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Abstract
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1 Introduction

Liquidity constraints — the restrictions on the use of assets to finance needs for consumption or
investment — play an important role for macroeconomic outcomes.! As shown by Bansal and Cole-
man (1996), Kiyotaki and Moore (2005a, 2005b, 2008), and Lagos (2007), among others, liquidity
constraints can help explain asset pricing anomalies and the channel through which monetary pol-
icy affects assets’ yields. The standard approach, however, is to assume, rather than explain, the
restrictions on the use of assets to finance consumption or investment. The objective of this paper
is to get a closer look into the microeconomic frictions that affect the ability of economic agents to
exchange assets for goods and services.

The friction we emphasize is a moral hazard problem related to the ease with which the au-
thenticity or quality of an asset can be ascertained. This friction aims to capture that, throughout
history, most means of payment and financial assets have been threatened by fraudulent activities.?
In contrast to existing studies (e.g., Freeman, 1985; Lester, Postlewaite, and Wright, 2008) we take
seriously the notion that producing deceptive financial claims is a costly activity. This assumption
is key to generate non-trivial liquidity constraints. We introduce this moral hazard problem into
an economy with limited commitment, lack of enforcement, and no record keeping, similar to the
one in Lagos and Wright (2005). In this economy there are centralized trades, where assets can be
priced competitively, and decentralized bilateral trades that feature an essential role for assets to
finance random consumption opportunities. The intricate part is the determination of the payment
arrangements in matches where sellers are uninformed. We adopt a simple bargaining game and

we use the methodology from Inn and Wright (2008) for signaling games with unobservable choices

'For a literature review on liquidity constraints, see Williamson (2008).

?Dated back to the medieval Europe, individuals clipped the edge of silver and gold coins in order to deceive
the recipients of those coins. During the 19th Century in U.S., vast quantities of fake banknotes were produced,
making the U.S. a “nation of counterfeiters” according to Mihm (2007). In modern economies, intangible payment
arrangements suffer from identity thefts, and many financial claims are subject to fraudulent activity. According to
Schreft (2007), in 2006 8.4 million U.S. consumers found themselves to be victims of identity theft, and the estimate
of total fraud cost from identity theft is about $49.3billion. In terms of the recent crisis, mortgage-backed securities
suffer from various mortgage frauds, the annual losses of which are estimated between $4 billion and $6 billion.
(See http://www.tbi.gov/hq/mortgage fraud.htm) One example of such frauds is called "property flipping". An
individual purchases a property at one price and sells it to a "straw buyer" at a higher price. The straw buyer does
not make the subsequent mortgage payments and the loan is foreclosed. There is also pure house stealing where con
artists transfer the deed of a house into their name by obtaining the forms, forging signatures, and using fake IDs.



to select an equilibrium.

The main insight of our analysis is that the moral hazard problem induced by the possibility to
produce fake assets generates an endogenous liquidity constraint. While it is feasible to transfer any
quantity of one’s asset holdings in a match, if the quantity offered is above a certain threshold, then
the trade is rejected with some positive probability. Moreover, the probability that a trade goes
through falls with the size of the trade. In equilibrium, agents never find it optimal to offer more
asset than what can be accepted with certainty, which prevents fraudulent payments from taking
place. The endogenous upper bound on the transfer of assets depends on the physical properties
and the rate of return of the asset, trading frictions, and monetary policy. For instance, we establish
that liquidity constraints are more likely to bind if the cost to produce fraudulent financial claims
is low, trading frictions are large, the rate of return of the asset is low, or inflation is high.

We develop three applications of our model to illustrate the role played by endogenous liquidity
constraints. We first investigate the implications of our model for asset pricing and liquidity pre-
mia by considering an economy with Lucas’ (1978) trees. The model provides conditions for the
emergence of liquidity premia. A liquidity premium emerges if there is a shortage of asset in the
sense that neither the first-best level of consumption nor what is allowed by the liquidity constraint
are achievable. Assets that are easier to counterfeit are less likely to exhibit a liquidity premium
and are more likely to pay a higher rate of return. Finally, if the liquidity constraint is binding,
then the liquidity premium of the asset increases with the cost to produce counterfeits and trading
frictions.

Our second application focuses on how the threat of counterfeiting affects fiat monetary sys-
tems. We obtain the striking result that even though sellers can never recognize counterfeits from
genuine money, the possibility to counterfeit currency does not affect the existence of a mone-
tary equilibrium, and counterfeiting does not occur in equilibrium. However, a higher cost to
produce counterfeits can raise the value of money and improve the allocations whenever the lig-
uidity constraint binds. This justifies Central Bank’s policy of spending resources to improve the
recognizability of currency despite of counterfeiting being insignificant. The Friedman rule remains
the optimal policy but it fails to implement the first-best allocation if the cost of counterfeiting is

sufficiently small.



Our third application deals with an old question in monetary theory, the coexistence of assets
with different rates of return. The purest form of the rate-of-return-dominance puzzle is represented
by the coexistence of fiat money and interest-bearing, default-free, nominal bonds. We assume that
only nominal bonds are threatened by fraudulent imitations. If the supply of bonds relative to
the supply of money is low and the liquidity constraint on the use of bonds does not bind, then,
as predicted by the rate-of-return-dominance puzzle, money and bonds are perfect substitutes and
bonds do not pay interest. If the relative supply of bonds is large and the liquidity constraint
binds, bonds pay interest, absent extraneous restrictions on their use as means of payment. The
endogenous liquidity constraint enables an open-market purchase to lower nominal interest rates.
Even so, open market operations are irrelevant since they have no effects on the allocation and
welfare as long as the growth rate of money is not changed. Finally, our model rejects the Fisher

hypothesis: the real interest rate depends on monetary factors.

1.1 Literature review

This paper shares the main theme of moral hazard considerations that has been used in previous
studies to motivate credit or liquidity constraints. For instance, agents in Kiyotaki and Moore’s
(1997) environment can take the borrowed funds and run so that collateral constitutes a binding
constraint on loans. Bernanke and Gertler (1989) consider a model with costly state verification
where higher borrower net worth reduces the agency costs of acquiring funds to finance investments.
Both papers provide important contributions in addressing the financial frictions on aggregate liq-
uidity as an mechanism to amplify and propagate shocks to the economy. Kiyotaki and Moore
(2001, 2005a, 2005b) assume limited commitments of the issuers and holders of private claims to
justify constraints on debt issuance and resaleability of claims, both of which allows agents to gener-
ate funds up to an exogenous fraction of the capital or assets they hold. The moral hazard problem
in Holmstrom and Tirole (1998, 2001, 2008) is described as follows. A risk-neutral entrepreneur
would like to issue debt backed by an investment project. The probability of success depends on
the entrepreneur’s choice of where to invest the funds. There is an efficient technology that gives a
high probability of success and an inefficient technology which gives a lower probability of success

but provides the entrepreneur with a private benefit. There is an incentive constraint that induces



the entrepreneur to be diligent, just like our no-counterfeiting constraint. The distinction from the
previous literature is that we emphasize the lack of recognizability of assets and we embody the
moral hazard problem into a search-theoretic model which explicitly depicts the monetary consid-
erations that matter for asset prices; moreover, we derive endogenously the liquidity constraints.
Our approach is related to the literature on counterfeiting, which includes, e.g., Green and Weber
(1996), Williamson (2002), Nosal and Wallace (2007), and Li and Rocheteau (2009).

Williamson and Wright (1994) were the first to introduce a moral hazard problem in the context
of search-theoretic model of monetary exchange. Closely related to what we do, Rocheteau (2007)
introduces an adverse selection problem in a monetary model with risk-free and risky assets. Our
analysis illustrates that moral hazard and adverse selection problems involve different methodologies
and have different implications for the form of the liquidity constraints. Lester, Postlewaite, and
Wright (2008), on the other hand, focus on endogenizing the fraction of matches where the asset
can be recognized to explain the liquidity of an asset.

Our model can also be viewed as providing microfoundations for some of the exogenously im-
posed liquidity constraints in the literature. For instance, as the cost of producing fraudulent claims
goes to zero, agents stop trading the asset in uninformed matches, as in Lagos (2007) or Lester,
Postlewaite, and Wright (2008). If the cost of producing fraudulent claims is not too large but the
asset is abundant, then agents only spend a fraction of their asset holdings in all matches, as in Kiy-
otaki and Moore (2005b). Our asset pricing results complement those of Geromichalos, Licari and
Suarez-Lledo (2007), without liquidity constraints, and Lagos (2007), with an exogenous liquidity
constraint. Our application to the rate-of-return dominance puzzle is related to Bryant and Wallace
(1979, 1980) and Aiyagari, Wallace, and Wright (1997) who emphasize costs of intermediation and

legal restrictions.

2 Environment

Time is discrete, starts at ¢ = 0, and continues forever. Each period has two subperiods, a morning
where trades occur in a decentralized market (DM), followed by an afternoon where trades take
place in competitive markets (CM). There is a continuum of infinitely lived agents divided into two

types, called buyers and sellers, who differ in terms of when they produce and consume. The labels



buyers and sellers indicate agents’ roles in the DM market. The measures of buyers and sellers are
equal to 1. There are two consumption goods, one produced in the DM and the other in the CM.

Consumption goods are perishable.

Buyers' decisions
to produce counterfeits

; I
BILATERAL COMPETITIVE
MATCHES MARKETS

Figure 1: Timing of a representative period

Buyers and sellers are treated symmetrically in the CM: they can both produce and consume.
In the DM, however, buyers only consume, while sellers only produce. The lifetime expected utility

of a buyer from date 0 onward is
[ Z B [ular) + 20 — 4], (1)
t=0

where z; is the CM consumption of period ¢, ¢; is the CM disutility of work, ¢; is the DM con-
sumption, and 5 € (0,1) is a discount factor. The utility function u(q) is twice continuously
differentiable, u(0) = 0, u/(¢) > 0, and u”(q) < 0. The production technology in the CM is linear,
with labor as the only input, y; = /4.

The lifetime expected utility of a seller from date 0 onward is
EY B [—cla) +z — 4], (2)
t=0

where ¢; is the DM production. The cost function ¢(q) is twice continuously differentiable, ¢(0) = 0,
d(q) >0, and ¢’(q) > 0. Let ¢* denote the solution to u'(¢*) = /(¢*).
We will consider various versions of the model which differ in terms of which assets are available

for trade. In the first version, agents trade Lucas’ (1978) trees that yield a constant dividend flow



in terms of general goods. In the second version, the asset is fiat and has no intrinsic value. In the
last version, agents can hold both fiat money and one-period nominal bonds.

In the CM, agents trade goods and assets competitively. In the DM, a fraction o € (0,1) of
sellers are matched bilaterally and at random with a fraction o of buyers. Trades are quid pro quo,
and agents can transfer any asset they hold. Agents’ portfolios are private information. Terms
of trade are determined according to a simple bargaining game: The buyer makes an offer, which
the seller accepts or rejects. If the offer is accepted, then the trade is implemented, provided that
it is feasible given agents’ portfolios. At the end of the DM, the matched pairs split apart. To
establish an essential role for a medium of exchange, we assume no public record of individuals’
trading histories.

The moral hazard problem is modeled as follows. If an asset is counterfeitable, then buyers in
the CM can produce any quantities of counterfeit assets at a positive fixed cost. The utility cost
of counterfeiting an asset is £ > 0. The technology to produce counterfeits in period ¢ becomes
obsolete in period ¢ 4+ 1, so paying the cost only allows an agent to produce counterfeit assets
in one period. In the DM a seller is not able to recognize the authenticity of an asset, and he
does not observe the portfolio of the buyer he is matched with. Any counterfeit that would be
traded in the CM is automatically detected and confiscated. Consequently, the only outlet for the
counterfeit asset is the DM. Moreover, all the counterfeits produced in period ¢ are confiscated by

the government before agents enter the CM of period ¢ 4 1.

3 The counterfeiting game

We consider a simple counterfeiting game between a buyer and a seller chosen at random. This
game starts in the CM of period ¢t — 1 and ends in the CM of period ¢t. The asset, which is perfectly
divisible and durable, is traded in the CM of period ¢ at the price ¢,, for all ¢. The asset generates
¢ > 0 units of general good at the beginning of the CM before the asset is traded. This game is
general enough to accommodate different types of assets, including real or fiat assets, short-lived
or long-lived assets. Agents hold no asset at the beginning of the game. Thanks to quasilinear
preferences, this assumption is with no loss in generality.

The sequence of the moves are as follows: (i) In the CM of ¢t — 1, the buyer chooses whether



or not to produce counterfeits; (ii) The buyer determines the quantity of CM-goods to produce in
exchange for some genuine assets; (iii) During the next day, the buyer is matched with a seller with
probability o, and he makes an offer (g, d), where ¢ represents the output produced by the seller
and d the transfer of asset (genuine or counterfeit) from the buyer to the seller; (iv) The seller
decides whether to accept the offer.?

Since the production of counterfeits involves only a fixed cost, counterfeiting can be described
as a binary action, x € {0,1}. If x = 0, then the buyer produces no counterfeit, while if x = 1
the buyer produces any quantity of counterfeits that is needed to fulfill his offer in the DM. The
sequential structure of the game is illustrated in the game tree of Figure 2. An arc of circle indicates
that the action set at a given node is infinite, while a dotted line represents an information set.
(We omit the move by Nature that determines whether a buyer in the DM is matched or not, i.e.,

the game tree is represented for the case where o = 1.)

Buyer

Buyer

Buyer

Sller

No

Figure 2: Original game tree

3 A timing sequence that would be equally plausible is that buyers choose first their holdings of genuine assets and
then whether or not to produce counterfeits; or the two decisions could be taken simultaneously. Our equilibrium
notion will be immune against the timing of buyers’ moves. Also, while we assume that asset holdings are private
information, our analysis goes through even if we had assumed instead that asset holdings are common-knowledge in
the match (see Appendix D).



A pure strategy of the buyer in the counterfeiting game is a list (x,a(x), o) that specifies the
decision to produce counterfeits, y, the holdings of genuine asset as a function of x, a : {0,1} — R4,
and a mapping o : Ry x {0,1} — Ry that generates an offer for all histories (x,a). A pure strategy
for the seller is an acceptance rule u : Ray — {0, 1} that specifies whether a given offer is accepted
(1 =1) or rejected (u = 0). In the following we will allow agents to play behavioral strategies. The

Bernoulli payoff of the buyer in the counterfeiting game is

Utb(aa X, 4, d, :U’) = _kjl{le} - d)tfla + B {U(Q) - (¢t + C)dﬂ{x:()}} H{u:l} + B(¢t + C)aa (3)

where [ is an indicator function equal to one if property Z holds, and feasibility requires d < a
if x = 0. (We restrict buyers to make feasible offers given their own asset holdings.) If the buyer
chooses to produce counterfeits (y = 1), then he incurs the fixed cost k. In order to hold a units
of genuine asset, he must produce ¢,_;a units of the CM good in period ¢ — 1. In the subsequent
period the buyer enjoys the utility of consumption, u(g), and he gives up d units of asset provided
that the offer is accepted (= 1). A unit of asset in the DM is worth ¢, 4+ ¢ units of general good
since the asset generates a dividend ¢ and can be resold in the CM at the ex-dividend price ¢,.
The transfer of asset reduces the buyer’s payoff only if the units of asset transferred are genuine,
i.e., the buyer did not produce counterfeits in ¢ — 1. If the buyer is unmatched, ¢ = d = 0.
Similarly, the Bernoulli payoff of the seller is

UL (X, @, dy ) = B{—clq) + (¢ + C) dlpy—oy } L1y (4)

We assume that sellers do not accumulate assets in the CM of ¢ — 1. It is easy to show that they
have no incentives to do so if ¢,_; > 5(¢; + () (i.e., when the rate of return of the asset is less
than the discount rate), since the seller’s asset holdings are not observable and hence do not affect
the terms of trade offered by the buyer. If the seller in the DM accepts the buyer’s offer, 4 = 1, he
suffers the disutility of producing, ¢(q), and receives d units of asset. Each unit of asset is worth
¢, + ¢ unit of the CM good provided that the buyer did not produce counterfeits, x = 0.

A sequential equilibrium of the counterfeiting game is a pair of (behavioral) strategies that

satisfy sequential rationality and consistency of beliefs with strategies.* In order to check the

4 A sequential equilibrium of an extensive game with imperfect information is composed of a profile of behavioral



sequential rationality of the seller’s acceptance rule, one needs to specify the seller’s belief regarding
the buyer’s action, x, conditional on the offer (g,d) being made. Sequential equilibrium imposes
little discipline on those beliefs, which can lead to a plethora of equilibria. For instance, any offer
that satisfies —¢;,_1d + fo {u(q) — (¢; + () d} + B(¢; + ()d > 0 is part of an equilibrium in which
all other offers are attributed to counterfeiters and hence are rejected (since counterfeited claims
are confiscated, and hence are valueless). However, belief systems where all offers except one are

accepted are clearly unappealing. For instance, consider the offers (g, d) such that

—¢1d + B{ou(q) + (1 = 0) (¢, + () d} > =k + fou(q). (5)

The left side of (5) is the expected payoff of a genuine buyer who accumulates d units of asset in
order to consume ¢ units of output in the DM. The right side of (5) is the expected payoff from the
same offer (g, d) if the buyer is a counterfeiter. If (5) holds, then it is easy to show that buyers prefer
to accumulate genuine assets instead of producing counterfeits irrespective of sellers’ acceptance
rule. Hence, accumulating genuine assets and offering (¢, d) dominates producing counterfeits and
offering (q,d). Provided that the seller does not believe that the buyer would play dominated
strategies, such offers should be attributed to genuine buyers. More generally, when observing an
offer (g,d), a seller might want to infer who (a genuine buyer or a counterfeiter) had incentives
to make such an offer, given sellers’ acceptance rule. And the sellers’ acceptance rule needs to be
optimal given buyers’ incentives. We will capture this forward induction logic in the following.
We adopt a notion of strategic stability according to which any equilibrium of the game repre-
sented in Figure 2 should also be an equilibrium of strategically equivalent games. Given that there
is no strict guideline regarding the order of the buyers’ moves, the advantage of using the notion of
strategic stability lies in the fact that the outcome would not depend on some strategically irrele-
vant details of the model such as the timing of the buyer’s moves. We will consider in the following
the reverse-ordered game where the buyer makes first an offer (¢, d); e.g., the buyer writes his offer
in a sealed envelope before making any choice in the CM, and then he chooses whether to produce

a counterfeit (See Figure 3).° Note that the order of the buyers’ moves does not affect the payoffs,

strategies and a belief system such that strategies are sequentially rational given the belief system, and the belief
system is consistent with the strategies. For a definition of the consistency requirement see Osborne and Rubinstein
(1994, Definition 224.2).

>This methodology, called the reordering invariance refinement, was developed by In and Wright (2008) for



that are given by (3) and (4) in both games, and it does not convey any information to the seller,
since in both games the seller only observes the offer, irrespective of the order of the buyer’s moves.
The benefit from considering this reverse-ordered game is that it captures the forward-induction
logic previously described and subgame perfection is sufficient to solve the game. Moreover, as we

will see, it predicts a unique outcome, which is also an outcome of the original game.

Buyer
o

Figure 3: Reverse ordered game

The timing in the reverse-ordered game is as follows. First, the buyer determines his DM offer
(e.g., he posts an offer in the CM of ¢ — 1 for the DM of ¢); Second, he decides whether or not
produce counterfeit assets; Third, he chooses how many genuine assets to accumulate; Fourth, the
seller accepts or rejects the offer. We restrict the strategy space of the buyer so that following an
offer (¢,d) and a decision to counterfeit x, the buyer’s choice of asset holdings must be such that
a > d if x = 0. This condition says that the buyer must always be able to execute the offer chosen

at the beginning of the game.

signaling games with unobservable choices. It is based on the invariance condition of strategic stability from Kohlberg
and Mertens (1986). It states that the solution of a game should also be the solution of any game with the same
reduced normal form.

This assumption eliminates equilibria where sellers would reject an offer simply because they believe that buyers
do not have enough assets to execute this offer.

10



A behavioral strategy of the buyer in the reverse ordered game is a triple (F,7n(q,d), G(q,d, x))
where F is the distribution from which the buyer draws his offer, 1 — 7 is the probability that the
buyer produces counterfeits conditional on the offer (g, d) being made, G is the distribution for the
choice of asset holdings conditional on the history ((g,d), x). The next lemma shows that buyers
accumulate genuine assets or produce counterfeits but not both. Let d,y denote the Dirac measure

that assigns unit measure to the singleton {z}.

Lemma 1 Assume that ¢,_; > (¢, +(). Any optimal strategy of the buyer is such that the distrib-
ution of probabilities for the choice of asset holdings obeys G((q,d),1) = d40y and G((q,d),0) = ;4
for all offers (q,d).

Under the assumption ¢,_; > (¢, + ¢) it is costly to hold the asset: the rate of return of the
asset is less than the discount rate. As a consequence, buyers will never find it optimal to bring
more asset than what they intend to spend. Moreover, if buyers incur the fixed cost to produce
counterfeits, they have no incentives to accumulate genuine asset holdings, G((g,d), 1) = dpy. In
the case where ¢,_; = (¢, +() the choice of asset holdings of the buyer is payoff irrelevant provided
that the buyer holds at least what he intends to spend in the DM (d units if he is a genuine buyer
and 0 unit if he is a counterfeiter). From Lemma 1, we can reduce the buyer’s strategy to a pair of
distribution of offers and probability to produce counterfeits, (F, (g, d)), since the choice of asset
holdings can be inferred from the offer and the decision to counterfeit.

The game is solved by backward induction. We first take as given the terms of trade in a match,
(¢,d). Given these terms of trade, we look for a Nash equilibrium of the game where the buyer
chooses to accumulate genuine assets or produce counterfeits to execute the transfer specified by
the offer, and the seller decides whether to accept or reject the offer. Let m € [0,1] denote the
probability that a seller accepts the offer (¢,d) and n € [0,1] the probability that a buyer chooses
to accumulate genuine asset instead of producing counterfeits. Given 7, the decision of sellers to

accept or reject an offer satisfies

>0 =1
—c(@Q)+n(d+¢)d <0 ==n =0 . (6)
=0 € [0,1]

11



The seller must be compensated for his disutility of producing ¢ units of output. When evaluating
the expected value of the transfer of asset, the seller takes into account the probability that he
faces an honest buyer, which is given by 7. With probability 7 the assets are genuine and worth
¢, + ¢ units of output each; with complementary probability, 1 —n, they are counterfeits and worth
nothing (since they are confiscated before the CM of period t).

Given 7, a buyer is willing to accumulate genuine assets under the offer (g, d) if

—¢p1d+ B{om [ulg) — (& + Q) dl + (¢ + () d} = —k + fomu(q). (7)

Equation (7) has a similar interpretation as (5). Simplifying (7), the decision rule to produce
counterfeits is given by

< =1

{{[r-1 =B+ Q)]+ Bom (¢ +O)}d > k=n =0 . (8)
= € [0,1]

The left side of (8) reveals two gains from producing counterfeits: The first term represents the cost
due to the difference between the purchase price of the asset in ¢ — 1 and the discounted resale price
in ¢ that a counterfeiter avoids by not holding genuine assets, and the second term is the saving of
the cost of transferring genuine units of asset if he finds a seller who accepts the offer.

A Nash equilibrium of the subgame following the offer (¢, d) is a pair (,7) € [0, 1]? that satisfies
(6) and (8). In the following we review the Nash equilibria such that 7 > 0. (Any offer such that
m = 0 is equivalent to the no-trade offer.) From (6) and (8) an equilibrium where the offer is

accepted and buyers do not produce counterfeits, (w,n) = (1, 1), requires

k(¢ + <)
c(q) < (¢ +Q)d < b1 — B(L—0) (¢ + Q)

According to (9), the transfer of asset must be sufficiently large to compensate the seller for his

. (9)

disutility of work, but it must not be too high to give buyers’ incentives to produce counterfeits.
There are Nash equilibria where the offer is partially accepted and some counterfeiting takes place,
i.e., (m,n) € (0,1)2. From (6) and (8),

c(q)

T ol “‘”
_ k—[¢r1—B(¢+¢)]d
TS T e+ 0d 1)

12



The condition 7 € (0,1) implies ¢(q) < (¢, + ¢)d. The condition m € (0,1) implies (¢, + () d €
( k(¢i+C) k(¢ +C)

¢r_1—(1=0)B(¢:+Q)* ¢s_1—B(P4+C)
large, and if the output is sufficiently low relative to the asset transfer, then buyers choose to produce

). If the real value of the asset transfer is neither too small nor too

counterfeits with positive probability and the offer is rejected by sellers with positive probability.
According to (10) a buyer is more likely to produce counterfeits if he offers a large transfer of asset
and if he asks for little output. According to (11) an offer is more likely to be rejected if it involves
a large transfer of asset. There are Nash equilibria where the offer is always accepted, but some
buyers produce counterfeits, 7 = 1 and n < 1. This is the case if [¢,_; — (1 —0) (¢, + ()] d =k
and — c(q) +n(¢, + ¢)d > 0. Finally, sellers can reject some offers even if there is no counterfeiting,
ie., m € (0,1) and n = 1. This is the case if ¢(¢) = (¢, + () d and (¢, + () d < MO The

= $_1—B(o+C)"
different Nash equilibria of the subgame following an offer (¢, d) are represented in Figure 4.

( +z)d

(f,+z)d=c(q)
(f +z)k /

f.-bf +2)

n €(0])
h1 (0

. +2)k
fi1-b(-s)f, +2)

(mm) e{Bx(0)) (M) e(0)x{3

q

Figure 4: Equilibria of the subgame following (g, d)

Next, we move upward in the game tree to determine the offer(s) (g, d) proposed by the buyer

at the beginning of the game. The offer made by the buyer solves

(¢,d) € supp(F) C argmax {—k[1 —n(q,d)] — [¢,_1 — B(; + )] n(g, d)d
+oB[u(q) —n(g,d) (¢, +¢)d]7(q,d)}, (12)

where [n(q,d), 7(q,d)] is an equilibrium of the subgame following the offer (g, d).

13



An equilibrium of the counterfeiting game is a list of strategies, [n(q,d),n(q,d)], for all the
subgames following an offer, and a distribution of offers, IF, that satisfy (6), (8), and (12).

Proposition 1 (Endogenous liquidity constraints)

The equilibrium offer solution to (12) is such that m =1 and n = 1, and it satisfies

(¢,d) € argmax {— [¢,_y — B¢y + Q)] d+ 0B [u(q) — (¢ + ) d]} (13)

st —c(g)+ (o +¢)d =0, (14)
k

d .
= 1 — Bl —0) (P + ()

Following an offer (g, d), the seller’s belief that he is facing a genuine buyer is given by n(q, d)

and his decision to accept the offer is 7(q, d) where [n(q, d), 7(q, d)] is an equilibrium of the subgame
following the offer (g, d). Provided that (14) holds, the decision of a seller to accept an offer is

{k—[o1 - B(&+Q]d}” 1}

e d) = min{ Bo (@ +Q)d

where max(z,0) = {z}*. The seller’s probability to accept an offer decreases in the transfer d, a
measure of the size of trade. This is related to the notion that larger trades are more costly and take
more time to implement than smaller ones. A standard explanation in the market micro-structure
literature (e.g., Easley and O’Hara, 1987) is that informed traders want to maximize the value
of their inside information by trading large quantities. Similarly, in our model the chance for a
larger trade to be implemented is smaller because they are more likely to come from opportunistic
buyers. In equilibrium, buyers never find it optimal to make an offer that has a positive chance to
get rejected.

The program (13)-(15) that determines the equilibrium outcome is similar to the one in the
monetary models of Lagos and Rocheteau (2008), Geromichalos, Licari, and Suarez-Lledo (2007),
Lester, Postlewaite and Wright (2007) and Lagos (2007), except that it incorporates an endogenous
liquidity constraint, (15), that specifies an upper bound on the transfer of assets.” The endogenous

liquidity constraint (15) depends on the cost of producing counterfeits, the rate of return of the

"One can see from equation (5) that the result of an upper bound on the transfer of assets is robust to alternative
productive technologies for producing counterfeits, provided that the average cost decreases with the amounts of
counterfeits.
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asset, agents’ patience, and the extent of the search frictions. This shows that liquidity constraint
are not invariant to the characteristics and physical properties of the asset and to the frictions in the
environment. The higher the cost of producing counterfeits, the less likely the liquidity constraint
(15) will be binding. For instance, if there are no search frictions, o = 1, and the asset price is
constant, ¢, = ¢,_;, the upper bound on the transfer of asset is exactly equal to k, i.e., ¢d < k.%
Starting from o < 1, if the search frictions are reduced, the upper bound on the transfer of asset
is lowered. Reducing trading frictions exacerbates the moral hazard problem because the trade
surplus of a counterfeiter, u(q), is greater than the match surplus of a genuine buyer, u(q) — ¢(q);
i.e., the payoff of the counterfeiter increases by more than the payoff of the genuine buyer. Finally,
the upper bound on the transfer of asset is an increasing function of the rate of return of the asset,
Z’i—ff. As the rate of return of the asset decreases, the cost of holding the asset is higher, which
raises buyer’s incentives to produce counterfeits for a given size of the trade. The rate of return

of the asset will depend on the extent to which the asset can be used in the DM, and will be

endogenized in the next section.

4 Liquidity premia’

To illustrate the implications of the model for how liquidity considerations matter for asset prices,
we consider an asset similar to a Lucas’ (1978) tree. Each tree generates a constant flow of general
goods, ¢ > 0, and there is a fixed supply, A, of trees. One can think of agents as trading claims on
trees. Counterfeiting in this context means that agents have the possibility to produce fake claims
or produce claims on unproductive trees.'”

The counterfeiting game described in Section 3 is repeated in every period. Because of quasi-

linear preferences, the choice of asset holdings of a buyer in the CM and his subsequent actions in

the game are independent of the buyer’s wealth and his history, which is private information, when

8In the absence of search frictions, our upper bound on the transfer of assets is reminiscent to the pledgeable
income in Holmstrom and Tirole (1998, 2008).

9This section extends the discussion in Rocheteau (2008) to allow for long-lived assets and search frictions.

10T his description is consistent with the circulation of banknotes in the 19th century, where counterfeits of genuine
notes coexisted with genuine notes issued by bad banks, banks with few specie on hand to redeem their outstanding
notes (see Mihm 2007). Also, while we consider the case where the productive asset is in fixed supply, we could
alternatively consider a situation where capital is produced, as in Lagos and Rocheteau (2008).
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he enters the CM. The lifetime utility of a buyer upon entering the CM of period £ — 1 with a units
of asset is

WP i(a) = (¢, 1 + Qa+ T + Uy + BW(0). (16)

According to (16) upon entering the CM the buyer enjoys a dividend flow ¢ per unit of asset he
owns, he can sell his a units of asset at the competitive price ¢,_;, he receives a lump-sum transfer
T (in term of the general good), and enjoys the payoff UP from the counterfeiting game and the
continuation value in period-t CM, W)(0). We consider T' = 0 in this section, and 7" > 0 in the
application of fiat money of next section. Similarly, since sellers get no surplus in the DM and
have no strict incentives to hold the asset across periods, the expected lifetime utility of a seller is
Wii(a) = (¢4—1 + (a.

We will focus on stationary equilibria where the price of the asset is constant over time, ¢, _; =
¢, = ¢. We denote ¢* = (/r the fundamental price of the asset as defined by the discounted sum
of its dividends, and R = % the (gross) rate of return of the asset. From (13)-(15) the buyer’s

problem can be rewritten as

(¢,d) € argmax{—r (¢ — ¢") d + o [u(q) — (¢ +¢) d} (17)

st. —c(q)+(p+¢)d>0, (18)
d< K
T ¢-Bl-0)(p+C)

According to (17) the cost of holding the asset in a stationary equilibrium is the difference between

the price of the asset and its fundamental value in flow terms. It is clear that ¢ > ¢* for the
buyer’s problem to have a (bounded) solution. In order to determine the market-clearing price we

characterize the correspondence for the aggregate demand for the asset, A%(¢).

Lemma 2 For all ¢ > ¢*, the correspondence A%(@) is non-empty and upper-hemi continuous.

1. If ¢ = ¢*, then

- (42 ) o]

2. If ¢ > ¢*, then A%(@) is single-valued and it is decreasing in .
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The asset demand correspondence is illustrated in Figure 5 for the case 01;* < ;&t{:é) The

market clearing condition requires A € A%(¢). A stationary equilibrium is defined as a triple

(q,d, ¢) where (g, d) solves (17)-(19) and ¢ is such that A € A%(¢).

A'(f)

A

@) |
f*+k

\ 4
<

(I)*

Figure 5: Asset demand correspondance

Proposition 2 (Liquidity and allocations)

There exists a unique equilibrium.

1. If k> 242)

2. Ifk < old) gnd A > -5 then g=c! (w) < q*and d = &

o ol”

3. If A < min (;(*q*%, U];*), then ¢ < ¢*and d = A.

If there is no shortage of the asset, in the sense that the supply of the asset is sufficiently large to

allow agents to trade the socially-efficient quantity of output in the DM, A > ;&ié, and if the cost

to produce counterfeits is sufficiently high so that the liquidity constraint does not bind, k > Uff:),

then the economy achieves the first best allocation. If the asset is abundant but the moral hazard
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oc(q”)

problem is severe, k < = °*,

the liquidity constraint is binding, which reduces the output with
respect to the first-best benchmark. In this case buyers spend an endogenous fraction, 6 = %, of
their asset holdings. The turnover of the asset increases with the cost to produce counterfeits but
decreases with the ease with which the asset can be traded. In the limiting case where fraudulent
claims on the asset can be produced at no cost, the asset ceases to be traded in the DM and the
market shuts down.!! Finally, if the shortage of asset is to such an extent that neither the first-best
quantities nor what is allowed by the liquidity constraint at the fundamental price of the asset are

achievable, then buyers spend all their asset holdings in the DM, 6 = 1, and output is inefficiently

low, ¢ < q*.

Proposition 3 (Liquidity premia)

LIf A win (£, £), then ¢ = ¢*, and R= 57",

2. If A < min (;(*q;%, U];*), then ¢ = min(¢%, ¢°) > ¢*, and R < 71, where

r(¢"—¢") _ [uocl((¢"+()A)

or¢ leeeieoa .
and i
c a2+ B(1—0)
N 2y

A liquidity premium emerges if there is not enough asset to buy either the first-best level of

consumption or the maximum allowed by the liquidity constraint at the fundamental price of the

asset, A < min (;@;2, 02) In this case, the measured rate of return of the asset is below the
rate of time preference. The asset generates a “convenience yield” because the marginal unit of
the asset held by buyers serves as means of payment in the DM. As revealed by (20) and (21),
the expression for the asset price can take two forms depending on whether or not the liquidity
constraint binds. In both cases, and in contrast with frictionless asset pricing models, the liquidity
premium depends negatively on the supply of the asset. If the liquidity constraint binds and buyers
spend all their asset holdings in the DM, then the asset price increases with the cost to produce

counterfeits. Moreover, when the liquidity constraint binds, the asset is priced at ¢¢ < ¢%; this

"' This limiting case was studied by Freeman (1983) and Lester, Postlewaite, and Wright (2007, 2008).

18



indicates that the moral hazard problem tends to lower the asset price and increase the measured

return. Suppose that initially A < min <;(*q*2, U’;*) so that the asset price is above its fundamental

value. If an advance in the technology makes it less costly to produce imitations of the asset, i.e.,

k falls below o¢*A, then the liquidity premium of the asset price bursts and its rate of return

increases.!?

Our model has also implications for the relationship between trading impediments and asset
prices.!3

Proposition 4 (Asset prices and trading frictions)

If A < min (;&qj_g, f) and

r (% —¢")  woc N k+CA) q
&

ie S doci(hrcA) U 22)

then there is @ < 1 such that:

_ o 8¢
1. Forallo <o, ¢ =¢" and 3 > 0.

2. Forallo >aG, ¢ =¢° andg—ﬁ<0.

Proposition 4 shows that there is a non-monotonic relationship between asset prices and trading
frictions. For low values of o, the liquidity constraint does not bind because the difficulty to meet
a trading partner in the DM reduces buyers’ incentives to produce counterfeits. In that case, if
buyers meet sellers more frequently in the DM, then the value of holding a marginal unit of asset
goes up. However, above a threshold for o, the liquidity constraint binds and the asset price falls.
This also suggests that moral hazard considerations may matter more when the market is more

liquid, in the sense that the turnover of the asset is high.

12This result is in accordance with the analysis from the Federal Bureau of Investigation
(http://www.fbi.gov/publications/financial/fcs _report2007/financial crime 2007.htm#Mortgage) for mortgage
backed securities:

If fraudulent practices become systemic within the mortgage industry and mortgage fraud is allowed to
become unrestrained, it will ultimately place financial institutions at risk and have adverse effects on
the stock market. Investors may lose faith and require higher returns from mortgage backed securities.

3There is an extensive literature on transaction costs and asset prices. In the context of markets with search

frictions, the relationship between asset prices and trading frictions is explored in Duffie, Garleanu, and Pedersen
(2005) and Weill (2008).
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4.1 Extension with multiple assets

The model can be extended to the case of multiple assets (as shown in Appendix C). Suppose, for
instance, that there are two assets, labelled 1 and 2, both of which are subject to the moral hazard

problem. Then, the determination of the terms of trade in the DM is given by

2 2
(q,d1,d2) € arg max {—rz (¢; —¢;)di + 0 |u(q) — Z (¢; +¢;) di] } (23)
i=1 =1
2
st —clg)+ Y (i +¢)di >0, (24)
i=1
ki

Ci=1,2. (25)

>From (25) each asset is subject to a liquidity constraint which depends on the properties of the
asset. If the liquidity constraints are not binding, then the two assets will have the same rate of
return. If at least one of the liquidity constraint binds, then both assets can have different rates of
return, and this rate of return differential depends on the physical properties of the asset (k1 and
k2) as well as the supplies of the assets and trading frictions. We will elaborate more on this point

in Section 6.

5 Counterfeiting and the value of money

In this section we apply the counterfeiting game discussed in Section 3 to an intrinsically useless
object (¢ = 0), fiat money. We study how the moral hazard problem affects the value of money
and the conduct of monetary policy.

The supply of money, M;, is growing at a constant growth rate v = Mz\t/[—f > . We focus
on stationary equilibria where the real value of money is constant over time, ¢, 1M1 = ¢, M;.

Consequently, the rate of return of money is %:1 =~ < 3. Since it is costly to hold the asset, all

buyers will hold the quantity that they expect to spend in the DM, and this quantity is the unique
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solution to the buyer’s problem in Proposition 1, i.e.,

(¢,d) € argmax {~v¢,d + o [u(q) — ¢,d]} (26)

st. —c(q) + ¢,d >0, (27)

d< ———, 28

(Z)t — ﬁ(y—}-a) ( )

where v = % is the cost of holding real balances. One novelty with respect to the previous

section is that policy, through the growth rate of money supply, has a direct effect on the liquidity
constraint, (28). If the money growth rate increases, then it is more costly to hold genuine money
and, as a consequence, the liquidity constraint on the transfer of real balances becomes more
restrictive.
The value of money, ¢,, is determined by the market-clearing condition in the CM according to
which
ar = dy = M;. (29)
A stationary equilibrium is then a list (g, {d:}$2,,{#:}i2,) that solves (26)-(28) and (29). The

equilibrium is monetary if ¢, > 0 at all dates.

Proposition 5 (The threat of counterfeiting and the value of money)

There exists a monetary equilibrium if and only if

u'(0) v

7(0) >1+;. (30)
Let k=B (v +0)c(q) where Z,/((g)) =1+7Z.
1. If k >k then
u'lg) _
) 1—1—0, (31)
cla)

¢t Mt ° (32)

2. If k < k then

by = o (34)



Proposition 5 shows the following remarkable result: fiat money can be valued even though
sellers do not have the technology to distinguish genuine units of money from counterfeits. The
possibility of counterfeiting does not threaten the existence of a monetary equilibrium: the cost
of producing counterfeits, k& > 0, is absent from (30). In particular, if the Inada conditions hold,

Z,/ ((8)) = 400, then a monetary equilibrium always exists.!*

Proposition 5 does not imply that the lack of recognizability of the currency is innocuous. As
shown in the next Corollary, the mere possibility of counterfeiting affects the equilibrium allocations
even if there is no counterfeiting in equilibrium, provided the fixed cost of producing counterfeits

is not too large.
Corollary 1 (Trading frictions, moral hazard, and the value of money)

1. For all k < k,

dq a¢t
% > O, W > 07

dq a¢t

8—0<0, < 0.

do

2. For all k > k, then q and ¢ are independent of k, and % > 0, % > 0.

If the threat of counterfeiting is binding (k < k), then an increase in the cost of producing
counterfeits raises output and the value of money. Policies that make it harder to counterfeit fiat
money, such as the use of special paper and ink, and the frequent redesign of the currency, have
real effects even though no counterfeiting takes place. As in Proposition 4, a reduction in the
trading frictions lowers output and the value of money. This result is in contrast with the positive
relationship between ¢, and o when the liquidity constraint is not binding. Intuitively, as the
trading frictions are reduced, a potential counterfeiter has a higher chance to pass a counterfeit,
which raises the incentives of an opportunistic behavior.

We now ask whether the optimal monetary policy is affected by the threat of counterfeiting.
We measure social welfare as the discounted sum of the match surpluses in the DM,

W o o) —cla)
1-p

14 Using models of commodity money, Li (1995) found that a commodity that is subject to the recognizability
problem can still serve as a media of exchange due to the low storability cost. However, this result is in contrast with
the findings in Nosal and Wallace (2007, Proposition 2) that the set of parameter values under which fiat money is
valued shrinks as the cost of producing counterfeits increases.

(35)

22



Proposition 6 (Optimal monetary policy and the threat of counterfeiting)
Suppose (30) holds. Then, % < 0 and %—KV < 0. The Friedman rule achieves the first best if
and only if
k> Boc(q"). (36)

The Friedman rule is optimal even in the presence of a recognizability problem. This is so
because the quantities traded in the DM decrease with the inflation rate irrespective of whether or
not the liquidity constraint is binding. According to (36), it achieves the first-best allocation only
if the cost of producing counterfeits, k, is large enough. If (36) does not hold, the quantity traded
in the DM is too low even at the Friedman rule. This suggests that the welfare cost from deviating
from the Friedman rule will be higher when the threat of counterfeiting is binding.

To conclude this section, we illustrate how the game-theoretic foundations for the endogenous
liquidity constraint matter for policy analysis. Suppose that we impose an exogenous constraint on
the transfer of money in the DM, d < f#m. This constraint is analogous to the one used in Kiyotaki

and Moore (2005b). Then, the buyer’s choice of terms of trade would solve
(g,m) € argmax {—vo,m + o [u(q) — ¢,0m|} s.t. —c(q) + ¢,0m > 0.

The first-order condition to this problem is

u'lg) v
d(q) L+ Oo

In this case the Friedman rule achieves the first-best allocation for any #. Moreover, a monetary

equilibrium exists if % > 1+ 4=. So the liquidity constraint makes it less likely that a monetary

equilibrium will exist. Both results fail to hold in our model.

6 Rate of return dominance

In this section we introduce a second asset, one-period nominal bonds, that can compete with
money as a medium of exchange. Bonds can be counterfeited at a positive fixed cost & > 0 while

fiat money is perfectly recognizable.!> We will demonstrate that our model can offer an explanation

15Tn Appendix C we briefly discuss a general case where both fiat money and bonds are subject to counterfeiting.
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for the rate of return dominance puzzle-the central issue in monetary theory—according to which
fiat money and bonds coexist even though bonds pay interest. We will study the implications
of the model for the determination of the nominal interest rate and the effects of open-market
operations.'©

Bonds are perfectly divisible and payable to the bearer. They are issued by the government
in the CM at the price p in terms of money, and are redeemed for one unit of money in the next
CM.'7 The implicit nominal interest rate is i; = P% —1. If p, < 1, then bonds are sold at a discount,
i.e., they pay interest. If p, = 1, then bonds and money are perfect substitutes. Both the supply
of money, M;, and the supply of bonds, B, are growing at the constant rate -, so that the ratio
%: is constant. Counterfeited bonds are not redeemed and they are destroyed with probability one

when they mature. The interest payments on bonds is financed by lump-sum taxes paid by buyers

in the CM. The budget constraint of the government is
Ty + ¢ Bi—1 + ¢y M1 = ¢pBi + ¢ My,

where T} is the lump-sum transfer to buyers in the CM (expressed in terms of the general good).

We will focus on stationary equilibria where the real value of asset holdings is constant; i.e., ¢, M; =

Pit1
¢

¢4 1Mz 41 (so that the rate of return of money, is constant and equal to %), and the price of
newly-issued bonds is constant.

The (reverse-ordered) game of the previous section is extended as follows. First, the buyer
chooses an offer (q,d,,,dp) to make in the DM, where d,, is the transfer of money and dj, is the
transfer of bonds. Second, buyers decide whether to produce counterfeit bonds (x = 1) or not
(x = 0). Third, buyers choose a portfolio of genuine bonds and money, b and m. The portfolio
is private information. Fourth, in the subsequent period each buyer is matched with a seller with

probability o. The seller decides whether or not to accept the offer set by the buyer at the beginning

of the game. Following the same logic as the one in the previous sections (see Appendix B), the

Y Historically bonds were produced on paper, just like banknotes. There are also instances were interest-bearing
bonds would circulate as money, like the war bonds issued in Arkansas at the beginning of the 1860’s (see, e.g.,
Burdekin and Weidenmier 2008). Nowadays most bonds are no longer produced as physical pieces of paper, but their
transfer necessitates information about the identity and account of the bond holder and this information is more
difficult to authenticate than fiat money.

'"We focus on equilibria where buyers redeem their bonds when they mature: matured bonds do not keep circu-
lating across periods. Shi (2005) provides a method to refine away equilibria with circulating matured bonds.
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following proposition characterizes the offer made by a buyer.

Proposition 7 (Endogenous liquidity constraints in a dual asset economy)
The equilibrium of the counterfeiting game is such that m =1 and n = 1 and the buyer’s offer

satisfies

(4 don, ) € argmax {— <”‘ﬁ) Su (m 5 ) Budy + 0 [u(g) — b (dm + dbn} (37)

s s
st. —clq) + ¢ldm +dp) 20, (38)
k
S B0 <39>

Moreover, if py > 8, then b= dy; if py = 3, then b > dp.

According to (37) the buyer chooses an offer in order to maximize his expected payoff in the
DM net of the cost of holding money and bonds. The cost of holding money is %, while the
cost of holding bonds is %. Notice that the cost of holding bonds is positive when the price of
bonds, p, is greater than the fundamental value of bonds, /7. According to (38) the offer must
be acceptable by sellers given their beliefs that bonds are genuine. According to (39) the upper
bound on the quantity of bonds that buyers can transfer in the DM is proportional to the cost
of producing counterfeits, k, and it is decreasing with the price of bounds. If bonds are sold at
a higher price, the opportunity cost of holding genuine bonds is higher, and hence, buyers have

stronger incentives to produce counterfeits.

Lemma 3 For ally > 8 and p < 1 the problem (37)-(39) has a solution. If p < 1, then (dn,,dp)
is unique. If p =1, then d,, + dp is unique.

If p = 1, then bonds and money are perfect substitutes and the composition of the buyer’s
portfolio is indeterminate. To overcome this indeterminacy, we will focus on symmetric equilibria

where buyers hold the same portfolio. The market-clearing condition for the money market is

dy = M. (40)
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The demand for genuine bonds is dp if py > 5, and dp < b if py = 5. Consequently, the clearing of

the bond market at a symmetric equilibrium requires

dy = By it py>p (41)

dy < B if py=20. (42)
An equilibrium is a list (g, p, {dmt }$21, {dpe }i21, {0 }521) that solves (37)-(42).

Proposition 8 (Allocations and prices in a dual asset economy)

0)

Suppose % > 1+ Vﬁ_—f There exists a monetary equilibrium where the output traded in the

DM solves

v/ (q) v=B
1 ‘ 43
d(q) po ()
k
(i) 1f M+Bt = C(q)h B(1-a)]’ then
y = 1, (44)
_da)
¢t Mt + Bt. (45)
(i) If M+B: +Bt = C( )50’ then
B
_ s 46
) ’ (46)
c(q) — 45
by = M, )
(lll) [f [,Y_ﬁ(l]io-)]c(q) < MtB;th < BUIE(Q)7 then
1 k M; + By
_ L[ MB ] 48
= | A =0) (48)
c
¢ = L) )

First, consider an economy where government bonds cannot be counterfeited, & — oco. From
Proposition 8 (i), the price of newly-issued bonds is p = 1. Bonds are perfect substitutes for fiat
money and they do not pay interest. In this case, from (45), the value of money decreases if the

total stock of liquid assets, M; + By, increases. Second, suppose that bonds can be counterfeited
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Figure 6: Price of bonds

at no cost, & — 0. From Proposition 8 (ii), p = /v so that the nominal interest rate, i; = v, is
approximately equal to the sum of the rate of time preference and the inflation rate. Bonds pay
interest in order to compensate agents for their rate of time preference and for the depreciation of
the value of money over time.

More generally, bonds pay interest provided that the supply of bonds is relatively large, A5, + 5 >
W' Bonds are more likely to be sold at a discount if the cost to produce counterfeits is
low and if trading frictions are not too severe. As the moral hazard problem becomes more severe
(k is lower), or as the trading frictions are reduced (o is higher), less transfer of real quantity of
bonds is allowed by the liquidity constraint, which leads to a higher yield of bonds. If the supply
of bonds is sufficiently large relative to the cost of producing counterfeits, Mli 5 = C(q) o then the
value of fiat money is affected by the recognizability of bonds as captured by k.

The model can be used to study the effects of open market operations on the nominal interest

rate and the allocations. We interpret an open-market operation as a change in the ratio %.

Corollary 2 (Irrelevance of open-market operations)

k B k 9q _ _ow _ _
If =A—oTo) < s < Boc(d)’ then 8<1V[t) > 0. Moreover, B(Bt> = a(Bt> =

N, N,

Provided that the ratio MEj_t 5, Is neither too large nor too small, an open market sale (Wi
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is increased) raises the nominal interest rate. The reason is as follows. If the buyer receives an
additional bond, under the previously prevailing market price of bonds, he cannot spend it in the
DM. The price of bonds thus must decrease to reflect this illiquidity up to the point where the
liquidity constraint binds again.

Although the conduct of monetary policy affects the interest rate, it has no effect on the real
allocation and welfare.!® When bonds are relatively scarce (case (i) in Proposition 8), money and
bonds are perfect substitutes and p = 1. Obviously, in that case a change in the composition of
money and bonds is irrelevant. When bonds are more abundant, the constraint on the transfer of
bonds is binding (cases (i) and (ii) in Proposition 8). An open market operation affects the price
of bonds, but the output is still determined by (43) so that the marginal benefit of an additional
unit of real balances is equal to its cost.

Finally, our model challenges the Fisher hypothesis according to which nominal interest rates
rise one-for-one with anticipated inflation. The Fisher hypothesis relies on the assumption that

real interest rates are independent of monetary factors. Let Rj denote the real gross interest rate

on bonds. By definition, R, = %il = %p. From Proposition 8§,
1 By k
R, = — if <
v M+ BT clg)ly - B(1-0)]
. By k
= — if >
B M+ Bt — c(q)Bo
1 therwi
= otherwise.
T T+ - o)
The Fisher hypothesis is only valid when bonds are abundant, ﬁ > ﬁ (case (ii) in Proposi-

tion 8). In this case, bonds are illiquid at the margin, so the real interest rate is equal to the rate of

time preference, as implied by a standard cash-in-advance model. In contrast, if bonds are scarce,

B k . . .
MAB, S DF=Ba=a)]’ then money and bonds are perfect substitute, so the real interest rate is
equal to the rate of return of currency, the inverse of the money growth rate. Hence, the nominal
interest rate is zero and is independent of the money growth rate. For the intermediate level of

the supply of bonds, the real interest rate depends on both the money growth rate and the relative

18This result is related to the assertion of the irrelevance of government’s portfolio given a path of fiscal policy in
Wallace (1981), where the equilibrium allocation is not influenced by the open market operations.
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supply of bonds. As the inflation rate increases, the real interest rate decreases. Consequently, the

nominal interest rate will not increase by as much as the inflation rate.

7 Conclusion

We have provided game-theoretic foundations for the constraints that affect the ability of economic
agents to exchange assets for goods and services, and we have studied the macroeconomic implica-
tions of such constraints for asset prices, the value of money, and the conduct of monetary policy.
Liquidity constraints emerge due to the moral hazard problem associated with agents’ ability to
produce fake assets at a positive cost. These constraints depend on the physical properties of the
assets, their rates of return, trading frictions, and policy.

We showed that liquidity premia depend on the recognizability of assets, the supply of assets,
and trading frictions. The finding of a negative relationship between the liquidity premium and
the supply of the asset is consistent with the study of the convenience yield of Treasury securities
by Krishnamurthy and Vissing-Jorgensen (2008). One implications for the current financial crisis
we derived is this: Assets that are more vulnerable to moral hazard considerations have a lower
liquidity premium and generate a higher rate of return. As is well-known now liquidity in the market
for mortgage-backed securities was adversely effected when fraudulent activities in the origination
of mortgage loans became widespread.

If the asset subject to fraudulent imitation is currency, it is shown that the existence of a
fiat money system is robust even when agents cannot distinguish genuine money from counterfeits.
This is consistent with the view that “counterfeiting of U.S. currency was economically insignificant
and thus did not pose a threat to the U.S. monetary system.” (G.A.O., 1996). The possibility of
counterfeiting, however, can prevent the Friedman rule from achieving the first-best allocation. In
a version of the model with risk-free nominal bonds and fiat money, the moral hazard problem
on payments can explain the rate of return dominance puzzle, the liquidity effect of open-market
purchases, and the lack of validity of the Fisher hypothesis.

As outlined throughout the paper, our methodology is flexible enough to accommodate various
extensions: the asset subject to a moral hazard problem could be produced capital, multiple assets

may suffer different degrees of counterfeiting threat, and the moral hazard problem can take different
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forms that are often considered in the corporate finance literature.
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Appendix A.

Proof of Lemma 1 Consider the subgame following the history ((q,d), 1), i.e., the buyer chose
the offer (¢,d) and decided to produce counterfeits, x = 1. The buyer’s expected payoff if he

accumulates a units of genuine assets is

~k = [b11 = B(d; + Q)] a+ Bou(q)ElLy,—1),

where the expectation is with respect to the seller’s strategy. Recall that any offer is feasible when
x = 1 since the buyer can produce any quantity of counterfeits. The seller’s decision to accept or
reject an offer is independent of a since asset holdings are not observable. Since ¢,_; > 5(¢, + (),
the optimal choice of asset holdings is a = 0, i.e., G((¢, d), 1) = d1py. Similarly, the buyer’s expected
payoff following the history ((g,d),0) (i.e., the buyer chooses not to produce counterfeits) is

— o1 = B(6r + O] a+ Bo {ulq) — (¢ + ()d} Blly,—13,

where a > d for the offer to be feasible. Given ¢,_; > 5(¢;+(), the optimal choice of asset holdings
is such that a = d, i.e., G((q,d),0) = d(qy-

Proof of Proposition 1 The proof proceeds in two steps. First, we consider the set of offers
such that 7(q,d) = n(q,d) = 1 in order to show that the buyers’ payoff is at least equal to what is
implied by the problem (13)-(15). Second, we will show that any other offer that does not satisfy
m(q,d) = n(q,d) = 1 generates a payoff less than U*.

1. Lower bound for the buyer’s payoff. From (9) the supremum of the buyer’s payoff among
all offers (¢, d) such that 7(q,d) =n(q,d) =1 is

U* = max{— [qﬁt_l — B¢y + C)] d+oB[u(q) — (¢, +¢) d]}

q,d
k(¢ +C)
st. c(g) < (¢ +Q)d < b1 — Bl —0) (¢ + )
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The buyer’s payoff is continuous in ¢ and d, and it is maximized over a compact set. So a

solution exists. If the offer (q,d) is such that ¢(q) < (¢, + ()d < ¢t_1_];((¢15f_tg))(¢t+c), then the

equilibrium of the subgame following (g, d) is unique and such that 7(q,d) = n(¢q,d) = 1. So

for any collection of strategies (m(q,d),n(q,d)) the supremum of the buyer’s payoff given by
(12) is not less than U*.

2. Ruling out offers that do not satisfy 7(q,d) = n(q,d) = 1.

(a) Offers such that (m,n) € (0,1)2.

~TFrom (10)-(11), n = <2 and 7 = k=[¢r 1 —B(&+0)]d

. The condition n € (0,1) implies

(¢ +Q)d Bo (¢ +C)d
c(q) < (¢4 + ¢) d. The condition 7 € (0, 1) implies
k(¢ +¢) k(¢ +¢)
o, +()d e < , . 50
Ot e G = (1-0186+ 0 b1~ B0+ 0 o)
Since the buyer is indifferent between producing a counterfeit or not his payoff is equal
to [ ]
k=191 —B(o+¢)]d
—k + Boru(q) = -k + u(q),
@ Grad 9
where we have used ™ = k_[d)é;l(;i(?go]d to obtain the right side of the equality. For a

given d this expression is monotonically increasing in g. So the supremum of the buyer’s
payoff among all offers such that (m,7) € (0,1)? is such that c(q) = (¢, + () d and n = 1.

Substituting d = (;t(i)§)7 this supremum can be written as

i [’“ - <¢ft+1< _ﬁ> C(q)] Z<(§>)

Since u” < 0, ¢" > 0 and u(0) = ¢(0) =0 w(@q g < <0 4pq u(q)/c(q) is decreasing

" u(q) c(q)
in q. Moreover, ;itjrl( > [ implies that the term in square brackets is non-increasing
in g. Hence, the buyer’s payoff is decreasing in ¢, which from (50) implies that the

k(¢,+¢)
¢i_1—(1-0)B(¢+C)

is no greater than U™ since it corresponds to an offer such that 7 =n = 1, and it is not

supremum is such that (¢; + () d = c(q) = and 7 = 1. The supremum

achieved.
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(b)

Offers such that (m,n) € {1} x (0,1).
>From (6) and (8) d =

¢>t_rﬁ(1]iﬂ)(¢t+4) and —c(q) +1(¢; +¢)d > 0. Since the buyer

is indifferent between being a counterfeiter or a genuine buyer, the supremum of the

buyer’s payoff among such offers is

n(ge+Qk
sup< —k + Bou(q) : ¢(q) <
{ D= B0 -0 @+ O
Since the buyer’s payoff is increasing in ¢ and the upper bound on ¢ increases with 7

(¢ Ok
¢r_1—B(1—0) (¢ +C) "

It corresponds to m = n = 1 and hence it is no greater than U*. Moreover, it is not

and 7 € (0, 1)} <U*.

it is immediate that the supremum corresponds to n = 1 and ¢(q) =

achieved.

Offers such that (m,n) € (0,1) x {1}.

>From (6) and (8) ¢(q) = (¢, +¢)d and (¢, +()d < ¢t—1_§((fi—;’_7§))(¢t+c). Using d =
%, the expected payoff of a genuine buyer is
(5L 8) ela) + o u(a) - e(a)
Py c(q) + 0B [u(q) — c(q)] -
s (P _ 1
Let ¢ = arg max{ <¢t+< 5) c(q) + o [u(q) c(q)]} where we set 7 = 1 in the ex-

pression of the buyer’s payoff. If ¢(§) < F($140) then the supremum of the

= ¢_1—B(1—0)(¢:+¢)°
buyer’s payoff among offers such that (m,n) € (0,1) x {1} corresponds to ¢ = gand 7 =1
and it is equal to U*. Notice that this is the solution of the problem when the incentive

¢r_1—B(l—0)(d+()’

of assets binds and the supremum is such that ¢(q) = (¢, +()d =

- {n- (i o)} 58

where we have used o7 = k(¢t+<)_[%’I_B(d)ﬁo]c(q), which is derived from the expression
B¢ +¢)c(a)

then the constraint on the transfer

k(¢ +¢)
¢i_1—B(l—om) (¢ +¢)

constraint does not bind. If ¢(§)

The buyer’s payoff is

c(q) = (g, +¢)d = ¢t_17ﬁk((1¢j;§))(¢t+<). Since Z((Z)) is decreasing in ¢, the supremum is
k(s +¢)

decreasing in ¢ and it corresponds to ¢(q) = Py and m = 1. To summarize,

the supremum of the buyer’s payoff among offers such that (m,n) € (0,1) x {1} is equal

to U*, but it is not achieved since it requires m = 1.
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>From all the cases discussed above, the supremum of the problem in (12) is U*, and it is

achieved by the offer that solves (13)-(15).

Proof of Lemma 2 The objective function in the problem (17)-(19) is continuous and it is
maximized over a compact set. >From the Theorem of the Maximum (see, e.g., Theorem 3.6 in
Stokey, Lucas and Prescott 1989), A%(¢) is non-empty and it is upper-hemi continuous. Recall
that if ¢ > ¢*, A%(¢) corresponds to the values of d that solve (17)-(19); otherwise, if ¢ = ¢*, it
corresponds to all the values such that a > d.

(i) The case ¢ = ¢*. If (19) does not bind, then ¢ = ¢* and d = SLL. If (19) binds, then
d= % Moreover, if ¢ = ¢*, then buyers are indifferent to hold assets that they do not spend in

- (4 ) )

(ii) The case ¢ > ¢*. If (19) does not bind, then there is a unique solution to (17)-(19) and

the DM. Consequently,

it is such that

ok ! -1
1o=0)  [Yeei0d ],
$+¢ coc((¢+¢)d)
with an equality if d > 0. Since ¢¢;¢? is increasing in ¢ and

u’
C/

is decreasing, the transfer of
assets, d, is a decreasing function of ¢, and it is strictly decreasing if d > 0. If (19) binds, then
d= m, which is also decreasing in ¢. Moreover, if ¢ > ¢* buyers do not want to hold
more assets than what they intend to spend in the DM, a = d. (See Lemma 1.) Consequently,

Ad(¢) is single-valued and it is decreasing in ¢.

Proof of Propositions 2 and 3 >From Lemma 2, the asset demand correspondence is upper-
hemi continuous, convex-valued, and any selection is decreasing in ¢. Moreover, co € A%(¢*) and
A4(¢) tends to {0} as ¢ tends to infinity. Hence, there is a unique ¢ such that A € A%(¢*). See
Figure 5 for an illustration of the argument.

(i) The condition k > % implies 7’;* > ;Sfﬂz ItA> ;gqjé, then A € A%(¢*) = [min (;gfié, U’;*> ,oo}
and hence ¢ = ¢*, and R = 7. Moreover, the solution to (17)-(19) is such that ¢ = ¢* since

38



:;Sﬂqj% < U%)* implies that (19) does not bind. From the seller’s participation constraint at equal-

ity, d = ng*), and since a > d if ¢ = ¢*, we have A(¢" + () > c(q*), which implies that ¢* is
"¢

incentive-feasible.

(ii) The reasoning is similar as in (i) except that (19) binds, which implies ¢ < ¢*. From (19)

at equality, d = ;—IZ

(iii) If A < min (CW k ) then A ¢ A%(¢*) and, hence, ¢ > ¢* and R < 1. If (19) does

¢*+(? od*
not bind, then d = A where

de argdmax{—r<¢—¢*>d+o[uoc‘1<(¢+<>d>—<¢+c>d]}-

The first-order condition corresponds to (20) and the solution is interior because of market clearing.

The liquidity constraint (19) does not bind if

k A k
¢ = BL-0)(@"+C) T ¢ =B(l-0)(¢°+()

where the equality of right side comes from the definition of ¢¢ in (21). Therefore, ¢* < ¢°. If (19)

binds, then ¢* > ¢¢, and d = A = m which gives (21). Consequently, ¢ = min(¢", ¢).
In order to show that g < ¢*, suppose that ¢ = ¢*. Then, from (20), ¢“ = ¢*, and since ¢ =
min(¢", ¢¢) > ¢*, this implies ¢ = ¢*. But since (¢* + () A < ¢(¢*), ¢ < ¢*. A contradiction.

k
Proof of Proposition 4 >From (20) and (21) if o = 0, then ¢“ = ¢* and ¢° = thgc > ¢

Moreover, ¢" is increasing in o and ¢° is decreasing in o. So if ¢ < ¢" at 0 = 1, then, by the

continuity of ¢ and ¢°, there is a threshold & < 1 such that for all 0 < &, ¢ = ¢" and for all o > &,
¢ = ¢°, since from Proposition 3 ¢ = min(¢", ¢“). The condition ¢° < ¢ at 0 = 1 holds if the left
side of (20) evaluated at ¢ = ¢¢ = % is less than the right side of (20) evaluated at ¢ = ¢ = %,
which gives (22).

Proof of Proposition 5 Let ¢ = argmax {—vc(q) + o [u(q) — c(q)]}, i.e.,
—vd(q)+o[W(q) - (@] <0, “=7if¢>0. (51)
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If the constraint (28) is not binding, then ¢,d = ¢(¢), and otherwise ¢,d = ﬁ Consequently,

¢,d = min [c((j), B(yig)] .

>From the market-clearing condition (29),

min c(d),%
o] Mf(”] (52)

>From (52) and the assumption k£ > 0, money is valued in every period if and only if ¢ > 0. From
(51) ¢ > 0 if and only if
—vd (0) + o [/ (0) — ¢(0)] >0,

which gives (30).

The threshold k is defined as the value of k such that ¢, M; = ¢(§) = ﬁ If (30) holds then

G = argmax {—vc(q) + o [u(q) — c(q)]} > 0 and hence, k > 0. If k > k, then ¢, M; = ¢(g) and ¢ = g,

which gives (31)-(32). If k < k, then ¢, M; = ﬁ and q = ¢! (¢, My), which gives (33)-(34).

Proof of Proposition 6 >From (31) and (33) it is immediate that % < 0. From (35),

oW u(g) —d(g) 9q

w7 1-8 o

Since ¢ < ¢* for all v > 0, u/(¢) — ¢/ (q) > 0, which implies %—Yj\) < 0. As a consequence, the Friedman

rule is optimal. The Friedman rule achieves the first best if and only if £ > k at v = 0. According

to the definition of k in Proposition 5 this implies k > Boc(§) where Z,/((;])) =1,1ie., ¢ =q"

Proof of Lemma 3 The solution for ¢ to (37)-(39) is such that ¢ < ¢*. Otherwise the buyer
could reduce g to ¢* and d,, + d, so that the seller’s payoff is unchanged, which would raise

his own payoff while. Moreover, (38) holds at equality. So (q,d,dp) lies in the compact set

[0, g*] x [0, C((Z:)} X {0, m] Since the objective function is continuous, from the theorem

of maximization, there is a solution to the buyer’s problem.

40



Using that (38) holds at equality, the objective function can be rewritten as

- <7;5> Ordm — <Wﬁ_5> Oy + o {u o ¢ By (dm + db)] — ¢y (dim + db)} (53)

If p < 1, the cost of holding bonds is less than the cost of holding money. If (39) does not bind,

then d,,, = 0 and d, solves

Hﬁx {— <p75_ ﬁ) Gudp + 0 {U oc ! (¢ydy) — ¢tdb}} ;

if (39) binds, then dy solves (39) at equality and d,, is the unique value that maximizes (53). If

p = 1, then money and bonds are perfect substitutes and d,, + dp is uniquely determined by the

value that maximizes (53).

Proof of Proposition 8 >From (37)-(39), and taking into account that buyers can choose to
hold more bonds than what they spend in bilateral matches when py = 3, since the cost of holding

bonds is zero, the buyer’s problem becomes

(4 o, i, B) € arg max {— (7‘5) Su (”7 0 ) dub+ 0 [u(g) — &, (4 + dm}

B B
st. —c(q) + ¢(dm + dp) =0,
k
Gudp < —p’y—ﬁ(l — U)’ dp <b.

Replacing ¢ by its expression given by the seller’s participation constraint. Notice that the objective

function is concave. The Lagrangian associated with this problem is

. (7‘53) Buch — (p” = ) dub+ 0 {0 [8y(dm + )] — &y (d + ) )

k
A (s — ) + - )

where the Lagrange multiplier A is associated with the liquidity constraint and the Lagrange mul-
tiplier p with the feasibility constraint on the transfer of bonds. The first-order (necessary and

sufficient) condition with respect to d, is

_’V;B e (“/(Q) - 1> <0, (54)




with an equality if the equilibrium is monetary. The assumption QCL,/ ((8)) > 14 % implies ¢ > 0, and

hence (43). The first-order condition with respect to dp is

U<UI(q)—1>—)\—u§0.

(q)
If the solution is interior, and using (54) at equality,
7_56 =X+ (55)

It can easily be checked that d, = 0 only if p = 1 in which case buyers are indifferent between
holding money and bonds so that (55) still holds at equality. Finally, the first-order condition with
respect to b, assuming an interior solution (since in equilibrium the bonds market must clear) is

py—B
B

: (56)

Together with (55) this gives
1—
yo1d-p)
g

We consider the following two cases:
1. The constraint (39) is not binding (A = 0).

>From (57) p = 1. From (56), u = % > 0 and hence d, = b = B;. From (38) at equality,
¢4(M; + By) = ¢(q) and hence (45). The constraint (39) is not binding if

Lc( ) < #
M; + By = y—=B(1—-0)
2. The constraint (39) binds, A > 0 and ¢,d, = ﬁ(l_a).

There are two subcases to consider.

(a) dp < b= By is not binding (1 = 0).
>From (56), py = 8 that leads to (46). From (38) at equality, ¢,(M; + dp) = ¢(q) which
gives (47). The condition dj, < By requires
k B
— < ——"—c(q).
50' Mt + Bt

42



(b) dp < b= By is binding (x> 0).
Then, (38) and (39) at equality give (48) and (49). From (56) and (57), since A > 0 and
uw>0,pé€ (g, 1) which implies

k . Bk
[y =681 —0)lclq) M+ By = Boclq)
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Appendix B. Derivation of the liquidity constraint (39)

The Bernoulli payoffs to the buyer and seller in the counterfeiting game are

Ub(m’ b, X ¢, dm, db, /L) = _kﬂ{le} - th,l (m + pb)
+6 {u(q) = & (dm + de{x=0}) } Liy=1} + By (m+b), (58)

where feasibility requires d,,, < m and d < b if x =0, and

Us(Xv q, dma db’ M) = ﬁ {_C(Q) + ¢t (dm + de{XZO}) } H{/J:l}’ (59)

respectively. Notice from (58) that the price of newly-issued bonds in terms of general goods is
p¢p,_, while the price of matured bonds is ¢, (since a matured bond is redeemed for one unit of
money). The transfer of bonds in the DM lowers the utility of the buyer only if they are genuine
bonds (x = 0). A behavioral strategy of the buyer is a list (IF,7n(q, dp, dp), G(q, dm, dp, X)) where
F is the distribution from which the buyer draws his offer, 1 — 7 is the probability that the buyer
produces counterfeits conditional on the offer (¢, d,,, d,) being made, G is the distribution for the

choice of money and genuine bond holdings conditional on the history (q, d,,, dp, X)-

Lemma 4 Assume py > . Any optimal strategy of the buyer is such that the distribution
from which the buyer chooses a portfolio satisfies G(q, dp,dp,0) = d¢(a,,.a,)3 and G(q, dm,dp,1) =

Of (dm.0)}-

Proof. Rewrite the buyer’s payoff, (58), as

Utb(mv b7 X4, dm> dba }UJ) = —k‘H{le} - (7 - ﬁ) ¢tm - (p7 - ﬁ) ¢tb
+Bo {U(Q) — ¢y (dm + dbﬂ{x=0}) } Iyp=1y-

Since v — 8 > 0 holding money is costly and hence, conditional on the offer (¢, d,, dy) being made,
the optimal strategy of the buyer is m = d,,. (We assume that the buyer is committed to execute
the offer he has made at the beginning of the game.) If py > g, then holding (genuine) bonds is
costly. So if the buyer has the technology to produce counterfeits, x = 1, then b = 0; if the buyer

does not have the technology to produce counterfeits, y = 0, then d, =b. ®
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Since v > pvy > [ it is costly to hold money and, as a consequence, buyers will not hold more
money than they intend to spend in the DM. Similarly, since p¢,_; > B¢, if py > 3, then it is
costly to hold bonds and buyers will not hold more genuine bonds than the amount that they will
spend in the DM. In contrast, if py = 3, then buyers are willing to hold more bonds than what they
spend in the DM, but the excess of bonds holdings does not affect their payoffs. As a consequence
of Lemma 4, we can ignore the buyer’s choice of bonds holdings and focus only on the transfer of
bonds in the DM.

The (reverse-ordered) counterfeiting game is solved using the same logic as in Section 3. Con-
sider a subgame following an offer (q,d,,,dy). The seller’s decision to accept the offer is given

by

>0 =1
—clq)+ ¢, (ndy +dp) <0 =7 =0 . (60)
=0 € [0,1]

According to (60), the seller receives both money and bonds, but only money can be recognized
with certainty. Hence, sellers will rationally anticipate that bonds are genuine with probability 7.

Given 7, a buyer is willing to accumulate genuine money if

—(py — B) dpdp — (v — B) by + Bo {ulq) — &y (dm + dp)} >
—k — (v = B)¢ydm + Bo {u(q) — ¢dm} .

where we have used Lemma 4 to simplify the buyers’ payoffs, i.e., if py > 3, then an honest buyer
(x = 0) accumulates just enough bonds to make his payment in the DM, whereas if py = 3, then
the quantity of bonds that a buyer holds beyond what is necessary to make the payment in the
DM does not affect his payoff. By producing counterfeits the buyer saves both the cost of holding
bonds, (py — 8) ¢,dp, and the value of transferring those bonds in the DM if conducting a trade,
¢.dp, but he incurs the fixed cost of producing counterfeits, k. Hence, the decision to produce

counterfeit bonds obeys the following condition:

(py — B+ Borm) pydy > k=n =0 (61)

€ [0,1]

Vv A
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Given a collection of Nash equilibria (7 (q, dm,dy), n(q, dm,dp)) for each subgame following an

offer (q,dp,dp), the optimal offer of a buyer solves

(¢,dm,dy) € suppF C argmax {—k[1 —n(q,dm,ds)] — (py — B) ¢4 dpn(q, dm, dp)
— (v = B) ¢dm + 0B [u(q) — ¢ydm — 1(q, dm, dp) P dp] T(q, dim db) } - (62)

An equilibrium of the counterfeiting game is a collection of Nash equilibria for all the subgames
following an offer, (7(q, dm,dp),n(q, dm,dp)), and a distribution of offers, IF, that satisfy (60), (61),
and (62).

Proof of Proposition 7 The proof follows the same logic as in the proof of Proposition 1.
Consider equilibria of the subgame following an offer (g, d;,,dy) such that 7 = 1 and n = 1. From
(60) and (61), —c(q) + & (dp + dp) > 0 and ¢dp < m, which corresponds to (38) and
(39). If these inequalities are strict, the Nash equilibrium is unique. Among all these equilibria the
supremum of the buyer’s payoff is reached for the solution to (37)-(39). Denote this supremum U*.
Hence, any solution to (62) must give a payoff at least equal to U*.

In the rest of the proof we will show that any other offer such that (m,n) # (1,1) generates
a payoff that is less than U*. Suppose that the buyer makes an offer such that = € (0,1) and

n € (0,1). From (60) and (61),

c(q) — ¢dm

T ¢tdb 7 (63)
_ k— (py — B)oudy
T o= Bodyds . (64)

According to (64) by reducing his transfer of bonds a buyer can raise the probability that his offer
is accepted, and hence he can raise his expected payoff, —k — (v — 8)¢,dm + Bom [u(q) — ¢pdpm)].
Consequently, the supremum of the buyer’s payoff among offers that satisfy (63) and (64) is such
that 7 = 1 and/or n = 1. We will consider these two types of equilibria in the following.

Consider an offer such that (m,n) € {1} x (0,1). From (60) and (61), ¢,dp = ﬁ(l_a) and
—¢(q) + ¢(dm, + ndp) > 0. The supremum of the buyer’s payoff among such offers is

sup {—k (B e + B0 [ulg) — bycbm] : c(a) < by + ——1

= B—0) and 7 € (0,1)}.
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k

A B=0)’ and it is no greater than U™.

The solution corresponds to n = 1 and ¢(q) = ¢ud +
Moreover, it is not achieved.
Finally, consider offers such that (m,n) € (0,1) x {1}. From (60) and (61), ¢,(dm + dp) = c(q)

and ¢.dp < m. The buyer’s payoff is

—(v = B)prdm — (py — B) ¢pdp + Bor [u(q) — c(q)] -

The buyer’s expected payoff is increasing with 7. Suppose m = 1. If the supremum of the buyer’s

payoff is such that ¢,dp < does not bind, then it corresponds to m# = 1 and it is equal to

k
py—0B(1-0)

U*. If the constraint binds, then ¢,dp = m and the buyer’s payoff is
YL —p)k
Uﬂ:sup{— — B)c(q) + + Bow [u(q) — c(q)] ¢ -
(m) = sup { ~(1 = Bela) + Tzl o+ o [ula) — ela)]

The derivative with respect to 7 is

U = LSO b+ o fula) - elo)]
> (== B)ela) + Bom [ula) — e(a)]}
> 0,

where we have used that ¢,dp < ¢(q), (1—p)y < v—p, and % < 1 in order to obtain the first
inequality. The second inequality results from the fact that max, {—(v — 8)c(q) + Bor [u(q) — ¢(q)]} >

0. So the supremum corresponds to m = 1; it is no greater than U* and it is not achieved.
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Appendix C: Two counterfeitable assets

In this Appendix we consider the case where bonds and money can be counterfeited at positive

fixed costs kp € (0,+00) and k,, € (0,+00), respectively. We will prove the following proposition.

Proposition 9 There is no counterfeiting in equilibrium and the buyer’s offer satisfies

(4, 4o, ) € argmax {— (”‘6) - (p” — ) Sudy + 0 [u(g) — b (dm + dm} (65)

B
s.t.  —c(q) + ¢y(dm + dp) >0, (66)
km,
Pydm < Y= B—0) (67)
Ky,
Gydp < o —B—o) (68)

The buyer’s decisions to produce counterfeit money and bonds are represented by the variables

Xm € {0,1} and x; € {0, 1}, respectively. The buyer’s Bernoulli payoff is

U (0, b, X Xps @ dims iy 18) = —kimlly, —1y — KLy, —1y — &1 (m + pb)
+B0 {u(q) — ¢ (dmliy, oy + doliy,—01) } Lipery + By (m +b),

and the seller’s Bernoulli payoff is

Us(va Xbs 45 Ay dp, ﬂ) =0 {_C<q) + ¢t (dmﬂ{xmzo} + de{xbzo}) } H{u:l}'

To solve for an equilibrium, we use the reverse ordered game. First, the buyer determines his
DM offer; Second, he decides whether or not to counterfeit money and/or bonds; Third, he chooses
his portfolio of genuine assets; Fourth, the seller accepts or rejects the offer. Following an offer
(¢,d) and a decision to counterfeit (x,,,Xs), the buyer’s choice of genuine assets satisfy m > d,, if
Xm =0, and b > d, if x;, = 0.

Consider a subgame following an offer (q,d,,dp). Let wo (resp., wp, wm, we) denote the
probability for the buyer to choose (X3, X,m) = (0,0) (resp., (1,0), (0,1), (1,1)). By definition,
wo + wm + wp + we = 1. A necessary condition for an offer to be accepted is ws < 1; that is, in
equilibrium a seller will never accept an offer in which both assets are counterfeited with proba-

bility one. It is clear that producing a counterfeit of an asset with probability one cannot be part
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of an equilibrium since the buyer would incur a fixed cost to produce such counterfeits but the
seller would not assign any value to the asset. As a result, we can also rule out the cases in which
Wm+we = 1 (money is counterfeited with probability one) and wy+ws = 1 (bonds are counterfeited
with probability one).

The seller’s decision to accept the offer (g, dy,, dy) is given by

>0 =1
—c(q) + & [(1 — wp —w2)dy + (1 — wm —wa)dy] <0 =7 =0 (69)
=0 € [0,1]

According to (69), sellers will rationally anticipate that bonds are genuine with probability 1 —
wp — wa, and money is genuine with probability 1 — w,,, — ws, where 1 — wp — w9 and 1 — w,, — wo
are the probabilities that buyers accumulate genuine bonds and genuine money, respectively, in
equilibrium.

Let Qg (resp., Qp, Qm, Q2) denote the expected payoff from adopting the strategy (xp, Xm) =
(0,0) (resp., (1,0), (0,1), (1,1)). Given the seller’s probability to accept the offer, 7, these expected

payoffs are:
Q = —(py=B)dde — (v = B)bpdm + o [u(q) — ¢ (dm + db)] , (70)
B = —ky— (v = B)dpdm + Bo [u(q) — ¢rdm] (71)
Qm — _km - <p7 - ﬁ) ¢tdb + ﬁO’W [u(q) - ¢tdb] ) (72)
Qy = —ky— kpy + Boru(q). (73)
It can be checked from (70)-(73) that
Qp + Qi = Qo + Qo (74)

The logic of the proof of Proposition 9 goes as follows. We will consider equilibria where the
offer (q, dy,,dp) is such that Qo > max(Qy,, 2, Q2). In this case there is no counterfeiting taking
place. We will show that among such offers the optimal one is such that # = 1. Moreover, when
the condition Qg > max(y,, Qp, Q2) is satisfied and —c(q) + ¢(dm + dp) > 0, the equilibrium
of the subgame following the offer (¢, d,,,dp) is unique. Consequently, the buyer’s payoff in the
counterfeiting game is at least equal to what is implied by the problem (65)-(68). Then, we will
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show that any other offer (q,d,,dp) that does not satisfy m = wg = 1 generates a payoff less than
what is implied by (65)-(68).

Equilibria such that Qy > max(£,,,Q,2). In such equilibria, wy = 1 and w,, = wp = wy = 0.

The conditions g > Q,,, and Qg > € imply

km,
dpm —_—,
% v — B+ form
ky
dy < — b
G < T Bon

It also implies 22y > Q, + Q5 = Qo + Q9, and hence Qy > Qs. The buyer’s expected payoff is
—(py = B) ey — (v — B)bydm + Pom [u(q) — ¢ (dm + dp)]. If m < 1, then c(q) = ¢; (dp + dim). An
infinitesimal increase in d,, or d; makes the offer acceptable, 7 = 1, and raises the buyer’s payoff.
Among all offers such that m = 1, the supremum of the buyer’s payoff is reached for the solution
to (65)-(68). Denote this supremum U*. Finally, notice that when the following three conditions

are satisfies,

K,
dm < 5 5
g v =B+ po
Ky
d .
P py — B+ Bo

c(q) < ¢t (db + dm) )

then the equilibrium of the subgame following the offer (q,d,,,dp) is unique. Consequently, the
supremum of the buyer’s payoff in any equilibrium of the counterfeiting game is equal or greater

than U*.

Equilibria such that Q,, = Qy > max(€p, Q2). In such equilibria wg+w,, = 1 and wy = wy = 0.
By (74), Qp 4+ Q,, = Qo + Q9, and thus, Q = Q. The conditions Q,, = Qg and Qy > Qp imply

km — (v — B)ddm

™= y
/60¢tdm
Ky,
d _—
Ouh py— B+ Bor
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The buyer’s expected payoff is —k,, — (py — ) ¢pdp + Bom [u(q) — ¢pdp]. If m < 1, then reducing

dy, will increase m and the buyer’s payoff is increased as well. If 7 = 1, then (69) implies

c(q) < dyldp + (1 — wi)din]-

For given dp, the supremum of the buyer’s payoff among offers such that Q,, = Q¢ > max(€, 2)
corresponds to the highest value of ¢ consistent with the above inequality, which is obtained when
wm = 0 and hence wy = 1. Consequently, the optimal offer among equilibria such that £, = Qg >

max ({2, Q2) satisfies 7 = wp = 1 and hence the buyer’s payoff is no greater than U*.

Equilibria such that Q, = Q¢ > max(£,,,Q2). In such equilibria wg+wp = 1 and w,, = wy = 0.
Since Qp + Qp, = Qo + Qo, then Q,, = Q. The conditions 2, = Qs and Q¢ > Q,, imply

ky — (py — B) ¢y

™ = 5

Boddy

R
Y= B+ for

The buyer’s expected payoff is —ky — (v — B)¢ydm + Bom[u(q) — ¢pdp]. If m < 1, then if dp is

Oidy <

reduced, 7 increases and the buyer’s payoff also increases. If 7 = 1, then (69) implies
c(q) < Gyldm + (1 — wp)dy)].

For given d,,, the supremum of the buyer’s payoff among offers such that Q2 = Qo > max(Q,, Q22)
corresponds to the highest value of ¢ consistent with the above inequality, which is obtained when
wp = 0. Consequently, the optimal offer among equilibria such that Q, = Qy > max(Q,, Q)

satisfies m = wg = 1 and hence the buyer’s payoff is no greater than U*.

Equilibria such that Q,, = Q, = Qg = Q9. This requires

R =y = B)dudy _ km — (v = B)rdm
Bogdp Boddm '

If dy and d,, are such that = < 1, then the buyer’s expected payoff, —k, — k,,, + Somu(q), can be

raised by reducing both dj and d,,. Suppose next that d, and d,, are such that m = 1. Then,
c(q) < & [(1 — wp —wa)dp + (1 — wi — w2)dp,).
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The supremum of the buyer’s payoff, —k,—k,, +80ou(q), among offers such that Q,,, = Q, = Qp = Qo
corresponds to wp = w,;, = we = 0. Consequently, the optimal offer among equilibria such that

Q= Qp = Qo = Qg satisfies 7 = wg = 1 and hence the buyer’s payoff is no greater than U*.

Infeasible cases We rule out the following cases:

1. Qp < maX(Qm, Qp, Qg)

As indicated above, there cannot be an equilibrium where counterfeiting any or both assets
occurs with probability one. So we can rule out the cases wo = 1, wa+wp = 1, and watw., = 1.
Suppose wy + wy, + wp = 1 with Q,, = Q = Qo. From (74) Q9 = Q= U = Q2. A

contradiction.

2. Qo =Q, =Q0 > Qp; Qo= = > Qs Qi = Qp = Qg > Qo

Consider an equilibrium such that Qs = Q,, = Q¢ > Q. Suppose Q,, = Qy. Then, Qp+Q,,, =
Qo + Q9 implies Q = Q9. A contradiction. By the same reasoning we can dismiss equilibria

such that Qs = Qp = Q¢ > Q,, or Qy,, = Qp = Qo > Q.
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Appendix D. Observable portfolios

In the body of the paper we assume that asset holdings are unobservable in a match and hence
cannot convey information about the buyer’s decision of whether or not to produce counterfeits.
In this appendix we will show that the outcome of the counterfeiting game is unaffected if the
buyer’s choice of asset holdings is common-knowledge in the match. For simplicity, we assume that
sellers do not accumulate asset holdings. One can interpret this assumption as a restriction to the
set of equilibria where the sellers’ acceptance rule and buyers’ offer are independent of the seller’s
asset holdings (in which case the seller has no strict incentives to accumulate asset). Following
the methodology of Inn and Wright (2008), we consider the reverse ordered game where observable

action are chosen first. The timing of this game is as follows:

1. The buyer chooses the offer (¢,d) and his asset holdings (genuine or fake), a. If a < d, then

the offer, which is not feasible, is interpreted as no trade.
2. The buyer chooses whether to accumulate genuine assets or produce counterfeits.

3. If a match occurs, the seller observes (q,d,a) and decides whether to accept or reject the

offer.

If ¢,_1 > B(¢y + ¢), then it is costly to accumulate genuine asset holdings. Therefore, if a
buyer chooses to produce counterfeits, he will never find it optimal to accumulate genuine assets
as well. So in the following we can reduce the buyer’s strategy in a subgame following (¢, d, a) to
the probability 1 of accumulating genuine assets.

Consider the subgame following the choice of (¢, d, a). Given 7, a buyer is willing to accumulate

genuine assets if

—{br1 = Bo + )} a+ B {ula) — (¢ + O)d} > —k + Boru(q).

The decision rule to produce counterfeits is given by

< =1
{6r 1 =B+ }a+Br(d+C)d > k=mn =0 .
= € [0,1]
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Consider triplets (g, d, a) such that # = n = 1. The conditions for such equilibria are

—c(q)+ (¢ +Q)d > 0,
{¢1 =B +O)Ya+Blo,+C)d < k.

If (¢,d,a) is such that m = n = 1, then (g, d, d) is also such that 7 =n = 1 since ¢,_; > B(¢, + ().
If an offer and a choice of portfolio are attributed to a genuine buyer with certainty, then the same
offer and a portfolio with no excess asset holdings, a = d, are also attributed to a genuine buyer.
Moreover, if ¢,_; > B(¢p, + (), then the offer (g, d, d) is strictly preferred by the buyer.

Consider triplets (q,d,a) such that (m,7n) € (0,1)2. Then,

- c(q)
(¢ +Q)d
o k—{¢1— B¢+ )}a
B¢y + Q)d '

The probability of an offer being accepted is decreasing in a. Since it is costly for a buyer to hold
excess asset holdings when ¢,_; > 5(¢, + (), the seller will believe that a buyer who holds more
asset than what he intends to spend is more likely to be a counterfeiter. Soif ¢,_; > B(¢,+(), then
it will never be optimal for a buyer to choose a > d. We can follow the same reasoning for Nash
equilibria such that 7 =1 and n < 1 or w € (0,1) and n = 1. Provided that ¢,_; > B(¢, + () it is
never optimal for a buyer to choose a > d. Given this result, one can follow the proof of Proposition

1 to show that the offer is the same as in the case where money holdings are not observable.
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