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1 Introduction

Let {D, X', DY/}, be an independent and identically distributed random sequence drawn from the
unknown distribution Fy with D a binary ‘missingness’ indicator. When D = 1 we observe both
X e X ¢ RImX) and V; € Y ¢ RImM) | when D = 0 we only observe X. The sampling process
identifies Fy (y1,x|D = 1) and Fy (d, z), but we seek to identify functionals of Fy (y1,x), a distribution
not identified by this process alone. To ensure identification we assume that Y7 is ‘missing-at-random’
(MAR)? conditional on X = x:

Fo (yil2) = Fo (yilz, D = 1) = Fo (y]z, D = 0). (1)

The only other prior restriction on Fy is that for some unique v, € G ¢ R4m()

Er, [ (Y1, X, 70)] = / / m (1, 2.70) fo (y12) dyada = 0, (2)

where m (y1, z,7) is an L x 1 known function of y; and x indexed by ~y. For simplicity we consider the
exactly identified case when dim (y) = L.

A large body of research explores identification and estimation of 7, under restrictions (1) and (2).
The semiparametric efficiency bound for this problem was calculated by Robins, Rotnitzky and Zhao
(1994) and Hahn (1998). Several estimators attaining this bound have been proposed. The above set-up
is widely used in the analysis of ‘causal effects’ (Rosenbaum and Rubin 1983, Imbens 2004), missing
regressors (Robins, Rotnitzky and Zhao 1994) and non-classical measurement error (Chen, Hong and
Tarozzi 2004). Below we survey additional applications.

Existing approaches to efficient estimation of v, exploit one of two alternative factorizations of
fo (y1,x) implied by the MAR restriction. The imputation approach substitutes fo (yi|z, D = 1) fo ()
for fo (y1,x) in (2). Imputation estimators then replace fy (y1|x, D = 1) with a nonparametric estimate
and fo (z) with the empirical measure of the complete sample. Hahn (1998), Chen, Hong and Tarozzi
(2004) and Imbens, Newey and Ridder (2005) pursue variants of this approach.

Inverse probability weighting (IPW) uses the factorization fo (y1,2) = fo (v1,2|D =1) Qo/po (),
where po (z) = Ep, [D|X = z] is the propensity score and Qo = Ep, [D] the marginal probability of
complete observation. IPW estimators replace po () with a nonparametric estimate and fo (y1,z|D = 1)
with the empirical measure of the D = 1 subsample. Hirano, Imbens and Ridder (2003), Wooldridge
(2007) and Chen, Hong and Tarozzi (2004) pursue this approach.

Imputation and IPW are, under appropriate conditions on the estimates of fo (y1]|z, D = 1) and
po (), globally efficient. Unfortunately fo (y1|z, D = 1) and pg (z) can be difficult to estimate nonpara-
metrically in moderate-sized samples.

Robins, Rotnizky and Zhao (1994) proposed an augmented inverse probability weighting (AIPW)
estimator. AIPW is an M-estimator based on a parametric estimate of the efficient score function (cf.,
Graham 2007). It requires auxiliary parametric models for fy (y1]|z, D = 1) and pg (). When the true
data generating process satisfies these auxiliary restrictions AIPW is locally efficient (cf., Newey 1990).

Consistency of the estimator, however, only requires the restrictions on fy (y1|x, D = 1) or pg (x) to be

?Little and Rubin (2002) and Manski (2003) provide comprehensive discussions of restriction (1).



true. In the language of Scharfstein, Rotnitzky and Robins (1999) AIPW is ‘doubly robust’. Graham
(2007) provides a method-of-moments interpretation of double robustness.

This paper proposes a new approach to estimation: inverse probability tilting (IPT). Like AIPW, the
proposed method requires making auxiliary parametric assumptions about fy (y1|x, D = 1) and pq (z),
is efficient when these assumptions are true, and robust to departures from one or the other of them.
Unlike AIPW, only the nuisance parameter indexing the propensity need be estimated (i.e., an estimate
of that indexing fo (y1|x, D = 1) is not required).

We begin by approximating Fy (y1, ) with a multinomial distribution with support coinciding with
that of the D = 1 selected subsample. The distribution of probability mass is chosen to be as close
as possible to the empirical measure of the selected subsample, subject to the restriction that various
moments of X, calculated using the estimated distribution, are identical to the corresponding sample
moments calculated using all observations of X. We refer to this latter property as ‘exact balancing’ (of
moments). Making the ‘close as possible’ terminology precise requires choosing a discrepancy metric,
a choice that is equivalent to choosing a model for the propensity score (Little and Wu 1991, Hirano,
Imbens, Ridder and Rubin 2001).

When the propensity score is correctly modelled, and hence the discrepancy metric appropriately
chosen, the inverse probability ‘tilt’ of the empirical measure of the selected subsample provides a
consistent estimate of the true distribution function Fy (y1,x). When this is not the case, however, the
tilted distribution can still be used to consistently estimate 7, when certain auxiliary restrictions are
satisfied (i.e., the method is ‘doubly robust’).

Specific applications of inverse probability tilting have been proposed elsewhere. Little and Wu
(1991) suggest the method for calibration of 2 x 2 contingency tables to known margins when selection
is logistic. Nevo (2002, 2003) extends their results to moment condition models. Hirano, Imbens, Ridder
and Rubin (2001), in the context of a creative proof of just identification of their additive non-ignorable
attrition model, formalize the mapping between discrepancy metrics and propensity scores.

Distinctive contributions of our work include: (1) complete generalization of the method, (2) ap-
plication to a far wider range of models, (3) demonstration of local efficiency and double robustness
and (4) providing duality results which facilitate both computation and interpretation. We apply the
method to a wide range of missing data and data combination problems. Local efficiency and double
robustness hold in all cases. Examples not covered by the work cited above include estimation of the
average treatment effect (ATE), M-estimation with variably probability samples or missing regressors,
estimation of the average treatment effect on the treated (ATT), two sample instrumental variables es-
timation when the two samples are not random draws from the same population, small area estimation
and non-classical measurement error with validation samples. We are also able to substantially extend
Hellerstein and Imbens (1999) results on M-estimation when the sampled and target populations don’t
coincide.

Semiparametric efficiency and double robustness are also properties of AIPW. Advantages of IPT,
relative to AIPW, include applicability to a wider-range of estimands, the need to estimate fewer nui-
sance parameters, and the exact balancing property of the IPT estimate of Fj (y1, ). Inverse probability
tilting could be generalized to achieve global efficiency. Such a generalization would involve increasing

the number of moments balanced as the sample size grows. In practice applications will involve flexible



parametric specifications and hence we develop theory appropriate for this case. In this context IPT is
particularly attractive relative to competing approaches: parametric imputation is not robust to mis-
specification of fo (y1]z, D = 1) (Imbens 2004) and parametric inverse probability weighting is generally
neither robust nor efficient (Chen, Hong and Tarozzi 2004, Graham 2007).

Papers to discuss:

Anderson (1982)

Qin and Zhang (2007)

Efron and Ibshirani (1996)

2 The population problem in a nutshell

It is helpful to begin by informally considering the ‘population’ properties of inverse probability tilting.
Recall that the assumed sampling process asymptotically reveals Fpy (y1,z|D = 1) and Fy (d, x). Let

to = (1,0') and
wm®=<h@ﬂ%>,

with h(x) an M x 1 vector of known functions of z with mean (, under Fy (i.e., B, [A(X)] = (y).> We
assume that Eg, [(M(X) — o) (M(X) — ¢o)'|D = 1] is of full rank.
Now consider the properties of the inverse probability tilted distribution Fi with density

B fo (y1,zld =1) Qo
P ) = G (@)t (0. 6 + 61 (Q0))

where 9§, is the solution to
max {0 — B, [¢7 ((X, (o) 63 Qo) [D = 1]}, (3)

with cp;“ (v;-) =T (v;+) /O for j =0,1,2,... and pT (z;Q) given by

oyl ] k(Qr+G1(Q) ¢ -1 (Q
v(@Q) = k(Q) |Gk(Q)x+ Gt (Q))Q+/CQ/G(k(Q)x+G1(Q)G <t)dt]’

for k£ (Q) =4 —Q/G1 (G (Q)) and G (-) an increasing, differentiable and continuous function mapping

%Note that both ¢, and Qo are asymptotically identified since realizations of D and X are recorded for all units.



the real line onto the unit interval.* The 1 + M first order conditions for (3) are

fo(y1,zld =1) Qo - ) N
/ / Gk (@)t (. Co) 60 + G 1 (Qo)) Y = / / fe (1, @) dyrda = 1 (@)

fo(y1,zld =1) Qo _ . " T =
//h(m)G(k:(Qo)t(m,Co)’é*+G‘1 Qo) 1 = //h( Jhe (o1, 2) dynde = G

The inverse probability tilted density f. (y1,2) is a proper density and shares (at least) M moments
with Fp.
Our main identification result concerns equality of v, and ~,, where v, is the root to the tilted

analog of (2)
Er, [m (Y1, X,7,)] = / / m (1, 2,7) o (31, 7) dynde = 0. (5)

We can show that v, = v, if at least one of two conditions hold: (1) po (z) = G (g + h ()’ By) for
all z € X or (2) Eg, [m (Y1, X,70) | X = 2] = Tow (z) for all z € X, some L x 1+ M matrix Ty and
w(z) = (1,h(z)).
Equality of v, = 7, under the first condition follows from the fact that after making the substitutions
Co = Br, [M(X)] and
ao =k (Qo)n" + G (Qo), By =k(Qo)\",

where 6 = (1, X' )/ and using iterated expectations we can show equivalence of (4) and (5) with the pair

of moment restrictions

Er,

D
{G(a0+h(X)’50)_1}w(X)] =0 ©

Dm (Y1, X,7)
G (040 + h (X), 50)

Fo 07 (7)

which identify ao, 8y and vq if po () = G (ap + h (z)' By) and the MAR restriction holds.

Equality of v, = v, under the second condition is less obvious. In this case we allow the propensity
score to be misspecified (i.e., there are no o and 3 such that p () = G (oo + h (z)' By) for all z € X,
Let o and 3, denote the solution to (6) under misspecification. Exploiting the well-known equivalence
of (6) and (7) with the pair which replaces (7) with the population residual associated with the (mean
squared error minimizing) linear predictor of (7) given (6) (e.g., Qian and Schmidt 1999), yields the

4Under these restrictions on G (), ¢ (; ) is concave and increasing in z.That ¢ (z; Q) is increasing in z follows from
the fact that
Q

71 = EE @ e @)

is bounded below by zero. Concavity from the fact that
G (k@ 4G (@)
Gk(Qz+G1(Q)

@3 (2;Q) k(Q)Q

is negative for all = € R*.



equivalent system

{2 -

Dm (Y1, X,7) Tow (X) B
5 |G e k005 Gl SR (077 >(D Gl tn(f )] = o0

Applying iterated expectations, the MAR asumption and the second condition Eg, [m (Y1, X,7q) | X = 2] =

Tow (z) to the residualized moment gives
Er, [Yow (X)] = Er, [Er, [m (Y1, X, 70) |X]] = Br, [m (Y1, X, 7)) = 0.

The restrictions (6) and (7) therefore identify v, when the second condition holds even under misspec-

ification of the propensity score.

3 Sampling structure and estimands

We begin by describing our basic sampling framework in detail. Available are two samples. The study
or treatment sample consists of Ny records of Y7, X. This sample is a random sample from the study
population. The auxiliary or control sample consists of Ny records of Yy, X. It is a random sample
from the auziliary population. The merged sample consists of N = Ny + Nj records of D, X, DY; and
(1 — D) Yy, where D is a binary variable taking a value of one if a unit originates from the study sample
and value of zero if it originates from the auxiliary sample. That is, D indicates whether a unit is
member of the study or auxiliary populations. Often this distinction reflects some measurable attribute
of a unit. In program evaluation problems D indicates exposure to a policy (D = 1) or not (D = 0).
Without loss of generality we assume that the first N7 observations in the merged sample corresponds
to study units and the remaining Ny to auxiliary units.

It is helpful, both conceptually and for the development large sample theory, to think of the merged
sample as arising from a simple, albeit fictional, multinomial sampling scheme: with probability Qg a
unit is randomly drawn from the study population and its values of Y7 and X recorded, with probability
1 — Qo a unit is randomly drawn from the auxiliary population and its values of Yy and X recorded.
This is repeated N times such that as N — oo we have Ny /N 2, Qo- Realizations of Y are not recorded
for units drawn from the study population, while realizations of Y7 are not recorded for units drawn
from the auxiliary population.

Each of our motivating examples is based on some variant of the above sampling scheme. Some of our
more complicated examples, particularly those with ‘non-ignorable’ missing data, require augmentations
of the above scheme. We defer a discussion of this until Section 7. It is helpful to organize our main
examples into two classes of problems. We refer to the first class as missing data problems and the
second as sample combination problems. While this terminology is imperfect, we feel it best captures
the fundamental identification challenge of each set of examples.

In both cases the study and auxiliary populations are distinct subpopulations which together form

some larger target population.® In missing data problems the multinomial sampling probabilities at-

®The term ‘target population’ is borrowed from Little and Wu (1991). However, our use of the term differs from theirs.



tached to the study and auxiliary populations equal their respective shares in the target population.
That is Qo = Py, with Py denoting the probability that a random draw from the target population is a
member of the study subpopulation. In this case the merged sample is (equivalent to) a random sample
of Z = (Y{,Y{,X") from the target population where, with some probability, possibly depending on
7, some elements of Z not recorded for some sampled units. The goal is to identify some feature of
the target population. Let F' be the distribution function for this population. Our starting point is the

following prior restriction on F.

Assumption 3.1 (GLOBAL IDENTIFICATION IN THE TARGET POPULATION) For some known function
¢ (Zv 7) =m (yb z, ’7) + l (ZUO, xvfy)

Ep [ (Z,0)] = / b (2,70) dF (2) =0,

with Br [ (Z,7)] # 0 for all v # 7y, v € G CRX, 2z € Z C RIm(Z),

The notation Ep [-] denotes expectations taken with respect to F.

In data combination problems the goal is to identify some feature of the study population. In
these problems @y typically differs from Fp; that is the study and auxiliary samples are typically
collected independently. LaLonde (1986) works with a study sample of National Supported Work (NSW)
Demonstration participants and an auxiliary sample on non-participants from the Current Population
Survey (CPS). Let H denote the distribution of (Z, D) induced by the multinomial sampling scheme.

Its associated density is

h(z,d) = [Qof (21d = 1)]"[(1 — Qo) f (2|d = 0)]' 7. (8)

This density characterizes a hypothetical combined population. Observe that the distribution of Z in
the study population equals the conditional distribution of Z given D = 1 in the combined population.
For data combination problems our starting point is following prior restriction on the study/combined

population.

Assumption 3.2 (GLOBAL IDENTIFICATION IN THE STUDY POPULATION) For some known function
¥ (z,7) =m(y1,z,7) +1 (Yo, z,7)

Bir [1 (Z,70) |D = 1] = / b (5,70) dF (2ld = 1) =0,

with EH W (277)] 7é 0 fO?" all Y 7é Yo, Y € gcC RK, z€ZC Rdim(Z).

Since Eg [[|D = 1] = Ep [-|D = 1] we will often omit subscripts from the expectations operator in
what follows. The distinction between the target and the combined population is important only for de-
termining whether the available merged sampled is suitable for identifying v, as defined by Assumption
3.1 or 3.2. A good discussion of this issue in the context of evaluating the NSW Demonstration is found
in Dehejia and Wahba (1999, p. 1057). When discussing estimation of -, as defined by Assumption 3.1
we implicitly assume that Q¢ = Fp.



Assumptions 3.1 and 3.2 are closely related to the distinction between the ‘average treatment effect’
(ATE) and the ‘average treatment effect on the treated’ (ATT) estimands of the program evaluation
literature (e.g., Hahn 1998, Hirano, Imbens and Ridder 2003, Imbens 2004) and the ‘verify-in-sample’
and ‘verify-out-of-sample’ distinction made in the context of estimating nonclassical measurement error
models with validation samples as in Chen, Hong and Tarozzi (2005). Assumptions 3.1 and 3.2 are
sufficiently flexible to allow us to apply inverse probability tilting to most of the missing data and

biased sampling problems of which we are aware as well as to provide results for several new problems.

4 Examples

To illustrate the range of problems to which inverse probability tilting can be applied we introduce, and

subsequently develop in some detail, the following concrete examples.

4.1 Missing data problems

Our first class of problems are explicit missing data problems. The leading case of such problems
are those with data ‘missing at random’ (MAR), in the sense defined by Little and Rubin (2002).
Efficient estimation under the MAR set-up has been widely studied since the pioneering work of Robins,
Rotnitzky and Zhao (1994). We focus on this case initially. In Section 7, we show how inverse probability
tilting can also be applied to non-ignorable missing data problems. A leading example is provided by
the two-period panel data problem with second period attrition depending on unobservables studied by
Hirano, Imbens, Ridder and Rubin (2001). Such examples require generalizing our sampling framework

to include additional auxiliary samples.

Variable probability sampling with known population strata frequencies (Wooldridge 1999)
Assume that (Y1, X) € RImO1) x RAmX) js partitioned into M + 1 exhaustive and mutually exclusive
strata (Y10, X0), (D11, &X1) - (Viag, Xar). A total of N draws are taken from the target population.
Each draw is retained with known probabilities po, ..., pas, which vary across strata. A total of Ny < N
units are retained and their realizations of Y7 and X recorded. No information on Y7 or X is available
for non-retained units. Either knowledge of the initial sample size, N, or Py = Pr(D = 1) is available.
The moment vector is as given by Assumption 3.1 with I (yo, x,7y) a vector of zeros. Table 1 summarizes

the structure of the moment function for this example and each of those that follow.

Missing regressors or expensive covariates (Robins, Rotnitzky and Zhao 1994) We partition
X = (Xo, X{)' with Xy the outcome of interest and X; controls. We assume Yj is a noisy measure of,

or surrogate for, Y7, the regressor of interest. The moment function corresponds to setting

de (yl,mly"Y)

8')/ ($0_e(y17$17’7))7

m(y1, ;) =

with e (y1,71,7) a known (conditional expectation) function indexed by ~, and [ (yo,z;7) a vector
of zeros. For example Y7 might be calorie consumption measured using a long questionnaire which is
expensive to administer and /or difficult to get sampled individuals to complete and Y; might be a calorie

consumption measure associated with a shorter questionnaire that is inexpensive to administer. The



outcome variable, Xy, might be some aspect of child health or early childhood cognitive development
and X; various demographic controls. This example could easily be modified to incorporate endogenous

regressors.

Average Treatment Effects (ATE) (Rosenbaum and Rubin 1983, Imbens 2004) Let D=1
denote assignment to active treatment and D = 0 assignment to the status quo or control treatment; Y;
and Yy are (potential) outcomes under the active treatment and status quo respectively; X is a vector

of pre-treatment controls. The estimand of interest is the average treatment effect (ATE)
Yo =E [Yl - Yb] ’
which is equivalent to v, defined by Assumption 3.1 with m (y1,z,7v) = y1, { (Yo, x,7) = —yo — 7.

4.2 Sample combination problems

The second family of problems to which inverse probability tilting can be applied are sample combination
problems.® A leading example is combining a stratified random sample from the target population with

a pure random sample from that population.

Two sample instrumental variables (TSIV) (Angrist and Krueger 1992, Arellano and
Meghir 1992) Currie and Yelowitz (2000) consider a model where Y] indicates whether a school-
aged child has repeated a grade, Yj indicates residence in public housing, and X = (Xp, X})" with
Xy equalling the number of male siblings in the household, and X; equalling the overall number of
siblings in the child’s household and other household characteristics. The moment function is as given

in Assumption 3.2 with m (y1,x,7) = ¢ () d (y1,7) and I (yo,z,7) = —¢ (x) € (yo,z1,7) . That is, by

¥ (2,7) = g(2) (d(y1,7) — € (Yo, 21,7)) ,

where d (-,7), g (-) and e(-,-,) are known functions; Ridder and Moffitt (2007, Section 2.4) provide a
number of specific examples. The number of male siblings serves as an excluded instrument for residence
in public housing since, conditional on the overall number of siblings, families with a mixture of boys
and girls qualify for larger units and hence higher (implicit) housing subsidies.”

A total of N7 units are drawn from the study population and their realizations of (Y7, X) recorded;
this forms the study sample. An auxiliary random sample of size Ny is taken from the auxiliary
population with realizations of (Yp, X) recorded. Currie and Yelowitz (2000) get information on (Yp, X)
from the Current Population Survey (a stratified random sample) and information on (Y7, X) from a
random sub-sample of the Census. In this example the population of interest is school-aged children
living in the United States. The Census sub-sample can be viewed as a pure random sample from this
population.

Available results for TSIV require that the two samples be random samples from the same population
(Angrist and Krueger 1992, Arellano and Meghir 1992, Ridder and Moffitt 2007). Unfortunately, in

®Ridder and Moffitt (2007) provide a recent survey on research on data combination.
"This is because children of opposites sexes are not allowed to share rooms under HUD guidelines.



many empirical applications estimated moments from the two samples for the common variables, X,
differ significantly. Currie and Yelowitz (2000), for example, find significant differences in the probability
of a household being female-headed and ethnic classification. As we show below IPT can be used to

combine datasets that are not random draws from the same population.

M-estimation when the target and sampled populations differ (Little and Wu 1991, Heller-
stein and Imbens 1999, Tarozzi 2005) In this example the auxiliary sample is not one for which
Assumption 3.2 holds. Under certain restrictions, however, the study samples provide sufficient informa-
tion to identify the study distribution function. Conventional M-estimation proceeds using an estimate
of the study distribution function in place of the empirical distribution function.

Hellerstein and Imbens (1999) estimate an Mincerian log-earnings regression with an ability measure.
Their auxiliary sample, the NLS, is not a random sample from their study population (non-self-employed
working white men between the ages of 28 and 38 in 1980). In their example earnings and basic
demographic controls are included in X, Yy is an IQ score and Y; is empty. The NLS includes information
on X and Yy, while a sample drawn from the 1980 Census identifies the marginal distribution of X in
the study population. The moment vector is as given in Assumption 3.2 with m (y1,z,v) equalling a
vector of zeros.

In related work Little and Wu (1991) study the calibration of contingency tables to known mar-
gins when the target population differs from the sampled population. Tarozzi (2005) is interested in
computing Indian poverty rates in a consistent way over time using samples with changing expenditure

questionnaires.

Average Treatment Effects on the Treated (ATT) (Hahn 1998, Imbens 2004) Lalonde
(1986) and Dehejia and Wahba (1999) combine earnings outcomes from participants in the National
Supported Work (NSW) Demonstration with earnings from nonexperimental comparison samples drawn
from either the Panel Study of Income Dynamics (PSID) or the CPS to estimate the ATT associated
with the NSW Demonstration. Their target population is NSW participants. The study sample, which
consists of the PSID (or CPS) controls, contains information on Yp, earnings given nonparticipation, and
X, pre-intervention controls. Their auxiliary sample consists of a random sample of NSW participants
and contains information on Y7, earnings given participation, and X.
The object of interest is
Yo =E[Y1 —Yo|D =1],

which is equivalent to v, defined by Assumption 3.2 with m (y1,2,v) = y1 and I (yo,x,7y) = —yo — -

Nonclassical measurement error with validation samples (Chen, Hong and Tamer 2005,
Chen, Hong and Tarozzi 2005) In this example the auxiliary sample is a validation sample con-
sisting of Yy, a measurement of, say, income free of error, as well as other variables X. Included in X is
a noisy measure of Yj or other surrogates. The study sample is a random sample from the population of
interest and consists of records of X (Y7 is left empty); 7, is defined by Assumption 3.2 with m (y1,x, )

equal to a vector of zeros.



Small error estimation (Elbers, Lanjouw and Lanjouw 2003) An auxiliary sample consists of
a measurements of Yp, say household consumption, and demographic controls, X from a country-wide
household survey. Precise information on the distribution of X in a small area of interest, say a specific
municipality, is provided by a study sample (typically extracted from a Census). The vector Y7 is empty.
Interest centers are estimation of

Yo =E[Yo|D =1],

where expectations are taken with respect to the population in the municipality of interest. This esti-
mand is equivalent to 7, defined by Assumption 3.2 with m (y1, z, ) set equal to zero and [ (yo,x,7y) =
Yo — 7.

5 Inverse probability tilting

In this section we show how inverse probability tilting (IPT) can be used to consistently estimate 7y, as
defined by either Assumption 3.1 or 3.2 under the sampling scheme described above and the additional

restrictions:

Assumption 5.1 (RANDOM SAMPLING) {Vi, X}'Y is an independently and identically distributed
random sequence from the study population and {Yy, X }f\i’l 18 an independently and identically dis-

tributed random sequence from the auxiliary population.
Assumption 5.2 (RELATIVE SAMPLE SIZE GROWTH) As N1 — oo and Ny — oo, N1 /Ny — Qo/ (1 — Qo) .
Assumption 5.3 (MisSING AT RaNDOM) (Y1,Yp) L D|X

Assumption 5.4 (OVERLAP) Let po(z) =Pr(D=1|X =x), then 0 <k <po(z) <1—k <1 for all
z € X C RIm(X),

Assumption 5.5 (PARAMETRIC PROPENSITY SCORE) Let G (w(X) ) be a parametric model for

p () with (i) w (x) = (1, h* (ac)')l, h* (z) a M x1 vector of known functions of X, {, = E [h* (X)] or(, =

B [* (X) D = 0], h (2, Co) = I* () — Co and B [ (X, o) b (X, Co) 1D = 1] or B [h (X,Go) b (X.<o)' |D = 0]
of full rank, (ii) a unique cy € A C RY™M such that po (v) = G(w (z) ap), and (iii) G (-) a continuous,
differentiable and increasing function with

lim G (v) =0, lim G (v) =1

V——00 Vv——+00

Assumptions 5.1 and 5.2 formalize the sampling scheme outlined in Section 3. Assumptions 5.3 and
5.4 ensure identification of 7. Assumption 5.3 implies the distribution of (Y7, Y)) conditional on X is
the same in the study and auxiliary populations. This restriction and the common support restriction
implied by Assumption 5.4 identify ~,.

Consider 7, as defined by Assumption 3.1. We have

Elp(Zy)] = Blm(, X,7)]+E[l (Yo, X,7)]
= BE[m M, X,7) X +EE[ (Yo, X,7) [X]]
= BE[mM,X,7) X, D =1]]+E[E[ (Yo, X,7)|X,D =0]],
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where line two follows by iterated expectations and line three by Assumption 5.3. The study and
auxiliary samples identify E[m (Y1, X,v) |X,D = 1] and E[l (Yo, X,~) |X, D = 0]. By Assumption 5.4
they do so at all points of support in the target distribution of X and hence E [¢) (Z,~)] is identified.
Identification of 7, as defined by Assumption 3.2 follows from a similar argument.

While Assumptions 5.1 to 5.4 ensure point identification of v, we additionally impose Assumption
5.5 for convenience. To understand this restriction note that it implies, by Baye’s Law and Assumptions
5.3 and 5.4 that

L (QfGld=DY
G (—f(z) ) (@) a0 (©)

= i+ h* (z) aw,

where G71(+) is the inverse of G (-) and we partition g = (10, ). Equation (9) shows that As-
sumptions 5.3 to 5.5 restrict some known transformation of the ratio of the density of Z in the study
and target populations to be linear in h* (z). Such restrictions are similar to those made in discrimi-
nant analysis. To make this connection explicit note that if G (t) = exp (t) / [1 + exp (t)] is the logistic
function we can, using Assumption 5.3, show, after some manipulation, that (9) is equivalent to the

restriction

i)] = oy + h* (z) azo, (10)

with ofy = a0 +1In(1 — Qo) —In (Qo).

It is well-known that (10) holds for 2* (x) including =, #? and all cross-product terms when f(z|d = 1)
and f (z|d = 0) are multivariate normal (with different mean vectors and covariance matrices). When z
is discrete and h* (x) is a vector of dummy variables for each support point, then (10) obviously holds.
Restriction (10) can also accommodate joint distributions of continuous and discrete random variables
with dependence between the continuous and discrete random variables (Anderson 1982). Barron and
Sheu (1991) show that for X a continuous random variable with bounded support, the log density ratio
can be well-approximated by allowing the dimension of h* (z) to grow with the sample size. We focus

on ‘flexible parametric’ specifications in this paper.?

8This follows from:

L (Qf =1\ 1 (Qof (ougle,d = 1) f (zld = 1)
“ ( e ) = ¢ ( 7 (vo,01l2) £ (@) )

—1 Qof(ﬂd:l)
¢ (Qof(ﬂd =1)+(1—-Qo)f(zld= 0))

- (7““3'61: 1)) In (—1 ‘QO)
[ (z]d = 0) Qo
= w(r) ag
9For modest numbers of covariates an feasible implementation of IPT will necessarily be of the flexible parametric
variety. When f (z|d = 1) and f (z|d = 1) are multivariate normal densities satisfying (10) requires h* (z) to be of dimension

2p+1p(p— 1), with p = dim (X). Dehejia and Wahba’s (1999) evaluation of the NSW Demonstration includes 8 covariates
and hence 2p + %p (p—1) =44.
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5.1 IPT as a calibration estimator

The inverse probability tilting estimation of 7, can be informally derived by calibration arguments (e.g.,
Little and Wu 1991).

5.1.1 IPT estimation of 7, defined by Assumption 3.1

By Bayes Law and Assumptions 5.3, 5.4, and 5.5 we have

1 —@Qo
1-G (w(z) ao)

/ ¥ (2,7)dF (2)
Qo

:/m(yl,x»’y)mdF(Z’d: 1)4‘/1(3!0716‘77)

dF (z|d=1).

Observe that the target density is a ‘inverse probability tilt’ of the study and auxiliary densities. The
method of inverse probability tilting is built on this insight. The procedure has two steps. First, the
empirical measures of the study and auxiliary samples are inverse probability tilted toward a multinomial
approximation of target measure. Second 7, is estimated by method-of-moments with the study and
auxiliary empirical measures replaced with their inverse probability tilts.

Replacing f (z|d = 1) with the empirical measure of the study sample and assuming f(z) to be

multinomial with coinciding support gives

a1 <&>ZM(XZ‘),050, 1=1,..., Ny,

N- 1775
where 7y,..., 7N, are the multinomial probabilities characterizing F.
Let . )
~ N ~ N
Q= Zi:l Di, (=% Zi:l h(Xi), (11)

be analog estimates of p, = (Qg, Cf))l. The inverse probability tilt of the study sample is given by
i=1,...,N, (12)

with &° uniquely determined by imposing the adding-up constraint, Zf\gl 7; = 1, and the requirement
that h(X,Z) be mean zero in the target population, Zf&l mih(X, Z) =0:

Q5 L

N & Gw (X;) a%) el (13)
Q L A(Xi,0) _
M &Gy )

We also have

12



and hence the inverse probability tilt of the auxiliary sample is given by

. 1-Q 1 .
7:(p) = . i=Ni+1,...,N,
O = N T Gy ah !
with
-1 =0
N L X)'AA)
N
XZ,C) B
Z = = O
w (X;) a”)

The ‘S’ and ‘A’ superscripts denote which sample was used to estimate the propensity score coefficients.

The inverse probability tilting estimate of v, in then given by the solution to

N1 N
0 = Zﬂ-z (}/117Xi7:}7)+ Z %zl(meXZ):Y\)
=1 i=N1+1

_ D;m (Y1, Xi,7) (1 —D;) 1 (Yoi, Xi,7)
- NZ{ Gw (X;) &%) 1 - G(w(X;) a?) }7

where for simplicity we have assumed that dim (¢ (z,7)) = dim (7).

Some important properties to discuss:

1. Like inverse probability weighting (Hirano, Imbens and Ridder 2003, Wooldridge 2007), but a°
and @ not estimated by Sieve/Parametric MLE.

2. While &@° and @ are both consistent for «p, they are numerically different.

3. Zl]\i . Dim; and Zl]\i 1 (1 = D;)7; sum to one by construction — no ex post Hajek normalization

required.

4. N Dimint(X;) = N, (1 - D)7k (X)) = SN h*(X;)/N — the inverse probability tilted
moments in the study and auxiliary samples exactly match the sample moments of 2*(X;) in the

merged sample. IPT imposes ‘balance’ by construction.

5. For IPW these last two properties are asymptotic only.

5.1.2 IPT estimation of 7, defined by Assumption 3.2

By Bayes Law and Assumptions 5.3, 5.4, and 5.5 we have

/ ¥ (2,7)dF (2]d = 1)

1-Qy G (w (x)'ao)
Qo 1-G(w(=) o)

=/m<y1,x,v>dF<z|d= 1)+/l(y0,$”¥) dF (2)d = 0).

13



To estimate 7, defined by Assumption 3.2 we tilt the auxiliary sample toward a multinomial approxi-
mation of the study population measure.
Manipulating (8) and using Bayes Law and Assumptions 5.3, 5.4, and 5.5 gives
fleld=1) 1-Qy G(w(x) a)

flald=0) Qo 1-G(w(x) a)

and hence
Qo
z|d=0
Qo + (1 — Qo) ;EZ}dzlg

Replacing f (z|d = 0) with the empirical measure of the auxiliary sample and assuming f (z|d = 1) to

G—l

=w(z) ag

be multinomial with coinciding support gives

a1 No;
Nomi + (1 — Qo

)/QO) :w(Xi),Oz(), 1=Ni1+1,...,N,

where 71, ...,7n, are the multinomial probabilities characterizing Fyp_;.
Let ) )
~ N ~ Ny %
Q=FD D =g X WX, (15)

be analog estimates of p, = (QO, C{])/. Note that Z is the mean of h* (X;) in the study sample, not the

merged sample as before. The inverse probability tilt of the auxiliary sample is given by

L 11-Q Gw(Xi)at)
Wz(p)_ NO @ 1—G(w(XZ)'&A)’

1=N1+1,...,N,

with @ uniquely determined by imposing the adding-up constraint, Zf\i Nitl 7; = 1, and the requirement
that h(X,Z) be mean zero in the study population, ZﬁiNﬁl mih(X, Z) =0:

AN N I ~A
No 1—G(w(X;) a%)

~1 =0

Q)
o
=
£

11-Q i G(w (X;) a%) -

No Q

i=N1+1

The IPT estimate of v is given by the solution to

N1 N
1 N ~
0 = ﬁzm(Yh,Xl,’Y)"i‘ Z il (YOwa"Y)
Lz i=N1+1
Ny N I ~A
1 . 11-Q Gw (X;) a™) .
= — m(Yli,Xi ')/) + ———= Py l(}/(-)wafY)
Ny & No Q z:%:ﬂ 1-G(w(X;) at)
_ Ly Gy {D@-m (Vii, X:,7) (1—Di>1<Ym,Xiﬁ>}
N Q G(w (X;) a’) 1-Gw(X)'at) |
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Some important properties to discuss:

1. Like inverse probability weighting (Hirano, Imbens and Ridder 2003), but & not estimated by
Sieve /Parametric MLE.

2. YN (1 - D;)#; sums to one and SN | (1 — D;)7;h*(X;) = 32N, h*(X;)/N; — the inverse prob-
ability tilted moments in the auxiliary samples exactly match the sample moments of h*(X;) in

the study sample. IPT imposes ‘balance’ by construction.

5.2 IPT as a minimum empirical discrepancy estimator

For the rest of the paper we assume that, when ~, is as defined by Assumption 3.1, that

1/)('27’7) = m(yl,x,w),

and hence only the study sample need be tilted. Similarly, when ~, is as defined by Assumption 3.2,

we assume that

1/)(’27’7) :l(y())x/}/)‘

D(PQ) = [¢ (j—g) aQ.

which measures the divergence between the probability measures P and ). The contrast function ¢ ()

This simplifies exposition.

Consider the function

is convex, differentiable on its domain, and chosen such that D (-, @) is minimized at @ (cf., Bickel,
Klassen, Ritov and Wellner 1993, Chapter 7, Kitamura 2006). For what follows it will be useful to
establish the notation f; (x) 4 & f (z) /027 for any function f (-).

Inverse probability tilting estimates of v, can be viewed as minimum empirical discrepancy estima-

tors.

5.2.1 Minimum empirical discrepancy representation and duality for estimation under

Assumption 3.1

The inverse probability tilt for the empirical measure of the study sample is given by the solution to

1 N1 N1 N1
min - Y o(NimiQo), st Y mi=1, > mh(Zi,{) =0, (16)
Lz i—1 i—1

150Ny

with pg = (Qg, Cf))l replaced by the consistent estimates given in Equation (11) above and

N A R Wl € E
p(Q) = PN r< O
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for @ € (0,1) and % (Q) = —Q/G1 (G71(Q)). Observe that (17) is convex, differentiable and attains

its minimum at z = 1.1°
Note that since ¢ (z;Qg) is only finite for x > Qq, it constrains the estimated probabilities to be
greater than Qo /N;. This restriction is implied by the structure of the problem since
f(z) Qo

TEd=1  m@ %

Replacing F'(z) with its the multinomial approximation and F'(z|d = 1) with the empirical measure of
the study sample gives m; > Qq/Ni.

Let £ (7T1, TNy, A po) be the Lagrangian associated with (16), where n° is the scalar multi-
plier associated with the adding-up constraint and A\* the M x 1 vector of multipliers associated with

requirement that h (Z, (,) be mean zero. The N; first order conditions for the probabilities are

GHQ) 1 o Q) s 23S :
- = = G e - - h 5 )\ =V, = 1,..., .

Solving for 7; gives

1
GRQ)H2,0)5 +G1(Q))

S
t(Z,o:(h(;O), 55:(25)

a0 =k (Qo) no — Cpro + G H(Qo), a2 =k (Qo) No.

~S
The first order condition for ¢ , after substituting in (18), is

. i=1,...,Ny, (18)

where

Note the identities

Q& t(Z,<)
i—1 G(k(@Q)t(Z,¢)d +G1Q))

_t0:07

where ¢y = (1,0")".
The negative of the Fenchel conjugate of p(z, Q) is

ot (z,Q) E —m;ix{xy—l-%G_l (Q)+ﬁ/yaG—l <%) dt}.

10T hese claims follow from the first order condition

¢ (25 Q) = —ﬁ {G*l Q) -Gt (g)} -0

which implies an extreme point at 2* = 1. That this point is a global minimum follows from convexity of ¢ (z; @), i.e.,

Oy = L 1 Q
P2 (va) - k(Q) Gl (G71 (%)) 22 > 0.

&
<~
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The first order condition for this problem is given by

G(Q) Gy . Q
TRQ k@ TV TGk @e e @)
so we havell
e 1 [ Q@+ (Q a L (Q
P@Q) = k(Q) |Gk(Q)x+ G (Q))Q * /Q/G(lc(Q):v+G—1(Q) “ ( t ) dt] ' (19)

~S
The Fenchel duality theorem (Rockafellar 1970, Borwein and Lewis 1991) implies that ¢  is also the

solution to
ma { 5+—Z<p (2,0 5@)} (20)

The dual problem simplifies computation and asymptotic analysis. The probabilities can be recovered
by
~ ~S ~
+ /
SR t(Z,¢)6 ,
m(p):_‘ﬁ(( 151) Q), i=1,...,Ny.

5.2.2 Minimum empirical discrepancy representation and duality for estimation under

Assumption 3.2

To do for this section:

1. Normalize the discrepancy function.

For estimation of v, as defined by Assumption 3.2 the appropriate contrast function!? is

(m Q) def { —2G71 f G~ (m) dt x>0 . (21)
+o00 <0

1 This follows since

e Q Q G'Q@, 1 [ e
{ L@ CE @ T D T E@ Joyenamretio (t)dt}

ot (z,Q)

_ 1 k(Qz G Q) ¢ 1 (Q
- k(Q){ Gk(@Qzx+G- 1(Q))Q+ G(k (Q)w+G71(Q))Q—"_/CQ/G(k(Q)erG*l(Q)G (t)dt}

1 k(@Qz+G ' (Q) “ 1 (Q
k(Q){ Gk(@Qzx+G- 1(Q))Q+//G(k(Q)z+G*1(Q)G (t)dt}.

12

v (7;Q)

" @+ (rataa)

1 T

1
Gy <G*1 <m)) L+(1—Q)/Q @+ (-

_ L (1-Q)/Q
- G0 () L <1—Q>/Q>2}>0

P2 (x; Q) = Q) /Q)Q}
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The inverse probability tilt for the empirical measure of the auxiliary sample is given by the solution to
N1
) =0, (22)

Zm_1 > mih(Zi,Go) =0
i=1

1 N
-~ Z (Nlﬂ'zaQO

min
T15--TT N N[) =Nyl
with pg = (Qo Co) replaced by the consistent estimates given in Equation (15) above
TNg, N A po) be the Lagrangian associated with (22). The first order conditions for

Letﬁ(m,...

the probabilities are
) n (XZ)’X =0 1=N1+1 N
9 1 )

NoTt;
(

074

which gives
~ ~A ~
.. 11-Q @G (X, )N +G! ,
Wi(p)_N Q ( aall C)A A:: (Q)z ) t=N+1,...,N,
0 Q 1-GE* + (X, N +G1Q))
~A
where ¢ is the solution to
A N ~A 234
=~ N ~ ~A PN ) -
No Q@ (51 - 6@ +h(X, QA +671Q)
The Fechel conjugate is
def e t
z,Q)) = —max xy—i—yG_lQ—i-/ G_1< ) }
o9 { @+, 1-0)/0
The first order condition for this problem is given by
_ _ * 1-Q G+G1(Q)
z+G! —G1< ? >:o,:*: ,
@) Fr0-Q/Q YT 1T 0@ @Q)
and hence
G(I+G*1(Q)) -1 1-Q G@E+G~1(Q))
Ty T ¢ (@) G eare @y
t
o)
t
— | dt
~am)

1-Q
O
) - +f_QMLG '
1-G(z+G—1(Q))
) 3 1-Q Glx+G Q) / -
P+ G R T e e Q) —O‘ﬂ”ﬁ%l%G o

Inverse logistic tilting Little and Wu (1991) suggested calibration of contingency table cell frequen-
cies to known marginals using (12), (13) and (14). In their example X consists of two binary variables

X and G(t) equal to the logistic function
t

with h* (X) =
Gt) =174
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For this model p(x, Q) and ¢ (z, Q) can be expressed in closed form. For the case where interest centers

on 7, defined by Assumption 3.1 we have

P(z,Q) x (z-Q)In(z -Q) —zIn(1 -Q) - (z - Q),

which is a normalized version of Nevo’s (2002) ‘generalized’ exponential tilting distance metric. The

Fenchel conjugate is given by

¢1@0.Q) =20 - Q- Qe | 5 - (125

For the case where interest centers on v, defined by Assumption 3.2 we have
o(z,Q) x zln (z) — =,
which yields the exponential tilting discrepancy with a Fenchel conjugate of
¢"(2,Q) = —exp(z),
which is the associated GEL criterion function.

Inverse linear probability tilting

0 t<—1/2
Gt)=¢ ++v —1/2<t<1/2
1 t>—1/2

For Assumption 3.1 we get

o(z,Q) x z—Inzx
e (2,Q) x In(1-2x).

For Assumption 3.2 we get....

Discuss connection to Hellerstein and Imbens (1999).

6 Large sample properties

6.1 Large sample results for estimation under Assumption 3.1

Recall that, for simplicity, we continue to work with the special case of ¥ (z,7v) = m (y1, z,7) .

In this section we provide conditions for local efficiency and double robustness of inverse probability
tilting estimates of v, under Assumption 3.1. The maximal asymptotic precision with which v, can be
estimated under the MAR setup has been characterized by Robins, Rotnitzky and Zhao (1994). For

future reference, the information bound for this problem is given by
T (7o) = B [To (X)) E[Zo (X)) "E[To (X)] (23)
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where

Lo (x) = B[0¢ (Z,7) /OVIX =], o (x) = Var (4 (Z,7)|X =) /po () + qo (2,7) qo (2, %) -

The corresponding efficient score is

5 (210,00 0) = =2 (Z0) - % (Do (X)), (24)

where qo (,79) = E[Y(Z,7y) | X =x,D] = E[¢(Z,7y)|X = x| (with the second equality following
from Assumption 5.3).

Globally efficient estimates of v, have been proposed by Hahn (1998), Hirano, Imbens and Ridder
(2003), Chen, Hong and Tarozzi (2004) and Imbens, Newey and Ridder (2005). While global efficiency
is a desirable large sample property, such estimators’ asymptotic sampling distributions may only poorly
approximate actual ones in moderated-sized samples due to their dependence on infinite-dimensional
nuisance parameters. For this reason estimators which are (locally) efficient under auxiliary parametric
assumptions, but (partially) robust to violations of these assumptions are attractive (Newey 1990,
Robins, Rotnitzky and van der Laan 2000).

One candidate approach to constructing such estimators would be to directly incorporate parametric
restrictions into estimators known to be globally efficient. Consider the imputation approach, as in Chen,
Hong and Tarozzi (2004) and Imbens, Newey and Ridder (2005), which estimates 7, by the solution to

1 N
NZ 7(X;,7) =0,

where ¢ (z,y) is a nonparametric estimate of qg (x, ). If the conditional density of Y7 given X belongs
to a known parametric family, indexed by an unknown finite-dimensional parameter (i.e., fo (y1]x) =

f (y1]|z;70)), then a parametric imputation estimator of -y, is given by the solution to

1 N
]_VZ 17'77 O

where 7 is the MLE of 79, as computed using the D = 1 sub-sample, and ¢ (z,v;7) = [ (2,7) f (y1]x; 7) dz.!
This estimator, while locally efficient, is inconsistent under departures from the auxiliary parametric
assumption. For that reason it is not particularly attractive (cf., Imbens 2004, pp. 12 - 13).

Next consider modifying the globally efficient inverse probability weighting (IPW) estimator of
Hirano, Imbens and Ridder (2003). This estimate is given by the solution to

N ~
NZ P 7

with p (z) a particular nonparametric estimate of the propensity score. Unfortunately, the IPW estima-

13Use of the D = 1 subsample to estimate the conditional density of Y7 given X is appropriate due to conditional
independence of D and Y; given X.
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tor, which replaces p () with a parametric model for propensity score, p (z;vo), where vg is an unknown
finite-dimensional parameter, is typically inefficient and is generally inconsistent under departures from
the parametric selection model (Chen, Hong and Tarozzi 2004, Graham 2007). While parametric IPW
is easy to implement its intrinsic inefficiency and lack of robustness are considerable shortcomings.!4
A final candidate approach to locally efficient estimation was proposed by Robins, Rotnitzky and
Zhao (1994).15 They suggested an augmented inverse probability weighting (AIPW) estimator where 7

is given by the solution to

N o
1 D; . q(Xi,7;7) .
N Zil p(Xi;U)w( 7) p(Xi;0) ( p(Xi;0))

with 7 and © being the first-step MLEs used to implement parametric imputation and IPW respectively.
Robins, Rotnitzky and Zhao (1994) show local efficiency of AIPW, while Scharfstein, Rotnitzky and
Robins (1999) show that it is ‘doubly robust’ in the sense that it remains consistent if either the
parametric model for the conditional density of Y; given X or the propensity score is misspecified,
but not both simultaneously. Graham (2007) provides a GMM-characterization of the doubly robust
property and proposes a globally efficient AIPW estimator.

Bang and Robins (2005) argue that double robustness is a ‘highly desirable property’ (p. 962),
giving researchers two chances to impose correct parametric restrictions. Local efficiency implies that,
when the auxiliary parametric models are true, the AIPW estimator also exploits all the information
about v, contained in the data. While AIPW is relatively straightforward to compute, it does require
calculating two auxiliary MLEs in addition to the parameter of interest.

We now show that IPT, like the ATIPW estimator of Robins, Rotnitzky and Zhao (1994), is locally
efficient and doubly robust. Unlike AIPW, the IPT estimator only requires computation of the param-
eters indexing the (parametric) propensity score. Those indexing the conditional density of Y] given X

need not be estimated. We assume:
Assumption 6.1 (PARAMETRIC HETEROGENEITY) Let B* [t (Z,~,) |h* (X)] = E ¢ (Z,7,) | X] where

E* [y (Z,70) |h* (X)] = Tow (X),  To=E [ (Z) w(X)]EwX)wX)] .

Assumption 5.5 specifies the presumed parametric family for the propensity score and provides
conditions ensuring consistency of the (implicit) IPT estimates of ag. Assumption 6.1 does not fully
specify the conditional distribution of Y; given X but does restrict it in certain ways. When ¢ (Z,v,) =
Y1 — 9, @ moment appropriate for estimation of the marginal mean of Y; (as required in, say, estimation
of the ATE), Assumption 6.1 is equivalent to assuming that the conditional mean of Y7 given X is linear
in h* (X).

Recall that we estimate 7y, by the solution to

Ny
=1

“Wooldridge (2007, Section 4), in a very elegant paper, does provide some results on robustness of IPW to misspecifi-
cation of the propensity score.
15See Graham (2007) for further discussion and additional references.
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with 7;(p) as defined previously.
The following theorem summarizes the large sample properties of the IPT estimate.

Theorem 6.1 (DOUBLE ROBUSTNESS AND LOCAL EFFICIENCY OF 7;pr) Suppose Assumption 3.1,
Assumptions 5.1 to 5.4, additional regularity conditions, and at least one of Assumption 5.5 or 6.1 hold,

then as N — oo
~ p
YipT — Y0

and
\/]_V(%PT - ’70) 5 N(O> Bo_leBo_l)>

with Ag and By defined in Appendixz B. If both Assumption 5.5 or 6.1 hold, then
~ D _
VN@pr = v0) = N(0,Z (v9) ),

with T (o) equalling the information bound given in (23).

Proof. See Appendix B. m

One intuition for the local efficiency result of Theorem 6.1 views it as an consequence of the exact
balancing property of the IPT estimate of the target distribution function. That is, since vazll i (p) =1
and vazll i (p) h* (X;) = Zf\il h* (X;) /N we have, ezactly,

SR ) (Zi) = 37 () 10 (Zom) — Tow (K] +~ 3 Tow (X,).
; ; N <

As shown in Section 5 there is a one-to-one mapping between the IPT tilting parameter, J, and the

coefficients indexing the propensity score, «. Partitioning, we have, for 6 = (77, X)’ and a = (aq,ab)’

no =k <Q0)_1 (0‘10 + 46)‘0 - G_l(QO)) » M=k (Qo)_l Q-

Using the definition of 7; (p) and this one-to-one mapping we have

LN 13 Q | X
;m(PW(Zi,’Y)ZE;WW(Zi,’y)—Tow(Xi)]Jr]_V;TOw(Xi)’

which after using the definition of @ and Assumption 6.1 gives

e 1 < Dy (Zi,7) Tow (X;) yn
S w ()¢ (Zi,y) = N;G(w(x 5~ Glanya (P~ G @),

i=1 i)'@)

which is of the form of the efficient score (24).16
Another, complementary, intuition for local efficiency follows from the GMM equivalence results of
Graham (2007). Appendix B shows that the first order conditions for the sequential IPT estimator

16Observe that only the first term of the right-hand side of this expression varies with y. The second term is always
evaluated (implicitly) at v,. The IPT estimate is therefore, unlike the ATPW estimate, not exactly an M-estimate based
on a parametric estimate of the efficient score vector. Nonetheless, as shown in Appendix B, the two estimators share a
common influence function and hence are asymptotically equivalent.
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described above are equivalent to the sample analogs of the unconditional population moments

e Joee] - o

D
= [Gatera 0] = 0 =

We can therefore evaluate the efficiency properties of IPT using standard results on efficient GMM
estimation. A particularly illuminating method for doing so in the present context is to exploit the
well-known asymptotic equivalence between the joint GMM estimate of v, based on (25) and (26) and
the one based upon the population residual associated with the (mean squared error minimizing) linear
predictor of (25) given (26) (e.g., Qian and Schmidt 1999).17

The linear predictor in question is given by

{emoora o)

=5 | Stuteren | Gweray ~ O]

- 1}2w<X>w<X>’ )

T DY(Z)
. [G(w(X)/aw

D

XE{aaai£5

which, after using iterated expectations and Assumptions 5.3, 5.4, and 5.5, gives

B |{ reyay ~ 1} Bl (20 X ()
< {Grreray -} #0000 ] {Gamray -0

which, after substituting for E[¢ (Z,7,)|X] using Assumption 6.1, factoring, and rearranging, finally

gives

TOU} (X) ’
— (D — X .
Glw(Xyag) (P~ Cw(X)e0)
Therefore IPT is asymptotically equivalent to an efficient GMM estimator based upon the ‘residualized’
moment D Tow (X)
EB|l=————v(Z _ o) D — Gw(X) =0
G(U}(X)Iafo)w( 770) G(U}(X),G{()) ( (w( )G{())) )

which also equals the efficient score under the maintained auxiliary parametric Assumptions 5.5 and
6.1. Double robustness of IPT follows from the asymptotic equivalence to AIPW.

Several features of Theorem 6.1 merit emphasis. As is apparent from inspection of (25) and (26), IPT
is equivalent to parametric IPW estimation where the propensity score is estimated in a very special way
by method-of-moments. In particular, the first-step propensity score estimator is constructed to impose
balance, that is to ensure that the IPW mean of h* (X) in the selected sample equals its unweighted

mean in the full sample. The weights are also constructed to sum to one (no ex-post Hajek-type

7In the present case, such ‘residualization’ also implicitly accounts for the impact of estimation error in @ on the
asymptotic sampling distribution of 7.
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normalization is required, cf., Imbens 2004, pp. 16 - 17). When Assumptions 5.5 and 6.1 hold IPT is
locally efficient. Although IPT only imposes a finite subset of the unconditional moments implied by
the missing-at-random assumption, the chosen subset is sufficient to both identify the propensity score
and to exhaust the all information content of the MAR setup.

Hirano, Imbens and Ridder (2003) show global efficiency of IPW when p (z) is estimated nonparamet-
rically in a particular way. Wooldridge (2007) analyzes IPW when the selection probability is estimated
parametrically by maximum likelihood. Wooldridge’s approach is generally inefficient, while the Hi-
rano, Imbens and Ridder (2003) approach provides no natural mechanism to simultaneously maintain
semiparametric efficiency and incorporate prior knowledge about the degree of response heterogeneity.
Inverse probability tilting is attractive relative to both approaches for these reasons. The efficiency
result of Theorem 6.1, however, is local, not global like that of Hirano, Imbens and Ridder (2003).
Inverse probability tilting can be made globally efficient by allowing the dimension of A*(X) to grow
with the sample size at a particular rate. Flexible parametric modelling will likely be appropriate for
many practical applications.

Another attractive feature of IPT with data missing at random is that achieving local efficiency,
while necessarily requiring two auxiliary parametric assumptions, only involves estimating the nuisance
parameters indexing the propensity score. The AIPW approach, in contrast, requires estimation of both
those parameters indexing the propensity score as well as the conditional density of Y7 given X. This
difference, while leaving the first order asymptotics unchanged, may have consequences for finite sample

performance which we investigate through a series of Monte Carlo experiments in Section 8 below.

6.2 Large sample results for estimation under Assumption 3.2

Recall that, for simplicity, we continue to work with the special case of ¥ (z,v) = (yo,x,7) .
For future reference, the information bound for this problem is given by (cf., Chen, Hong and Tarozzi
2004)
(o) = B[To (X)|D = 1] B[ (X)] ' E[To (X) |D = 1] (27)

where

Lo (z) =E[0Y (Z,7) /Ov|X =2,D =1]

oo 0] (e =

+ q0 (,70) Q0 (x,'m)'}

The corresponding efficient score is

1 po(X) 1 po(X)

8(277071707(]0) = (1 _D)al — o (X)w(Z’fYO) - @TO()()

90 (X, 70) (D — po (X))

Theorem 6.2 (DOUBLE ROBUSTNESS AND LOCAL EFFICIENCY OF 7;pp) Suppose Assumption 3.2,
Assumptions 5.1 to 5.4, additional regularity conditions, and at least one of Assumption 5.5 or 6.1 hold,

then as N — oo

~ p
YipT — Y0
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and
VN@rpr —70) 2 N(0, By AgBy ),

with Ag and By defined in Appendixz B. If both Assumption 5.5 or 6.1 hold, then
~ D _
\/N(%PT %) = N(0,Z (7) l)a

with T (o) equalling the information bound given in (27).

Proof. See Appendix B. m

7 Extensions

Non-ignorable attrition in panel data (Hirano, Imbens, Ridder and Rubin 2001, Nevo
2003)

Case-control studies with contaminated controls (Lancaster and Imbens 1996, Qin 1998)

8 Monte Carlo

Appendices

A Computation

NOTE: Some disjunct between this appendix and main text that needs to be fixed.

In this appendix we outline our algorithm for computing IPT point estimates of v, and asymptotic standard errors
for 4. Our algorithm builds on that of Graham (2005), itself an extension of work by Owen (2001), Mittelhammer, Judge
and Schoenberg (2005) and Imbens (2002). We develop a modification of the saddle-point criterion function that deals
with restricted domain issues without changing the solution. Our modification specializes to a proposal of Owen (2001) for
the case of empirical likelihood, but is new for other GEL as well as IPT estimators. Finally we describe how to solve the
(modified) saddle-point problem. When the sampled and target populations coincide we are able to apply Graham’s (2005)
hybrid Newton-Raphson/Fisher-Scoring algorithm to IPT estimation. All of our suggested algorithms are gradient-based.
This appendix considers computation of 7 for the case where 7, is overidentified (i.e., dim (7,) = K < L = dim (¢ (Z,7,)))-
The results given for the exactly identified case in the main text are special cases of those given below.

The dual (saddle-point) problem is

min  max Iny (6,7;p), 28)
V€T seAn, ()

where In, (§,7; pp) is the sample average of the saddle-point criterion function
def 1 il
Iny (6,7 00) = 100+ = > ¢ (t(Zi,7: ) 6, Qo) (29)
N A

with ¢t (z,Q) given by () in the main text, § = (1, X,£') the 1 + M + L Lagrange multiplier(s) on the three sets of
constraints in the primal problem (??), to = (1,0’,0')" and

1
t(Ziv’Y;C): ( h(Z’UC) )

The set An, (v) is defined below. It is also helpful to establish the conventions t; (v;¢) =t (Zi,v:C), t: () = t (Zi,v; Co)

and t; = t(Zi,7¢; (o) - Let
de
Ly, (v3p0) =  max  In; (6,75 p0)
SEA N, (7)

<
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be the concentrated saddle-point criterion function. Let 3(7; po) denote the concentrated value of the tilting parameter.
As noted in the main text, inspection of the minimum discrepancy problem (?7?) shows that a valid solution requires

each of the empirical probabilities to be bounded below by Qo /N1 and above by 1. The first restriction holds automatically

since G (+) is increasing with G (co) = 1. The second restriction, however, implies a substantive domain restriction on

In, (0,7; p) - In particular, excluding improper probability weights requires that the inner maximization (28) occurs over
the set

B () {0:Qo/M < =7 (1 (3:€0) 3ip0). Q0)/My <1, =1, W}

Instead of imposing these N; nonlinear constraints directly we extend an idea due to Owen (2001). To describe this
idea it is helpful to first analyze the structure of the inner maximization problem in more detail. Differentiating In, (9,7; po)
with respect to § gives a gradient vector of

Vslng (9,7 p) 7t0+_2§01 i 5@) i(7;€)- (30)

1+M+Lx1

Note that (30) will have an ‘exploding denominator’ when ¢;(~y;)’d is large and positive. Differentiating again gives a
Hessian matrix of

Vsl (6,75 p) = - sz Q)'8, Qti(v: Ot (1:¢)"- (31)

1+ M+Lx1+M~+L

For a fixed value of v (and p) (31) is a negative semi-definite function of 6.'® Solving for d (v;p,) therefore involves
maximizing a concave function over a convex domain. This follows from the outer-product structure of (31) and strict
concavity of ¢t (z, Q).

In order to avoid maximization over a restricted domain we redefine In, (8, ; py) so that it is concave in § over Ri+M+L
without changing its value near the solution (cf., Owen 2001). At any valid solution the estimated probabilities must lie
between Qo/N1 and 1. As noted previously the lower-bound will be satisfied automatically for any valid IPT contrast
function. Let x; = t; (7;¢)' 6, then the second inequality requires that

1 [ (Qo 5 -
.Z’1<k(QO) |:G <F1)—G (CQ()):|7 Z—L...,Nl

where the left-hand side of the above expression is a positive number. Let 23, = @ [G’l (%‘11) -Gt (Qo)}. Observe

that x7, — oo as N1 — oo, suggesting that, in large enough samples, computation can occur without explicitly imposing
the domain restriction.

Our modified estimator replaces ¢ (x, Qo) in (29) with the hybrid function

° (. Qo) def { o (2, Qo) r < Th,

= i 2
an, +bn,z+ 5en, T T >y,

where an,, by, and cy, are the solutions to

CN,y = QO;(CB;V“Q())
by, +enay, = @7 (@, Qo)
* CN * *
an;, +bonyan, + —+( N1)2 = <P+($N1;Qo)-

2

This choice of coefficients ensures that ¢°(z%,, Qo) equals ¢ (zk,, Qo) and also equality of first and second derivatives at
TN, -
Solving these equations yields

ch ;(wj*\fl 7Q0)
+
1

SO
SO (w}le ) QO) - @;(wy\fl ) QO)CB*Nl

<9
e |I|m

by,

<9
<

€

+ *
* * * 2 (CB JQO) *
anN, = ¢+($N1,Q0) - @f(ﬁNl,QO)INl e e ( 1)2 .

2

We then estimate 7, by solving
min Ly, (v p0)
yel

18 As long as the t;(v; ¢) do not lie in a linear subspace of dimension less than 1+ M -+ L, it is a negative definite function
of 6.
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where
def

Ly, (ipo) = | max  Ix, (6,700,

is the concentrated modified saddle-point criterion function with

lN1(5wp)dift05+—Z<p ti(71:¢)'6,Q). (32)

Since LY, (7; po) coincides Ly, (7; pg) at valid solutions, solving the modified saddle-point problem yields the same solution
as the original one. In practice it is useful to check that the domain restrictions are satisfied at the candidate solution (i.e.,
the solution is a valid one). This can be done by checking that the probability weights sum to one and are all bounded
below by Qo/N1 and above by 1. In addition to providing a simple way to avoid maximization over a restricted domain,
using (32) in place of (29) avoids numerical problems caused by a ‘exploding denominator’ in (30).

Modified saddle-point criterion for empirical likelihood Calculating the modified saddle-point criterion function
for empirical likelihood (EL) is relatively straightforward. We have k (Qo) = —Q, G™' (z) = —1/2+ 2, ¢ (2,Qo) =
In(1—2), ¢f(x,Q0) = — (1 —z) " and @3 (r,Qo0) = — (1 — x)~?, and therefore 2, = 1 — 1/N1. This gives

CN, = —N12
1
by, = —N1+N12<1—F):N12—2N1
1
1 N2 1)? N 3
an, = ln(l/N1)+N1<1—E)—71(1—E) :ln(l/Nl)——1+2N1—§,

and hence, after some re-arranging,

In(1l—x) r<1—-1/N:

‘”o(:"QO)_{ In(1/N1) — 242N (1—2) - L (1-2)® 2>1-1/N

This is exactly the modification to the In (1 — z) function proposed by Owen (2001, p. 235).

Modified saddle-point criterion for inverse logistic tilting Calculating ¢°(z, Qo) for inverse logistic tilting (ILT)
is also straightforward, albeit a bit more tedious than for EL. For this case we have k(Qo) = —(1— Qo)™ ", G (z) =

In(z/ (1)), " (z,Q0) = —2Qo+ 122 sy exp [~k (Qo) z — G (Qo)] , o1 (2, Qo) = —Qo—Qoexp [~k (Qo) z — G~ (Qo)]
and ¢f (z,Qo) = k (Qo) Qo exp [~k (Qo) = — G~" (Qo)] , and therefore

i = (1= Qo)In (u)

1—Qo
and
oHah Q) = Qo Qo)ln( g)o)—(l—QO)(Nl—Qo)
eH@h, Qo) = Ny
ol @k Qo) = -~

Using these expressions we can solve for the coefficients in the quadratic as

_ _M-G
CN, = 1 —QO
by, = —Ni+(Ni—Qo)ln (]\f%&o)
2
an;, = —(1—-Qo)(M Qo){%{ (J\lfl%c;io)} —ln(%&)—l—l}.
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This gives a modified ILT criterion function of

~2Qo — Qo (1 - Qo) exp [ — In (125 )] < (1- Qo) in (Xze)
. ) =00 - Qo) {3 [im ()] - (Bme) 41
(2,Qo) =
° (2, Qo [Nl(]{\71Q0)1n< s= Ik } > (1-Qo)ln (22
_%]\i:Qo z?

Solving the modified saddle-point problem We calculate 4 by applying gradient-based procedures to the profiled
saddle-point criterion function, L3, (7;py). In order to describe these procedures we require expressions for the first and
second derivations of the unprofiled saddle-point criterion function. Differentiating I3, (6,7; py) with respect to ¢ and ~
yields

Vsli, (6,%:p0) = to+—2sol ti(7)'6,Qo)ti (7) (33)
1+M+Lx1
o 1 o ! atl (’Y):| '
Ix, (0,73 = — t; 4, é. 34
V’Y NlK(xi’yypO) N, ;‘pl( (’Y) QO) |: 8’7/ ( )

Note that when K = L (i.e., when 7y, is just identified in the target population), if we set the last L elements of 5 equal
to zero and its first 1 + M as given in (X) and set 7 as given in (X), then we have

Vild, 0.3500) ) _ g
Vsl (6,75 pg) ’
and hence the just identified case is indeed a special case of the saddle-point estimation procedure considered here.
The second derivatives and cross-partial are given by

Vsl (8,7:00) = Zsoz ti (7)'6,Qo)t: (v) i (7) (35)
1+M+LX1+M+L
1+M+L 82t(]
Vorln, (6,7300) = Z@l ti ()" 6, Qo) |: |: 0 :| :| (36)
KxK

1 bl o oti(y) oti(y
+EZS@2(U 5 Qo oy } 56’ { }

Vool (5,7:00) = Zwl b (1) 6,Q0) {& Q} (37)

KXx1+M+L

Z@z tl 5 QO)

l—|
Qv
Q/—\
6
=
| I
(=9
St
—
=

We also have ¢} (z, Q) and ¢3(z, Q) given by

Q) = 1 <an) ol (@Q) +1( > k) by, +oma)
Sﬁg(i’,Q) = 1(1’<$7V1)-@i(z,Q)—i—l(me}F\;l)-ch,
with
oo ] E@ Q _k@e1G7 (@ i
#Q) = et @ T FQ ak@rrai@po F@r e @R
Q _rQria(Q »
THQCkQa+ G M@ TG @)ME)
_ Q
T Gu@e G
ol _ (k(Q x+G Q))
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It is straightforward to verify that ¢F(0,Q) = »3(0,Q) = —1, and hence that the Fenchel conjugate is appropriately
normalized.
By the chain and product rules the score of the profiled saddle point criterion function is

o 8’5 3 ' o < o <
shy (1300) = VALK, (v500) = {%] Vsl (5(7; po)w;po) + Vyln, (5(7;/)0)77;/)0) (38)

' <5(v;po),v; po) :

where the second equality follows from the Envelope Theorem (i.e., since Vi, (9,7;py) = 0 at the maximizer 5(7; Po))-
The i*"’s contribution to the score is

ag(’Y' Po)

) atz

(o + 20 (2 320 Qo) (1)) + 10 () Br390, @) [ 252 B0,

The Hessian of the profile-saddle point criterion is given by

ag ) / o < ag ) ag > l 1 g0 < o <
[7(877,/)0)] Vol (5(%00),%/20) {% +2 %} Vsl (5(7; Po)y; Po) + Vsl (5(7; Po); Po) :
However we can use the equality
85 ; ° ~ -1 o ~ ’
{%} == [Véélwl (5(% P0): Po)} Voslng (5(7; Po)s s Po) (39)

to write the Hessian as

HY, (75 p0) = Vaaliy, (g(v;po),v;po) — Vasly, (g(v;po),v; Po) [Vaal?vl (3(7; o)y Po)} Vsl (5(7; £0)s 73 Po)l~

(40)
We can derive equality (39) by total differentiating Vi3, (5(7; £0)s7Y; po) with respect to v, yielding
_ 1M iMN],1 Mo 0t (Y) |, v 98(7; )
0= 5 0 it 0 300500 @) | T | ST 0 B ). Q0 0 ){ (i o) B0 4y 2Lin) |
Solving for 85(v; p,)/07' then gives
3(vipy) A M o N g o]
G = | 2, (0 85 p0), Q) (M) (7)
]. N o 13 tz /ati
i 0t ) 81300 Qo) | 2500|500 s00). Qo) (1) s ) |
~ —1 !
= - [Vaal?vl (5(7;/)0),7;/)0)} Vsl (5(% po)mpo) ;
as claimed.

Expressions (38) and (40) can be used to apply a gradient-based optimization procedure to the profiled IPT saddle-
point criterion function. Doing so requires numerically calculating the concentrated criterion function at each iteration.
Fortunately, given the modification to ¢ (z, Q) suggested above (to deal with restricted domain issues), this is relatively
straightforward to do accurately and quickly. _

For a given value of vy, we compute the 14+ M + L x 1 vector of tilting parameters 6(7; py) and form LY, (v; py), the
profiled IPT criterion function. We solve for d(y; p,) numerically by using the first and second derivatives of In, (,7; po)
with respect to § — given by (33) and (35) above — to implement a Newton-Raphson procedure. To get starting values for
this procedure we take a Taylor expansion of (33) around d(7; p,) = 0 to get

ONto——;t {let }5*(%00),

i=1

and use the solution 6* (v; p,) = <Zé\;11 ti (7y) ti (’y)’) <N1to -y (’y)) as starting values.
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The profiled IPT criterion function, LY, (7; po), can be combined with the expression for its score vector given by (38)
to implement any of a number of gradient-based optimization procedures.'® We have found that the BFGS quasi-Newton
method, as implemented by MATLAB 6.0’s fminunc() function, works well in practice and this is the method used in the
Monte Carlo experiments undertaken for the paper.

One can also use the expression given for the Hessian, equation (40) above, to implement a Newton-Raphson procedure
where the j + 1 update to v equals

- . , B
,Y(J ) ,y(]) _ [HJ%(V(J)?PO)] (’Y(J)HOO)
with iteration continuing until v9* ~ ~() or some other standard stopping criterion is achieved.

Details on inverse logistic tilting Let G (v) equal the logistic function:

G(J;):lf‘ep—}g():c), G*@:):m(lfx).

Case 1: Estimation under Assumption 3.1 We also have the simplification

hQ)=-—Q _ plirew[6T @I° _ 1 +ewpn (%)]2
TEeT@ Y w @ (1)
L

The key to getting the closed form expression for ¢ (z, Q) and ¢* (z, Q) given in the paper involves an application of
‘integration by substitution’:

z=b u=h"1(b)
[ r@ae= [T ) @, (41)
T u=h—1(a)

where we require that A’ (u) # 0 for all u € [a, b].
We begin with the MD contrast function. Let u = €/ (1 — £) = -5 this implies that ¢t = (1) Q = h (u), we then
have

x

¢(z,Q) = —mGﬂ (k) — ﬁ /a Gl (k/t)dt
w(l—Q)ln(%)-&- l—Q)/ ln( _Q>dt

2(1-Q)n (%) +(1-0Q) /j’:" In (u) (—%) du
T-Q

:x(l—Q)ln(%)—Q(l—Q){u__jln(u)_u—l}Z
—Q
s s-an(g) ron-of- (%%( o) ()
=c(a,Q)+$(l—Q)ln(_iQ)—(w—Q)ln( ) -Q(1-Q)
=c(a,Q)+zn(Q)(1-Q) -zl (1-Q)(1-Q) — Qh@Q(1-Q+@Ex-Qhz-Q(1-Q)—(zr—Q)(1—

=c(a,Q) —wln(l—Q)(l—Q)+an(Q)(l—Q)+(l‘— Qh(z-Q(1-Q)-@-Q)1-Q)
x(z-Q)n(z-Q)—zn(1-Q) - (+-Q)
which is a normalized version of Nevo’s (2002) ‘generalized exponential tilting’ contrast function. The step from the third

to the forth line follows from
uq+l uq+l
/uqln(u)du: ——hu— —=

g+1 (q+1)?

19We have found that the version of %, (75 po) that does note take advantage of the simplification due to the Envelope
Theorem, given in the first line of (38), works best in practice.
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The normalized criterion for the dual problem is

Q) z+G Q) Gt (Q
{G Q)x+G1(Q)) Q - /H/G (E(Q)z+G~1(Q)) ¢
{ ¢

Qz+G Q) ¢
Yz +G-1(Q) Q*/ Qet6-1(@) n<1%>dt

k(Q)

G(k(Q

1 k@Qz+G 1 (Q) 0- / = ln(u)<—Q)du
k(Q) G(k(Q)z+G1(Q)) (Q) _G(:@e+G7 @) u?

1-G(k(@=+G~1(@))

where the final line follows from integration by substitution with, once again, u = —?‘ /(11— —?‘) = - Continuing we have

Q) L _k@itGQ o 1 7= w0 (-2) au
Q=g en@er e @) k<Q>/4H%I o (-5)s
_ 1 E(Qz+G ' (Q) Q wa v ?In (u)du
T REQGEQ@ )$+G—1(Q))Q+k(Q)/§GZ(§;:—m% e
—1 -1 0_52_
-7 )G(k( @ )f x++GG—1%>>Q+ =) {u—_l - “_1} ofanionto)

1-G(k(@=+671(@)

Q k@46 (Q
Q) GR@Qz+ G Q)
L Q [1-G(r@2+6Q), (_GHE@r+G@) | _1-G(r@z+G(Q)
HQ | Cr@2161@Q) \1-Gh@z+G1@Q))  ChQztG Q)

X

Now use the facts that

to simplify further. We have

ot (@.Q) x (%)( (@z+G (@) (1 +exp [k (@Qz -G (@)
—@[ exp [~k(Q)z — G (Q)] In (exp [k(Q) z + G (Q)]) — exp [~k (Q) z — G~ (Q)]]
i

g (kQr+67 @) - (%)( (@z+G (@) exp [k(Qz -G (Q)

)
%( Q)$+G’1(Q))e><p[— (@2 -G Q)] + —% exp [~k (Q)z— G (Q)]
—zQ +

Q@
k(Q)

(Q) exp [~k (Q)z — G~ (Q)].

We can now verify that the first order conditions calculated from the closed-form criterion match those calculated from
the general criterion function.

For logistic tilting we have
B Q
o @ Q) = GO @)
=-Q (1 + exp [—k: (Q)z— G (Q)])
= —Q-Qexp [k (Qz -G Q).

This is exactly what one gets by differentiation of the closed-form expression for the criterion. For completeness the
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following are handy for computation

o1 (2,Q) =—-Q — Qexp [~k (Q)z — G (Q)]
¢3 (2,Q) =k (Q) Qexp [~k (Q
o3 (2,Q) = —k(Q)? Qexp [~k

Evaluating the above at © = 0 verifies that our normalizations are working as desired:

@W&Q%:—Q—Qem{—m<1? )}:_Q+;iﬂL:Q):_1

Q Q
75 0.0) = g w67 Q) =gy~
[1+exp[G—1(Q)”2
— Q3 1 _ QS 1 B B L
0= @ ol P @I gengracie) TF@

[1+exp[a 1@ [1+expla— @]
Case 2: Estimation under Assumption 3.2 We have

=@ [ M atar)

Q . 1Q
1 Q)‘Lln(l—c@)
g /. 1-aq

) |
3) o i (5e) - 1t—QQL

)

)

e (2;Q)

Il
|
8
=

1—Q{xQ I xQ) zQ

\
|
8
E
~ 7 N/ N7 N7 NN
—_
Qo o o |

= —zln T Q + Q 1—Qn 1—Q —1_Q}+c(a)

— _—zln -0 +xln(z)+wln(1?Q -

= zln(z) —z,
and
+ _ Gt 1-Q G($+G71(Q)) “ Gfl( ¢ )d
o @Q) G Qg 1—G<w+G1(@))#%%0&:’,5;1@) ra-oe)”

_ Q \]1-@ [ Q \] “ tQ
= P—Hn(l—Q)_ 0 exp _$+ln(l_Q)_ +/%exp[m+ln(lja)}ln(l_Q)}

= - {x—&—ln( Q )_1_Qexp_w+ln( Q )_—&—ﬂ/a Q ln( 1Q

1-Q)]
1-Q '\1-Q) 1-QJxa.,

19 - g P
@ —éal;QQexp [z+ n(éa)}
- (] emln() |
—1;QQ [exp [x—&—ln(l@a)} [x—&—ln(fa) — exp [:1:+ln (%)H +c(a)
= _ E)Qexp{x—&—ln(l?Q :|—C(a)
x —explz].
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Details on inverse linear probability tilting

Case 2: Estimation under Assumption 3.2

o(x,Q) = —aG* (Q)*/aCf1 (W)dt
1 @ t 1
- lo-3)- [ a1«
St Rl el G I
= —$Q+§+g—1ngln a:—ﬁ——lng}-ﬁ-C(a)
o (1—Q)$—%ln{x+%}
+ _ 1 1-Q_ G+G7'(Q) ‘ -1 t
PH@Q) = {[;H—G @]~ 1_G($+G_1(Q))+/%%G (t+(1_Q)/Q)dt}
_ i Ml=Q_z+@  [* it
- {_“Q 2] 7@ 1—x—Q+/%%G (t+<1—@>/@)dt}
3 I 111-Q 2+Q t 1-Q 1-Q1°
- _{_$+Q_§_ Q 1—$—Q+{§_ Q ln{tJr Q ”%Q%}
B 111-Q z4Q  [11-Q z4+Q 1-Q 1-Q z+4+Q 1-Q
= _{_$+Q_2_ 0 1-2-0 {2 0 1-2-0 0O ln{ 0 1-2-0 Q@ ”J’C(“)}
B 1-Q z+Q z+Q 1
- o [l"FQ]1_$_Q—1_$_Q+1n{71_x_62}+c(a)}
0% _%{[$+Q}ITI?Q_ITI?Q_In[l_w_Q]}
_ __152 {[HQ}H;‘?Q—I_;_Q}—ln[l—a:—Q]}
- 5 era|f=E=E | snie -0 -
x z+In[l-z-—Q)
B Proofs

Uniform weak law of large numbers (UWLLN)
Central limit theorem (CLT)

B.1 Proof of Theorem 6.1

Since the IPT estimate of v, can be represented as the solution to a two-step sequential GMM problem, Theorem 6.1
follows from standard results on sequential GMM estimators. The ‘regularity conditions’ referred to in the statement of
Theorem 6.1 are those referenced in Theorem 6.1 of Newey and McFadden (1994, p. 2178). This particular application of
Newey and McFadden’s theorem is similar to Theorems 3.1 and 4.1 of Wooldridge (2002b).

The first step of the proof involves demonstrating equivalence of the IPT estimator to a particular sequential GMM
estimator. The procedure outlined in Section 6 consists of first estimating p, by the full sample analog estimates

~ ~ 1 N ~ 1 N
/p\:(Qvg)lv Q:NZD% Czﬁzh*(Xz)
=1 i=1

Second IPT, with p, replaced by p, is applied to the selected sample (i.e., the D = 1 sub-sample). The first order condition
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for IPT are given by

o
Il

ot e S 0l 02,05, 0u2,0)

1 N D; _ 1
N Zi—l{G(k(@t(z,Z)'MG1(@)) 1}{ h* (Xi) }

Let a = (a1,0b)" with a1 =k (Q) 61 + G™1(Q) — ¢'82 and as = 2. Since there is a one-to-one mapping between o and §
we rewrite

1 L 3 D\,
N;ml(Z,;,a)fO, ml(Z’a)i{iG(w(X)’a) 1} (X), (42)

with w (z) = (1,h*(z)")’. Consistency of the solution to (42) for ag requires that E[h (X, (o) h (X, ()" |D = 1] is of full rank
as well as the monotonicity and continuity conditions imposed on G (-) by Assumption 5.5 (cf., Nevo 2003, Proposition 1,
p. 45).

In the second and final step 7, is estimated by the solution to

N
N > ma(Zi,a,9) =0, (43)

where « is fixed at its first step value and

Dip(Z,7) Tow (X)

a7 = Gl Xya) ~ Guxye P A0,

Note that - only enters the first term, with the second term (implicitly) evaluated at .
To see that the solution to (43) is equivalent to the IPT estimate of v, given by the solution to

Zm Y (Zi,7) =0, (44)

manipulate (44) as follows:

S RDUZA) = Y7 @)W (%5 — Yow (X)) + 5 3 Tow (X

i=1

1 G(k(Q)H(Z:,C)'6 +
Dy (Zi,7) Yow
G(w

N ; Gw(X:)a)
)

Line one follows from the fact that Zl 1 T (p) =land XY 7 (B )h(Xi,Z) = 0, line two from the definition of 7; (p),
and line three from the definitions of Q and 3§ and rearrangement.
Second we verify identification and consistency; using Assumptions 5.3 to 5.5 and iterated expectations we have

E[ms(Z a0,7)] = ]E: G%(%Z;)J)‘ GZEEUX(;{O?O)(DZ-—G(w(X)’ao))}

— _Dw(277) _ EW)(Z;%HX] _

= BT ) L p(’(X))}

[ IDv(Z) Bl(Zog)lX]

= BB ) P p”(X”‘X’DH
— EBR(Z9),

which, by Assumption 3.1, is uniquely zero at v = 7.
Consistency of 4 for v, follows from (global) identification and additional (standard) regularity conditions (e.g., Newey
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and McFadden 1994, Section 2.5, Wooldridge 2002a, Chapter 12). These conditions, which include moment and continuity
conditions on v (Z, ) and consistency of a for ag, ensure that

N
Z 2(Zi, a,7y)

converges uniformly in v € G C R¥ to E[m2(Z, a0, 7)] .
Finally we show asymptotic normality. Expanding each row of (44) with respect to v around 7y, in a mean value
expansion and using positive definiteness of E [I'o (X)] as well as the UWLLN gives

VNG =) = E[Lo (X)) {\/ Zmz Zi;@,70) | +0p (1),
=1
a second mean value expansion of the term in [-] gives
N N
1 ~ Oma(Z;, ap, 5
eS80 = =S malZeaoy) +5| 222000 @ a) 0, (1)
i=1 i=1

3= -
-

I
=

ma(Z;, a0, 7o) +0p (1),

(2

which, after substitution, yields the asymptotic linear representation

VN — 7o) = E[Fo (X)] 7 {\/—Zm Zir a0, %0) | +op (1)

Note that no adjustment needs to be made for first and second step estimation. Since
E [So (X)] = E [m2(Z, a0, vo)m2(Z, a0, 7,)’]

the result follows immediately from an application of the CLT, Slutsky’s Theorem, and a comparison of the resulting
asymptotic variance expression with (23).

Now consider double robustness. First assume that Yow (X) # E [ (Z,7,) | X], m2(Z, ao,7,) continues to be a valid
moment function (cf., Robins, Rotnitzky and Zhao 1994). Now assume that there is no a such that G(w(z) @) = po (z).
Let o be the probability limit of the first step estimate and observe that since

(7. _ mle [P X)Y(Zy) YTow(X) (XY

Blma(Z ool = 8[| 20 LD, () - Guya)| 2] |
_ p[RXOERZA) X Yew(X) e
= B Gw(X) o) G(w(X)a)<p0(X) G(w(X) *))}
— E_ pO(X)

Flwyay B (Z70)1X] = Tow (X)}}

i
ma(Z, ax, ) continues to be a valid moment under propensity score misspecification.

B.2 Proof of Theorem 77

The structure of the proof is analogous to that for Theorem 6.1 and is only sketched.
The first-step moment is

G (X) o) D B
(20 = 17 G (XY ao) {G<w X) a0) 1}“’(X) =0
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since

therefore

0 - W2 e

S o Ni Gt fﬁg@)h (x) - gh*m
I s
- ey (B
- %éé = gff(()g)a;) {G<w RyE 1}“’<X)

The second-step moment is

since

G(w (X) o)

ms (Z,0,7) = (1 —D)%I_G(M(X),a)w(Z,v) )G D - G () @)
i_NiH ™ (0) ¥ (Zi,7)
~ i -0y L2 CLOED) 4.5
%;Nl(l — D) % 1 _G(Gw(z(ji))()agfx)w (Z:,7) + % : (1-Di) % ; fg"(g‘}){?;) Tow (Xi) — Nil izllrow (X))
% i (1-Dy) é 1 _G(Gzl)(fu)i;?;)w (Zi,7) + % i (1—Dy) % ; fg"(wf)){?;) Tow (X;) — ]% iDl Lyow (X;)
Fhem S e F oo Sl =g e
%i(l ) % 1 —G(Gw(z(u)i;();)afgf*)w(ziﬁ) - é - ;(Ofg)) = [0~ Gl (X))
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oms (Zioov) | w [y py LG (X)a0) (Z7)  Tow(X) GwX)ao) g e
s[22end] — sl0-p gt QT G (XY ag) 2~ Cw () 0]
o [Cle e 202
L Qo v
[0v(Z,7)

The linear predictor in question is given by

{emroom ™)

w | s rosa (s ooy~ ]

—1

Dm (Y1, X, 7o)
G(ao +h (X)' Bo)

*
EFr,

\emroTm 1}2“’(}()“}(”} oo e

which, after using iterated expectations and the missing-at-random assumption, gives

X ]E’Fo

po (X) o po (X) - " )
o [{G(ao+h(X)’ﬁ0)2 Gao+h(X)’ﬁ0)}EF°[ (Y1, X,70) 1X] (X)}

—_

po (X B 2po (X) w(X) w (XY o D
X Ery HG(ao+h(X>'ﬁo>2 G(ao+h(X>’6o>“} ) (X)} {G(ao+h(X)'5o)

—1}w(X).

Substituting Tow (X) = Er, [m (Y1, X,7,) | X], factoring and rearranging, finally gives

Tow (X)
G(ao +h (X)' B,)

cometeorn BRI EAIE

(D — Glao + h(X) B,)) + YoEx, [w ()| {

Therefore the equivalent system is given by
where the second line uses the linear predictor property

|7 [vo amrroeray @] =mee= (),

and that Yo [1, (o] = Er, [m (Y1, X, 7)] = 0.

which also equals the efficient score under the maintained auxiliary parametric Assumptions 5.5 and 6.1. Double
robustness of IPT follows from the asymptotic equivalence to AIPW.

the second condition is a direct consequence of (??) and (?7?). Iterated expectations, (1) and the second condition
imply that

[ [mnzao) . ne)dnde = [ B (X2 1X =4l f. (0)do

To/w () f« (z)dz
= TYo[l, (] =0

with fu (z) = fo (z[d =1) ¢ (t(x,()" 6+; Qo) and the final line due to (??) and (?7).
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B.3 Stochastic expansion

The first, second, third and fourth derivatives of ¢ (z, Q) are given by

Ga (k(Qz+G1(Q)
Gl @)+ G ()
Gz (k(Qz+G ' (Q)
Gk @erG i@ @@
LG (k@ +G Q) Ga (k
Gk(Qz+G1
G (k(Q)x+ G (Q)) Ca (k
Gk(Qz+G1
G (k@ +G Q)
k@t Q)
Gk Q4G Q)
= Gk (>x+Gin»““Q)Q
G k(@2 +GT Q)G (k@2 +G Q)
Q4G Q)
Gi(k@Qz+G1 @)
Ck@ere Q) "D

ot .Q) = Gi(k(Qz+G(Q)

i (2,Q) =

Ji@ra-
)

—4

+6

with

Il
-
—
O
~
S
[\]

©3(0,Q)
G2 (G (Q)) { -Q

Gi(G! (Q))} 2 Q?

G2 (G (Q) Q
G1 (G~ (Q)) G1 (G (Q))
G: (G @)

Gy (G 1(@Q)?

G (GTQ), o
Ty @2
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Inspection of 7 (0,Q) and o] (0, Q) reveals that third order equivalence with EL requires that

_ G2 (G (Q) _
@)@ =0
G (G (@) » G2 (GTH(Q) B
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m G\T z, Ké l @9 z, \é Comments

Panel A: Missing data

VP Sampling m (y1,2;7) 0 Yy empty

Missing regressors %@w‘%ri (zo — e (y1,21,7)) O X = (Xo, X)), e(-,-,7) a CEF

ATE 1 ~Yo —7

Panel B: Sample combination

TSIV g (x)d(y1,7) —g(z)e(yo,x1,7) X =(Xo,X7)", d(-,7), e(,7), ¢(-) known
M-Estimation 0 I (yo, x;7) Y] empty

ATT Y1 ~Yo —

Measurement error 0 I (yo, x,7)

Small area, 0 Yo — Y Y empty

Table 1: Moment function corresponding to motivating examples
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