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Abstract

The structure of choice implementing semiautomata is characterized. In contrast to the more
commonly used directed graph representation of the semiautomaton, the primary representation
here is as a transformation semigroup. For convenience the means for determining the directed
graph representation also is presented. Associated with the choice implementing semiautomata
are two complexities; algebraic complexity, which is linked to the mathimatical power required
to implement choice and computational complexity, which is determined by the difficulty of
constructing a particular choice semiautomaton. Each of these complexities is demonstrated
to be associated with the type of consistency axiom satisfied by the choice function being
imp;emented by the semjiautomaton. Moreover, these two complexities are demonstrated to be
dual to each other.
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1 Introduction

With increasing frequency, economists encounter issues of ”complexity” in addressing research
questions. While the topic has been on the economic agenda since Simon’s early work much of the
current interest in complexity stems from more recent work in problems arising from game theory.
There, as in other economic investigations where ”complexity” arises, investigators have identified
not one but several complexities.1 In the following an automaton model, or more precisely, a
semiautomaton model, is used to investigate complexity in individual choice models.2 The first
step in addressing complexity issues inherent in economic choice models is to characterize the
structure of an economic choice semiautomaton. Only once this structure has been identified can
the complexity questions be investigated. Early results accomplish the task of identifying the
structure of choice semiautomata and specify the relationship between classes of choice functions
and properties of the choice semiautomaton. Subsequent results identify two distinctly different
complexities – algebraic complexity and computational complexity – and differentiate between
them. Intriguingly, while these complexities are equally relevant to consumer choice models, there
is a natural sense in which they are inversely related. Fundamental to obtaining these results is the
fact that the semiautomaton is modeled as a transformation semigroup rather than as a directed
graph and that algebraic techniques are used both to characterize the structure and to expose
complexity differences.

While there are multiple economic uses of the term ”complexity,” two arise most often.
Perhaps the most common use of the term is what is called ”computational” complexity. This
is the complexity of solving a specific problem. The computational complexity is determined by
some measure of the effort required to solve the problem. In consumer choice for the case where
preferences are representable by a linear order, the problem of determining the ”right” linear
ordering of a set of n objects is a classic example. The presumption that the objects are, in
fact, linearly ordered by some criterion like the individual’s preferences may be suspect but, given
that assumption, the difficulty of determining which linear order is the correct one has economic
implications. For this class of problem, a natural ”fundamental operation” might be taken as a
binary comparison in which two alternatives are compared and one of them is determined to be
preferred to the other. A sequence of such comparisons will reveal the true linear ordering of the
preferences.3 The number of these comparisons is the ”computational complexity” of solving the
problem of which linear ordering is correct. In the following, the computational complexity scale
applied to choice functions is classic in that it depends on the number of ”prime intervals” that
must be identified in order to construct a representation of a particular choice function.

1Even a cursory look at game theory reveals at least three distinct applications of the term ”complexity”. Specif-
ically, (i) Rubinstein (1986), Abreu and Rubinstein (1988), Neyman (1985) Banks and Sundaram (1990), Kalai and
Stanford (1990) use complexity to refer to the requirements of implementing a strategy in a repeated play game (ii)
Lipman and Srivastava (1990) have considered the complexity of the strategy itself and (iii) Gilboa (1988), Ben-
Porath (1990) and Papadimitriu (1992) use complexity to refer to the difficulty of computing the best response in
game situations.

2A semiautomaton differs from an automaton in that the semiautomaton does not specify either initial or terminal
states while an automaton specifies both initial and terminal states.

3The process described here is a loose description of what is called a ”binary sort”. There are other, ”more
efficient”, sorting processes (e.g., merge-insertion) which more closely approximate theoretical limits. Independent of
the specific algorithm, the number of comparisons required grows roughly on the order of n ln(n). See Knuth (1973)
for a discussion of sorting algorithms, their limits and history.
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Given a particular linear order preference it might seem straight forward to determine the
choice from any set. The problem of finding the choice from a set, however, is not without it’s own
complexity. This is the ”algebraic complexity” of choice, the mathematical power required to effect
the choice. Papadimitriu (1992) calls this ”implementation” complexity. Given the information
about which linear order is correct, how is the choice actually made from each subset? If the
ordering is represented by its incidence matrix, one way of determining the choice from any subset
is to take row sums of each alternative in the feasible set; the element with the largest row sum
is the chosen element. This summing up does not come free, however, it requires some ”power”.
In particular, not all automata are capable of ”counting”.4 Moreover, the power to count or sum
is independent of the number of states in the semiautomaton (Johnson (1995b)). Accordingly, the
concept of algebraic complexity used here is based on the ”mathematical power” of the algebra
associated with the semiautomaton and not the number of states in the semiautomaton.5 Indeed,
the results demonstrate that the mathematical systems associated with different classes of choice
implementing automata are nested so that there is no ambiguity about the relative ”power” of the
systems.

While starting with the common foundation of automata theory, this paper differs in several
respects from most other economic applications of automata theory. Most important, rather than
asserting that an automaton implementing economic choices exists, here a precise characterization
of the structure of choice semiautomata is presented. Second, the focus here is to determine the
algebraic and computational complexities of semiautomata constrained to satisfy specific economic
consistency axioms like the weak axiom of reveal preference. Third, most applications of automata
theory represent the automata in their finite state form. In that form, the semiautomaton consists of
states, environmental inputs (or stimuli) and partial functions that dictate the result of applying a
particular stimulus to a specific state. In contrast, this investigation represents the semiautomaton
as a transformation semigroup consisting of an underlying set, an action semigroup and an action.
The transformation semigroup is directly linked to classical automata theory in the sense that
every semiautomaton (the basic building block for any computer system, e.g., automata, Moore
machines, turing machines, etc.) defines a transformation semigroup and for every transformation
semigroup, there exists at least one semiautomaton that defines that semigroup.

The approach to understanding the economic impact of complexities is through analysis of
semiautomata constrained to implement choice rules meeting different consistency axioms. There
are several rationalizations for this approach, (1) a consumer decides to adopt a ”rule of thumb” for
making choices and the semiautomaton represents the rule of thumb, (2) the individual delegates
his choices to a robot that does the actual shopping for him and the semiautomaton contains
the instructions for making choices and (3) the consumer ”acts as if” they were a semiautomaton
implementing choices according to a particular consistency axiom.6 In this context, then, the
questions of ”algebraic complexity” and ”computational complexity” may be phrased, respectively,
as: ”Given a specific class of choice function, how powerful a class of mathematical system is
required in order to implement it?” and, ”How hard is it to construct the automaton that will
implement a choice function of a particular type?” These are distinctly different questions and,
as noted above, it will be shown that choice automata with high algebraic complexity can have

4Not all mathematical systems are capable of counting and specifically not those arising from path independent
choice functions.

5This application of the term ”mathematical power” is adopted from Kalai and Stanford (1988).
6Rational (3) is effectively what we do when we represent consumers by utility functions and find constrained

optima.
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low computational complexity while choice automata with low algebraic complexity have high
computational complexity.

Four classes of choice function are considered; (i) those rationalized by linear orders, (ii)
those rationalized by weak orders, (iii) those rationalized by quasi-transitive relations and (iv) path
independent choice functions. The results demonstrate that the classes are ranked by algebraic
complexity as depicted below.

(
linear order

choice functions

)
<

(
weak order

choice functions

)
<

(
quasitransitive
choice functions

)
<

(
path independent
choice functions

)

In this ranking the non-rational path independent choice functions require the highest level
of mathematical power to implement. Notably, for the subset of rational choice functions, this
ranking agrees with the information processing cost ranking obtained in Johnson (1990).7

When computational complexity is considered, the ranking is reversed and has the linear or-
der choice functions posing the highest computational complexity demands. Thus, choice functions
rationalized by a linear order have the lowest algebraic complexity and the highest computational
complexity while non-rational path independent choice functions have the highest algebraic com-
plexity and the lowest computational complexity. This situation is depicted below.
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In addition to identifying the duality of algebraic and computational complexities for choice
implementing semiautomata, the results presented below provide the foundation for several different
applications. First, the broad class of semiautomata strictly contains the semiautomata implement-
ing path independent choice functions. As such, it is a natural tool for extending the economic
model of either individual or collective decision making on finite domains to cases beyond those
assuming path independence. In particular, because the transitions are defined relative to each
state, the semiautomaton model is ideally formed for decision problems where the status quo is an
important decision variable. If that direction is pursued then the results presented here provide a
baseline against which to compare those broader models of choice. Similarly, the model can easily
be formed to allow the final decision to depend on the sequence in which the feasible set is expanded
or contracted. A simple demonstration of this feature is offered in section 3.2 where the powers
required to implement rational and non-rational choice functions are compared. Further, having a
semiautomaton model of an individual ”economic” decision maker provides a basic building block
for constructing automata theoretic models of organizations. By specifying how the basic units are
interlinked and aggragated, several different larger automata can be constructed. Depending on
how the aggregations are specified, different organizational structures such as firms can be mod-
eled and their properties, such as their complexities as well as other features, can be compared.
Finally, the algebraic structures of the the choice implementing semiautomata identified here can

7The model there was restricted to rational choice functions. In that ranking, Johnson used the number of binary
comparisons required to determine the choice as the feasible set expanded. The number of these comparisons was
given the intuition of the ”bit cost” of preserving path independence.
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be compared directly to those derived from strategy implementing semiautomata. The foundations
for such a comparison are presented in Johnson (1995b). In that comparison, only grim trigger
implementing semiautomaton has an algebraic complexity as low as that required to implement
path independent choice.

Section 2 provides the basic definitions and notation for choice functions and the algebraic
structures used in this paper. The form, structure and algebraic complexity of the transformation
semigroups for choice semiautomata are described in section 3. This section highlights two as-
pects of choice semiautomata demonstrating the presence of both simplifying aspects of economic
assumptions about choice behavior and concrete differences in the relative powers of automata
implementing choice functions satisfying different consistency axioms. While, as noted above, the
number of states is not used to indicate complexity, one of the simplifying features of economic
choice allows a reduction in the number of states in the underlying set. The state reduction is
demonstrated in this section. Differences in the mathematical power required to implement dif-
ferent classes of choice functions are demonstrated by observing that each choice function can be
decomposed into two choice semiautomata and considers the interaction between these two semi-
automata. An example comparing the difference in how the two semiautomata associated with
rational and non-rational choice functions interact concludes the section. Section 4 introduces the
concepts and definitions for computational complexity and the results arising from application to
economic choice. As is typical for computational complexities, algorithms are involved but the final
result rests on concepts more fundamental than a particular algorithm.

2 Definitions and notation

The technical tools used in the results presented below are choice functions and the elementary
algebra of sets, primarily semigroups and lattices. The definitions and prerequisites of choice
functions and consistency requirements on choice functions are presented in section 2.1. Algebras
are covered in section 2.2. Semiautomata and the links to algebra are covered in 2.3.

2.1 Notation, Choice Functions and Consistency Requirements

The universal set V is composed of a finite number of distinct alternatives and 2V is the power set
of V . Subsets of V , denoted by v are elements of 2V . Unless otherwise stated, the cardinality of
V , denoted by |V |, is t, and the cardinality of v ∈ 2V is n; note n ≤ t. Distinct subsets of V are
subscripted with an integer i ∈ {1, . . . 2V }; where {vi} = {vj} if and only if i = j.

A choice function is a mapping C : 2V → 2V , such that C(v) ⊆ v and C(v) = ∅ if and
only if v = ∅. A choice function C is rational if and only if there exists a relation R such that, for
every v ∈ 2V , C(v) = G(v;R) where, G(v;R) = {x ∈ v|xRy,∀y ∈ v}. The function G(v;R) selects
the R-maximal elements. A choice function C defined on V is defined as discriminating if there is
some v ∈ 2V for which C(v) '= v.

The classes of choice functions considered are those satisfying the Strong Axiom of Prefer-
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ence, the Weak axiom of Revealed Preference, the conjunction of Path Independence and Extension,
and Path Independence (alone). The consistency axioms are defined formally as follows.

Strong Axiom of Preference (SAP):

(i) ∀x, y ∈ V,C({x, y}) = {x}, and

(ii) ∀v1, v2 ⊆ V, v1 ⊆ v2 ⇒ {v1 ∩ C(v2)} =

{
∅, or
C(v1)

.

Weak Axiom of Revealed Preference (WARP)

∀v1, v2 ⊆ V, v1 ⊆ v2 ⇒ {v1 ∩ C(v2)} =

{
∅, or
C(v1)

.

Rational Path Independence

(i) ∀v1, v2 ⊆ V,C(C(v1) ∪ C(v2)) = C(v1 ∪ v2), and

(ii) Extension (E): ∀v ⊆ V, (x ∈ v and (∀yy∈v, x ∈ C({x, y})) ⇒ x ∈ C(V )) .

Path Independence

∀v1, v2 ⊆ V,C(C(v1) ∪ C(v2)) = C(v1 ∪ v2).

The first two of these classes always can be rationalized by a complete, reflexive and tran-
sitive binary relation (Arrow (1959)). Choice functions satisfying the strong axiom are always
single-valued and rationalized by linear orders while choice functions meeting WARP need not be
single-valued and are rationalized by weak orders. The two classes of path independent choice
functions are distinguished by whether or not they are rationalizable; choice functions satisfying
both PI and E are rationalizable by a quasi-transitive relation while choice functions satisfying PI
need not be rationalizable (Plott (1973)).

2.2 Algebras

The definitions of binary systems and system properties are provided in terms of an arbitrary non-
empty set N , which is used as both the domain and the range, and a binary operation denoted by
(·). Thus, · : N ×N → N , and the binary system for N under the operation (·) is 〈N ; ·〉. Algebraic
properties defined for all v1, v2, v3 ∈ N are,

(B-1) Closure: v1 · v2 ∈ N ,

(B-2) Associative: v1·(v2 · v3) = (v1 · v2) ·v3 ,
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(B-3) Commutative: v1 · v2 = v2 · v1 ,

(B-4) Idempotence: vi · vI = vi ;

A binary system satisfying (B-1) and (B-2) is called a semigroup and a semigroup satisfying
(B-3) is called a commutative semigroup. A semigroup for which every element satisfies (B-4) is
called an idempotent semigroup. A commutative idempotent semigroup has a representation as a
semilattice under the natural partial ordering of the semigroup where the natural partial ordering
is defined as follows, a · b = b ⇔ a ≤ b .8

Here, the power set of the universal set V is used as both the domain and the range
and the binary operation (•) is adopted from Plott (1973). Formally, • : 2V × 2V → 2V , where
∀v1, v2 ∈ 2V , v1 • v2 = C(C(v1) ∪ C(v2)). The binary system for V under the operation (•) is
denoted by 〈2V ; •〉 . Plott (1973) proved that this system is a commutative semigroup.

In addition to the properties of the operation it is useful to identify two special members of
binary systems.

Definition 2.1 Given a binary system T = 〈N ; ·〉 an element z such that x · z = z · x = z,∀x ∈ T
is called a zero, and an element e such that t · e = e · t = t,∀t ∈ T is called an identity.

A semigroup that has an identity is a monoid. An idempotent commutative monoid with a
zero is a lattice. Johnson (1995) identified a subsemigroup of Plott’s semigroup that has precisely
these properties. Further Johnson conjectured that this semigroup might be relevant to economic
applications of automata theory. The results below validate that conjecture. While initially identi-
fied by means of Plott’s single operation (•) lattices actually have two operations, typically called
the join denoted by ∨ and the meet denoted by ∧. A lattice L is denoted by 〈L;∨,∧〉. An element
x in a lattice is called join-irreducible if x ∨ y = a implies x = a or y = a. By convention bottom
elements of a lattice are not callled join-irreducible. Dually, an element y in a lattice is called
meet-irreducible if a ∧ b = y implies y = a or y = b. Lattice are well covered in such classics as
Birkhoff (1979), however a few especially useful properties are summarized here. One important
property of some lattices is the distributive law. A lattice 〈L;∨,∧〉 is a distributive lattice if it
satisfies the distributive law :

a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c) for all (a, b, c ∈ L).

Given a lattice L with a zero 0 and an identity 1, and some element a ∈ L, for which there is an
element b ∈ L such that a ∧ b = 0 and a ∨ b = 1 then a is said to have a compliment. If a has
a unique compliment, then the compliment is denoted by a′. Taking the compliment is a unary
operation. A Boolean algebra is a system 〈B;∧,∨,′ , 0, 1〉 such that (i) 〈B,∧,∨〉 is a distributive
lattice, (ii) a ∧ 1 = a and a ∨ 0 = a for all a ∈ B, and (iii) a ∧ a′ = 0 and a ∨ a′ = 1 for all a ∈ B.
The finite Boolean algebras considered here are isomorphic to 2V under set union, intersection and
complimentation.

Within the Boolean algebra 2V for sets V ⊇ T ⊇ B, the collection of sets K such that
T ⊇ K ⊇ B is called an interval and the interval is denoted by T/B. T is the top of the interval

8The natural partial ordering is adopted from Clifford and Preston (1961).
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and B is the bottom of the interval. An interval T/B is called proper if T '= B. If T = B ∪ {x}
then T covers B and the interval T/B is a prime interval.

A particular class of lattices initially identified by Dilworth (1940) and now known as lower
locally distributive lattices (LLDs) is relevant for choice functions. A lattice is an LLD if every ele-
ment in the lattice has a unique irredundant representation as the join of join-irreducibles. Johnson
and Dean (1996, 2001) and independently, Koshevoy (1999) demonstrated a direct link between
path independent choice functions and LLD lattices in that every PI choice function has a repre-
sentation as an LLD lattice and for every LLD lattice, there is an associated PI choice function.9

Further Johnson and Dean demonstrated characterization results between the predominant classes
of PI choice functions and subclasses of LLD lattices. Significantly, not all of these LLD lattices
are distributive.

2.3 Semiautomata, Algebras and Active Choice

Although employed here only as a link to other literature, a common means for representing a semi-
automaton, or finite state machine, in economics is through the directed graph. A semiautomaton
M = (Q,Σ, F ) consists of a finite number of states Q, an alphabet Σ and partial functions F . In
the directed graph, the states become the vertices, the partial functions F are the edges and the
alphabet labels the edges.10

The fundamental semigroups of algebraic automata theory are the transformation semigroup
and the action semigroup (see Eilenberg (1974, 1976) or Holcomb (1982)). These semigroups are
defined as follows.11

Let Q be a finite set and let PF (Q) be the monoid of partial functions Q → Q under the
operation of concatenation. The identity partial function is the unit denoted by 1Q. A transforma-
tion semigroup X = (Q,S) is a finite set Q and S is a subsemigroup of PF (Q). The set Q is called
the underlying set of X and the members of Q are called states. The semigroup S is called the
action semigroup of S and the elements of S are called the transformations of X. If an arbitrary
semigroup S is not a subsemigroup of PF (Q), the S may be embedded in PF (Q) if there exists an
action α : Q× S → Q satisfying two conditions for s, s′ ∈ S and q ∈ Q 12

(a) ((q, s)α, s′)α = (q, ss′)α

(b) ss′ implies qs '= qs′ for some q ∈ Q.

Both the transformation semigroup and the action semigroup are important items in the
study of automata theory. However, while the transformation semigroups characterize semiau-
tomata, all the mathematical power or algebraic complexity is contained in the action semigroup

9Koshevoy (1999) used convex geometries to obtain results related to a subset of the Johnson and Dean results.
Here the full range of the Johnson and Dean characterizations are used.

10For perspective, the more commonly employed automaton is a semiautomaton that has been augmented by
identification of an initial state i and a collection of terminal states T . Thus an automaton A = (M, i, T ).

11This summary borrows from Eilenberg (1976).
12Condition (a) is called the associativity condition while condition (b) is called the faithfulness condition.
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(Eilenberg (1976)). For this reason, much of the remaining analysis is focused on the action semi-
group.

3 Structure and Algebraic Complexity of Choice Semiautomata

The structure of choice automata is introduced in the section. Construction of the choice automaton
is accomplished by use of Eilenberg’s embedding technique (1976). The semigroup used for the
embedding is the previously mentioned subsemigroup of Plott’s semigroup identified by Johnson
(1995) and characterized by Johnson and Dean (1996, 2001). Johnson and Dean demonstrate
that for a path independent choice function C the image of the domain 2V under the mapping C
is a lower locally distributive lattice. The elements of this lattice are the idempotent members of
Plott’s semigroup. Given a specific Plott semigroup 〈2V ; •〉 construct the idempotent subsemigroup
J = 〈I(V ); •〉 as follows. First, define I(V ) = {vi ∈ 2V |∃vj ∈ 2V 3 vi = C(vj)} so that the
members of I(V ) are those members of the domain that are chosen from some set. The operation
(•) used for J is carried over from Plott’s semigroup and J is used to signify the lattice join
operation. Proposition 1 verifies that Plott’s operation (•) is an action that allows J = 〈I(V ); •〉
to be embedded in the semigroup of partial functions defined on 2V and thus guarantees that
T = 〈2V ;J〉 is a transformation semigroup.

Proposition 3.1 Let C satisfy PI on V and let (•) be as defined above, then

1. (•) : 2V × J → 2V is an action, and

2. T = (2V ;J) is a complete transformation semigroup

Proof: See Appendix I

From this structure the finite state machine representation is easily recovered by defining
M = (2V , J, F ) where F : 2V × J → 2V is given by F (v, j) = v • j for all v ∈ 2V , j ∈ J . Thus the
states of the directed graph representation are the members of the domain and the alphabet Σ is
the subsets that can be chosen from some set in the domain (and, thus, members of J) and, since
the image of a v ∈ 2V is an element of I(V ) and that algebra is idempotent, these are the words
of the machine as well.13 Example 1a demonstrates the process for starting with a choice function
and moving to the transformation semigroup representation of the semiautomaton.

Example 1a: Let the choice function C defined on V = {x1, x2, x3} be specified as follows;

C(V ) = C({x1, x2}) = C({x1, x3}) = C({x2, x3}) = C({x1}) = {x1}
C({x2, x3}) = C({x2}) = {x2};C({x3}) = {x3};C(∅) = ∅

13This description does not give the minimum number of state machine. The minimum number of state machine
is presented in section 3.1 after introduction of the interval property. In this minimum number of state machine, the
states are the same as the alphabet. That is, both are the idempotent elements I(V ).
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Then the idempotent elements are I(V ) = {{x1}, {x2}, {x3}, ∅}, the action semigroup is J =
〈I(V ); •〉 and the transformation semigroup is T = (2V ;J).

The technique for constructing the example 1a transformation semigroup easily is extended
to any path independent choice function. As important as the specific constructions is the fact that
the action semigroups for these choice automata are precisely the choice lattices characterized in
Johnson and Dean (1996, 2001). Thus the algebraic structure of the action semigroups associated
with the major classes of path independent choice functions is fully characterized for finite sets. An
important feature of those characterization results is a simplification of the choice process described
below.

3.1 Simplicity and Structure

The first simplification evident in the transformation semigroup structure is the relationship be-
tween the underlying set (the feasible set for the choice problem) and the action semigroup. In
particular, for this structure, it is useful to look at the inverse image of the idempotent elements
that define the action semigroup. For any particular idempotent element, this set is the collection
of sets in 2V from which the idempotent element could have been chosen. For path independent
choice functions, the remarkable fact is that this set is necessarily an interval in the Boolean algebra
of the domain for the choice function (Johnson and Dean, (1996, 2001)). This interval identifies
an equivalence relation on the states in the underlying set of the transformation semigroup. While
this equivalence relation is defined on the states of the semiautomaton, lacking initial and terminal
states, it is directly analogous to the equivalence relation defined on the states in the construction
of the minimum-state automaton assured by the Myhill-Nerode Theorem (Myhill (1957), Nerode
(1958)).

Definition 3.1 The inverse sets of C are intervals in the Boolean algebra. For each A ⊆ V there
exist subsets T and B such that

arc(A) = {Y ⊆ V : B ⊆ Y ⊆ T}.
The element T is called the top of the interval and B is called the bottom of the interval. The
interval is denoted by T/B.

What this property does is assure that when the domain is represented as a Boolean algebra,
all the sets from which a particular subset is chosen are between two elements in the domain of the
choice function. This situation is depicted in figure 1 for the example 1a choice function.

In figure 1, the Boolean algebra on the left is the domain of the choice function and the chain
on the right is both the image of the domain under C and the action semigroup of the automaton.
the elements of the domain are coded so that all the members of the domain are shaded the same
as the shade of the element in the range into which they are mapped. Here it can be seen that the
inverse image of the idempotent {1} is the interval {{1}, {1, 2}, {1, 3}, {1, 2, 3} denoted {1, 2, 3}/{1}
where {1, 2, 3} is the top of the interval and {1} is the bottom of the interval. The only other non-
trivial inverse image for this choice function is the interval {2, 3}/{2}. The interval property holds
for all path independent choice functions.
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Figure 3: Operation table for semigroup associated with the Example 2 choice function

While identifying the equivalence relation appropriate for constructing the partition of the
states necessary for the minimum-state automaton, there is nothing in the Myhill-Nerode theorem
that requires those partitions to have such a convenient and easily identified structure as to be an
interval. The impact of the interval property can be seen by examining Johnson’s (1990) example
of a semigroup for which the associated choice function is not path independent.

Example 2: Let the choice function C defined on V = {1, 2, 3} be specified as follows, C(i) =
{i}, C(V ) = {2}, C(1, 2}) = C({1, 3}) = {1};C({2, 3}) = {2};C(∅) = ∅ . The operation table for
the associated semigroup of idempotent elements is depicted in figure 3.

Examination reveals that the semigroup associated with the example 2 choice function is
commutative and idempotent and has a representation as a chain, but the choice function is not
path independent (Johnson (1990). When depicted as in figure 2, failure of the interval property
is evident. It is possible that the interval property is a short hand making it easier to identify the
sets form which a particular choice is made. Rather than having to remember every element in the
relevant partition, just the top and bottom elements of the interval are sufficient to identify the
entire partition.

As noted above, the interval property allows a reduction in the number of states in the
underlying set of the transformation semigroup. Specifically, for a transformation semigroup T =
(2V ;J) with I(V ) = {vi ∈ 2V |∃vj ∈ 2V 3 vi = C(vj)}, the underlying set 2V can be replaced by
I(V ) so that the ”smaller” T̄ = (I(V );J) is the analogue to the minimum state automataton in
the case where the automaton can be started in any state and all states are terminal states.
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Figure 4: Directed graph representation of semiautomaton defined by T̄ = (I(V );J) in example
1b.

Example 1b: For the choice function in example 1a, with I(V ) = {1, 2, 3, ∅} and J = 〈I(V ); •〉
the smaller transformation semigroup is T̄ = (I(V );J). Observe that the number of states has
been reduced from the entire collection of feasible sets to just those that can be chosen from from
some set. The directed graph representation of this semiautomaton is presented in figure 4.

The relations between the consistency axioms satisfied by the choice function and the action
semigroup of the associated choice semiautomaton are identified in Proposition 3.2. Representative
examples of each type are presented in example 3 and figure 5. Where possible the lattices are
represented for algebras with nine elements. The exception is for the class of choice functions
rationalized by linear orders where the associated algebra can be only a five element chain.

Proposition 3.2 Let C satisfy PI on V and let (•) be as defined above and let T = (2V ;J) be the
complete transformation semigroup derived from C. Then

1. C satisfies PI if and only if J is an LLD lattice,

2. C satisfies PI and E if and only if J is a distributive lattice,

3. C satisfies WARP if and only if J is a chain of Boolean algebras, and

4. C satisfies SAP if and only if J is a chain.

Proof: See Appendix I

Example 3: Figure 5 depicts the lattice representations of the action semigroups for the following
choice functions.

13



SAP choice function with action semigroup that is the chain diagramed in figure 5a:

CS({1, 2, 3, 4}) = CS({1, 2, 3}) = CS({1, 2, 4}) = CS({1, 3, 4}) = CS({1, 2}) = CS({1, 3}) =
CS({1, 4}) = CS({1}) = {1}, CS({2, 3, 4}) = CS({2, 4}) = CS({2, 3}) = CS({2}) =

{2}, CS({3, 4}) = CS({3}) = {3} = CS({4}) = {4}, CS(∅) = ∅.

Thus IS(V ) = {{1}, {2}, {3}, {4}, ∅} and the action semigroup is JS = 〈IS(V ); •〉.

WARP choice function with action semigroup that is the chain of Boolean algebras diagramed in
figure 5b:

CW ({1, 2, 3, 4}) = CW ({1, 2, 4}) = CW ({1, 3, 4}) = CW ({2, 3, 4}) = CW ({1, 4}) = CW ({2, 4}) =
CW ({3, 4}) = CW ({4}) = {4}, CW ({1, 2, 3, }) = {1, 2, 3}, CW ({1.2, }) = {1, 2, }.CW ({1, 3}) =
{1, 3}, CW ({2, 3}) = {2, 3}, CW ({1}) = {1}, CW ({2}) = {2}, CW ({3}) = {3}, CW (∅) = ∅.

Thus IW (V ) = {{1, 2, 3}, {1, 2}, {1, 3}, {2, 3}, {1}, {2}, {3}, {4}, ∅} and the action semigroup
is JW = 〈IW (V ); •〉.

RPI choice function with action semigroup that is the distributive lattice diagramed in figure 5c:

CR({1, 2, 3, 4}) = CR({1, 2, 4}) = CR({2, 3, 4}) = CR({2, 4}) = {2, 4}, CR({1, 2, 3}) = CR({2, 3}) =
{2, 3}, CR({1, 3, 4}) = CR({1, 4}) = {1, 4}, CR({1, 2}) = CR({2} = {2}, CR({3, 4}) = CR({4}) =

{4}.CR({1, 3}) = {1, 3}, CR({1}) = {1}, CR({3}) = {3}, CR(∅) = ∅.

Thus IR(V ) = {{2, 4}, {2, 3}, {1, 4}, {2}, {4}, {1, 3}, {1}, {3}, ∅} and the action semigroup is
JR = 〈IR(V ); •〉.

PI choice function with action semigroup that is the LLD lattice diagramed in figure 5d:

CP ({1, 2, 3, 4}) = CP ({1, 2, 4}) = CP ({1, 2, 3}) = CP ({1, 4}) = {1, 4}, CP ({1, 2, 3}) = CP ({1, 2}) =
{1, 2}, CP ({2, 3, 4}) = CP ({2, 4}) = {2, 4}, CP ({1, 3}) = CP ({1} = {1}, CP ({3, 4}) = CP ({4}) =

{4}.CP ({2, 3}) = {2, 3}, CP ({3}) = {3}, CP ({2}) = {2}, CP (∅) = ∅.

Thus IP (V ) = {{2, 4}, {2, 3}, {1, 4}, {2}, {4}, {1, 3}, {1}, {3}, ∅} and the action semigroup is
JP = 〈IP (V ); •〉.

Proposition 3.2 provides a convenient and intuitively appealing means for categorizing the
mathematical power (and, hence, algebraic complexities) of choice semiautomata. While there are
several means for ”measuring” the complexity of these semiautomata such as the number of join
irreducibles in the lattices, a more direct means of reflecting the relative powers of the semiautomata
by the class of the lattice each of the consistency axioms imposes on the action semigroup. In
particular, lattices arising from PI choice functions are lower locally distributive lattices and, as
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Figure 5: Figures 5a, 5b, 5c and 5d. Action semigroups for Example 3 choice functions.
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Figure 6: Lattice class containments for action semigroups associated with different consistency
axioms.

such, strictly contain the class of distributive lattices. In turn, distributive lattices strictly contain
the class of chains of Boolean algebras. Naturally, a chain is a special case of a chain of Boolean
algebras in which each Boolean algebra is a singleton. These relationships are depicted in figure
6. Notice that each of the classes of lattices are conveniently nested so that there is no ambiguity
about the relative mathematical power of the action semigroups.

To formalize this intuition let each of the classes be labeled as:
P = {class of lower locally distributive lattices},
D = {class of distributive lattices},
W = {class of chains of Boolean algebras},
S = {class of chains}.
For each pair of these, a class algebraic complexity comparison can be identified.

Definition 3.2 Given A and B, two classes of LLD lattices, L(A) the algebraic complexity of the
class A is greater than L(B), denoted as L(A) > L(B), if and only if B is a strict subclass of A.

Definition 3.3 Given two choice functions C1 and C2 with transformation semigroups T 1 =
(2V ;M1) and T 2 = (2V ;M2) respectively, the algebraic complexity of C1, L(C1) = L(M1), is
greater than the algebraic complexity of C2, L(C2) = L(M2), if and only if L(M1) > L(M2).

The above definitions combined with propositions 1 and 2 allow the algebraic complexities
of the economically relevant classes of lattices to be ranked. In addition, the example 3 choice
functions demonstrate that the ranking is strict. The corollary applies the results of propositions
3.1 and 3.2 to classes of path independent choice functions
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Proposition 3.3 For LLD lattices the algebraic complexity of the subclasses P, D, W, and S are
ordered as follows:

L(P ) > L(D) > L(W ) > L(S).

Proof: see Appendix 1

Corollary 3.4 For the classes of choice functions
PI = {class of path independent choice functions},
RPI = {class of rational path independent choice functions},
WARP = {class of weak order choice functions},
SAP = {class of linear order choice functions},
the choice function algebraic complexities are ordered as follows:

L(PI) > L(RPI) > L(WARP ) > L(SAP )

3.2 One lattice, two semigroups and power differences

One clear way to see differences in the power of automata implementing choice rules consistent
with these different classes of lattices is to look at the impact of the ”rationality” assumption.
Rationalizable PI choice functions have distributive lattices as their action semigroups while non-
rationalizable choice functions have non-distributive lattices for their action semigroups. These
differences are most evident when it is recognized that every lattice defines two semilattices, each
of which is an idempotent, commutative semigroup and, therefore, defines a semiautomaton. In
the case of choice lattices, one of the semigroups is associated with the join semilattice defined by
Plott’s operation (•). This operation effectively determines choice as the feasible sets are ”built up”
from smaller sets. The other operation is derived from the meet semilattice and is induced by the
requirements of path independence. This induced operation determines choice when the feasible
sets become smaller. Here, the meet semilattice operation is denoted (") and is defined as follows.

Definition 3.4 For idempotents A and B in the range of C let arc(A) = Â/A and let arc(B) =
B̂/B where Â and B̂ are the largest sets from which A and B respectively could have been chosen.
Then the meet of A and B in the range of C is defined as A∧B = C(Â∩ B̂).14 To differentiate this
operation from Plott’s operation (•), the induced operation for path independent choice functions is
denoted by A " B = A ∧B = C(Â ∩ B̂).

Now the lattice derived from a path independent choice function can be separated into its
two semilattices; the join semilattice determined by Plott’s operation (•) and the meet semilattice
induced by the requirements of path independence. Each of these semilattices defines and idempo-
tent commutative semigroup. The join semilattice is (M ; •) while the meet semilattice is (M ; ").

14Johnson and Dean (1996, 2001).
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Figure 7: Directed graph of the meet choice semiautomaton for example 1c.

Intuitively, the Plott operation tells what happens as the feasible set is enlarged while the induced
operation tells what happens when the feasible set is shrunk (through intersection).

Example 1c: for the choice function in example 1, with I(V ) = {{1}, {2}, {3}, ∅}, the meet semi-
lattice is M = 〈I(V ); "〉 and the associated ”small” transformation semigroup is T ′ = (I(V );M).
The directed graph representation of the associated semiautomaton is presented in figure 7.

Because the initial intuition for path independence was drawn from situations where the
feasible set was rummaged through in some sequential search process, breaking the action semigroup
lattice of a choice automaton into two semilattice semigroups may seem counterintuitive. However,
one of the most basic variations in economic environments is the price change and, in most instances,
a price change will both add some alternatives to the feasible set as well as remove some from
consideration. Thus it is natural that a choice automaton should be able to make choice both in
circumstances where the feasible set expands as well as those where it shrinks. When choice is
modeled by semiautomata, this view specifies two different semiautomata and focuses attention on
how these semiautomata interact.

Most significantly, for the meet semilattice, the result of taking elements away is determined
not necessarily by the elements that are removed but by the largest set from which the relevant
idempotent elements could have been chosen. This fact allows the differences in the power of the
semiautomata to be demonstrated. Most dramatically, rationalizable choice automata have action
semigroups that are distributive lattices while non-rationalizable path independent choice automata
have action semigroups that are only guaranteed to be lower locally distributive. Thus differences
between the classes of automata become clear. In particular, if the intent is that the result of a
choice process should depend on the sequence of choice, then the rationality requirement must be
dropped. While contrary to the historic view that choice should not depend on the status quo
or the sequence in which the feasible set is altered, some recent views on choice emphasize the
importance of the status quo and the sequence in which choice is made. These results demonstrate
that incorporating these aspects into the choice model may require more powerful mathematical
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systems to implement them.

Example 4: Consider two choice functions and their associated lattices as depicted in figures
8 and 9. Respectively these are the lattices for the RPI and PI choice functions described in
example 3. Notice that the lattice depicted in figure 7 is distributive (and, this, its choice function
is rational) while the lattice in figure 9 is an LLD (with a non-rational choice function). The
following calculation demonstrates the distributive property of the figure 8 lattice. The left side of
this calculation is depicted in dotted lines on the figure while the right side of the calculation is
depicted on solid lines. Consistent with the fact that the lattice is distributive, the result of the
calculation is the same.

({1/1} ∨ ({12/2} ∧ {34/4})) = ({1/1} ∨ {12/2}) ∧ ({1/1} ∨ {34/4})

({1/1} ∨ ∅) = ({12/2} ∧ {134/4})

{1/1} = {1/1}
.

Figure 9 is different. In this case, the lattice is not distributive and the calculations below
demonstrate that the result of expansions and contractions need not be independent of the sequence
in which they occur. In fact, the calculations on the left side do not lead to the same result as
those on the right side. This feature is depicted graphically in figure 9 with the left side being in
dotted lines and the right side calculation being in solid lines.

({13/1} ∨ ({2/2} ∧ {34/4})) '= ({13/1} ∨ {2/2}) ∧ ({13/1} ∨ {34/4})

({13/1} ∨ ∅) '= ({2/2} ∧ {1234/14})

{13/1} '= {123/12}
.

Thus, despite the fact that the choice function is path independent, the final choice can
depend on the sequence of expansions and contractions of the sets from which the choice is made.
This is true even though both of the initial sets and the final set from which choice is made are the
same. The only difference is the sequence or order in which the additions and deletions are made.

One intuition about how the additional power required to implement the PI choice function
is used is to consider that more ”effort” might be necessary to keep track of how the final choice
must depend on the path taken.
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4 Computational Complexity

In contrast to the algebraic complexity which reflects the power required to implement a choice rule,
computational complexity concerns the resource requirement to construct, determine or identify a
solution to a specific problem. For Turing machines, the goal is to identify fundamental aspects
of the problem that are independent of the specific machine on which an algorithm is performed.
Classically, this goal for a computational complexity measure is formalized by the Blum axioms.
The goal is to define an aspect of the problem that is independent of of whether the problem is
being solved on a ”big” machine or a ”small” machine. Here the computational complexity measure
is based on the requirements of computing a particular choice function independent of the specific
algorithm.

For choice functions the ”work” that must be done is to identify the collection of sets from
which the same choice will be made. As seen earlier, for PI choice functions these collections
of sets must be intervals in the Boolean algebra of the domain. Determining these intervals is
the focus of the computational complexity measure used here. Specifically, the computational
complexity of a particular choice implementing semiautomaton is the number of prime intervals
defining the equivalence classes of the LLD action semigroup associated with the choice function
being implemented.

Although this computational complexity measure is independent of the specific machine and,
indeed, independent of the algorithm, it is informative to examine the operations of one particular
algorithm in order to see what items must be identified in the process of constructing choice lattices.
The algorithm used for this exposition is the Johnson and Dean ”contraction” algorithm (Johnson
and Dean (1996, 2001, 2002).15 The mechanics of the Johnson and Dean contraction algorithm are
offered below.

Proposition 4.1 (contraction of an interval) Let C be a PI choice function on a finite set V.
Let B be a meet irreducible element in the choice lattice that is not equal to C(V) or ∅. Let A be
the unique element covering B. Suppose that A = B ∪ {x}. Let the function C* be defined on 2V

as:
C∗(S) = C(S), if C(S) '= A

C∗(S) = B, if C(S) = A.

The function C* is a path independent choice function on 2V .

As the following theorem assures, every PI choice function on a set V can be constructed
by a series of these contractions.

Theorem 4.1 (Johnson and Dean (1996, 2001)) Every PI choice function on a finite set V
can be constructed by a sequence of contractions beginning with the identity choice function on V.

15In part, this algorithm is used for the exposition because it was the first algorithm to be identified that could
compute all choice lattices on a finite set of alternatives. The same number of prime intervals would have to be
identified if some other algorithm, say the Johnson and Dean ”designer” algorithm (Johnson and Dean 2003).
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By repeated applications of the contraction operation, every PI choice function on V can
be constructed. To exposit the algorithm a little notation is useful. First, define a relation on the
action semigroups as follows: If M is the result of a single contraction of the LLD lattice action
semigroup L, write L >> M . Let the transitive closure of (>>) be denoted by (!) and note that
this relation partially orders the set of all LLD action semigroups for PI choice functions defined on
a set V . For |V | = n, the top of the POS is the Boolean algebra 2V and at the bottom is the linear
order on n elements. In between are all the possible LLD action semigroups for PI choice functions
on V . The POS of LLD lattice action semigroups on V is graded by the number of elements in the
lattices L.16

For the domain V , |V | = n, the starting point for the algorithm is the Boolean algebra 2V .
This lattice has 2n elements. In 2V , each of the n elements immediately below the top element
is meet irreducible and appropriate for contraction. Further, no other elements are appropriate
for contraction. Each the n lattices resulting from the contraction of 2V will result in a lattice
with 2n − 1 elements and they will all be isomorphic to each other. Now suppose that all LLD
action semigroup lattices with q elements L1, L2, · · · , LP have been constructed. The next step is
to construct all of the lattices with q − 1 elements. This is accomplished by examining each of the
P lattices Lh with k elements and idenitifying each of the elements appropriate for contraction and
constructing all the LLD lattices M such that Lh >> M by effecting every possible contraction.
Because some lattices can be constructed by more that one sequence of contractions, this process
will produce multiple copies of some lattices but these can be identified and eliminated.

Before formalizing the measure of computational complexity, it is useful to consider an
example that, while not large, does reveal the relevant mathematical systems. Conveniently, up to
isomorphism, there are only five different lattices that arise and they cover all four of the classes
of lattices that can arise from a PI choice function.

Example 5: Construction of the five discriminating choice lattices on three elements is diagramed
in figure 10. Application of the contraction algorithm is direct. In most cases, so is identifying the
computational complexity. The exceptions are the sequences of contractions resulting in the two
chains of Boolean algebras. Special note will be made of features of those contractions and how that
relates to the computational complexity of the choice function. Consider PI choice functions defined
on V = {1, 2, 3}. The algorithm begins with the Boolean algebra on three elements presented at
the top left of figure 10. The first discriminating lattice, labeled L7 at the top right of the diagram,
is constructed by contracting one of the three intervals 123/12, 123/13, 123/23. Each of these
contractions will result in a lattice isomorphic to the lattice depicted on the top right of the
diagram. In that diagram, the interval 123/13 has been contracted. Note that one prime interval
has been contracted. The second contraction is depicted on the next level where two intervals have
been contracted. In this case there were two possible intervals that could have been contracted
12/1 or 23/3. Either contraction will result in a lattice that is isomorphic to the six element
distributive lattice second from the top right labeled L6. In this case the interval 12/1 has been
contracted. At this stage we have two prime intervals that have been contracted. In L6, there
are again two intervals that can be contracted. One of them, 23/3, is easy to see because it is
just like the earlier contractions. Contracting this interval leads to the lattice on the middle right,
labeled L5a, that has a two element Boolean algebra on top of a singleton. In this lattice three
prime intervals have been contracted. The other interval in the L6 that can be contracted is an

16A more formal treatment of the algorithm for constructing LLD lattices is availible in Johnson and Dean (2002).
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interval that involves two previously contracted intervals; this interval consists of the lattice point
labeled 12/1 and the lattice point labeled 123/13. The result of this contraction is lattice with
a two-element Boolean algebra on the bottom, labeled L5b. Looking to the left of this lattice,
it can be seen that, although only three contraction operations have been made, a total of four
prime intervals have been contracted. This is because the interval being contracted consisted of
previously contracted intervals. Even though only three contraction operations have been made,
the fourth prime interval has been contracted because of the interaction of the three contractions
made previously. The induced contraction is depicted by the dashed loop. The final contraction is
performed on L5b and results in the chain labeled L4 and this lattice has five prime intervals that
have been contracted. If instead of working with L5b we has stayed with L5a where the Boolean
algebra is on top, then there are two intervals that can be contracted and both of them involve
previously contracted intervals. Contracting either of them results in a lattice isomorphic to the
chain in L4 and that chain must have five prime intervals that have been contracted.

A few comments on the example. First, the first discriminating lattice to occur is L7, a
non-distributive LLD lattice. Independent of the size of the Boolean algebra used as the initial
point of the algorithm, the first contraction will always result in a non-distributive LLD. This
means that a representative of the most powerful class of lattices can be constructed with the
fewest prime interval contractions — one. The next class of lattices obtained (by contracting two
prime intervals in this example) is the distributive lattice, L6. Note that this distributive lattice
is not a chain of Boolean algebras (a specific subclass of distributive lattices). Again, this result is
generic. Lattices L5a and L5b are both chains of Boolean algebras where L5a requires three prime
intervals to be contracted while L5b requires four prime intervals to be contracted. Lattice L4 is a
chain in which five prime intervals have been contracted. Qualitatively, this relationship between
the class of lattice and the minimum number of prime intervals that have to be contracted in order
to construct a member of the class holds, independent of the size of V . Finally, observe that the
computational complexity is not simply a cover for the number of elements that have been deleted
from the Boolean algebra of the domain. This can be seen by noting that both L5a and L5b have
three fewer elements than their domains but L5a has only three prime intervals that have been
contracted while L5b has four prime intervals contracted.

There is a sense in which this example on three alternatives oversimplifies the situation
however. For this specialized example, it turns out that the number of elements in the algebra is
coincident with the class of lattice. Specifically, the only chains of Boolean algebras have exactly five
elements and there are no distributive lattices on five or fewer elements. This could lead some to the
misunderstanding that the number of states and the mathematical power, or algebraic complexity,
of the semiautomaton are synonymous. This is not the case and this situation does not occur on
larger domains. In particular, three of the four action semigroups presented in example 3 have nine
elements and each of these three nine-element semigroups represents a different class of lattice;
one LLD, one distributive lattice and one chain of Boolean algebras. Two of these three lattices
were used in example 4 to demonstrate explicitly power differences in the action semigroups. This
point is made more starkly when the full range of possible choice functions on four alternatives is
considered. There, while the order in which the first member of each class arises is the same as on
three alternatives, it also is the case that there are non-distributive LLD lattices that are smaller
than some distributive lattices or, even than some of the chains of Boolean algebras.17

17A complete atlas of the LLD lattices (up to isomorphism) on four alternatives is presented at
<http://homepage.mac.com/markrjohnson>. Included also is a brief description of the technique for recovering
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The computational complexity measure now can be formalized.

Definition 4.1 Let C be a path independent choice function defined on V and let J be the associated
idempotent action semigroup. The computational complexity of J , k(J), is the number of prime
intervals in the Boolean algebra 2V that must be contracted to obtain J

Here we see that the computational complexity of a particular choice function is measured
by the number of prime intervals that must be contracted in the Boolean algebra in order to
construct the action semigroup for the choice implementing semiautomaton. This measure simply
reflects the effort required to identify the collections of sets from which the same choice will be
made.

In economic applications a major focus is on the computational complexity of the main
classes of choice functions and their associated semiautomata rather than the complexity of an
individual semiautomaton. For each of these, a class computational complexity measure can be
identified. This measure is based on the minimum number of prime intervals that must be identified
to construct the first representative of a class in the process of the algorithm.

Definition 4.2 For path independent choice functions defined on V with cardinality nsatisfying a
consistency axiom A and action semigroups J with n join irreducibles belonging to the class of LLD
lattices B Let the computational complexity K of a class B of LLD lattices be defined as follows;

K(B) = (t|t = minJ∈B(k(J))).

Thus sequence of definitions identifies: (i) a computational complexity measure for a semi-
automaton implementing a particular choice function based on the number of prime intervals that
must be contracted in order to construct the action semigroup, (ii) for a class of LLD action semi-
group lattices, the computational complexity of the class is the minimum number of prime intervals
that must be contracted in order to construct a member of the class.

Proposition 4.2 Let V be a collection of n ≥ 3 join irreducibles and let 2V be the Boolean algebra
on V . For discriminating choice functions, the computational complexities of the following classes
of action semigroups P, D, W, and S are ordered as follows:

K(P ) < K(D) < K(W ) < K(S).

5 Conclusions

While differing from previous approaches to identifying the structure of economically rational choice
automata (for example, see Futia (1977) or Gottinger (1978)), the results presented here characterize

the choice function from any of the lattices.
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the structure of choice-implementing semiautomata when constrained to satisfy standard economic
consistency axioms. The approach is to combine previous algebraic results of Plott (1973), Johnson
(1990, 1995) and Johnson and Dean (1996, 2001, 2002) with work on classic algebraic automata
theory by people such as Eilenberg (1974, 1976). Notably, the characterization results are tight in
the each class of PI choice function is associated with a specific class of action semigroup.

For these choice-implementing semiautomata two different complexities are identified. The
first, deriving directly from the characterization results is algebraic complexity, which reflects the
mathematical power required of the semiautomaton in order to correctly implement the choice rule
being modeled. When ranked by algebraic complexity, the broadest class of choice functions is
identified as requiring the highest power in order to be correctly implemented. As the class of
choice functions becomes increasingly restricted, the power required to correctly implement the
choice rule is reduced.

In contrast, the computational complexity that is determined by the effort required to make
the actions semigroup of the choice-implementing semiautomaton, is demonstrated to be lowest for
the broadest class of choice functions and increasingly higher for the more restrictive classes. The
class of choice function with the highest computational complexity is the class of choice functions
rationalized by linear orders.

Perhaps most intriguingly, the two complexities are dual with algebraic complexity being
highest when the computational complexity is lowest.

6 Appendix I

Proof of Proposition 3.1: Part 3.1.1 follow directly from the fact that M is a subsemigroup of
Plott’s semigroup 〈2V ; •〉 and thus satisfies the associativity condition. The faithfulness condition
is satisfied because M = 〈I(V ); •〉 is a monoid (Johnson (1995)) in which the empty set ∅ is the
identity element. Thus because ∅ ∈ 2V , s '= s′ implies qs '= qs′ whenever q = ∅.

Part 3.1.2 follows from the fact that T = (2V ;M) is a transformation semigroup in which
2V is the underlying set and, as noted above, M = 〈I(V ) : •〉 is the action semigroup. That
T = (2V ;M) is a complete transformation semigroup follows from the completeness of the choice
function.!

Proof of Proposition 3.2: Notice that the action semigroups are the range of the mapping C. Thus
the characterization resultws of Johnson and Dean (2001) provide the necessary characterizations.
Part 3.2.1 follows by application of theorems 3 and 4 of Johnson. Part 3.2.2 follows by application
of theorems 9 and 10. Part 3.2.3 follows by application of theorem 11 parts (iv) and (v). Part 3.2.4
follows by application of theorem 12 parts (i) and (ii).!

Proof of Proposition 3.3: This ordering follows directly from the nested nature of the classes of
lattices. Simple examples can demonstrate that the containments are strict. In fact, from example
3, observe the the PI choice function diagramed as figure 5d is an LLD lattice that is not distributive,
the RPI choice function diagramed as figure 5c is a distributive lattice that is not a chain of Boolean
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algebras and the WARP choie function diagramed as figure 5b is not a chain.!

Proof of Proposition 4.2: The easiest to see are K(P ) and K(S). Clearly, for any V , |V |3, K(P ) = 1
because a non-distributive LLD always can be constructed with a single contraction. This can be
seen by observing that the result of a single contraction of 2V is an LLD lattice with 2(n − 1)
join irreducibles. Because the contraction operation produces only LLD lattices and the number
of join irreducibles is not equal to n, the LLD lattice is not distributive. Finally, because only one
contraction has been made, there can only be one prime interval that has been identified.

To see that K(S) is the largest computational complexity observe that to map any Boolean
algebra 2V where V has cardinality n into a chain on n elements will require 2n−n prime intervals
to be identified. Thus clearly K(P ) < K(S).

For K(W ) observe that the LLD lattice resulting from the contraction of the prime intervals
must be a chain of Boolean algebras. The chain of Boolean algebras requiring the fewest prime
intervals to be contracted will be the LLD composed of a Boolean algebra isomorphic to 2n−1 on
top of a singleton. This chain of Boolean algebras requires 2n − (2n−1 + 1) prime intervals to be
contracted. Thus K(W ) = 2n − (2n−1 + 1) and K(P ) < K(W ) < K(S).

Finally, K(D) can be found by reference to Corollary 2 of Johnson and Dean (2003) that
assures that the distributive LLD requiring the fewest prime intervals to be contracted will be the
one with only one comparable pair in its partially ordered set of join irreducibles. This will be the
LLD that is the direct product of a chain of order 3 and a Boolean algebra isomorphic to 2n−2.
Thus, the number of contracted intervals will be (2n − (3(2n−2))).

Thus the computational complexities are ordered as K(P ) < K(D) < K(W ) < K(S).!
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