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Abstract

We propose a simulated maximum likelihood estimator (SMLE) for general sto-
chastic dynamic models based on nonparametric kernel methods. The method re-
quires that, while the actual likelihood function cannot be written down, we can
still simulate observations from the model. From the simulated observations, we
estimate the unknown density of the model nonparametrically by kernel methods,
and then obtain the SMLEs of the model parameters. Our method avoids the issue
of non-identification arising from poor choice of auxiliary models in simulated meth-
ods of moments (SMM) or indirect inference. More importantly, our SMLEs achieve
higher efficiency under weak regularity conditions. Finally, our method allows for
potentially nonstationary processes, including time-inhomogeneous dynamics.
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1 Introduction

We propose a general method to estimate dynamic models by maximum likelihood when
the likelihood functions are of unknown forms. The method requires that, while the
actual likelihood function cannot be written down, we can still simulate observations
from the model. For any given parameter value, we draw N i.i.d. simulated values from
the model conditional on available information, and then use the simulated data points
to estimate the unknown conditional density of the model nonparametrically by kernel
methods. The kernel estimate of the density will converge towards the true density as
N — 00, so we can approximate the density arbitrarily well by choosing a sufficiently
large N. Given this simulated density, we obtain a nonparametric simulated maximum
likelihood estimator (NPSMLE) of the underlying parameters.

Our method is related to simulated methods of moments (SMM) (??) and indirect
inference (??7), but, unlike these approaches, is not subject to the arbitrariness involved
in the selection of target moments or auxiliary models. In SMM and indirect inference,
if the target moments or auxiliary models are not chosen appropriately, the parameters
of interest may not be identified. Our method avoids this issue, because all the informa-
tion embedded in the distribution is utilized. More importantly, under weak regularity
conditions, maximum likelihood estimators enjoy higher efficiency than these estima-
tors, and the NPSMLESs inherit this property. Finally, our method allows for potentially
nonstationary processes, including time-inhomogeneous dynamics.

For specific models, a number of studies have proposed methods to approximate the
likelihood or score function—e.g. 7?7, 7, 7, 7 and ?. These are, however, model-specific
and cannot easily be adapted to other types of models. Our method, in contrast, is very
general and easy to implement.

Recently, methods similar to the one proposed here have been developed. The most
closely related is the NPSMLE of ?. Their analysis, unlike ours, focuses on static models,
although they do suggest generalization into dynamic models. Other papers have focused
on nonparametric simulated estimation of dynamic models, such as 7 and ?. The former
uses an Lo-distance and focuses on stationary models, while the latter does not offer
any theoretical results concerning the properties of the simulated estimators. In two
related studies, 7?7 use the so-called semi-nonparametric estimation method by 7?7 to

approximate the likelihood or score of dynamic models. However, no theoretical results



regarding the approximate estimators are given. In addition, none of the above papers
are applicable to nonstationary dynamics.

In this paper, we generalize the NPSMLE of ? to dynamic models, including nonsta-
tionary and time-inhomogeneous ones. We give primitive conditions for our NPSMLE to
be consistent and have the same asymptotic distribution as the infeasible MLE. In par-
ticular, we show how the number of simulations (N) and the kernel bandwidth should be
determined as the sample size grows. We also demonstrate how IV affects the asymptotic
variance of the NPSMLE.

One disadvantage of our proposed method is, as in 7, ? and ?, the bias incurred by
using kernel methods to estimate the density with a finite number of simulations. This
is in contrast to, say, SMM which yields unbiased approximations. However, one can
simulate one’s way out of this problem by drawing a sufficiently large number of data
points—that is, by letting N — oo.

The strength of our method, as is the case with 7, lies in its general applicability and
ease of implementation.

The estimation method has applications in a wide range of settings. In finance,
the researcher often faces the problem of estimating a continuous-time stochastic model
given discretely-observed data. The conditional density for these models are well-defined,
but only in a few cases is one able to derive a closed form expression for this. So one
either has to rely on approximate likelihood methods, or find alternative estimators. Our
estimator allows for an easy-to-implement approximate MLE for such models.

Similar problems arise in macroeconomics where the internal logic of many dynamic
stochastic general equilibrium models is so complex that a closed form expression for the
transition density of the system is not available. However, given the fundamentals of the
model, we can generally simulate artificial data, and hence apply our NPSMLE.

Throughout this paper, theoretical results are obtained only for cases where the
transition density of the model is conditional on finite-dimensional observable variables.
This limitation bites when latent variables are involved in dynamics and hence the
conditioning information set grows over time. Our method can still be used in such cases,
if one is willing to define a quasi-likelihood conditional on finite-dimensional observables.
Obviously, as discussed in Section 2.1, the asymptotic variance has to be adjusted since
we are not using the true likelihood. Extensions to methods with built-in nonlinear

filters that explicitly account for latent variables are worked out in a companion paper



(?) based on the main results given here.

This paper is organized as follows. In the next section, we set up our framework and
present the approximate density and the associated NPSMLE. In Section 3, we derive the
asymptotic properties of the NPSMLE under regularity conditions. Section 4 presents

specific examples, and Section 5 concludes.

2 A Simulated Maximum Likelihood Estimator
2.1 Construction of NPSMLE

Suppose that we have T observations, (yi,...,y7), y: € R¥, from a parametric model
with associated density pr (yr, yr—1, ..., y1|0; 0) for some initial starting value zp and a
parameter vector § € © C R%. A natural estimator of # is then the maximizer of the

conditional log-likelihood,

T
0 = argmax L(0), Lp(0) = Zlogpt(yt|yt_1, .o, Y1, %05 0). (1)
t=1

Often, pt(y¢|yi—1,--.,y1,To;6) can be written as

Pe(Ye|ye—1,- -, y1, 205 0) = pe(ye|ze; 0), (2)

for some finite-dimensional z; € F(yt—1,...,y1,%0). We here allow the density to de-
pend on ¢, such that {y;} is potentially time-inhomogeneous and thereby nonstationary.
Suppose now that p(y|z; ) is not available in explicit form and thus the maximum likeli-
hood estimation of 6 is not feasible. In this case, one may want to set up an approximate
likelihood function.

We propose a method to approximate a given density p;(y|z;#) when one can sim-
ulate values from py(-|x;6). In what follows, we consider a general conditional den-
sity p¢(-|z;0) of unknown form. This could be arrived at from the above setting with
xy € F(Y¢—1,---,Y1,20). But our approximation scheme does not rely on this assump-
tion, and x; can be any type of random variable, including exogenous variables.

The approximation is based on simulated values from p;(-|z;#). Consider a fixed
t>1,z € R, and § € ©. Then let {Yfze}f\il be N simulated i.i.d. random variables
such that Yti-’@ ~ p(-]z;0),i=1,...,N. The random draws are used to estimate p;(y|z; 6)



using kernel methods. Define

N
R 1
pe(ylz0) = 5 D En(Y5 =), (NPSMLE 1)
i=1
where Kj,(z) = K(z/h)/h*, K : R¥ = R is the kernel, and h > 0 the bandwidth. Under

regularity conditions on p; and K, we obtain that
Pr(ylz;0) = pe(ylz; 0) + Op(1/VNKF) + Op(h?), N — oo, (3)

where the remainder terms are op(1) if h — 0 and Nh* — co. We can use the simulated
density to obtain a simulated MLE (SMLE) of 6, by

T
6 = arg Igne%ﬁT(m, Lr(0) = glogﬁt(ytlxt; 0).
Because of (3), Lz (6) il L1 (6) as N — oo for any given 7' > 1. One would then expect
that for any given T > 1, 0 L 0 as N — oo under weak smoothness conditions on
pe(ylz; 0). We will verify this claim later under regularity conditions. When finding o
(which requires numerical optimization), it will be desirable that fLT(G) is continuous in
f. In the case where Ytﬁ.’e = gi(gi|z;0), this is ensured by continuity of 6 — g;(c|z;0),
and by the use of the same random draws {g; : i = 1, ..., N} for all values of 6.

A disadvantage of our estimator is that for finite N and fixed h > 0, the simulated
log-likelihood function is a biased estimate of the actual one. So to obtain consistency,
one will have to let N — oco. This is in contrast to SMM type estimators where unbiased
estimators of moments can be constructed, and consistency therefore obtained, for a fixed
N. However, if one is willing to make a stronger assumption about the identification of
the model, one can partially avoid this issue here. For example, in the stationary case,

the standard identification assumption is
E [log p(y¢|z¢; 0)] < B [log p(ye|ze; 60)] . 0 # bo.
A stronger identification condition implying the former is
E [log (/K(z)p(yt + hz|x; 9)dz)] <E [log </ K(2)p(y: + hz]mt;eo)dz>] ,

for all @ # 0y and h < h. Under this identification condition, one can show consistency

of our estimator for any fixed 0 < h < h as N — oo. A similar identification condition



can be found in ?. However, for fixed h > 0 the resulting estimator will no longer have
full efficiency; to obtain this, one has to let h — 0.

This leads us to the next observation. Namely, that the use of our approximation
method is not limited to actual MLEs. In many situations, one is able to define a so-called
quasi- or pseudo-likelihood which, even though it is not the true likelihood, identifies the
parameters of the true model. One obvious example of this is the standard regression
model, where the MLE based on Gaussian errors (i.e. the least-squares estimator) proves
to be robust to deviations from the normality assumption. Another example is estimation
of (G)ARCH models using quasi-maximum likelihood—e.g. 7. These are cases where
the quasi-likelihood can be written explicitly. If one cannot find explicit expressions of
the quasi-likelihood, one can instead employ our estimator, simulating from the quasi-
model. However, note that, in this setting, the asymptotic variance has to be adjusted
to accommodate for the fact that we are no longer using the true likelihood function to
estimate the parameters. This obviously extends to the case of misspecified models as
in 7.

Our approximation method can also be applied to non- and semiparametric esti-
mation problems in cases where the nonparametric component does not involve the
distributions driving the model—e.g. 7. Our asymptotic results have to be adjusted to
allow for 6 to be an infinite-dimensional parameter in this setting.

Discrete random variables can also be accommodated within our framework. One
then simply use Kh(thi’e —y) = ]I{Yt‘?o = y} for any point y in the discrete part of the
support, where I{-} is the indicator function. One can estimate the density for random
variables with mixed continuous and discrete components by using a product kernel, as
in ?. In this case, i}T(G) is not differentiable w.r.t. 6, but, as shown in the following
section, one can obtain the desired asymptotic properties of the NPSMLE as long as

L7(6) is continuous.

2.2 Alternative schemes

Alternative simulation schemes can be used to approximate the log-likelihood in (1).
First, in the case where (2) does not hold, one can instead simulate N i.i.d. sequences

{Yt(’Z ct=1,..,T} from pr(yr,...,y1|Te; @) given the initial starting value zp, and then



calculate

N [T
pr(yr, - - yilzo; ) = Jbz [H Kn(YY - yt)] : (4)
i=1 Lt=1
This will suffer from a severe curse of dimensionality with convergence rate given by
Op(1/V/NRFT) 4+ Op(h?). So, a large number of simulations have to be performed to
obtain a sufficient degree of accuracy. The deterioration in the convergence rate mirrors
the fact that the simulations at time ¢ are performed conditional only on zg, not utilizing
the information contained in (y;—1,...,y1). The approximation in (NPSMLE 1) on the
other hand takes into account all information available at time ¢.
If the data-generating process is time-homogeneous such that p;(y|z;0) = p(y|z;0),
and we can simulate a trajectory {Yf,Xf : 1 = 1,.., N} from the model—as is the
case with most simulation-based methods used for dynamic models, then the following

alternative is available:!

N 0 0
VKLY — ) Kn(X? —
zﬁ(ylfL’;9)=ZZ:1 '351 WEX ~ ) (NPSMLE 2)
dic Kh(Xf — )

This estimator potentially saves time on the simulation since one can use the same
sample of simulated data points to approximate the density at all data points. So
we only generate N values here to obtain the simulated likelihood function at a given
parameter value, while in the time-inhomogeneous case we need to simulate T'IN values.
On the other hand, the convergence of p will be slowed down due to (i) the curse of
dimensionality? and (ii) the dependence between (Y?, X?) and (Y, X?), s # t. This is
in contrast to p where the simulated values are independent. So one will have to choose
N larger for the simulated density in (NPSMLE 2) relative to the one in (NPSMLE 1).

Furthermore, one will normally have to assume a stationary solution to the dynamic
system under consideration for p Lt p , and either have to start the simulation at
the stationary distribution, or assume that the simulated process converges towards
the stationary distribution at a suitable rate. For the latter to hold, one will need to
impose some form of mixing condition on the process, as in 7. But then a large value
of N is needed to ensure that the simulated process is sufficiently close to its stationary

distribution—that is, one has to allow for a “burn-in".

'Here and in the following we will use K to denote a generic kernel.
>The dimension of (Y}, X/) is greater than that of Y,



The estimator in (NPSMLE 2) may work under non-stationarity. Recently, a number
of papers have considered kernel estimation for nonstationary Markov processes. The
kernel estimator proves to be consistent and asymptotically mixed-normally distributed
when the Markov process is recurrent (??). However, the convergence rate will be path-
dependent and relatively slow. So, for strongly dependent and nonstationary processes,
it will be preferable to use the estimator in (NPSMLE 1).

The above considerations lead us to focus on (NPSMLE 1) in the remainder of this
paper. The properties of (NPSMLE 2) can be obtained by following the same strategy
of proof as the one we employ for (NPSMLE 1). The only difference is that, to obtain
D il p, one has to take into account the dependence of the simulated values. A sufficient
set of conditions for p(y|z;0) T p(y|z; 0) uniformly in y,z and € when the dynamics of
the parametric model is near-epoch dependent can be found in ?, Corollary 2.

While we here focus on the kernel estimator, one can use other nonparametric density
estimators as well. Examples are the semi-nonparametric estimators of 7, 7, 7 and 7;
the log-spline estimator of ?; and the wavelet estimator of 7. What is needed is that the

nonparametric estimator converges towards the true density sufficiently fast.

2.3 Markov models

To illustrate the applicability of the proposed method, we set up NPSMLE for a general,
fully-observed Markov model.

Markov models are widely used in economics and finance. Often, the conditional
density characterizing the Markov process is not available in closed form. One then either
has to use alternative estimators, which will suffer from decreased efficiency relative to
the MLE, or construct an approximation of the density. For examples of the former, we
refer to 7, 7, 7, 7 and ?. The latter has been pursued in the case of discretely sampled
diffusion models by, amongst others, 77,7, 7, 2, 7,7, 7, 7 and ?.

We consider a Markov process {y;} with transition density p;(y|z). That is,

Py € Alyr =) = /A pr(ylz)dy.

Let yg be given, and suppose we have observed T observations of the process, y1,...,yr,

and assume that p belongs to a parametric family, {p;(y|z;0)|t > 1,0 € O}, where © C



R?. A natural estimator in this setting is the maximum likelihood estimator,

T
~ 1
0= Lp(0 Lr(0) == 1 _1;0).
arg max 7(0), Lr(0) thl og pe(ye|yi—1;0)
However, in many cases p is of unknown form or is difficult to evaluate directly. In this

case, one may implement the NPSMLE instead based on

T N
1 . . 1 1.0
Lr(9) = 7 > logpe(yelyr-1;0),  Pr (yelye—150) = N > Ky (31{’; - yt> :
t=1 =1

where }/;%/;_1,9 are i.i.d. draws from p;(-|yi—1;0).

3 Asymptotic Properties of the NPSMLE

Given the convergence of the simulated density towards the true density, we expect that
the NPSMLE 6 will have the same asymptotic properties as the infeasible MLE 0 for a
suitably chosen sequence N = N(T') and h = h(N).

Throughout, we assume that the conditional distributions of the model are continuous
so that standard kernel estimators can be used. One should be able to generalize the

results to allow for discrete distributions by extending the lemmas in Appendix B.

3.1 Results for the general case

We give three sets of results. The first set gives very weak conditions under which there
exists a sequence N such that 0 is consistent and has the same asymptotic distribution as
0. This result is however silent about how the sequence NN should be chosen as T' — oo.
The second set imposes further restrictions under which we are able to give more precise
error bounds which are helpful when choosing N and h in practice. The third set is a
further strengthening, and demonstrates how the asymptotic variance of 0 is affected by
the use of simulations.

In order for 6 to be asymptotically equivalent to 0, we obviously need to ensure that
D il p in some function norm. To establish this, we extend some standard results from
the theory on kernel density estimation in Appendix B. These results are established

under the following assumptions regarding the actual density and its associated model:



A.1 There exist A; with EA? < oo and 8, > 0 such that [V — th,’elH <
Ay [llz = 2'||Pr + 1|0 — 0||P1] for all 0,6" € © and z,2 € RL.

A.2 The density pi(y|x;0) is r > 2 times continuously differentiable w.r.t. y with

bounded derivatives such that

maxsup  sup Z ‘Dypt ylz; 0)
t21 9o (y,z)eRF+! =r

A.3 The density pi(y|z;0) is continuous w.r.t. 6.
A.4 The density pi(y|z;0) is thrice continuously differentiable w.r.t. 6.
A.5 In addition to A.1, 8 — Y*? is differentiable with its derivative, Y%, satisfying
1950 =V < Al =217 10 =017 YEONP < Adal) s,
for all §,0' € © and z,2’ € R!, where 35 > 0.

The first and second conditions are used to establish uniform convergence of p over
x and 6. The second in conjunction with the use of higher-order kernels reduces the
bias of p. The third and fourth ensure that the log-likelihood is suitably bounded and
sufficiently smooth. The final condition will only be needed to examine the effect that
the simulations will have on the asymptotic variance of the estimator. In the case of
time-homogeneous processes, the random variable A; = A will be time-invariant.

The kernel K is assumed to belong to the following class of so-called higher-order or

bias-reducing kernels:

K.1 The kernel K satisfies [, K(2)dz = 1; [pr 22 K(2)dz = 0, for 1 < |A| < 7 —1;
Sz |2l K (2)]d < oo; sup, HK( ) max(||z]|,1)] < oo ; K is absolutely integrable
with a Fourier transform ¥ satisfying [5. {(1 + ||z(|) supys; [¥(b2)]} dz < oco.

This class of kernels were first proposed by ?, and a discussion of the construction of
specific kernels satisfying these conditions can be found in ?. Using a kernel from this
class makes it possible to reduce the bias of p and its derivatives, and thereby obtain a
faster rate of convergence. The smoothness of p as measured by its number of derivatives,

r, determines the degree of bias reduction.

10



Finally, we impose regularity conditions on the model to ensure that the actual MLE
is asymptotically well-behaved. We first need to introduce the relevant terms driving
the asymptotics of the MLE. Under (A.4), we can define

T
Sr(6) = 8L<9Te(9) _ ZW e Re
t=1
PPLr(0) <~ 0 logpe(yelz:0) _ g
t=1
PLr(O) = Plogpi(yilesd) g
. 0 — — ) R ><d.
Cir®) = Hean, t:zl 200000,

The Information is then defined as

ZE’ [310{;171: yt|xt7 )alogpta(g/tfﬂft;g) _ E[HT(Q)] c Rxd.

We also define the diagonal matrix Zr(#) = diag {ir(0)} € R¥9, and

Ur(0) = T /2(0)Sr(0),  Vir(0) = I, /*(0) He ()T (6),
Wir(8) = I *(0)Gr(0)Z7 ().

We then impose the following conditions on the actual MLE:

C.1 © C R? is compact.

6.

l“c

C.2 0

C.3 There exists a sequence Ly > 0 such that:

1. L7(0)/Lr is stochastically equicontinuous.

2. supgee Zthl log pe (ye|ze; 0)|*T° /Ly = Op(1), for some § > 0.
3. 8 Nzl /Ly = Op(1) and 31 B|A¢|l/Lr = Op(1), for some § > 0.

N.1 6y € intO.
N.2 Z;' =77 (6p) — 0

N.3 W, r(0) = Op(1) uniformly in a neighborhood of 6 for j =1, ...,d.

11



N.4 (Ur(0o),Vr(6o)) <, (U, Vo) for some random variables (Up, V) with Vj being non-

singular almost surely.

Assumption (C.2) gives us consistency of the actual MLE, and (C.3) is used in the
proof of 6 £ 0, while (N.1)~(N.4) imply that the asymptotic distribution of the MLE is
given by:3

20 - 60) 5 ViU,

Note that in the stationary case, Ly can be chosen as Ly = T given that B ||z¢||*™°

and E [supgee | log p(ys|zs; 0)|1 ]
Z:'Sr(0) = Op(1) uniformly in 6, then L7 (6)||Z5'|| will be stochastically equicon-

tinuous.

< 00

< 00. In the general case, if one can show that

We are now ready to state our first set of results. This relies on a general result from
?, which can be found in Proposition 8 in Appendix C. We employ this to show that
0 inherits the asymptotic properties of the actual MLE for some unspecified sequence
N — oo (Proposition 9). Under the following condition on the bandwidth, we can apply
this result to our NPSMLE.

B.1 The bandwidth h = h(N) satisfies: h — 0 and N'/2pF+1 — oo,

Theorem 1 Assume that (A.1)-(A.3), (K.1), (C.1)-(C.2) and (B.1) hold. Then there
exists some sequence N(T') — oo as T — oo such that I Oo.

If furthermore (A.4) and (N.1)-(N.4) hold, then there exists some (possibly different)
sequence N(T') — oo such that I;/Q(@ —6o) 4, Vy 1o,

The above result only states that a sequence N — oo exists for which the NPSMLE
is consistent and has an asymptotic distribution. It is silent regarding how the econo-
metrician should choose this sequence as T' — oc.

We now derive precise conditions on N under which the NPSMLE converges towards
the true MLE at a given rate. In order to obtain these, we need to strengthen the

conditions used above substantially.

32 and ? show what Uy and Vo look like in various cases.
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First, we need to trim the approximate log-likelihood. We redefine our criterion

function as
T
Ly(0) = ZTa(ﬁt(yt|33t; 0)) log pr(ylze; 0),
t=1

where 74(-) is continuously differentiable trimming function satisfying 74(z) = 1 if |z| >
a, and 0 if |z| < a/2, and a = a(N) — 0 is a trimming sequence. One could here
simply use the indicator function for the trimming, but then ﬁT(G) would no longer be
differentiable. This property will be useful when using numerical optimization algorithms
to solve for 6.

Furthermore, under (A.5), we can define

3Pt(?/|$ 0) = o ZKh( B ) vl (5)

and thereby construct an approximation of the score,

T

Z ytlxt, ) Ta(Pe(ye|ze; 0))
— De(yelze; 0)
op T30 . .
+2 PAITE0) ) ol 0) ol ), (6)

We then give two results—one for the case where (A.5) does not hold and the other for

the case where it does, with some additional assumptions on the bandwidth.

B.2 /log(N)/Nh=*"1g=! -0, h"a=! — 0, and N~2Yh"Floga — 0 for some y > 0.

B.3.1 Ly\/log(N)/Nh~*"1a=! — 0, Lyh"a™' — 0, LyN~*h~*loga — 0, LyN™7 —
0, Lr(loga)™' — 0 for some v > 0.

B.3.2 ||T;/* [N D3 log Nh 20! — 0, |T/*[h71a™! — 0, |7/ (log a) ™ —
0, ||I%/2|]N_27h_k_1 loga — 0, HI;/QHN_V — 0 for some v > 0.

Condition (B.2) is imposed when showing consistency of the NPSMLE, while either
(B.3.1) or (B.3.2)—the latter in conjunction with (A.5)—will imply that the NPSMLE
has the same asymptotic distribution as the MLE. Observe that in the stationary case,
||Z%/2H = O(VT) and Ly = O(T). (B.3.2) imposes weaker restrictions on N, k and a than

13



(B.3.1) does, but, on the other hand, we have to impose stronger smoothness conditions
on the model in the form of (A.5) in order for (B.3.2) to be sufficient. Observe that the
density p;(y|z;0) may very well be differentiable in 6 while Yta’:r is not. Our strategy of

proof for the case where (A.5) is not valid is based on the following expansion:

Ly(8) — Ly(8) = =6 — ) T;/*V(80)T;/*(0 — 8) + op(1).

(NN

One could probably weaken the restrictions on N and h in (B.3.1) by instead using

arguments similar to the ones employed in 7, Theorem 7.1 and ?.

Theorem 2 Assume that (A.1)-(A.8), (K.1) and (C.1)-(C.3) hold. Then 0 £ 0, for
any sequences N — oo, h — 0 satisfying (B.2).

If furthermore (A.4) and (N.1)-(N.4) hold, then I%/Q(@ — 6o) 4, Vo tUo for any
sequences N — oo, h — 0 satisfying (B.3.1). If also (A.5) holds then the result remains
true for any sequences N — oo, h — 0 satisfying (B.3.2).

3.2 Stationary case

We give simple conditions for the NPSMLE to be consistent and asymptotically normally

distributed for the case where the data generating process is stationary and ergodic.

Corollary 3 Assume that {(yt,x¢)} is stationary and ergodic, and that (A.1)—(A.3) and
(K.1) hold, and:

(i) [logp(y|z;0)| < b(y|z) for all 0 € © , with B [b(ye|z:)+°] < oo.
(i) E [logp(ye|ze;0)] < E[logp(ye|ze; 00)], VO # Oo.
(iii) /log(N)/Nh=*1a=1 — 0, h"a! — 0, and N~2"h~%loga — 0 for some v > 0.

Then 0 £ 0.
If furthermore (N.1) and (A.4) hold, and:

(iv) B [[91og p(yla; 60)/96]12] < o

(v) ||d logo%g,lx 9) || < b(y|lz) uniformly in a neighborhood of O with B [b(ye|z¢)] < oc.

(vi) i(6y) = E [w

50507 ] 18 nonsingular.

14



(vii) T+/log(N)/Nh=*1a=1 -0, Th"a™' — 0, TN~2'h*loga — 0, T(loga)~' — 0,
TN~™7 — 0 for some vy > 0.

Then VT(0 — 60) > N(0,i(6)~Y).

Finally, we demonstrate the impact of the number of simulations on the variance of
0. To this end we have to invoke the additional smoothness conditions on th’g stated
in (A.5). Our result is only stated for the stationary case since it is difficult to derive
the result in the general setting of nonstationary/time-inhomogeneous processes. In
particular, we need to invoke U-statistics results which apparently are available only in

the stationary case.
Theorem 4 Assume that:

(1) {yt,x¢} is stationary, ergodic and [-mizing with exponentially decaying mixing coef-

ficients.

(ii) (A.1)-(A.3) and (K.1) hold, and 0 — Y is twice differentiable with both deriva-
tives satisfying (A.5).

(iii) (i)—(vi) of Corollary 3 hold.

(iv) TY*\/log(N)N@B2=1)/3p=k=2¢=1 _, o T4 "1g~1 — 0, VTN-2h *loga —
0, VT(loga)™" — 0.

Then, as T/N — o >0, VT(6 — 6p) < N0, (1 + a)i(f)™1).

3.3 Estimation of variance

To do any inference in finite sample, an estimator of the asymptotic variance is needed.
This can be done in several ways. A simple approach is to use numerical derivatives.
Define:

Ope(ylz; 0)  pe(yla; 0 + cex) — pe(y|z; 0 — cey)

00, 2e ’

where ey, is the kth column of the identity matrix. We have:

Ipe(ylz; 0) _ Ipe(ylz; 0)
00y, 00,
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Pe(ylw; 0 + ee) — pe(ylz; 0 +eer)  e(ylz; 0 — eex) — pi(yla; 0 — eex)
2e 2e
pe(ylz; 0+ cex) — pe(ylz; 0 — cex)  Opi(yla; 0)
+ — )
2e 80k

Now letting € = e(N) — 0 as N — oo at a suitable rate, all three terms are op(1).
A consistent estimator of the second derivative can obviously be obtained in a similar
fashion. These can in turn be used to construct estimators of the information and squared
score.

If the first two derivatives of th,a w.or.t. 0 exist, an alternative estimator of

Op(y|x;0)/00 is given in (5), while the second derivative can be estimated by:

U)o (1) (32) )+ 3 )

Lemma 6 shows that these are uniformly consistent estimates of the actual derivatives

of the density p.

4 Applications

One of the merits of our approach is generality. In this section, however, we apply
NPSMLE to simple, well-known models for expositional purposes. The first example is
the short-term interest rate model of 7. This univariate diffusion has a known transition
density, and therefore has been a popular benchmark of numerous diffusion estimation
strategies (7). We test the validity of our approach by comparing it to the true MLE and
to another simulation-based method—the SMLE of 7 and ?. In the second example, we

consider a nonstationary bivariate diffusion process with Gaussian density.

4.1 Cox-Ingersoll-Ross model

7 model short-term interest rates as a square-root diffusion process:

dyt = B(O{ — yt)dt + U\/@th.

Conveniently, the transition density for a discretely-sampled path is known. When ¢ > s,

Pty ) = e ()" 1y(2v/am), @
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where w = cyse P9 v = cy,, ¢ = 2a3/0% —1, and I,(-) is the modified Bessel function
of the first kind of order q. We collect the unknown parameters in § = («, 3,0)’, which
can be estimated with maximum likelihood.

If the proposed NPSMLE works, the distance between the true MLE and NPSMLE
will be a small fraction of the distance between the true MLE and the true parameter
values.

In the implementation of NPSMLE, we forgo our knowledge of (7). Given a set of
parameter values and ys, we simulate paths using the Euler scheme—c.f. 7. We divide

the interval t — s into M subintervals, and recursively compute for m =0,..., M — 1:
P RS i si2pi
um+1 = U, + B(Oé um) +o U m~+1>

where u} = ys, § = tﬁs, and W, 41’s are i.i.d. standard normal random variables. Then,
we let uZM be Ytgi’ys—ith simulated observation of y;. Once we have generated Ytei’ys s for

i=1,...,N, then we can estimate the transition density p(y, t|ys, s;6) by:
| X
~ 0,ys
Dy tlys, s) = = D K (Ym-y - yt) :
i=1

It is straightforward to construct and then maximize Ly () over ©. Here we use the
Gaussian kernel.

Following the benchmark in ?, we generate an artificial sample path of y; according
to the true transition density with 6 = (0.06,0.5,0.15). Note that non-negativity of y;
requires 208 > o2.

We estimate the diffusion parameters by maximum likelihood, Pedersen’s simulated
maximum likelihood, and our nonparametric simulated maximum likelihood. For Ped-
ersen’s method, which also involves the Euler scheme, we let M = 8 and N = 256. For
NPSMLE, we pick M = 8, N = 64 and h = 0.005—=close to what Silverman’s rule of
thumb suggests. This trio of estimations are performed on 512 artificial series of ¥, of
length T' = 1000 each. For all three estimation schemes, we use a direct-search polytope
algorithm in the optimization routine—UMPOL in Fortran IMSL. In the simulation stage
of SMLE and NPSMLE, we adopt antithetic methods to reduce the simulation variance.

The mean and root mean squared error (RMSE) of the estimates from these 512
Monte Carlo exercises are shown in Table 1. Note that the RMSEs of the true MLEs are
the distance from the true parameter values, while the RMSEs of the SMLEs measure
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True value True MLE Pedersen SMLE NPSMLE
Q 0.06 0.0606 (0.0063) 0.0599 (0.0026) 0.0599 (0.0024)
B8 0.5 0.5420 (0.1152) 0.5337 (0.0361) 0.5351 (0.0302)
o 0.15 0.1502 (0.0034) 0.1478 (0.0028) 0.1470 (0.0037)

Table 1: The mean estimates and the RMSEs of each scheme over 512 artificial data
sets are reported. The RMSEs are in parentheses. The RMSEs of the true MLEs
are the distance from the true parameter values, while the RMSEs of the SMLESs
measure the distance from the true MLEs.

the distance from the true MLEs. From the table, one can see that the finite-sample
performance of our NPSMLE with N = 64 is comparable to that of Pedersen’s SMLE
with N = 256.

4.2 Nonstationary diffusion estimation

Assume that y; = (14, s¢) is governed by the following nonstationary bivariate diffusion

process:

dry = pdt+ o1dWhy,
dsy = pdt+ oopdWiy + oo/ 1 — p2dWoy,

where Wy, and Wy, are standard Brownian motions and are independent of each other.
These arithmetic Brownian motions have Gaussian density, and the true maximum like-
lihood estimation of discretely-sampled data is feasible.

In the implementation of the NPSMLE, we again pretend that we do not know the
true transition density, and use the Euler scheme to simulated off paths. We let M = 4,
N = 128, and h = 0.00058. We perform the true MLE and NPSMLE for 128 sets of
artificial data of T" = 120 each.

The mean and RMSE of the estimates from these 128 Monte Carlo exercises are
shown in Table 2. Again, the RMSEs of the true MLEs are the distance from the true
parameter values, while the RMSEs of the NPSMLEs measure the distance from the
true MLEs. The table shows that the distance between the NPSMLE and the true MLE
is small compared to the distance between the true MLE and the true parameter values

with the possible exception of p.
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True value True MLE NPSMLE
I 0.0 -0.0001 (0.0008) -0.0001 (0.0004)
o1 0.005 0.0049 (0.0003)  0.0048 (0.0001)
09 0.005 0.0053 (0.0004)  0.0053 (0.0002)
P -0.3714 -0.3522 (0.0433) -0.3798 (0.0570)

Table 2: The mean estimates and the RMSESs of each scheme over 128 artificial data
sets are reported. The RMSEs are in parentheses. The RMSEs of the true MLEs
are the distance from the true parameter values, while the RMSEs of the NPSMLESs
measure the distance from the true MLEs.

5 Concluding Remarks

We have generalized the nonparametric simulated maximum likelihood estimator of ?
to deal with dynamic models, including nonstationary and time-inhomogeneous ones.
Theoretical conditions in terms of the number of simulations and the bandwidth are
given ensuring that the NPSMLEs inherit the asymptotic properties of the actual MLE.

This method is widely applicable, and can be implemented with ease. Two finite-
sample simulation studies demonstrate that the method works well in practice.

One limitation of the paper is that we only consider cases where the transition density
of the model is conditional on finite-dimensional observable variables. Extensions to
methods with built-in nonlinear filters that explicitly account for latent variables are

worked out in a companion paper (?) based on the main results given here.
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A Proofs

Proof of Theorem 1 Consider any given T' > 1. We have

T
|£T (0) = Lr (9)| < Z |log Pt (y¢|¢; 0) — log e (ye|ae; 0)] -
t=1

The result will then follow by Proposition 9 if we can show that
. P
sup \log pr(ye|ze; 0) — log pe(ye|we; 0)] — 0, t=1,...,T. (8)
€

For any v > 0, ||z¢]| < N7 with probability approaching 1 (w.p.a.l), t = 1,...,T, as

N — 00, and we can therefore apply Lemma 5 to obtain
N P
sup D (ye|we;0) — pe(ye|we; 0)] =0, t=1,..,T,
€

under (B.1). For a given t > 1, let (y,x) = (y¢, ). Then, by the mean value theorem,
1
Pe(yla:; 0) + Ape(yla; 0

[log e (ya; 6) — log pe (y|a; 0)] < = I [De(yla; 0) — pe(ylz; 0)]

for some A € [0, 1], where
1 1 1

su - < su = - < 00,
veo [(1— Npe(ylz:0) + Ape(yl: 0)] ~ oeb Ipe(ylw:0) + op(1)]  infoco pe(ylz:0) + op(1)

by Lemma 5 and the fact that infgcg pi(y|z; ) > 0 since 0 — py(y|z; §) > 0 is continuous

and © compact. [ |

Proof of Theorem 2 To prove consistency, we may redefine the approximate and ac-

tual likelihood functions as
1 & 1 &
Lp(0) = TT ZTa(ﬁt(yt\xﬁ9))10gﬁt(yt|xt;9)> Lr(0) = E Zlogpt(yt]:rt;@),
t=1 t=1

where Lr is given in (C.3). We introduce an additional trimming function, 7,; =
Ta(Pt(ye|xe; 0))L{||x¢]| < N7}, where I{-} is the indicator function, and two trimming

sets,
Ari(e) = {Pe(yslwe; 0) = ea, |zl < NV}, Azi(e) = {pe(yilwi; 0) = ea, [la|| < N7,

for any € > 0 and some v > 0. Defining A;(e) = A1 +(e) N Ag4(e), it follows by the same
arguments as in 7, p. 588, As;(2e) C Ay 4(e) C A(e/2) w.p.a.l as N — oo under (B.2).
Thus, La,,a) < 1a,,@2) < Tat < Lay,72) < Layaya)-
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We split up into three terms,

Lr(0) — Lr(0) = [Ta (D (We| 45 0)) — Ta,e]1og Pe(ye|e; 0)

o
Il

+ -
b«l‘,_.

S
[~ g

Ta,t [10g D (ye|we5 0) — log pe (ye|we; 0)]

S
i

[Ta,t — 1] log pe(ye| 243 0)

!

_|_
bﬂ‘,_.
] =

=1
0) + B2(0) + Bs(0),

[
&

and then show that supycg Bi(0) = op(1), i = 1,2,3. By (C.3),

|logal

T T )
[logal >,y |l |I'* |log al
B:1(9)] < = I >N}y < t=1 <
|B1(0)] < I, ;:1 {lle ] } <

Ly Nv(1+9) = N7 (1+9)

while by Lemma 5 and (B.2),

T
1 .
|B2(0)] < EZHAt(1/4)|10gpt(yt‘xt§9)_IOgPt(yt‘xt;gﬂ

t=1

< Op(1) xa 'sup sup sup |[py(ye|ze;0) — pe(yelwe; 0)] = op(1).
0€0O ycRF ||z|| <N~

The final term is bounded by

T
1 .
|B3(0)] < EZ|7'a,t_1||10gpt(yt‘xt;9)‘
t=1
1 T
< i > Hpi(yilai; 0) < da}|log pi (vl 0))|

t=1

T
1
7= S Wkl > N7} logpulyelos )] = Bs,a(6) + Bs.a(6).
T

t=1

First, as a — 0,

T
1
|Bsa(0)] < Ir ZH{Pt(ytkﬂt;a) < da} |log pi(yt|ze; 0)|
t=1

T
1
= — > {|logpi(yelae; 0)] > [log(4a)|} log pi(ys|zs; 0))|
Lr =1

| log(da)|~* <- s .
TZ|10gpt(yt|$t;9)| = [loga|~°Op(1).

t=1

IN
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Similarly,
T

7y LIl > N log s )

. 5/(1+9) L 1/6
{L I{]| || >N7}} {LTZ|1ngt(yt|xt;9)|1+6}

| B3,2(0)]

IN

IN

t=1

§/(146) . T 1/6
1+6 NIER)
< N 1+5 { ZH»’U | } {ETZHngt(ytlwt,@)I }

= N 7<1+5>0P(1). .
The consistency result now follows from Theorem 10.

To show the first of the two asymptotic distribution results, we merely have to
strengthen the convergence of Lp(6) to take place with rate Ly (c.f. Theorem 12).
One can still apply the above bounds which now have to go to zero with rate Ly. This
is ensured by (B.3.1).

For the second asymptotic distribution result, define S7(6) = L7 (6)/90 as:

ZT Ta(Pi(ys|z4;0)) Op y|:c Z Opi(ys|z+;0)
A _ a t t t7 t t|Lts ~ . %
ST(G) - s ﬁt(yt'xh ) + Ta pt yt‘xt, log(pt(yt|xt’9)) 89 .

First observe that by (N.3), Up(6) = Up (o) + VT(HO)IT/ (0 — 00) + op(1), where, since

Sr(0) =
||UT<@)>H = Ur(8) — 22 Sr ()| < |1 Z7 " *|IS+(8) — S (O)] < |1z sup | Sr(60) — Sr(6)].
We obtain:
St (0) — AT(G)
T T
. -~ OPe(yt|x;0)/00 /39 {31% Yi|ze; 0)/00 8ﬁt(yt|$t;9)/39}
- a 79 — Ta - N
;[T (Peltelos; ) =7 7t] Pt (yt|we; 0) z:: Pe(ye|wt; 0) Pt (yt|we; 0)
T T
0Py (y¢|ze; 0)/00 0P+ (ye|z+; 0)
+ ap = 1) = + ;0))1 10) ——=——
; ; EXOAERT) ; o(De(wnlee; 0)) og (B (yelze; 0) =7,

= Bu(0) + Ba2(0) + Bs(0) + Ba(0),

-1/2

and then claim that supycg || Z ||||B O = op(1), 1 < i < 4, which will yield the

desired result. On the set {||z¢|| > N7}, 0p:(yt|ze; 0)/06 L Opt(yt|ze; 0)/00, where the
latter is bounded, so

T T
C C 1+6
1B < 5 3Tl > N} < Fry 3 el
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The second term is further split up:

T
_ Ta(De(ye|ze;0)) [ ODe(yelze; 6)  Ope(ye|we; 0)

n XT: Ta(De(Yelze;0))  Ope(ye|ze; 0)

— pe(yelwe; 0)Pe (yelze; 0) a0
= DB21(0) + B22(0),

1D (ye|e;0) — pe(ye|we; 0) }

where
Ope(ylz;0)  Ope(ylz; 0)
By 1(6 < — sup sup sup — ,
152101 A yeRF ||z||[<NY 0€© 00 00
CcT R
[Ba2(O)l < —5 sup sup sup [pe(ye|we; 0) — pi(ye|ze; 0)] .

A% yeRk ||z||<NY 0€©

The third term satisfies:

T
_ 19D (ye| ;0 /39” 1 10D (ye|we50) /00|
IBoO)) < 3 N pelurdacd) < da} LTS +ZH{|| >N R

T 8/(1+ 146 1/0
< CTa+N_7(1+6){Z||$t||1+5} {Z e } 7

=1 =1 pe(ye|@e; 0

and the fourth term:

op ;0 0 ;0
B.O) = ZT Pl OV sl < N7V tog s 0)) { 250D el FniO)
d Ope(ye 745 0)
+ > 7Ll )T { || < N”}log(ﬁt(ytlwt;e))%
t=1
d i (ye 745 0)
+ > 7l (Be (el ) { [l > N7} log(pr(ye|ws; 0) =%

00

t=

= B4 1(9) +B4 2(9) —|—B473(9).

Using |7, (z)logz| < C|logall{a/2 < x < a} and the same arguments as for consistency
regarding trimming sets,

T
1Bs1(0)] < Cllogal Y I{|lz|| < N7}

‘@%(ytlsct;&) 8pt(yt|wt;0)H

t=1 90 - o0
< Clloga|T sup sup sup Ope(ylz;0)  Opelylz; 0) 7
yERF ||z|| <N 0€O 00 90
S Ope(ye|xe; 0) &l
IBi2(0)| < loga I{|log(p:(ylz:0))| > [log(2a)|} % <O logpilyle:6)].
= t=1

23



T
1Bis@)l < Clogay I{fa > N7}

t=1

e (yt|z+; 0) < Cllogal Yo _ [|lwe|| '+
o0 — hE+1 N (1+9) :

One now realizes that Lemmas 5 and 6 together with the conditions in (B.3.2) ensure
that all the above bounds are OP(HI;/Q‘D. |

Proof of Theorem 4 Define Y* = Yf’eo, and Yy ={Y®:i=1,..,N,z € R'}. Also,
write p; = P(yt’l’t;go), Pt = 3p(yt|$t;90)/597 S(yt|$t) = P/t Tat = Ta(ﬁt(yt\mt;go)),
and let p(z) denote the marginal density of ;. We then have 0 = Sp()/vT +
{I:IT(@)/T} VT (0 — 0y), where Sp(0) is given in (6). We make a functional Taylor

expansion w.r.t. p; and p¢, yielding

T ~ ) .
by — P Pt .
DT,N:ZTa,t{ tp t—p;(pt—Pt)},

=1 t t

where

S7(00)/NT — Sp(00)/VT — Dy /NT
1 Do Bi Di—Di D 1
t t t — Mt t /A > ~
= —ETQ — = — - —+ (Dt — +—E Tt lOgDy.
JT t { s ; pf (Pt pt)} JT 2 DiTq, 108 Pt

Using the same arguments as in the proof of Theorem 2, the second term can be shown
to be op (1), while the first is bounded by

T .
1 Tat ||Pe]l { S 2 - 2
== 1B — Bl + lpe — el |
\/thl

DDt Dt

T .
< {;Zij”}ﬁ sup {17 (wla) — 5 (vla) [ + 1 vle) — p (wlz) [}

t=1 YERK ||lz[| <N~

where £ S5 [el/pe = Op(1). subgyep oy enny B (0l2) = Wle) |l = op (T71/4a)
and SUPfyerk o] <NV} P (y|z) —p (y|z)|| = op (T—1/4a) under the conditions on N, h
and a by Lemma 5 and 6.

Next, using standard U-statistics results for absolutely regular sequences—e.g. 7,
Drn/VT = Dy/NT + op(1) , where,

Under the conditions given in (vii), we have

DN:E ZN
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=~ [ [ GienBulelp@sds — [ [ o Gle) sole)ptole)pa)dyds
) flvzf:/ g {hkﬂ/K'(n)dy} @)z

/{ /y\aﬁ <th_y)dy}p(gg)dx+oP(1>
/Y””Ix z)dz + Op(h").

= \

= \

HMz HMz

Finally,

1

II*HT() Ho|\<8up||*HT(9) T

HT(@\HSHPII%HT(@)—H(@) [I+|[H(9) — H (60)]| -
0cO

The convergence of the second and third term follows from standard ULLN results under

the conditions we have imposed on 92 log p (y|z; 8) /0006’ . The first term is bounded by

T . ~ o .
Z 1; bt ZT“ ptpt pw;t
-1 Pt Dt t 1 t D

ptpt - De ptpt

DT athgPt +ptpt at

Ei: Z|1 Tat|

Following the same steps as before, each of the above terms can be shown to be op (1)
uniformly in 6. In total, with T/N — «a > 0,

VT(O -0y = (H0+0p(1))—1{\/1T5( \/> Z/ (YV|z)p dm+0p(1)}
LN (0, (1+a)i0) ). B

B Properties of the Simulated Density

Lemma 5 Assume that (A.1)-(A.2) and (K.1) hold. Then for any t > 1, p, given in
(NPSMLE 1) satisfies

sup sup sup |p(y|z; 0) — pi(ylz; 0)]
yeRF ||z||<N7Y 0€©

= Coa (B[AZ],K) Op (ViogN)N"1/20741) 4 Co z (K, Dypi) "

for any v > 0, and where Cy;, © = 1,2, are given in Lemma 7.
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Proof This follows from Lemma 7 with Yi(a) = Y;%’, Z(a) = 1, a = (z,6) and
A=R'x0. |

Lemma 6 Assume that (A.1)-(A.5) and (K.1) hold. Then for anyt > 1, 0p;/00 given
in (5) satisfies

sup sup sup ||9p(ylx; 0)/00 — Op (y|x; 0) /00|

yERF [|z]|[<N7 €O

= C11(E[A],K)Op (\/log(N)N(QVBfl)/Sh’k’Q) + C12(K, Dydp; /00)h™ !

for any v > 0, and where Cy 4, i = 1,2, are given in Lemma 7.
If furthermore, the second derivative of Y;/?e exists, and this satisfies the same bounds
as the first one, then together with & [Aﬂ < 00!

sup sup sup ||0%py(y|x;0)/0000" — 0%py(ylx;0)/0000' ||
yERE ||z|| <NV 0€©
= Cu1(B[AY],K)Op ( 1og(uN)N<er>/3h*k*2) +Ch2 (K, Dyop, /060) ™"
+ Can (BINZ] K) O (VIgGmIN G52V 45) 4 oy (K, D}, f06)

where Cy;, © = 1,2, are given in Lemma 7.

Proof This follows from Lemma 7 with Y;(a) = Yfi’e, Z(a) = Ytﬁ-’g and Ytﬁ-’a, a=(z,0)
and A =R!x ©. |

Lemma 7 Assume that:
(1) K satisfies (K.1).

(ii)) {Yi(a),Zi(a)}, i = 1,..., N, are i.i.d. copies of (Y («),Z(a)) ~ p(y,z;c) for any
ac ACRD,

(i) V(@) = V(@) < Alla— /|, 1Z(a) — Z(@)]| < Alla— |t ond |Z(a)] <
Allal|?> where B, > 0, By >0 and EA? < co.

(iv) Gly;a) = BE[Z(a)|Y (o) = y] p(y; @), where p(y; ) = [p(y, z;)dz is r times dif-
ferentiable in y, with sup,e 4 SUP, gk Z|/\\:r ’D;‘G(y; a)‘ < 00.

(v) Ay ={a € Al|a| < CN"} for some C >0 and v > 0.

Then Dg}é(y; Q) = m Zf\;l Zi(a)D K (%) satisfies:
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1. By > 0 with vy = N@+D/(260)+7

sup sup Dﬁé(y;a)*DQG(y;a)’
a€AN yeERF

= C\a(BA% K)Op (Viog(un )N @103k 4 0y o (K, DGy,

2. By =0 with vy = N1T1/(281) .

sup sup
a€AN yeRF

= Cai (BA%,K) Op (Viog(un )N 720~ 1) + Oy o (K, Dy G

XAV o). A .
DyG(yva) - DyG(yaa)’

In both cases,

oy (BAZK) = (EA2+1)/(1—|—Hw||)sup|\ll)\(bw)|dw,
b>1

1
Cra(K.D}G) = s suwp 3 [DhGlwia)| [ [l K ()
Rk

T acA RF
YEE Jul=r

Proof The proof is a modified version of the one found in ?, Proof of Theorem 1. By

the Fourier inversion formula, we obtain

sup sup @(y;a)*EG‘(y;a)H
aEAN yeRF
N
< / p %ZZ]'(@) exp(iw'Y; (@) — B[Z(a) exp (iw'Y ()] %dw. ()

Define Qn(a) = Zj\;l Zj(a) exp(iw'Y;(a))/N, and Q(a) = E[Z;(a) exp(tw'Y;(a))]. We
then claim that for any w € R¥, in the case where Z(a) is unbounded,

sup ([ Qn(a) = Q(a)l| < (wl| +1) C (BA, K) N~ #7527 1/3, (10)

OZGAN

while in the bounded case,

sup [[Qn () = Q(a)l| < (lwl| +1) C(BA, K)N /2. (11)

aEAN
Substituting each of these into (9) together with
h’l‘

HE[D;/\G(y;a)]fD;G(y;a)H < : /Rk |§T|DZG(yhz;a)|zﬂ 1K (2)| d=
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hr—)\
sup Z |D”G w; oz)|/]R’c 12" K (2)]d=

r! weRkK

ll=r
then yields the result.

We now prove (10). Define truncated versions QN( ) Z;: ( )exp(w'Y;(a))/N
and Q(a) = E [Zj() exp(iw'Y;(a))], where Z;( ()I{||Zj(a)|| < N} for some
b > 0 which will be specified later. Then (10) will follow if

sup HQN QN(a)H — E[AZ]OP (N(Q’Yﬁz—l)/?}) , (12)
a€AN

sup [|Q() = Q(a)|| = B[APINEPm, (13)

a€AN

sup |Qn (@) = Q)] = C(BA,K)Op (N®P-1/%), (14)
a€AN

For Eq. (12)—(13),

B[ s v -@v@l] < B[ s 1Z@PE{IZ@]> 3]
1/2 1/2
< B[ suw ||Z<a>||2} P(sup 12()] >Nb)
aEAN a€AN

< B|swp 2 >||2} JN® < [A2] N#YPad,
la€AN

and, similarly, sup,e 4, HQ(a) — Q(a)” <E [AQ] N2vB2=b For Eq. (14), define hyper-
cubes

N7
Bny = {oz € Allla—angl < }, k= 1,...,V§,
VN
D
where {ay 1} have been chosen such that Ay C UZLBN,k- We then have for a € By,

HQN(a) — QN(aMk)H < i Z HZ a)exp(iw'Yj(a)) — Zj(aN,k) eXp(iw’Yj(aNyk))H

< %Zuzj(a)nnyj( Yol + 1 ZHZ = Zi(an)|
j=1
B4 Nb N
< lwlllla— aNkH Z”A I+ aNkII ZHA I
) NO+8:
< (lwl+1) (B[A%] +o0r (1)) —5—,

and similarly for ||Q(an ) — Q(a)||. Thus,

||QN(04) - Q(Of)” < ||QN(04) - QN(OéN,k)H + ||QN(C¥N,k) - Q(QN,k)H + ||Q(C¥N,k) - Q(Q)H
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NO+8: _ _
< (Jwl +1) (B[A%] +0p(1)) 5 T 1@~ (ank) — Qlank)] -
VN

The last term is bounded using Bernstein’s inequality for bounded zero-mean random

variables,
P <1<H1§3XD HQN(OéN,k) — Q(OZN,k)H > M) < g P (HQn(aN,k:) - Q(QN,k)H > M)
SPEVN k=1
< l/ﬁ2 exp [—MQNl_b} .

Choosing M = C'/log (Vﬁ)N(l_b)/Q, vy = [N<217+1)/(251)+7]7 and b = 293, — 1/3, we
obtain the desired result.

The proof of (11) follows along the same lines but without truncation such that

N
jax(e) - @nlaxll < PN @147 4 op),
N
P < max_[|@Qn(ank) — Qank)| > M) < vR2exp [—MiN] ,
1<k<vR VA

where Z is the upper bound of sup, Z(a). Choosing M = C,/log (Vﬁ)]\f_l/2 and
vy = [N/ (8] we obtain the desired result. ||
C Some General Results for Approximate Estimators

Consider § = argmaxgee L7(#) and § = argmaxgee L7 (), where Ly (6) is the true
but infeasible criterion function, not necessarily the log-likelihood, and ﬁT(H) = ﬁT7 ~(0)
is an approximation of Lp(f). In the following we give sufficient conditions for the

approximate estimator, 6, to be asymptotically equivalent to 0.

C.1 Existence of N

Proposition 8 Assume that (C.1) holds and for a given T > 1:
(1) 0 — Lr(0) is continuous.

(ii) 0 — Lp(0) is continuous.

(iii) supgeo |L7(0) — Lr(0)] 20 as N — .

ThenégéasNHooforthisTZL
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Proof See 7, Theorem 1.

Proposition 9 Assume that the assumptions of Proposition 8 are satisfied together
with (C.2). Then there exists a sequence N — oo such that 0 Z 9.

Assume furthermore that, for some random variable Z and some sequence of positive
definite matrices Ifl — 0, Iilp/2(é —6o) L Z. Then there exists a sequence N — oo such
that Ty* (0 — 60) — Z.

Proof To show consistency, take any positive sequence {dr} with 67 — 0. For each
T > 1, choose N > 1 such that || — ]| = Op(d7), which is possible due to Proposition
8. Thus, [|6 — 0o < [|0 — 0]| + |6 — b0|| = Op(67) 4+ 0p(1) = 0p(1), by our choice of {57}
and (C.2).

The weak convergence result is shown similarly. For each 7" > 1, choose N(T') > 1
such that ||Iilp/2(9 — 0)|| = Op(d7), and we proceed as before. [ |

C.2 Conditions on N for Consistency

Theorem 10 Assume that:
(i) 0 — Lp(0) is stochastically equicontinuous.
(ii) 6 2 .

(iii) There exists a sequence N = N(T) — oo such that supyeg |L7(0) — L1 (6)| 20 as

T — oo.
Then 0 £ 0.

Proof We wish to show that for any ¢ > 0, P(||[§—0|| > &) — 0as T — oc. Let & > 0 be
given. Then by (i) there exists a § > 0 such that, ||§ —6|| > ¢ implies | L7 (#) — L7(9)| > &
with probability tending to 1. Thus, as T" — oo,

P(|6— 8]l > £) < P(Lz(8) — Lr(B)| > 9).

We then have to show that the RHS converges to zero. Since 6 is the maximizer of Ly (6),

we know that L7 (6) > Lz (6). Thus,

ILr(8) = Lr(B) = Lr(6) — Lr(8) = {Lr(8) — Lr(6)} + {Lr(8) — Lr(9)},
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where, by (iii), Ly(0) — Lr(0) < |Lr(0) — Lr(0)| < suppee |L7(0) — Lr(0)] = op(1),
while, by the definition of # and again using (iii),

Lr(B) = Lr(0) < Lr(®) ~ Lr() < sup |Lr(6) ~ Lr(6)] = op(1).

In conclusion, Lz(6) L L1 (0) as desired. |

More primitive conditions for (i) above can be arrived at by utilizing the results of

Corollary 11 Assume that (ii) and (iii) of Theorem 10 hold. Further assume that
© is compact and there exists a non-random, equicontinuous function Ly (0) such that
supgee |Lr(0) — L1 (0)] L0, Then 05 0, for this sequence N.

C.3 Conditions on N for Convergence Rate
Theorem 12 Assume that (C.2) and (N.1)-(N.4) hold together with:
(1) 6 — Lr(0) is thrice differentiable in a neighborhood N of 6.

(ii) There exists a sequence N = N(T) — oo such that 0 L 0y and supgen | L7 (0) —
Lp(0)] = Op(br) for some by — 0 in N as T — oo.

Then I%/Q(é — 6p) L VU and I%/Q(@ — 07) = Op(\/br) for this sequence N. In
particular, Iilpﬂ(@ —6o) < y-1y,

Proof Using standard arguments, one can show that under (C.2) and (N.1)-(N.4),
2,/%(8 — 60) = Vi (80) U (60) + op(1) % VU

see e.g. 7. Next, by a standard Taylor expansion, we have w.p.a.l,

N 1~ . . 1~ . _ .
Lr(0) —Lr(6) = 50— 0)Hr®)6-0)= 560/ *Vr(B)L,*(6 - 0).

for some 6 € [f, 6], since S7(f) = 0 by the definition of §. By another Taylor-expansion,
[V (8) = Vi (8) | < Wr(8) x |18 = 6oll,

for some 0 € [y, 0]. The first term on the RHS is Op(1) by (N.3), while the second is
op(1) since 0 and 9, and thereby 6, converge towards 6. In total,

Lr(8) — L(d) = %(é YTV (00) T - 0) + 0p (1),
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We now use the exact same argument as before for the LHS. Since 0 is the maximizer of

Lp(0), we know that Lp(0) > Lp(0). Thus,

Ly(0) — Ly(0) = {L1(0) — Lr()} + {Lr(0) — Lr(0)},

where, by (ii), L(8)— L7 () < suppep | L7(0)— L7 ()| = Op(br), while, by the definition
of 0 and (ii),

Ly(6) — Lr(6) < Lr(9) — Lr(6) < ngILT(@ — Lr(6)| = Op(br).

We have now shown that %(@ - é)’Z%/ZVT(HO)I%/Q(é — ) = Op(br). On the other hand,
1 Ly .
50 =0T V(00T (0 - 6) S |10 - 00)

where |0]|2, = 0’V is an Euclidean norm since V' is nonsingular. This is equivalent to
HI%/ %(6 — 69)||2 = Op(br). The second result now follows from Slutzky’s theorem. ||

Theorem 13 Assume that (C.2) and (N.1)-(N.4) hold together with

(i) 6 — Ly(0) is thrice differentiable in a neighbourhood N of 0.
(ii) 0 — L(0) is once differentiable in a neighborhood N of .

(iii) There exists a sequence N = N(T) — oo such that 0 L 0y and suppen |97 (6) —
St(0)]| = op(IZ”]) as T — oo,

Then I%/Q(é —6p) L V-1U and I%p(é —6p) L y-ty for this sequence N.
Proof By a standard Taylor expansion,

T2 80(0) = T2 57(60) + T P Hr (00) T TH2(0 — 66) + op(1),
where

\Z2 287 (0)| = 1772 {S7(8) — S7(0)}]| < sup 1Z7 2 {S7(6) — S7(8)}]| = op(1).

Thus, Z/2(6 — 60) = Vi (60) {Ur(60) + op(1)} S VU, 1
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