru(p)[Sn(N)Sy Ry Wae + (Ao = NG Xt By + Xt (8o — B)]-

Denote
2

o _ _
onr(p) = ~Ltr((Ru(p) Ry ) (Ru(p) By,
2
g _ _ _ _
oar(Ap) = ftr[(Rn(p)Sn(A)Sn1Rn1)'(Rn(P)Sn(>\)5n "R

It follows that

ﬁEln thT(Q) — ﬁEln Lz’T(HT)

= 3002 ~Inod)+ LIS (N)| ~ L in S|+ 2 n Ra()|~ 2 | Rl — (ks 2 STy BV (Ve (€) -

= len()‘a 12 02) - ﬁTQm,T(ﬁa )‘7 p)

N|—
N—
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where, using = 37| BV, (Q)Vie(€) in (31),

Tin(hp0?) = —5(n0? ~Inod) & [ [SuN)| — In[S,l + I Ba(p)] ~ |l — 55 (03 (A p) — %),
% % I 1

G0 = S s 95 e S |

Consider the pure spatial process Y, = AW, Yyt + Uy with Uy = pgM, Uyt + Vi for a period ¢, where

the variance of the disturbances is o%. Using the information inequality from this pure spatial process,

Tin(A p,0?) <0 for any (A, p,0?). Also, Ts ., 7(B, A, p) is a quadratic function of 3 and A with a positive

semidefinite matrix given p.

Under the condition in Assumption 7 (a) that lim, ., H%7(p) is nonsingular®!, Ty, 7(8, A, p) > 0 given
any p whenever (3, ) # (8y, \o). Hence, (3, ) is identified. Given Ay, p, and % are the unique maximizer
of limy, oo T1,n (A, p, 02) under the condition that lim, o (2 In |02 R YR — L In|o2,.(p) R, (0) Ryt (p)|)
is not zero for p # p,.3? Hence, (8, A, p, 0?) is identified.

When lim,, o, He,(p) is singular, 3, and \¢ cannot be identified from T, 7(3, A, p). Identification re-
quires that lim, o 71 5 (A, p, 02) is strictly less than zero. As T1 (), p,0%) < 0 by the information inequality
for the pure spatial process, lim,, o 71,1 (), p,02) # 0 is equivalent to limn_,oo(l In |0%R_1'S_1'S_1R_1| -
Lo (N, p) Ry (p)' Syt (A S LR H(p)|) # 0 for any (A, p,0%) # (Ao, pg,0%) (this is similar to Lee
(2004), Proof of Theorem 4.1). Given )\ is identified, 8, can be identified from lim, .o T2, 7(5, A, p).

Combined with uniform convergence and equicontinuity, the consistency follows. B

B.4. Proof for Theorem 2

According to the Taylor expansion,

d 1 &%In LZ 0, 1 alan (%
nT 0000 vnT 00
n L . o
where \/ifTMLgi’eT(eT) N(0,lim ~5 (28, o + Q4 7)) and OZT lies between Or and 6,,. As we
1 9*InLd (7)) 9 InLE (0% 1) 1 @*InL? 1.(07) I L¢ . (07)
have — o ——7g55= = | —ar —a6a0 ~— — | ~nr——ovs0 + —ar om0 — Zopr ) T
EgT 7 Where the first term is ‘9i - QTH - O0p(1) and the second term is O, (\/%) (see Lemma A.3),
2 n —
analggiag,(e"T) = ‘ 0,7 HTH )+ O, ( ) + 3§ - Because ‘ GiT — 9TH =0p(1) and 3§ 1 is

2In LY T ~d
nonsingular in the limit, ( =+ W) is Op(1). It follows that 6, — 07 = O, (\/%) Hence,

W(@:T Or) = (EﬁT wr + Op (JrTT))_l(\/,lTT(KML;;)?f(QT) Using the fact that (EgT nr + Op (m))—l =

(S p0r) 40y (S ) we have VAT (B —07) 5 N(0,1m 725 (54, 0) ™ (S, e+ 00) (S ) ™) B

Appendix C. The Transformation Approach in Section 2.2

31We note that He.(p) = %an«(p)‘
32This is equivalent to the identification of a pure SAR model in Lee (2004) as the common coefficient % in both o2, and

021 (p) will be cancelled out.
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C.1. The First and Second Order Derivatives

For the first and second order derivatives of (10),

0712 Zthl(Rn(p)Xntzl ~nt§C)
d1n L"vT(a) — % Zle(Rn(p)WnYnt)/Ynt(o — (T = DtrGn(N) (33)
06 L S (Ha(0)Var(Q) Vot () = (T = DtrHo(p) |
2i4 tT:1(V7;t(C)Vnt(O - W%UZ)
and
82 han)T((g)
B aaaa'
0'2 Zt 1( ()Xnt)/ n(P) . * ) % %
1 / % thl(Rn(p)WnYnt)/Rn (p)WnYnt % *
a2 Zt:l( w(P)W, Yt) n(P) " +(T - 1)tr~(G%()\ ) )
= éz;<Hn<p>ynt<<>>'Rngp>Xnt> 5 L (R ()WY Ha(0)Vir () o | 3%
+% Zzll V/ (C)Mant +% Z?:l ManYnt)/ nt(C
~ T - -
g4 Z nt( ) (p) nt %t;(Rn(p)WnYnt)/Vnt(C) 0 O
Opxk  Orx1 Ok x1 Ok x1
01k 0 0 0
+ 5 (Ha(p)Vni(Q)) Hu(p) Vit (€) .
Ovek 0 (T = 1)tr(HE () )
Oixp 0 L (Ha(p)Var () Vit () —2E - B (Vi (OVi(©)

At true 6y, we have

73 NG T 1) Sia X
- T e~ B ..
1 Oln L, 1(6o) 713 \/m Et:l(G Xntﬂo)/vnt + gig m 2ot (Vi G Ve — %U%tan)
n(T —1) 90 1 S 1(f/’ H! f/ ~ I362trH,,)

1
78 \/n(T—1)
L ST (T — nZrod)
203 n(T-1) t=1 T 70
(35)
. . . 82 InL, 7(0
and the information matrix g, 7 = —F (n(Tl_l) aoaeT'( O))
Ok 5 * *
1 OHnT X% 01k %trGfLG_n) * *
S R ity R
X —_—

O1xk r,(2%,,757“(Gn) Uéntr(Hn)

where Hyr = ooy 3 -1 (Xt GuXniBo) (Xnt, G Xoni Bo)-
C.2. Some Lemmas

The following basic properties of the likelihood function, its score, and information matrix are for the
transformation approach. As the proofs of these lemmas are similar to those in Appendix B.2, they are
omitted.
Lemma C.1 Under Assumptions 1-6, n(T ry In Ly, 7(0) = Qnr(0) 2 0 uniformly in 0 € © and Q. (0) is

uniformly equicontinuous for 0 € ©, where Q. 1(0) = En(T ) InL, r(9).
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Lemma C.2 Under Assumption 7, Xg, nr in (36) is nonsingular.

Lemma C.3 Under Assumptions 1-6 and 7(a); or 1-6, 7(b) and 8 L

dln anT(eo)

’ \/n(T—l)
Qgo.nr)) Where Bg, 1 is in (36)
Ok *
Qo ot = (T_]-) (/1‘4_30—3) 01xk L TanZ:? 1 n i )
o T 0’% O1xk ;Zl 1Gn iiHn i ,LZ
01k 202ntrG

C.3. Proof of Theorem 3

nu

2UgntTH

< N(0,lim(Sgy r+

(37)

*
*
*

1

1
4oy

Compared with the direct approach in Appendix B, the transformation approach has a degree of freedom

adjustment (from nT" to n(T —

1)) for the log likelihood function. For the direct approach, the maximum of

the limiting average log likelihood function is at (Ao, py, By, 0%) with a finite T while it is (Ao, po, Bo,’ 02)

for that of the transformation approach. Taking into these differences, the proof arguments are similar. B

C.4. Proof of Theorem 4
~d
The proof is similar to the direct approach, where vnT' (0, —

freedom adjustment (from nT" to n(T —

0r) is considered. Due to a degree of

1)) for the log likelihood function in the transformation approach,

the location of 0,7 is properly centered at 6p; while for the direct approach, 7 provides the convenient

location for analysis. l

Appendix D. The Direct Approach in Section 3.1

D.1. The First and Second Order Derivatives of (18)

The first and second order derivatives of the concentrated log likelihood in (18) are

012 ?:1(Rn(p)Xnt2 nf/ E )
O Lir®) _ | 5r Xy (Ru(p)WaTo) JuVir() = TG () .
90 > f:l(H;n(p) nt(§ Y I Vit (C) — TtrHy, (p)
23;4 Ethl(V'r;t(C)JnVnt(C) - TLUQ)
and
02 lanllyT(G)
9000 )
%Zle(R()X)JR() f ~ * %
%Z?:l(Rn( )W )J R ( ) nt o? Et 1( (+)TI/‘E/I“"(5G/72252/\°;3LRTL(p)WnYnt * *
) % i:(Rn(P)Xnt)/Jan(p)Vnt(C) 0-2 Zf 1( ( )W ?nt)Nngan(P) ~nt(() 0 O (39)
:%1 >t (M X ) T Vot (€) + Y, (MW, lfm)’Jn ~ +(0)
014 tT:I Vrit(C)Jan(p)Xnt 04 Zt 1( n ()W Yne) Jn Vit (€) 0 0
Okxr  Orx1 Okx1 Okt
Ol><k 0 0
+ & S (o (p) Vot () T H (9) Ve (€)
Ora 0 tr(H2(0)) N
O 0 2L H VO TuVur€) — 4 2 S V(O IVl ))
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For the first order derivative evaluated at 07, it has two components such that

oLl 1 (67) O Ly4(6r)

0 50 L Grn (40)
where
é Z?:l Xr/LtJnVnt
O Ly (0r) | o S (CuXsBo) JaVu + e Sy (Vi Vae — oFir G 1)
_ = T ~ ~ T
a9 LS (Vi HY TV — 03itr HY, ) ;
T
T ~ ~
ﬁ S (Vo InViue = (n = 1)07)
and
L Sy 1y 1,
= — . H .
A ,n (Ol><1w nlanGan ln, nln nln, 720%)
n 2d
For the second order derivative evaluated at 67, we have EgT,nT = _ Eﬁmggiég(eﬂ _
a%ﬁ Zthl X’;Lt']'ﬂXnt % . i}
ngﬁ Zz:l(G7LX7ltﬁO)IJTLX7Lt ‘7’21“# Z?:l (GantﬂO)lJnGantBO + %tTGfLJnGn * *
O1ck tr(H; 7y G) Lir(H3H,) «
01xk ngnt’r’(Gn) mtr(Hn) ﬁ
T T E
(41)

D.2. Some Lemmas

The following lemmas are for the direct approach of the model with both individual and time fixed effects.
The proofs are similar to those for the model with only individual effects, and are omitted. Here, we note
that there may be an asymptotic bias in the score in Lemma D.3 due to the additional time dummies.
Lemma D.1 Under Assumptions 1-3,4°,5,6 and 7’, # In L‘TiL’T(G) - Z’T(H) L0 uniformly in 6 € © and

Qi,T(O) is uniformly equicontinuous for 6 € ©, where QfMT(Q) = ET%T In LfMT(G).

d
O1.,n

Lemma D.2 Under Assumption 7°, £§  + in (41) is nonsingular.

n d
Lemma D.3 Under Assumptions 1-3,4,5,6 and 7’(a); or 1-8,4°,5,6,7°(b) and &, \/i—TangiéT(eT) +

\/%agmn < N(0,lim 755 (5§ p +Qf 7)) where 3§ 1 is in (41) and

Ok xk * * %
O _ (T 1) (s — 307) 01k %Z?:J(JnGn)u]Q * * (42)
I NS S FACR M A APIEES N (A AT
O1xk ﬁtrJnGn mtrJan é

D.3. Proof for Theorem 6

According to the Taylor expansion,

_ —1
1 WLl (0hy) 1 OlnLe . (67)
nT 9000 T o0

VAT (0 — 07) = <
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aln LX) (07) 4
+ 4/ R0 = #TT N(0,1im 755 (3§, o7 + Qf, nr)) by Lemma D.3

n

2 d nd -1 N
(—,}TW) is O,(1). Hence, \/nT(GZT —0r) = 0,(1)(0,(1) + O(\/%)), which implies that

L 9l Le (o)
where ToT 55

_ ~d
and OZT lies between O and 6,,,. Because ‘ HTH = 0p(1) and EeT,nT is nonsingular in the limit,

d 2t @)\
O, —0r =0, (max (\/7117, %)) In turn, <7L1:FW) = (34, 0) 0 (max (\/%, E)) It

follows that

. 1 0®InLd . (6%,) 1 0Ll (0r) \F
nT<9nT - QT) - ( 77,T 8080/ ! ﬁnT 90 - Ea’eTﬂ’L

. 1 omLior) 11 1 9L (0r)
= (Shpnr) - +0p | max (| —=,~ | |-
T vnT 00 vnl n vnT 00

T 1 1 T
) o= Oy (s (2 ) )
——  ~d T 1 1 T
nT(gnT - 0T) (EeT nT) L. \/ZQGTJL + OI) (max (\/ﬁ’ n)) \/:aeTﬂl

d(u)
_ 1 ' 1 Oln LmT (HT)
- ((ZQT nT) + Op(l)) \/’I’LiT 90

and, hence,

Using Lemma D.3, we have the result (20) in Theorem 6. W
D.4. Proof for Theorem 7

We have VT (Bhy — 07) + /(S ur) a0 + Op (\/35) % N0l 5 (5, r) (S +
Qf )34, )~ ") from Theorem 6. As the first step bias corrected estimator is 9:1117« = é"T—F%(EgiT,nT)_la”(éiT)

where a,,(8) = ag ., we will have v/nT (0 nT —07) % N(0, lim 75 (88 ) NS, Q) (S )T i

-1
~d
I —0and /L (( Eia lngo’g(/e“)) an(0,7) — (ZgT,nT)lan(GT)> 2,0, where —ﬁEia 1n$:6,g(9”T)

~d
E‘gd is the information matrix evaluated at 6,,. The first condition is assumed in the Theorem.
nT T
~d
For the second condition, as 6, — 07 = O, (max (\% l)) and ——E%{%EGW) = (3§, .0+

O, (max (\/%, %)), we have

n 06000

Gt (62 an00) s 20 (e (1)
s 1%{?}%) %(éZT—eT)+an((;d ( ( \/>>>

dan(65,1)
00’

N —1
T 1 _9%InL%.(6, ~d _
n (‘ﬂ”) an () = (54, ir) an(07)

where 67 . lies between éiT and 7. From the explicit form of a,(0), is bounded in probability.
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~d
Thus, as 0,7 — 0r = O, (max ( L %)), the second condition is satisfied under 7z — 0. Consequently,

3

~dl d . T _
vnT(0,7 — 0r) — N(0,lim ﬁ(ZgT,nT) (ZeT nT T QBT nT)(ZgT,nT) h).

Iy o O(k12)x1
T

~d2 a1
The remaining bias in the variance parameter is adjusted in 6,,p = Ap-0,,p, where Ap = ( 0
1x(k+2) 7T-1

After this adjustment, (22) follows. B
Appendix E. The Transformation Approach in Section 3.2

E.1. The First and Second Order Derivatives of (25)
Using trG,,(A) — tr(J,Gn(N)) = 125 and tr(GZ(N) — tr((J,Gn(N))?) = ﬁ (see Lee and Yu (2007a)),

the first and second order derivatives of the concentrated log likelihood function (25) are

%ﬁ % 23:1(Rn(p)XntZ/Jnf/m‘£4)
Ol Lyr(f) _ | D@ L (Ra(0)WaYar) T Ve (€) = (T = DtrJuGu () )
% o 1 S (Ha () V() T~ (T = ir ()|
W 20% Zt:l(vnt(C)Jn nt(() - (n - 1)TU )
and
9*In L1 (6)
0006’
LZ? 1( ( )Xnt)lJan(P)Xnt . * % %
~ ~ 1 o \/ ¥
0'2 Zt 1( ( )W Ynt)lJan(p)Xnt o Et:lg%ﬂ(@?;zzf;)é]giggp)wnym s
- . Son - 44
?thl(Hn(p)‘fnt(C))'Jan§P>Xnt) 2 St B (WY Ha(p) Vo) .
+0'2 Zt -1 (C)JnMnAX:nt +% o t=1 (Man}fnt)/Jn ~nt(€)
(74 Zt 1 m‘( )Jan(P)Xnt %thl Rn(p)WnYnt)/JnVnt(C) 0 0
Opxr  Opx1 Ok x1 Okx1
lek 0 0 0
5 3 (Ho(0) Vit (Q)) T Hin(p) Vit (€)
| OO - (T—l)ttr(J ) *
O 0 S (Ha () V) T V() S
1xk o4 t=1 n{P)Vnt nVnt +UG Zt 1( nt( )J,LVM(C))

From (43), the score vector and the information matrix are

1 Oln Ln,T(eo) (45)
-0 -1 09
1 T 5 -
oo 2t=1 (KndnVar)
Y1 (VG Vie = Tt odir J,Ga)

1 NT N .
= o2/ (n—1)(T-1) Z;:l ((G XntBo)'J ‘T/ ) + Py
s et (Vi HnJn Vi LodtrJnHy,)

ol n—1)(T— t=1 0
GAVA 1)( 1) S 1
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and

1 82lnLnT(90)
Sognr = —E ’ 46
fo,u® ((nl)(Tl) 9006’ (46)
Ok o * *
1 ;i”T S * 01k ﬁtr(GiJantn) * *
T al ot g : T ova GAtr(H LG itr(H W H,) x|
1x lek %ﬁT(JnGn) %tT(Jan) 2‘;6{

where Hur = Gy S (Kt G Xt Bo) T (Xt G Xt B)-

E.2. Some Lemmas

Lemma E.1 Under Assumptions 1°,2,3,4°,5,6 and 7’, mln L, 7(0) — Qnr(0) Lo 0 uniformly in

0 € © and Q1 (0) is uniformly equicontinuous for 0 € ©, where Q, r(0) = Em InL, r(6).

Lemma E.2 Under Assumption 7’, 3o, o1 in (46) is nonsingular.

Lemma E.3 Under Assumptions 1°,2,3,4°,5,6 and 7’(a); or 1°,2,8,4,5,6,7°(b) and 8’, \/(n—ll)(T—l) 9In LgéT(e‘)) 4,
N(0,im(Xg, n1 + Qoy 1)) where Lo, nr is in (46) and

kak * * *
0 o (T=1) (uy—308) | Oixi i1 Lict [(JnGrn)il® * *
nT = n n
Oo,nT T 0'% O1><k ﬁ Zizl[(JnGn)ii(:]an)ii] ﬁ Zizl[(Jan)ii]Q *
lek mtr(JnGn) mtr(‘]’nlfn) ﬁ

(47)

E.3. Proof for Theorem 9
The proof is similar to the direct approach in Appendix D. Because a degree of freedom has been properly
adjusted (from nT to (n — 1)(T — 1)) for the likelihood function in the transformation approach, the score

has zero mean and the resulted asymptotic distribution is properly centered at the true parameter vector. l
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Table 1: Transformation and Direct Approaches: Model with Individual Effects Only
T n 6 B A p o3 o3
(1) 5 49 65 Bias  -0.0027 0.0096 -0.0279 -0.0216 -0.2173
E-SD 0.0766 ~ 0.1377  0.1459  0.1067  0.0854

RMSE 0.0766 0.1380 0.1485 0.1089  0.2334
T-SD  0.0743 0.1355 0.1371  0.1043  0.0746

(2) 5 49 98 Bias  -0.0039 -0.0173  0.0021 -0.0027 -0.2182
E-SD 0.0736  0.1150 0.1590 0.1044  0.0835
RMSE  0.0737  0.1163  0.1590 0.1068  0.2336
T-SD 0.0718 0.1134 0.1574 0.1024  0.0733

(3) 10 49 605 Bias -0.0005 0.0040 -0.0110 -0.0116 -0.1104
E-SD 0.0492  0.0948 0.0939 0.0704 0.0633
RMSE 0.0492 0.0949 0.0945 0.0713  0.1273
T-SD  0.0496 0.0925 0.0921 0.0701  0.0599

(4 10 49 98 Bias  -0.0011 -0.0066  0.0007 -0.0120 -0.1108
E-SD 0.0466  0.0759  0.1053  0.0691  0.0622
RMSE 0.0466 0.0762 0.1053 0.0702  0.1271
T-SD 0.0475 0.0755 0.1069  0.0687  0.0586

(5) 50 9 607 Bias 0.0003  0.0072 -0.0126 -0.0082 -0.0280
E-SD 0.0501  0.0844 0.0810  0.0713  0.0699
RMSE 0.0501 0.0847 0.0820 0.0718  0.0753
T-SD 0.0499 0.0842 0.0787 0.0704  0.0683
(6) 50 9 98 Bias  -0.0010 -0.0065 0.0018 -0.0093 -0.0291
E-SD 0.0481 0.0664 0.0961 0.0708  0.0694
RMSE 0.0482 0.0668 0.0962 0.0714 0.0752
T-SD 0.0475 0.0645 0.0967  0.0689  0.0669
(1) 50 16 65 Bias -0.0010 0.0021 -0.0050 -0.0079 -0.0278
E-SD 0.0380 0.0692  0.0660 0.0536  0.0525
RMSE  0.0380 0.0692 0.0662 0.0542  0.0594
T-SD 0.0374 0.0663 0.0641  0.0528  0.0512
(8) 50 16 08 Bias  -0.0015 -0.0037  0.0016 -0.0082 -0.0280
E-SD 0.0367  0.0549 0.0792  0.0526  0.0516
RMSE  0.0367 0.0550 0.0793  0.0532  0.0587
T-SD 0.0356  0.0524 0.0762  0.0516  0.0501
(9) 50 49 605 Bias -0.0009 -0.0011 -0.0004 -0.0025 -0.0224
E-SD 0.0220  0.0405 0.0401  0.0305  0.0298
RMSE 0.0220 0.0405 0.0401 0.0306  0.0373
T-SD 0.0214 0.0404 0.0396  0.0303  0.0294
(10) 50 49 98 Bias  -0.0007 -0.0031  0.0026 -0.0019 -0.0219
E-SD 0.0212 0.0321 0.0465 0.0297  0.0291
RMSE 0.0212 0.0323  0.0466  0.0298  0.0365
T-SD 0.0203 0.0324 0.0464 0.0296  0.0287

Note: 1. 63=(1,0.2,0.5,1) and #5= (1,0.5,0.2,1).

2. The column of U% is from the transformation approach;

and the column of 0’% is from the direct approach.
3. The transformation approach and the direct approach yield the same estimate of

Co= (66, /\0700)/~
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Table 2: Direct Approach: Model With Both Time and Individual Effects
T n 9() ﬂ A 1% O'2
(1) 5 49 0) Bias 0.0021  0.0271 -0.0904 -0.2207
E-SD  0.0749 0.1213 0.1342  0.0843

RMSE  0.0749 0.1243  0.1618  0.2362
T-SD 0.0662 0.1254 0.1338  0.1026

(2) 5 49 98 Bias  -0.0017 -0.0382  0.0183 -0.2267
E-SD 0.0733  0.1063  0.1443  0.0831
RMSE 0.0733 0.1129  0.1455  0.2415
T-SD 0.0642 0.1090 0.1478  0.1013

(3) 10 49 6] Bias 0.0038  0.0241 -0.0779 -0.1151
E-SD 0.0488 0.0856  0.0910  0.0623
RMSE  0.0489 0.0889 0.1198  0.1308
T-SD 0.0468  0.0900 0.0952  0.0688

(4) 10 49 ) Bias  0.0001 -0.0305 -0.0178 -0.1216
E-SD  0.0471 0.0733  0.0980  0.0622
RMSE  0.0471  0.0794  0.0996  0.1366
T-SD  0.0450 0.0771  0.1060  0.0679
(5) 50 9 65 Bias -0.0014 -0.0179 -0.3438 -0.1260
E-SD  0.0519 0.0541 0.0566  0.0649
RMSE  0.0520 0.0570  0.3484  0.1417
T-SD  0.0488 0.0983 0.1140  0.0605
6) 50 9 A Bias -0.0091 -0.1959 -0.1330 -0.1258
E-SD  0.0526  0.0528  0.0571  0.0651
RMSE  0.0534  0.2029 0.1447  0.1416
T-SD  0.0479 0.0965 0.1192  0.0619
(7) 50 16 6% Bias  0.0038 0.0262 -0.1964 -0.0608
E-SD  0.0377  0.0496  0.0551  0.0498
RMSE  0.0379  0.0561  0.2040  0.0786
T-SD  0.0365 0.0713  0.0803  0.0493
(8) 50 16 6% Bias  -0.0021 -0.0948 -0.0539 -0.0692
E-SD  0.0375 0.0461 0.0578  0.0500
RMSE  0.0376  0.1054  0.0791  0.0854
T-SD  0.0354 0.0660 0.0862  0.0494
(9) 50 49 65 Bias  0.0030 0.0195 -0.0671 -0.0272
E-SD  0.0217  0.0365 0.0385  0.0291
RMSE  0.0219 0.0413 0.0774  0.0398
T-SD  0.0210 0.0409 0.0428  0.0297
(10) 50 49 ) Bias  -0.0002 -0.0286 -0.0132 -0.0335
E-SD  0.0213 0.0314 0.0428  0.0288
RMSE  0.0213  0.0425 0.0448  0.0442
T-SD  0.0201 0.0347 0.0479  0.0293

Note: 05= (1,0.2,0.5,1) and 0= (1,0.5,0.2,1).
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Table 3: Bias Corrected Direct Approach: Model With Both Time and Individual Effects
T n 0O 3B A P o2
(1) 5 49 67 Bias -0.0015 0.0131 -0.0371 -0.0202
E-SD 0.0761  0.1368  0.1487  0.1073

RMSE 0.0761 0.1375 0.1533  0.1092
T-sD  0.0747 0.1373  0.1356  0.0938

2) 5 49 65 Bias -0.0033 -0.0192 -0.0013 -0.0236
E-SD  0.0735 0.1197 0.1623  0.1051
RMSE  0.0736 0.1213  0.1623  0.1078
T-SD  0.0722 0.1189 0.1572  0.0925

(3) 10 49 6F Bias 0.0005 0.0082 -0.0216 -0.0106
E-SD  0.0498 0.0971 0.1012  0.0705
RMSE  0.0498 0.0975 0.1035 0.0713
T-SD  0.0500 0.0941 0.0929  0.0666

(4 10 49 98 Bias  -0.0008 -0.0094 -0.0022 -0.0132
E-SD 0.0470 0.0822  0.1107  0.0699
RMSE  0.0471 0.0827  0.1107  0.0712
T-SD 0.0477  0.0802  0.1095  0.0655
(5) 50 9 65 Bias -0.0007 -0.0083 -0.1737 -0.0274
E-SD 0.0538 0.0801 0.0861  0.0714
RMSE  0.0538 0.0805 0.1939  0.0765
T-SD 0.0523  0.0998 0.1052  0.0668
(6) 50 9 98 Bias  -0.0018 -0.1080 -0.0545 -0.0301
E-SD 0.0523  0.0763 0.0881  0.0719
RMSE  0.0523 0.1322 0.1036  0.0780
T-SD 0.0503  0.0969 0.1234  0.0675
(7) 50 16 63  Bias 0.0006 0.0096 -0.0645 -0.0052
E-SD 0.0387  0.0673  0.0732  0.0532
RMSE  0.0387 0.0680 0.0976  0.0534
T-SD 0.0384 0.0722  0.0727  0.0520
(8) 50 16 08 Bias  -0.0003 -0.0349 -0.0106 -0.0112
E-SD 0.0373  0.0624 0.0800 0.0534
RMSE  0.0373 0.0715 0.0807  0.0545
T-SD 0.0364 0.0655 0.0876  0.0514
(9) 50 49 67 Bias -0.0003 0.0017 -0.0079 -0.0010
E-SD 0.0222  0.0414 0.0425 0.0304
RMSE  0.0222 0.0414 0.0433  0.0304
T-SD 0.0216  0.0413  0.0405 0.0300
(10) 50 49 98 Bias  -0.0005 -0.0061  0.0015 -0.0022
E-SD 0.0213  0.0353 0.0485  0.0298
RMSE  0.0213  0.0358  0.0486  0.0298
T-SD 0.0204 0.0347 0.0484 0.0294

Note: 1. 63=(1,0.2,0.5,1) and #5= (1,0.5,0.2,1).
2. The T-SD uses the bias corrected estimates.
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Table 4: Transformation Approach: Model with Both Time and Individual Effects
T n 9() ﬂ A 1% O'2
(1) 5 49 67 Bias -0.0020 0.0121 -0.0300 -0.0223
E-SD  0.0764 0.1403 0.1529  0.1078

RMSE 0.0764 0.1408 0.1558  0.1100
T-SD 0.0751  0.1406  0.1481  0.1045

2) 5 49 65 Bias -0.0042 -0.0167 0.0017 -0.0242
E-SD  0.0737 0.1227 0.1658  0.1052
RMSE 00738 0.1238 0.1658  0.1079
T-SD  0.0723 0.1223  0.1654  0.1031

(3) 10 49 6 Bias -0.0001  0.0056 -0.0137 -0.0124
E-SD 0.0500 0.0986 0.1031  0.0706
RMSE  0.0500 0.0988 0.1040 0.0717
T-SD 0.0502  0.0955 0.0994 0.0702

(4) 10 49 ) Bias -0.0013 -0.0064 -0.0005 -0.0133
E-SD  0.0471 0.0836 0.1126  0.0700
RMSE  0.0471 0.0839 0.1126 0.0712
T-SD  0.0478 0.0816 0.1122  0.0691
(5) 50 9 65 Bias  0.0010 0.0098 -0.0102 -0.0110
E-SD  0.0546 0.1038  0.1260  0.0729
RMSE  0.0546 0.1042 0.1264 0.0738
T-SD  0.0540 0.1021 0.1276  0.0721
6) 50 9 A Bias -0.0017 -0.0010 0.0028 -0.0121
E-SD  0.0512 0.1094 0.1306 0.0745
RMSE  0.0512 0.1094 0.1306 0.0755
T-SD  0.0507 0.1066 0.1314 0.0731
(7) 50 16 6% Bias  -0.0011  0.0019 -0.0046 -0.0093
E-SD  0.0393  0.0755 0.0845  0.0540
RMSE  0.0393 0.0755 0.0846  0.0548
T-SD  0.0390 0.0737  0.0830  0.0532
(8) 50 16 6% Bias -0.0019 -0.0031  0.0013 -0.0095
E-SD  0.0373  0.0709  0.0915 0.0537
RMSE  0.0373 0.0710 0.0915  0.0546
T-SD  0.0365 0.0684 0.0894  0.0529
(9) 50 49 65 Bias  -0.0009 -0.0011 -0.0002 -0.0026
E-SD  0.0222 0.0422 0.0434  0.0305
RMSE  0.0222  0.0423 0.0434  0.0306
T-SD  0.0216 0.0417  0.0428  0.0304
(10) 50 49 ) Bias -0.0008 -0.0030 0.0025 -0.0021
E-SD  0.0213  0.0358  0.0494  0.0298
RMSE  0.0213  0.0360 0.0494  0.0299
T-SD  0.0204 0.0351  0.0487  0.0298

Note: 05= (1,0.2,0.5,1) and 0= (1,0.5,0.2,1).
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