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Abstract

This paper considers a convenient inference procedure for nonstationary variable regression
that enables robust chi-square testing for a wide class of persistent and endogenous regressors.
The approach uses the mechanism of self generated instruments called IVX instrumentation
developed by Magdalinos and Phillips (2009b). We first show that these methods remain valid
for regressors with locally and mildly explosive roots. It is further shown that Wald testing
procedures remain robust for multivariate regressors with mixed degrees of persistence. These
robustifications are useful in econometric inference, for example, when there are periods of mildly
explosive trends in some or all of time series employed in the analysis but the exact knowledge
on the regressor persistence is unavailable. Practical issues related to the choice of the IVX
instruments are also addressed. The methods are straightforward to apply in practical work

such as predictive regression applications in finance.
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1 Introduction

Many economic and financial time series exhibit characteristics that include temporary periods of
explosive behavior. For macroeconomic series Stock (1991, Table 2) showed that 90% confidence
intervals for the autoregressive (AR) roots of the Nelson-Plosser data set contain explosive para-
meter regions in all but one series (the unemployment rate). For financial series Campbell and
Yogo (2006, Table 4) found that 95% confidence intervals for the AR coefficient of the S&P 500
dividend-price ratio and other series over long historical periods do not rule out explosive roots.
In addition to these empirical findings, periodically occurring booms and episodes of financial exu-

berance support at least temporary explosive trends in economic and financial data. The idea that
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there are subperiods of explosive roots in economic and financial series is formally analyzed and
empirically confirmed in Phillips et al. (2011, 2015) and Phillips and Yu (2011).

There has been growing interest in predictive regressions of the type used in the study by
Campbell and Yogo. When the regressors in such models display some degree of persistence,
inference procedures need to be robust to the value of the persistence parameter to ensure validity
even asymptotically. The robustness requirements become more demanding in cases where there are
many regressors with possibly different degrees of persistence. To address some of these complexities
in inference in regressions with persistence regressors, Magdalinos and Phillips (2009b, hereafter
MP) recently introduced a novel IV procedure (called IVX regression) that provided robust chi-
square inference in a much wider vicinity of unity than existing studies that have typically only
considered the near integrated (local to unity) single regressor case. In particular, MP showed
that self-normalized IVX test statistics have an asymptotically pivotal chi-square distribution for
multivariate regressors that may be integrated, near integrated, or mildly integrated and which
thereby fall within a vector autoregressive framework (Lutkepohl, 2005) while allowing for more
general time series inputs than martingale differences. The tests have been successfully used in
applied work on predictive regressions (Kostakis et al., 2014; Gonzalo and Pitarakis, 2012). ITVX
methods have been also studied in long-horizon regression applications (Phillips and Lee, 2013)
and in quantile regression (Lee, 2014) contexts.

The present paper extends the IVX methodology to include a wider range of potential regressors
that includes locally explosive and mildly explosive roots, thereby covering periods of exuberance
in economic and financial data. The limit theory involves some novel developments in the mildly
explosive case, where the latent IVX instrument which depends on the true values of the localizing
coefficients may no longer dominate the asymptotics. The chi-square limit theory of the same
self-normalized test statistics of MP is shown to continue to be valid in this wider setting. We
also confirm that the limit theory is robust under mixed degrees of persistence, allowing for the
simultaneous presence of local to unity (or mildly integrated) roots and mildly explosive roots. As a
result of these extensions, IVX regression provides a framework for unified test procedures covering
a large class of persistent regressors whose individual characteristics may differ from each other.
FEmpirical researchers may therefore use this framework without having to be specific about the
particular properties of individual regressors.

The paper is organized as follows. Section 2 develops the limit theory for IVX regression under
locally and mildly explosive roots and demonstrates robustness. Section 3 extends these robustness
results to cases where the regressors have mixed degrees of persistence or explosive behavior. Section
4 discusses issues associated with the choice of the IVX tuning parameter and provides simulation
results. Selected technical derivations, supporting lemmas, and proofs of the main results in the

paper are contained in the Appendix.



2 IVX Regression with Explosive Roots

2.1 Framework

We follow the framework used in MP for the following system:

ye = Az +uo, (2.1)
xr = RpTi—1+ ug,
C
R, = Ix+ —, for some a > 0,
nOé

where A is an m x K coefficient matrix and C = diag (c1,ca,...,cx) represents the localizing
coefficients in the multivariate regressors.

The IVX approach of MP allowed the regressors z; to be (I1) integrated (C' = 0), (I2) near
integrated (C' < 0, = 1) and (I3) mildly integrated (C' < 0, € (0,1)), and developed an inference
procedure that is robust to the precise degree of integration. We will show these results are robust
under the same framework but with (I4) locally explosive (C > 0, = 1) and (I5) mildly explosive
roots (C' > 0, € (0,1)), as well as possibly mixed versions (I6) of these roots.

For the structure of innovations, we follow the linear process set up of MP:

o0
up=| | = > Fierj, e ~iid(0,3), >0, E|e|* < oo, (2.2)
Ugt =0
Fo = Inyik, Zj|]F||<oo F(z ZFzﬂandF ZF > 0.
j=0 j=0

In the above, we use the spectral norm ||M|| = max; {)\;/2 : \; = an eigenvalue of M’M} . Other
norms, such as the Ly and Lo norms, are specified in what follows as needed using the notation
Iy, (= 1,2).

Under these conditions there exists a Beveridge-Nelson (BN) decomposition and the following

component-wise expressions (Phillips and Solo, 1992)

u = F(l)ey — A&y, & = ZFst _j, By = Z F,, (2.3)
s=j+1

Uot = Fo(l)&t — Aé()t, Ugpt = Fx( ) Et — Aemt- (24)

The long run covariance matrices associated with u; are denoted as

Q = ) E(wu,)=FOSFQ), A=Y E(wuj ), (2.5)
h=—oc0 h=0
Q0 QOO QOm _ A[)0 AU&U
on Qm; ’ AacO AJ:J:




Under ([2.2]) we have the functional law (Phillips and Solo, 1992):

|ns [ns]

1 | 1 Uot

Jj=1

Qoo Qoz
Q.Z‘O sz

— BM . (2:6)

Bon(s) ] . [ Bo(s)
Bn(s)

B.(s

where B = (B}, B.)' is vector Brownian motion (BM), and the following local to unity limit law
for cases (I12)-(I4) also holds (Phillips, 1987):

Aol s ge(r), where JS(r) :/ e "ICAB, (s). (2.7)
Vn 0

2.2 A Review of IVX Construction

MP showed that the limit theory of the IVX estimator of A is mixed normal and that suitably
self-normalized test statistics have an asymptotic chi-square distribution. Since the limit theory is
pivotal and therefore free of the nuisance parameter C, no information on the degree of regressor
persistence is needed to execute tests as long as the regressors fall into the categories (I1), (12) or
(I3). The key step in IVX is the construction of an instrument using only the regressors {z;} -

hence the terminology IVX:
t ' c
% = ;R;mej, where Ry = I + —, 4 € (0,1),C: <0. (2.8)
i

Since Azx; = n%xj_l + uzj, we have the decomposition z; = 22:1 RZ;juxj + n% 22:1 Rﬁ;jxj_l
denoted as o
ét =2zt + ﬁr(/}nt‘ (29)

Using conventional observation matrix notation, the bias corrected IVX estimator of A suggested

by MP and its estimation error have the form

A, = (Y'Z—-nlo)(X'2)7", (2.10)
An—A = (UyZ —nlho)(X'Z)7, (2.11)

where 301 is some consistent estimate of Ag,. The estimator A, is a simple adjusted version of the
conventional IV estimator A = (Y'Z)(X’Z)~! using instruments Z. In view of the decomposition
in , z¢ plays the role of a latent mildly integrated instrument and the remainder n%?/)nt is
eliminated asymptotically due to its scaling coefficient n% As a result we have nuisance parameter
(C) free inference using A,. Martingale limit theory applies to the numerator matrix U(’]Z — nﬁ()z
in , and this leads to a mixed normal limit theory that is well suited to inference.



2.3 Limit Theory for Regressors with Locally Explosive Roots

It turns out that IVX regression limit theory may be extended to explosive cases. The following
result holds for the IVX estimator (2.10) with (I4) locally explosive regressors. The limit theory
under this (I4) case remains exactly the same as for the near integrated case (I12) or case N(ii) of
MP.

Theorem 2.1 (Locally Explosive Regressor) With € (1/2,1),
- AN -
vee [o5" (i, — 4)] = 215 (0. (85)) CvEC 02 0 ).

where

1 o
Vo = Qo +/ JS(r)dJS(r) and VE = / POz Q2 ePC= dp.
0 0

2.4 Limit Theory for Regressors with Mildly Explosive Roots

The asymptotics in the (I5) case turn out to be more complicated because the remainder term
n%@bnt now dominates the latent instrument z; in and this has a substantial effect on the
derivations, as discussed below. Moreover, it is not necessary to include the bias adjustment in this
case and the limit theory for A, is identical to that of the unadjusted A. Interestingly, the limit
theory for A then coincides with that of the OLS estimator (see Theorem 4.1 in Magdalinos and
Phillips (2009a)).

We consider case (I5) with mildly explosive regressors (C' > 0,« € (0,1)) under the moment
condition F [[e1]|? < 00, ¢ > 4. The following lemmas provide limit theory for standardized versions
of the regressor x; that are needed for the asymptotic development. A rate condition on « (v > %)
is imposed in the second lemma to ensure a uniform strong approximation, ensuring that a wider
range of a are admissible when higher moment conditions apply (see the discussion in the Proof of
Lemma 2.2).

We start with the following lemma from Magdalinos and Phillips (2009a, lemma 4.1):

Lemma 2.1 Define Yoy, = # Z§l1 RﬁjFx(l)ej for ky — oo such that |Ry|| " — 0. Then

k
B B 1 1 & .
" "‘/2Rn”xn T nol2 ZR"JUW o2 2 :anuxj + op(1) =: Yon + 0p(1),
j=1 j=1

and -
Yoo = Yo =N <0,/ epCQmepcdp) .
0

The requirement [|R,[| ™™ — 0 in lemma 2.1 implies that An — oco. As in MP (2009a), the
quantities Yo, and Yo play an important role in the asymptotic theory. In addition, the following

uniform approximation holds, which helps to simplify proofs. A similar approximation was shown
for the scalar case in Phillips and Magdalinos (2007b).



Lemma 2.2 (Uniform Approximation) With the same ky,, defined in lemma 2.1 and for a suit-

ably expanded probability space

where Yo is a distributionally equivalent copy of Yo on the common probability space, so that
Y/C =d Yo.

Remark 2.1 The above uniformly strong approximation of the normalized process of a vector of
mildly explosive regressors is particularly useful in developing limit theory in mildly explosive re-
gression. But for the purpose of our proof here convergence in probability is enough and for that

result somewhat weaker moment conditions may be used (see lemma 3.1 of Phillips, 2007).

For the sequence k,, used in lemmas 2.1 and 2.2, we have fTZ — oo and it follows that when ¢t <

kp, Hn*a/QR;txtHM either degenerates to zero (when t = o(n®)) or is bounded (when t = O(k,,)).

Combined with lemma 2.2, we have

< o0. (2.12)

2

sup
1<t<n

nfa/QR;tmt’
L

A similar uniform approximation to that of lemma 2.2 holds for v, in (2.9), with a slight

modification to the index range of ¢ as shown in the following lemma.

alf

noVA +HT — 0 where Ol\/,B = maX(O{,,@)

Lemma 2.3 For k, and k;, satisfying the rate condition "y

n

and a A 8 = min («, 8) , we have

1

WR;t¢nt = CLapYe + 0p(1), (2.13)

for all t € [k, + k,,n] where

—Co if B < a
Crop i= ct ifa<pB .
(Cc-C.)", ifa=p

Remark 2.2 As the proof of the lemma in the Appendix reveals, the index set [k, + kI, n| fort
ensures the negligibility of certain frontal sums involving the standardized components of ¥,,. As
will become clear, the condition is used only in the proofs of the intermediate lemmas and does not
appear in the main results because the full sums are dominated by the tail summation. Note that
even for moderate sample sizes n, the set is well defined. For example, when n = 30, aV 8 = 0.8

0.85

and a A B = 0.6, we have n —n n%65 > 0 so the index set is not empty and evidently has O (n)

observations as n — 00.



Remark 2.3 In the standardization by n2 M involves (potentially) both localizing coeffi-
cients o and 3 (depending on their respective magnitudes). The intuition for this standardization
is that the quantity 1, = Zﬁ»zl Rilaj g = Z§:1 {Rfﬁj RY 71)} R, Y 71)$j_1 involves the weight-
g matrices R which downweight the components x;_1 in the sum, whereas these components

(-1

themselves, being mildly explosive, are weighted by Ry, , which leads to an interacting weighting

system involving the matrices RZZjR%j_l). Upon summation these weights may be dominated by
the near stationary components that involve Ry, (and ) or the mildly explosive components that

involve Ry, (and «).

Remark 2.4 In consequence, both localizing coefficients o and (8 appear in the component limit
theory for the numerator and denominator matrices of the IVX estimator (see lemma 2.4 below).
Intuitively, if B is smaller than «, then the instruments z; are near stationary and these mear-
stationary instruments tend to attenuate the mildly explosive behavior of x, in the IV regression,
thereby leading to the factor n® 8 in the normalization and slowing down the rate of convergences

in the components.

As in 1) when ¢ < k,, + k/,, it can be shown that Hn*(o‘/”(o‘/\ﬂ))R;twmHL2 is either degen-

erate or bounded. So we have

n*(a/2+(a/\,3))R;twnt

sup

< 00. (2.14)
1<t<n L2

With these results in hand, the limit theory follows for the numerator and denominator of the IVX
estimator under (I5) mildly explosive regressors. The stronger signal in the remainder terms results

in a new limit theory that involves the nuisance parameters C' and C.,3.

o0

Lemma 2.4 (IVX Numerator and Denominator) Define \i/yy = /epCYCYéepCdp.
0

(1) vec (W S uOtzgR;”) — (CClop @ I;y) x MN (0, ¥, ® QOO) .
(2) m ZR;n.ﬁUtgéR;n — \pyy X (Cczaﬁ) .

Remark 2.5 The limit theory of the numerator given in lemma 2.4-(1) shows that Y ;" | upz; be-
comes asymptotically negligible in relation to the term > i uoil,, which is usually a (negligible)
remainder, and it is this term that dominates the asymptotics. Moreover, unlike the other cases
(11)-(14), we no longer need the built-in serial correlation bias correction associated with the Op(n)
sample covariance term Y -, unz, and an estimate of the corresponding one sided long run co-
variance matrix. A similar property arises in the case of OLS estimation under mildly explosive
regressors (Magdalinos and Phillips, 2009a).

The limit theory of the IVX estimator (2.10) under (I5) is therefore equivalent to that of the
OLS estimator in Magdalinos and Phillips (2009a, theorem 4.1).



Theorem 2.2 (Mildly Explosive Regressor) With o € (2/q,1) and g € (1/2,1),
vec [na (An - A) RZ] = MN (O, \i»';yl ® Qog) ,

where

o [e.e]
Uy :/0 e PCYeYle PCdp, and Yo = N <O,/0 e_pCQme_pCdp> .

The results of the limit theory given in theorem 2.1 and theorem 2.2 for the locally explosive
and mildly explosive cases depend on the unknown localizing coefficient matrix C and the unknown
rate parameter a. So these results are not feasible for practical work as they stand. However,self
normalized versions of the statistics have a chi-square limit theory in both the (I4) and (I5) cases,
providing a convenient basis for inference.

We follow the usual (linear) hypothesis testing framework in which H is a known r x m K matrix

of rank 7 and h is a known vector. Obvious extensions hold for general analytic restrictions.

Theorem 2.3 (Locally or Mildly Explosive Regressor) Under Hy : Hvec(A) = h with o €
(2/¢,1) and B € (1/2,1),

(rrvee (An) =) [H{(x'Pzx) @0} 1] (Hruee (d0) =) = (),

where .

n n -1 n /
(X'PzX) " = (Z mg) (Z zgg) (Z mg)

t=1 t=1 t=1
Although the limit theory of the IVX estimator under (I5) mildly explosive regressors differs
from the other (I1)-(I4) cases, the usual chi-square limit theory for the self-normalized test sta-
tistic still holds. Theorem 2.3, taken together with theorem 3.8 of MP, therefore shows that IVX
regression leads to a single inference procedure in all cases (I1)-(I5). The unified limit theory is
helpful in empirical work where there is inevitable uncertainty about the degree of persistence in

the regressors.

3 IVX Regression with Mixed Roots

The results above combined with those of MP show that the IVX approach is applicable in a wide
vicinity of unity including all (I1) - (I5) cases. We might also expect the same method to be valid
when there are mixed degrees of persistence in the regressors, which is likely in some empirical
work (e.g. Campbell and Yogo, 2006). This section confirms that conjecture, showing the same
limit theory given in theorem 2.2 holds when there are multiple regressors with mixed roots in the

vicinity of unity.



For exposition, it is convenient to set m = 1 and K = 2 in (2.1)) and consider the case where y;

is scalar and x; is a bivariate AR(1) process with mixed roots. The simplified system has the form

T
y = dz+ug, d = { ap a2 ], Ty = t ) (3.1)
Tot
Pn O Ug1t
Ty = ant—l + Ugt, Rn = y Ugt = . (32)
0 Qn U2t

We impose different degrees of persistence in the regressors with the following specification:

—50,0), ifaye (0,1
P = 1+671, where ¢; € (=00,0) 1‘041 0.1) ,
not (—o0,00), ifag=1
0, = 1+ %, where ¢o € (0,00) and «ay € (0,1).
n

Accordingly, x; falls under one of the specifications (I1)-(I4), while x9; is a mildly explosive re-
gressor corresponding to (I5). Dual manifestations of nonstationarity with different roots of this
type have been analyzed in a different context by Phillips and Lee (2014) who considered inference
about the roots in a vector autoregression of the type . Here we demonstrate the robustness
of IVX estimation for the system parameter a in in a mixed root regressor environment.

From the decomposition ([2.3)) we may express u; in component form as

ot 0(1)1x3 ot Eot
U Fy(1) € 5
ur = | ugre | = | Frpi(1)1x3 gzt | — O &zt |
@2t 22(1)1x3 @2t Exot
u Fo(1) € 5

under the same assumptions as (2.2). The long run variance matrices and the limit theory are the

same as in (2.5)), (2.6 and (2.7)) except that the subscripts 0,1 and 2 now signify ug, uz; and uya,
respectively. The IVX instrument is constructed in the same way as (2.8) with C, = diag(c.1, c.2) <

0 and 8 € (1/2,1).
The bias corrected IVX estimator of a has estimation error

ap—ar | _ (Z’X) - (Z’UO - nAxo>

az — as

n ~ n ~
_ [ Yoieq ZuTie D Z1e®os

-1 no - .
> i Z1uor — nlor
n ~ n ~
thl 22t L1t thl 22t T2t

n - N
thl Zoguot — nlo2

We employ the following normalizing matrices to accommodate the different orders of magnitude

n1+(a21A6) 0 n1+(a21/\6) 0
Dn — A s CTL = .
0 g2/ 0 0"n o



Then
Cn(@—a) = (D;lz’ch—l) Tpot (Z’UO - nAx()) .

14+(a1AB)
To show the joint convergence of n 5 (a1 — a1) and 07'n*2 (ag — az), we first show the asymp-

totic independence of these two components. As in Magdalinos and Phillips (2009a), the asymptotic

behavior of §;'n®? (ag — ag) is determined by two independent asymptotic Gaussian processes

—(n—t
Y, Yeon n%TQZ?:knJrl gn(” )F()(l)é?t Yeo =NI|0 %0; 0
= = ) = 2X1; .
n Yo n%% Sk 0,7 Faa(1)e Y,, x 0 $2
From MP, the vector martingale Y ;" ; §,,, with
T
%ﬁrﬁzltflpﬂ(l)gt when (o A 8) = 3,
n
= Fu(1)es © de, ayyis I(1), 1(2), I(4) or 1(3) with 8 < o,
_ gnlt o -
gnt - T
ot [ L1 Fo(L)e
+a -
nTll , when (a1 A B) = a1, ie., x1; is I(3) with a1 < 3,
%F;;l(l)&t

1+(agAB) L.
determines the Gaussian limit theory of n— 2 (a1 — a1). When (ag AB) = 3, the asymptotic in-

dependence between Y ;" | &1, and Y ;" §,,9; is shown in proposition Al in MP. The same proof also
14+ (a1 AB) ~ ~
holds for the (a1 A ) = ayq case. The joint convergence of n ) (a1 — a1) and 07'n*2 (az — a2)

is therefore achieved by showing the asymptotic independence between Y, and >"}" , &,,;, which is

done in the following lemma.
Lemma 3.1 Y, is asymptotically independent of the vector martingale Y " &,;-

The normalized denominator matrix is asymptotically diagonal under some mild rate conditions

on # and «; (¢ =1,2), which enhances the development of the joint limit theory.

Lemma 3.2 Under the rate condition oq + ag < 1+ 3, we have

Wy 0

DZ'xCl = N
0 C:czQ(OCa 5)02\1122

2

where Uoy = %, and
e {Qll + fol BldBl} if @14 s unit root : I(1),
B %zl {Qll + fgl Jf;ldt]il} if x1¢ 1s local to unity : (12) or (14),
Y= %%911 if x1¢ is mildly integrated - (13) with 8 < oy
mgll if 14 is mildly integrated - (13) with 5 = oy
( == if w1y is mildly integrated - (I3) with ay < 3

10



Remark 3.1 Note that a1 + as < 1+ [ may not hold in some cases. In particular, if we have a
local-to-unity regressor x1¢ (cy = 1) and a mildly explosive regressor xop whose root is very close
to being local to unity (i.e., ag is close to unity), then ay <  may not hold and we may not have
a diagonal limit for the moment matrizc Z'X upon standardization. For ezample, if g =1 and
B < ag, then a1 + ag < 1+ B fails. Intuitively, even though x1; and xo; have different orders of
magnitude in this case, their asymptotic behavior is not distinct enough to ensure negligibility of
the off diagonal elements when IVX leads to an instrument Zy; that is close to stationarity (5 close
to 0.5). In such cases, the range of 3 for which Z'X is diagonal asymptotically is restricted to the

smaller region B € (g, 1).

The limit theory of C), (@ — a) is therefore obtained from the independent marginal convergence

of the two components and the mixed roots affect each of these components separately in the limit.

Theorem 3.1 Under the rate conditions oy € (1/3,1) and 5 € ((aa V 2/3),1),

Cn(a—a) = MN | O2x1, -

2

where Uyy = ﬁ, Yoo = N(0, %) as in theorem 2.2, and W11 is given as
{7621 (Qn + fol BldBl) }_2 (%CAQH) if 14 is unit root - I(1)
{izl {Qu + fol ngdjgl}}_g (7210:61911) if x1¢ is local to unity - (12) or (14)
ol = (%921911)_1 if x1¢ is mildly integrated - (13) with 5 < a3
% (_2161911>_1 if 14 s mildly integrated - (13) with 8 = oy
\ <%€1911>_1 if x1¢ is mildly integrated - (18) with ay < B

Remark 3.2 The rate condition oy € (1/3,1) ensures that the numerator of IVX estimator of
the first component > ;" | Zi4uor — nAo has an asymptotic normal distribution. If we replace the
weakly dependent structure of uge with an iid or mds structure for ug:, as is common in predictive
regressions, a wider region of oy is possible (see Kostakis et al., 2014). The condition that 3 €
((aa V2/3),1) is explained as follows. First, the requirement that the choice parameter 3 exceeds
2/3 accommodates consistent estimation of the long run covariance using Aa;o (see Lemma A0 in
MP). The condition that 3 exceeds ca ensures asymptotic diagonality of the denominator matriz of
IVX (the rate condition in Lemma 3.2). Section 4 shows that reliable choices of 5 are contained in

this region.

_ 2
Remark 3.3 Since Uoy = Yo and Yo, = N (O m) is independent of Yo,, we have

2co ? 2ca

. Y. Qo) /2
0" (G — as) = 2ca—2 = 2¢y [ =— C
"n (ay — az) ca Y., cy <Q22>

11



where C is a standard Cauchy variate, giving the same result as that of Magdalinos and Phillips
(2009a, remark 4.1a). This result again confirms the asymptotic equivalence of IVX and OLS

estimation with mildly explosive regressors.

As anticipated, the same self-normalized test statistic continues to deliver an asymptotic chi-

square test free of any nuisance parameters.

Theorem 3.2 Under Hy : a = ag and the rate condition in Theorem 8.2,
~ -1
(@—ao)’ [(X’PgX)_l Q00} (@—ao) = x*(2),
where (X’PvaX)_1 is defined in Theorem 2.3.

This result demonstrates the robustness of the IVX approach to mixed degrees of persistence
in the regressors, thereby providing a single valid procedure for inference that allows for a large
class of persistent, but differently behaved regressors and widening the ambit of empirical research
covered by this procedure. More general cases that allow for multivariate regressors with multiple
mixed roots are treated in the same way. For example, the process x; = R,x;—1 + uyz may have a
coefficient matrix of the form

0 (RQH)Kgxl
where Rj, has roots in the (I1)-(I4) class and Ry, involves mildly explosive coefficients of the
form (I5). Analogous arguments to those in this section lead to asymptotic independence between
suitably standardized versions of the processes for each group of regressors and the sample moment
matrices X’Z and Z'Z will be asymptotically block diagonal after similar normalizations. Hence,
in the same way as Theorem 3.2 we end up with a chi-square test that applies for a very general

class of mixed regressors.

4 On the Choice of IVX Tuning Parameter

Implementation of IVX estimation requires choice of the tuning parameter § that is involved in
the generation of the IVX instruments via . Evidently, larger values of 5 generally produce
higher rates of convergence (c.f. theorem 2.1) and more efficient test procedures may therefore
be expected. On the other hand, the central idea of IVX instrumentation — filtering a persistent
regressor to generate an instrument of less persistence and ensure the validity of chi—squared test
limit theory — suggests that we need to impose an upper bound for 8 that is less than unity.

To fix ideas in the following discussion simple, we use the predictive regression setting that
has been widely adopted in empirical finance, whereby the one period ahead dependent variable

Yi+1 is used instead of y; in (2.1) and the regression error wug.+1 is assumed to be a martingale

12



difference. These modifications do not change the limit theory presented earlier and produce the
standard environment of existing studies, such as Campbell and Yogo (2006) and Jansson and
Moreira (2006). The martingale difference structure on w1 implies that there is no predictability

of 411 under the null hypothesis Hg : a = 0. With this structure, the following DGP is imposed

Yt+1 = a'l‘t + Uot+1, UOt+1 ~ mds (0,200), (4-1)

C
re1 = | Ik + o) Tt Ut
where uy¢41 is a linear process generated as in (2.2)).

4.1 Inapplicability of MSE Criteria

Since larger values of  improve convergence rates whereas the IVX limit theory fails when 8 = 1, it
might be expected that conventional asymptotic mean squared error (MSE) criteria (and associated
cross validation approaches) might lead to suitable empirical choice criteria for 5. As we now show,
the asymptotic MSE criterion monotonically decreases as § increases, encouraging an upper bound
unity choice for .

To fix ideas let m =1 and K =1 in . Then

Yt+1 = ATy + Uoit1, (4.2)

c
Tpr1 = PTr+ Ugpr1, p= 1+ - C € (—o0,00) (4.3)

Our analysis focuses on the (12)-(I4) cases. Based on the IVX construction (2.8) with p, =1+ 7%,
the generated AR(1) IVX series is

Zig1 = P2t + Az ~ P2+ Uiy,

and it is straightforward to show the decomposition

(arvx —a) = 2im1 Ztl0.at 41 + <20x> Dot FUat
Dot 2w Qo) S0, iy

where ug g44+1 = Uor+1 — ggz Ugt+1 and Qg and Yo, are the corresponding (long-run) covariances.
This decomposition is frequently used in predictive regression literature and is adapted here to the
IVX regression framework to investigate possible choices of .

By IVX limit theory we may use

2?21 ZtUgt 11 _ 2?21 ZiUgt i1
2?21 Ziwy 2?21 §t2

+op(1) = (p, — p.) +0p(1)

since the difference between Y ) ; Zz¢ and > | 22 is negligible for the (I12)-(I4) cases, as shown in
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MP. Then

. Yoty ZtUo.pt 41 Yoz \ .

Z?fl ZLUQ zt+1 Yoz R 1 ) . 1 Son ' A
= 1y 1 i
Dot 2T Quor Pz= P~ B ias(p.) ) + B \ Qu ias(p,)

where the expression for the bias, Bias(p,), can be found in Theorem 4.2 in Phillips and Magdalinos
(2007b). Next observe that

+

i n_hz% > w1 Zru b)) 8 1 Y

R JERN t—=1 ~tU0.xt+1 Ox 48 [ . o 1-B Oz . ~
n 2 VX —a)= + n 2 —p,— —B +n2 B

(CL[ X a) n—(1+5) 2:?:1 21Tt <ch> <pz P nf zaS(pZ)) <Qx1‘> ZaS(pZ)

from which we deduce that

1 1

AMSE (&jvx) = WV—F W

B?,

where V' = var (ajvx) and B = bias (aryx) symbolically. Since AMSE (aryx) is strictly decreas-
ing in $ € (0, 1) this criterion suggests that 5 be chosen as close to unity as possible. The approach
therefore provides no informative guidance on an upper bound 5 < 1 for use in practical work.
Simulations with cross-validation methods (not reported here) show that these methods encounter

the same difficulty.

4.2 Simulation-based guidance

This section reports simulations performed to assess the performance of IVX and provide some
practical guidance on suitable IVX persistence (5 or R,,) choices in finite sample sizes. We follow
the same DGP as in (4.1]) with innovations

Uot ..

up = ( ) ) ~ did N(O(g11)x1s D(K+1)x (K+1))- (4.4)
xt

The IVX instruments are constructed as in ([2.8) and inference is based on the bias corrected IVX

estimator (2.10). We set C, = —5 and vary [ to explore size and power properties according to

different degrees of IVX persistence. In finite samples of size n = 100, 250, the value C, = —5 and

choices of 8 € (1/2,1) (or B € (a2,1)) deliver a suitably wide range of autoregressive coefficients

R,,, for the generation of the IVX instruments for investigation.

4.2.1 Single regressor cases

We run simulations with a single local to unity (rate parameter ov = 1) regressor. Although some
of the main results in the paper relate to locally and mildly explosive regressors, we also include
results for stationary-side local to unity and unit root cases. Accordingly localization parameters
for the regressor are selected from ¢ € {—20,—2,0,2,20}. The first three cases {—20,—2,0} have
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been commonly studied in earlier works. The mildly explosive choices {2, 20} are new. The variance

matrix of the innovations in (4.4) is parameterized as

(1)

with 0 = —0.95. This value reflects realistic error correlation in predictive regressions and is
commonly used in simulations reported in the literature.

Table 1 summarizes the size performance of predictability tests using the IVX estimator with
various choices of 8 (or Ry,.). The empirical size is calculated from the rejection frequency of one-
sided standard normal test of Hy : @ = 0 based on the test statistic in Theorem 2.3. The nominal

(asymptotic) test size is 0.05, the sample size (n) is 100 and the number of replications is 5, 000.

Table 1: Empirical size with a single local to unity regressor (n = 100)

B 0.89 0.79 0.74 0.69 0.64 0.59 0.54

c R, | R,, 092 0.87 0.83 0.79 0.74 0.67 0.58
-20 0.8 0.0601 0.0548 0.0575 0.0537 0.0589 0.0524 0.0483
-2 0.98 0.0645 0.0631 0.0633 0.0648 0.0577 0.0618 0.0565
0 1 0.0669 0.0671 0.0633 0.0606 0.0582 0.0545 0.0551
2 1.02 0.0718 0.0712 0.0668 0.0702 0.0588 0.0634 0.0556
20 1.2 0.0491 0.0478 0.0494 0.0479 0.0509 0.0515 0.0525

Evidently, size is well controlled and is robust across choices of 5 € (1/2,1), with generated IVX
instrument using R,, = 1 — n%. There is mild over-rejection in a few cases but the size rarely
approaches 7% and generally lies between 4-7%. Size improves further for the larger sample size

n = 250 as shown in Table 2.

Table 2: Empirical size with a single local to unity regressor (n = 250)

B 0.93 0.75 0.69 0.63 0.57 0.51
c R, | R,, 097 0.92 0.89 0.85 0.79 0.70

-20 0.92 0.0582 0.0561 0.0548 0.056 0.0589 0.0532
0 1 0.0684 0.0645 0.0645 0.0591 0.0587 0.0535
20 1.08 0.0521 0.0523 0.0477 0.0488 0.0475 0.0499

To investigate power performance, we used a sequence of local alternatives with H,, : a, =
for integer values of a € [0,25] and various choices of § € (1/2,1). Figures 1-2 show the power
functions approach unity in all cases with more rapid convergence occurring for larger values of
B, as expected. For the case ¢ = —20 with n = 100, the convergence is slower and this scenario

corresponds to a regressor that is stationary with autoregressive coefficient (R,, = 0.8) some distance
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from unity. In the unit root regressor case with n = 100, the power curves rise quickly to unity 1

for all choices of 5, as shown in Figure 2 below.

Figure 1: Local Power, n=100, C=-20

1 ‘
0.8r
0.6t
0.4t
beta=0.94
0.2 - - -beta=0.89|]
«=-= pbeta=0.84
------- beta=0.79
0 L L L L
0 0.05 0.1 0.15 0.2 0.25

Local Alternatives: a/n for a=0,1,...,25

Figure 2: Local Pow er, n=100, C=

r

beta=0.94
= ==peta=0.89 ]
c=-= beta=0.84
------- beta=0.79

0 0.05 0.1 0.15 0.2
Local Alternatives: a/n for a=0,1,...,20

For locally explosive and mildly explosive cases, the local power reaches unity rapidly in all cases
considered. In fact, the first non-zero alternative H,, : a, = 1/n already has unit power, so the
results are not reported for this case. This outcome is anticipated since an explosive regressor is

expected to have strong signal and predictive capability.
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These results confirm the limit theory that the IVX procedure is robust for various tuning
parameter choices 8 € (0.75,0.95) and copes well with a range of empirically relevant persistent

regressors in the I(1)-1(5) class.

4.2.2 Multiple regressor cases

We next consider predictive regressions with multiple regressors, which is relevant in much empirical
practice. We take the bivariate case K = 2 in to illustrate and consider two examples: (i)
the stationary local to unity and unit root cases (with ¢; = —20 and c2 = 0); and (ii) unit root
and mildly explosive root (¢; = 0 and co = 5 with ay = 0.75). These scenarios might be regarded
as stock return predictive regressions using the T-bill rate and D/P ratio as regressors. Case (i)
would then represent normal periods and case (ii) describes expansionary or boom periods. The

innovation structure follows (4.4) and is given the covariance matrix

1 —-09 0.1
X=1 -09 1 0
0.1 0 1

Table 3 reports size performance in testing Hg : a1 = as = 0 using the x? test of Theorem 3.2.
The IVX persistence parameter is selected from g € (0.75,1) and the localizing coefficients are set
to C, = diag(—5,—5). The nominal (asymptotic) test size is 0.05, the sample size n = 100, and
the number of replications is 5,000. Again, finite sample test size is evidently well controlled, with

a few cases showing under-rejection.

Table 3: Empirical size with multiple nonstationary regressors (n = 100)

B 0.99 0.94 0.89 0.84 0.79
R,. 095 0.93 0.92 0.90 0.87
(I) ¢1 = =20 (p,, = 0.8), 0.0466 0.0442 0.0462 0.0402 0.0388
ca=0(0,=1)
(I1) ¢ =0 (p,, = 1), 0.0422 0.0393 0.037 0.0325 0.0328
¢y =5 (0, = 1.16),
as = 0.75

Local alternatives were generated as before and the power functions showed evidence of fairly
rapid convergence to unity, analogous to the single regressor case. Figure 3 illustrates with the

results for case (i). For case (ii), the power curve again reaches unity at the first non-zero alternative
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Gy = (%, %) so these results are not reported.

Figure 3: Local Power, n=100, c1=-20, c2=0
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Local Alternatives: a/n for a=0,1,...,20

These results reveal that finite sample size and power properties of IVX predictability tests seem
reliable across a range of different cases. Flexible choices of 8 € (0.75,0.95) with C, = —5 seem to
work well for finite sample sizes as low as n = 100, for single and multiple regressor cases, and for
regressors in classes (I1)-(I6). These robustness findings corroborate recent simulation evidence for
IVX testing reported in Kostakis et al (2014).

5 Conclusion

This paper shows that the IVX method of Magdalinos and Phillips (2009b) is robust under locally
and mildly explosive regressors as well as mixed integrated regressors. The framework is sufficiently
general that the regressors may have mixed degrees of persistence while still preserving the pivotal
chi-square limit theory in testing. These results help econometric practice when, as is often the
case, there are multiple regressors each of which manifests somewhat different forms of nonsta-
tionarity. Combined with the results of MP and those of Kostakis et al (2014), this limit theory
for cointegrated systems gives a very general theory of regression that allows for a wide autore-
gressive parameter space in the vicinity of unity among the regressors. Unlike existing methods,
there is no need for pretesting or simulation methods to cope with the unknown localizing coef-
ficients. These advantages offer substantial convenience and robustness to empirical researchers
working with co-moving systems of nonstationary data and predictive regressions involving data
whose autoregressive roots are in a wide vicinity of unity.

A limitation of the IVX approach is that the localizing parameter 3 used in the construction of
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the instruments must be chosen by the empirical investigator. Asymptotic theory justifies a wide
range of flexibility in the choice of 8 provided some general restrictions on this parameters are
observed. But since the localizing rate « that controls the degree of persistence in the regressors
is unknown these restrictions are imperfectly known. A convenient approach for much practical
work is for investigators to simply assume that the regressors have unit roots, or are local to
unity, or mildly explosive. This framework covers most practical situations including those that
are commonly used in predictive regression. For this general setting, theory indicates that the
procedure offers a wide degree of flexibility in the choice of § and the construction of the IVX
instruments. Simulations confirm that this flexibility continues to hold in finite samples and that

good size and power properties hold for all choices of 5 € (0,75,0.95).

6 Technical Appendix

This Appendix provides some useful preliminary lemmas and their proofs as well as proofs of the
main theorems in the paper. The locally explosive and mildly explosive cases are investigated in

the following sections and proofs for the case of mixed roots follow.

6.1 Locally Explosive Regressors: (14)

We consider the (I4) locally explosive case (C > 0, = 1) with 1 < 8 < 1. Here, the same limit
theory as MP continues to hold.

Lemma 6.1 (Lemma 3.1 in PM with C >0 and o =1)

_ 148 ~ _ 148
Lo T wad = T w4+ 0p(1)

2 n DSy = 0D T el T g OO+ 0p(1)
3. n~ A zz = (4B 22l 4 0,(1)

Proof. 1. Propositions A1l and A2 in MP hold with C > 0 and a = 1 without any substantial
change in the proofs. To get the uniform bound for E ||¢,,|*, instead of using ||R,|"™' < 1 for
I <i when C < 0, we can use when C' > 0,

”RnHi_l <exp(C)+o0(1), fori—1<n,

and we still have the same order of magnitude sup;<;<,, £/ 19,6]1* = O(n*+2F) implying

n n n
(48 _1+8 - _1+8
n~(27+1) E upttny = 0p(1), and n” "2 E uptZ =mn" 2 E oz, + 0p(1).
t=1 t=1 t=1
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.. _ 4B ~ .
Consequently, the limit theory of the numerator n 3 > g uotz; does not involve C' at all. The

proofs of 2 and 3 do not depend on the sign of C' and use the distributional limit result
n_l/QmLTwJ - J;(T‘)

for C' > 0 from Phillips (1987). =

The limit theory of the IVX estimator (2.10) is therefore the same as the case under (12), or
N(ii) in MP, proving Theorem 3.1-1 and 3.2 for (I4) locally explosive regressors.

6.2 Mildly Explosive Regressors: (I5)

We collect proofs for the (I5) mildly explosive regressor case here. As in MP, we consider two
possible cases % < B <a<1and % < a < f < 1. In both cases, IVX asymptotics with mildly
explosive regressors is developed and the pivotal chi-square limit theory is shown to be valid.

Proof of Lemma 2.2. By back substitution and from the BN decomposition

L (-1 _ 1 HR—Z‘ _ HR—Z'F 1 RS R, NE
a2 itn $j—1—mz nuxz_mz n x( )5i—mz n SExi-
=1 =1 =1

Consider the partial sum process 7, (r) = ﬁSLm’J with S; = Y7, &;. Using a strong approx-
imation, we can enlarge the original probability space and construct a vector Brownian motion

w = BM (X) on this space with the property that for e > 0, F[||&;]|?] < oo,

Sup [[7,(r) = @ ()| = 0a.. (n7V/21/%5)
0<r<1

Define :75 = w (L) —w(=1) whose distribution is iid normal with E (e;e}) = X. We generate

n

another mildly explosive AR(1) process,
zi = Rnzi1 + Vg,

where v,; = F,(1)e; — Aéy; is a linear process defined in a similar way to u,; but using e; instead

of g;. Then
1 1 4 1 4
(-1, . _- —1 = —IAT .
a2 RV V2 = a2 E_l R'F.(1)e; a2 E_l R, ' Ney;,

and
[ - 15 |
7 z;Rn F,(1)e; :=Yen =N (0, —r z;Rn QueR, ) ,

by construction. Define the limit process lim,, ffcn = ffc =N (O, fOOO e‘pCQme_pcdp) . The strong

20



approximation between these two processes will be shown below in (iii). Observe that

1

WR;(j_l)xj_l — }70

1 S 1S

+ Hffcn — Y/CH +

1 =t 1=t
-t A= . AN
no/2 Z R” D no/2 ZR” Degi
i=1 i=1
We now show that each term in (6.1)) is 045 (1) uniformly over j — 1 € [ky, n].
. i—1 i i1 i
(1) Supkng‘j_lgn nTl/Q zg:l RnZFr(l)Ez — TL(}/Q ’,Z:]_ Ranx(l)ezH - Oa.s(l).

niﬂgmim) ;;JEER Fa ( <n)‘"n (i:))
:T%{;R;%(l)nn() ZRE% Cl)}
- (S nom () -Eaonon )
Z%{:Z_iRnin(l)"”< ) ZR“F <>+R32F(1) (1—1 }

:ZiZ{ ZR_ZF <>+R]2F() <]n1>}.

Similarly,
i 1/2 7 Jj—2 ‘7_1
na/QZRF = ZRF <>+R Fp(1)w <n> .
Therefore,
1 =t 1 =t
1/2
<

n ! ;
s I (s, ) =01 ) = A ™

1/2

A O N RCEET)

nl/2
= e ()~ 01 ) 1500 (!1— 1HZ||R 17+ 1Bl )

TL

0<r<

and for k, < 7 <mn, (Hl — RﬁlH Zf;ll |RnH7i + ||Rn||7j72) is O(1) since ||Rn|\7j < exp(— min (¢;) %)—{—

n

21



o(1) = o(1) with " -+ - — 0.

Therefore,
71 - g ZF n1/2 1/24+1/q+e€ e,
_ _ _ _ a
kn;juﬂgn oy ;Rn »(De; - /2 ZR o —o730as. (n ) Oq.s. (nq ) )

and the exponent % — 5 +¢& < 0 for small enough ¢ because a > % and ¢ > 4. The strong

approximation is therefore sharper under higher moment conditions and when the signal strength

of the mildly explosive regressors is closer to the local to unity region. Conversely, if the signal

strength is closer to the purely explosive case (a < %) higher moment conditions are needed to

ensure that 772 § + ¢ < 0. The approximation is not possible in the pure explosive case (a = 0).
(ii) SUPg,, <j—1<n Wzi:1 ;Zﬁgm’ WZizl T_Llﬁem‘
Using summation by parts

= Oa.s(l) = SUPg,, <j—1<n

1 . R RUTD
no/2 ZR” AEai = — a/2 Z ARy Eai — ne/2 €20 T no/2 €zj—1s
=1

and from the given moment condition

1
P ([

E ||Eznl|? 1
>6> S |qoivn||:O< q(x))
n 2 e4 n

ZIPQ #@n > < 0(2&) < o0,

as long as qa > 2 which is satisfied by the condition « > %. Thus, n_"‘/2R;1§xo = 0g4.5.(1) by the
Borel-Cantelli lemma. Using the fact that with ||R,|| "’ = o(1) when j — 1 € [ky,n], we also have
n=o/2R, 0 Vg, 2j—1 = 0q.s.(1). Note further that

1= R;1CC
—5 > AR, g, =

a/2 Z n e S
" / =1 =

and R;1C =0O(1). For k, <j<n

( q)
since &, is stationary and n=® 25;12 |R,| ™" = O(1) for k, < j < n.Hence

(5] ) o o)

S

e ]
MZR—%M MZR—% < LQZHR I =0().

Lq

ey Z R, "8y
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and

. q
1 J—2 p—ix
3a z angfﬂi

( SQEZR B )__ Q"T' il >::o(n%>.

We then have n=3%/2R-1C 25;12 R, %84 = 04.5(1) under the given moment conditions just as before.

The proof for n=/2 Zf;ll R 1A€y; is exactly same.

(i) ||V — Yo | = 0. ()

For clarity, we denote n~%/2 Zf;ll R, Fy(1)e; = Yon := Yon, j—1, and define the martingale array
{fn7j_1,l~/cn7j,1 j—=1> k:n} with natural filtration 7, j—1. We have Ef, ., [ffcnﬁj] = f’cw-,l

and

j—1
- - 1 7 A A
E [YCn,jYén7j:| = Z R, QR — /e‘pCQme_pCdp < oo for j—12> k.
,L’_
By the martingale convergence theorem for La-bounded martingales (e.g., Hall and Heyde, 1980),
Y/C’mj—l —a.s. YC-

and Yo = N (0, fooo e*pCQme*pCdp) , which is a distributionally equivalent copy of Y. Combining
(i)-(iii) gives the required result. m

Proof of Lemma 2.3. Since k,, satisfies ”Z:B P15 0 and || Rn.|/*" — 0,
so the condition for k, in lemma 2.2 holds. In addition ||Ry.|" — 0 and ||R,||”" — 0 since t > k,.

We have

1 _ 1
W‘Rntwnt a+a/\ﬁ - Z anjxj 1= Oura/\ﬁ Z anjil?] 1+ Op(l)
j=kn+1

because the frontal summation over 1 < j < k,, is negligible as we now show. In particular, using

(2.12), we have

t 1 t o t—i p(i—1) R;(j_l)mj 1
- _ - i pli— -
Sta /\6 ZRW Tj—1 - na/\BR" ZRW Ry no/2
L j=1 I
R—(J‘—l)%,_1 - kn - .
SSUI1> . na/gj aw IRl N Rzl IRz || | Rl
a Lo Jj=1
1 -1 e N
:Oﬁwﬁmm”'m” | Rzl [ Rl = 1
nz mn

B | Rl = ([ R~ | B |

-0 00 (|| Rz~ 1Rl — 1)

= o(1),
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since

1+ max(c;) max(c;)  max(cz;)
n ([ Rucl T IRl 1) = St 1) = e | e
14+ —5= 1+ —
n
—max (C), if B <«
— max (¢;) , ifta<p ,

max (¢;) — max (cz), fa=p

which is non-zero and finite in all cases (recall c.; < 0, ¢; > 0 for all 7). Also ||Ry|| ™" || Rnz||" = o(1)
and || Ry.||"" || Rp||*» ™" = 0 (1) where the second equality holds because

HRnZHt—kn HRnHkn—t -0 (emax(c,zi)%e— max(ci)t;§n> ,

QIX}; — oo by the given rate condition. Hence n_(%Jra/\ﬂ)R,;t Z?zl R;Zja:j_l = op(1).

| /\

and Mﬁ

Now we have

1 1

—t _ —t
WRn Yt = mme Z Rl Tz 1+ 0p(1)
Jj=kn+1
_ Tj—1
_ na/\BR Z Rt JRJ 1)<R (G-1) 3/2>—|—0(1)
Jj=kn+1

- na/\ﬁR_ Z RLIRY™ 2 (yc-l-op(l)) (using lemma 2.2)
J=kn+1

= a/\ﬁ ——R? Z RIZIRU- (17(; +op (1)) , (putting back the negligible front sum).

Note that

t

1 o
o D R BT
Jj=1
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For all ¢

t
1 Cri\1—J ci \J—1-t
T (1 55) (1)
J:
B R (T R e
e V) U] e T )
Cas e\ 11 ¢ \—t
1 {+s)T (1+ )7 1+ ) 1+ o(1)
n("?) (1+s)™ (1+5) -1 e (G — T — )
— —iifﬁ<a,lifa<ﬂand 1 if a =p.
Cyi C; Ci — Cz
Hence,
~C1, if < a
n(w R—tZRt TRY™Y — Ct ifa<fB p=:Ciug, (6.2)
i=1 (C-C)", ifa=8
giving the required result. m

Proof of Lemma 2.4. Part (1). From (2.9)), we have

1 = .
’I’L(a/\ﬁ) Zlu()tzllfRnn = a/\ﬁ ZUOtZtR + a/\ﬁ ZUOtwntR e
t=

= W Z w0t R, "C + 0p(1),
=1

where the last equality holds because R;," dominates the order of magnitude of > ;" ; ugrz; = Op (n)
(c.f., Magdalinos and Phillips, 2009a, equation (10))
To use lemma 2.3 we first show that n~—(@+(@A5)) kark,

i nt ug Ry, = op(1) for ky, and kI,
satisfying the conditions of lemma 2.3. Note that
1 kn+k],—1 1 kn+k],—1 1 ’
/ -n —1 t—n
sy MDD — D (ng‘+(a/\ﬁ)R” %) Ry
t=1 t=1
Ly

o

t
T ang) oo Yt

1
|R, ™ FremT
s(sgpuumuh) (sgp ) e > Rl and using @T7).
Lo

t=1
n || Ry | trn ok
=0 = O (3 ||Ry | F) = o(1),
( ne (1 — | Ral)) ( )

!
because of the exponentially fast convergence of HRnHk"+k" "
—(a+aAn k?n‘f'k;l—
Hence, we have n~(@tenf) > it

— 0.
uo Yy R, ™ = 0p(1).
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Using the same sum splitting argument as in lemma 2.3,
1 - !/ R—n _ 1 g / R—n 1
nat+(ang) E;uOWnt n = vee nat+(@np) Z u0t¢"t n + Op( )
t= t=kn+kl,

U@C(
Rntwm) B+ 0p()

1
= vecC o u Ta (AR
nz tl%k; o <n2+(aAB)
~ /
3 e cmayc+op(1)) (R | + 0p(1) (using lemma 2.3)

n

= vec =
L3
1 - Y t—n
= vec| —«& Z Uot (Yc> (Rn Czozﬁ) —|—Op(1)
L —

> R, NCop @ up (YC) +op(1)

S
nR =

[e.o]

t:kn“l‘kf’/n
1 « -
= (Coap® 1) (a ZR;(”—U ® u0t> (YC) +o0p(1) (putting back the front sum)
nz g
= (Coap®In) x MN |0, /epcifciféepcdp ® Qoo | »

0
where the last step comes from the same procedure as in equations (22)-(26) of Magdalinos and

IR n
(C ® Im)vec (no‘"‘(‘”\ﬁ) ZUOH/};an ) +op(1)
t=1

o

Phillips (2009a). Finally,
1 . ~ p—n
vec ey ; upeZ IR,
- (CC’mﬁ & Im) X MN |0, /e_pCYCYée_pCdp ® Qoo s
0

where we have used Yo instead of its distributional copy Y¢ since we are concerned with weak

t=1

convergence in the original probability space from this point onwards.
Part (2). From Y z/2) = Y @z +n Y 1 2, C, we have
1 n
P > R,"mzR," = P > R "wz R+ @D > Rz, R,"C

1

—2ai(and) DR wd By O+ op(1),
t=1
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as in Part (1) and using the same sum splitting argument again with lemma 2.2 and 2.3,

1 - —n / —n 1
man o R, = 3ot (@rd) Z R wyibyy Ry + 0p(1)
t=1 t=kn+kl,
1 & Rt Rt !
= — Z R, (n—1) < o xt) < ey ? ¢nt> n o) + 0p(1)
n P— nz nz

= LS R0 (%) () By + op(1)

nO[
t=kn-+kl,

= LR (7) (Fe) 00+ o)
t=1
= / e PCYe Ve PCdpCap.

It follows that

1

o0
nat(@nB) > Rwii R, — / e PCYeYLe PP dpCCap.

]
Proof of Theorem 2.2. We have the following limit theory for the IVX estimator A, =

- -\ -1
<Y’ Z ) (X 'Z ) without the bias correction shown in (2.11)). Joint convergence of the numerator

and denominator in lemma 2.4 parts (1) and (2) is established as in Magdalinos and Phillips (2009a,
. - N\ -1
Proof of Theorem 4.1). Using these results with A4, — A = (UéZ) (X’Z) we have

7Ny —1 n
el (-] = |{ (oot etotn) } o e (s St
1

({i/yy x (chﬁ)}'> el

X (CCuap @ L) x MN (0,8 @ Qo)

= MN <0, (xifyy)fl ® QOO) .

The bias corrected IVX estimator given in (2.11)) is asymptotically equivalent to the uncorrected

—

estimator A,, due to the signal strength of the X'Z matrix, i.e.,

Ay Ay = nBou(X'2)) = n — ol
Mo (X2 = 0y (i ) = )
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and
a(An—A) R' = no (An—A) R"+0, (W)
= o (An - A) R+ 0,(1).

As a result, the same limit theory holds regardless of the bias correction, proving theorem 2.2. =

The following lemma helps in characterizing the variance matrix asymptotics for ([2.10)).
Lemma 6.2 —1 3" R, "4 3R, = CCLap¥y, CC.op.

Proof. We have the decomposition of the sample moment matrix

- C C !
2z = Z <zt + nad)nt) (zt + na¢m&>
/ C / ]‘ !/ 1 / !
= Z Zzp + no Z Ve + no Z 2P C + n2a Z CYp ¥t C"
By the same methods used in lemma 2.3 and 2.4, it is straightforward to show that

1 - —-n / —-n
n20¢+2(a/\,3) E Rn wntwntRn
t=1

_ 1 g —(n—t 1 —t 1 —t ' —(n—t
= 3 R, )<§“(W ¢nt> <n°;+(aAﬂ)R" ¢m> R, (")

t=1

1 /
= E (n— t ¢ I n 9
- “ T B <n3+ (anB) wm) <n‘;+(om,6 wm) n + 0p(1)
= (n—t) ~ \/ —(n—t)
Y B (Custe) (Cuase) RO 40,01
t kn+k!,

t=kn+k!,

(o S 5) () ) it

t=1

= Czap) (1a i Rq;(n_t) (Y/C) (Y/C)/R;(n_t) (Czap) + op(1)
(

0o
zaﬁ / choYé«eipCdp (Czag) .
0

28



This term clearly dominates all the other terms since z; is mildly integrated. Hence

ng z 1 - —7n —n
e L REAR = C <nza+2<w> D B bt R >C+0p<1>
t=1

= (CC.up) / e POYoYe PP dp (CCLup)
0
= CCapV,,CC.ap.

The robust chi-square limit theory of the self-normalized IVX estimator follows and is given in

the next proof.

Proof of Theorem 2.3. We have the following limit theory for the variance estimator,
n2e (RZ & Im) |:(X/P2X)_1 ® Qoo} (RZ & Im)
1 -n 15 (5157t -n 1
= | %R XZ(ZZ) ZX SR @ Qoo

— -1

-1 ,
1

= nz ~/ —-n,, z/ p—n

- [ S eraine) (s S rerscine) (s Xt

= (\iyy (Cczozﬁ)> <(Cczaﬂ> vy (Ccza5)> - (\i’yy (Ccza6)>/] - ® Qoo

& Qoo

and again the weak convergence is joint with that of the estimator components. Hence

vec (fln — A)l [(X/PZX)_l ® Qog} ! vec (fln — A)
~1

= vee (A, - A)' (R Tn) (R L) ™ [(X'P5X) ™ @ Qo] (RR L) ™ (RE © ) vee (An — A)

_ {Uec [na (An - A) Rg} }' [nZO‘ (R*® I,) [(X’P—ZVX)A ® QOO] (R"® Im)} e [na (An - A) Rz}
— x*(mK),

proving theorem 2.3. m

6.3 The Case of Mixed Roots: (16)

We collect together the proofs for mixed roots case - 1(6).
Proof of Lemma 3.1. We only provide the proof for the case (a; A ) = . The other case

(a1 A B) = oy is proved in the exactly same way.
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Note that 6% = o(1) (from lemma 2.1) and n®?(6,, — 1) = ¢z, so that

n n 1
Vo (Zf)] _p %20 Ea1 (zwzu-mw')
t=1

t=17 2
kn

= Fp(1)SER(1) Hﬁm Ze IE [2151] < sup

1<t<n
a3
nz 1
= = 1
0 ( Tl% nag(gn _ 1)) O( )7

using the law of iterated expectation for the second equality and the fact that

sup < 0, (6.3)

21t
1<t<n nB/2 Lo

(from MP) for the third inequality.
Similarly,

n kn n kn
Yeon (an%)] = F (}xzzenjFﬂ(l)@ (Z\f ()/> = 1+az ZH 7

The covariance E [Yeon (311 §ne)] — 021 can be shown in the exactly same way, thereby confirm-

ing asymptotic independence since limit distributions are all Gaussian. m

Proof of Lemma 3.2. We first show that

egnn7(1+(a1/\ﬁ))/2fa2Zgltx% — Op(l), (64)
t=1

R ) SEV (6.5)
t=1

and so the off-diagonal entries are asymptotically negligible. To prove ([6.4]), we consider (i) 5 < a3
and (ii) oy < B seperately.
(i) B < ai: in this case (ag A B) = and we have

E 21T E 2112t + E T 6.6
1+5+a29n 1tL2t — 1+/B+O¢29 1tL2t 1+5 wlnt 2ty ( )

— anal +a2
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and then

n

: Z
Z1tX 2t

158 fangn var

n =

1 = ( 21t ) Tot "
= E = 0
%JFTQHZ nf/? n720f1 "

n 2 Ll n t=1 Ll
n
Z1t 962t 1 "

< sup ‘ sup - #) and using - ) and (| .
1<ten 102N Ly 120 |05 Zo n%+7292 ; " ’

o —1 1 ns

= O —m& — | =o(1),
9n ne2 (Gn — 1) nz

leading to 0, "n~(1+A)/2=a2 5™ | 21,25, = 0,(1). Using sup;<s<,, 7:%7"@3 ‘ = Op(1) from MP, the
negligibility of the second component of ,viz., Y 1 Vit = 0p(1), can be shown
nTGZnU‘I‘FOQ

in a similar way.
(ii) ap < B¢ in this case (a1 A f) = a1. From equation (23) from MP, we use

- Cz1
Zit =1t + — Vi

S0
n
ERTOOE o D+ !
RUL2 = “Tya; . L1tT2t L2t
n1+2a1 +a29n - n1+a1 +asan —~ nlJroq anﬁ—i-az Int
n t— n t—
and then
n n
H 1 ZCU . _ 1 T1t Lot t
Tia; 1zt - 1,02 a1/2 a4 | n
2t L n2t2 g, o n:z I
n
.'L'Qt 1 t
< s |05 Al g 2
1<t<n 1M/ 21 Ly 1<i<n || 05 Zo n§+792 P

n oy

0 0, —1 1 n-2 (1)

= = 0 .
n 1
Gn ne2 (Qn — 1) nz

Therefore, W Yoty Z1xar = 0p(1), as required
n# 29n

For (6.5), we also consider (i) B < aq and (ii) ag < B seperately.

(i) B < a: in this case (a1 A ) = 8 and start by noting that

1 - 1 -
n#—f—(az/\ﬁ)ez tz:; 2t L1t n1+6+(042/\6) n tz; 2t 1t 1+ﬂ+(0¢ /\ﬁ Hnnag tz;w?nt 1t- ( )

The first component of (6.7)) W > zatx1e = op(1) because for mildly integrated zo; and
o

at most local to unity x1; the sum does not require the additional #], normalization and hence is
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dominated by the exponential growth of 8] ~ exp (cznl_az) , as earlier. It follows that

n

1 - Co
sy — zwwpm

nTﬁ-i-(sz/\ﬁ)gZ = n o (042/\/3)+0¢2(9"

To obtain a bound for >"}' | ¥5,,21¢, note that
n
Vont L1t
1/]2 Tt at a o
2V E: nE g |\

) (Sup
Lo ¢

_ P Hens)

sup
( t

which is O (n%“'MTQ‘*'(OQAB)Hz) . Therefore,

l

(ii) a; < f: in this case (ag A B) = aq and

L1 Ll

n
n o+ 3 Ha2np) Zg%
Lo t=1

7#27115

n%ﬂfm/\ﬁ)gz

IA

n 2

< o) (n(012—1)+(a22—ﬁ)> ‘ (6.8)
L1

E YoniT1t
n1+6+(012/\,3 +as 9” 2nt

1 i 2 1
22tT1t = g Zotx1t + E YoniT1t
1+aq +(O¢2/\ﬁ)9 — n1+20¢1 +(o¢2/\,3)0n 1+0¢1 +(042/\ﬁ ennOQ — n

then by the same procedure

<0 (n57) =o(1)

1
T (o) oagn 2 Z%mfﬁt

Ly

since avg — 1 < 0.

There are a range of rate conditions that will ensure the negligibility of the term , thereby
producing a diagonal limit of the moment matrix Z’X upon standardization. In general, we need
the overall condition

a1 +ag <148, (6.9)

but since a; € (0, 1] it is sufficient for that
Qg < B, (6.10)

which requires that § be large enough in relation to aw.

32



Using (6.4) and ({ we have

n oz n o~
D l7'xc! = p-i Zt:l 21t L1t thl 21Tt o1
n n — n n _ " 5 .
Doy 2T )y ZorTo
i 1 n ~ 1 n 5
AT 2=t A1t e 2at—1 21Tt
= o2z to2
B 1 n z, 1 n ~
1221t nan e A ' | ZorToy
L egnwn(azw) Zt—1 02npo2t(aanp) Zt_l
[ 1 n ~
_ It (@1 AB) Zt:1 21tT1¢ Op(l)
N 1 n o~ .
op(1) s g 2t 2202t

For n—1-(a1nf) > iy Zuexiy we consider (i) 8 < o and (ii) a; < 3 seperately.
(i) B < ai: in this case (ag A B) = § and from Theorem 3.4 of MP,

T sy {911 + fo BldBl} if 214 is unit root - I(1)
e Z 1T = —cZ1 {Qn + fo J§1dJ£1} if 214 is local to unity - (I2) or (I4)
= = if 14 is mildly integrated - (I3) with 5 < a3

(ii) a; < f3: in this case (a1 A f) = a1 and from Lemma 3.5 and 3.6 from MP,

1 z”: ) { ﬁg 11 if @y, is mildly integrated - (I3) with 8 = oy
Z1tT1t — y

nltoa po 261 Q11 if 214 is mildly integrated - (I3) with a3 <

and by defining

( {Qn + [ BldBl} if 21, is unit oot : I(1),
L {Qn + [ JClde} if 214 is local to unity : (I2) or (I4),
Wi = %MQH if z1; is mildly integrated - (I3) with < ay - (6.11)
WQH if x1; is mildly integrated - (I3) with f = ay
L 72(:1 — O if z1; is mildly integrated - (I3) with ay < 8
we have
1

m E Z1tT1t = ‘1111

where the weak convergence to a constant (When x1¢ is mildly integrated) is equivalent to the
convergence in probability. Together with m Z?Zl ZotTop —> czmgcz\ilgg from lemma
2.4-(2), the stated result is proved. =

Proof of Theorem 3.1. We write the scaled estimation error as

-1 ~
n ~ n ~ n ~
_ | il BuTne Doy Zuemar 1 1| Db o — nlog
Cn(@a—a)=|D, C D A
n o~ n o~ n n n o~ A
thl 22t L1t thl 22t L2t thl 22tU0t — NA0z2
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and using Lemma 3.2,

t=1 +o0,(1
GZnO‘Q (&2 — CLQ) —1 p( )

1 n z A
g7 (aaAB) Zt:l (ZQtUOt - AOJZ?)

-1 n .

1+(a1AB) 1 n oz 1 s -

[ n 2:l (al — al) ] _ <n1+(a1/\6) Zt:l th$1t> n1+(a1A5) E 21tU0t A0301
1 n oz

(49%nna2+(a2/\5) Zt:1 22t$2t>

1+(aanB)

The limit theory of n™ 2 (a1 — ay) is exactly a scalar version of Theorem 3.4 and 3.7 from MP

so that

1+(a1nB)

n= 2 (a1 —ay)
-2
MN(0, {%Zl <Q11 + fol B1dBl)} (%CZIQH) Qo0)) if £1; is unit root - I(1)
-2
MN (0, {le {QU + fol chldjgl}} (%%1910 Q00)) if 14 is local to unity - (I2) or (I4)
- N(0, <$Cz1911>_ Qoo) if 214 is mildly integrated - (I3) with 5 < a3
-1
N(0, % (fqﬂlﬁ Qoo) if 214 is mildly integrated - (I3) with 5 = a3
-1
N(0, (%QQn) Qoo) if 21, is mildly integrated - (I3) with ay < S8
By defining
-2
{7221 (Qn n fol BldB1)} (721%1911) if x1; is unit root - I(1)
—2
{ﬂizl {Qu + fol ngngl}} (721%1911) if 214 is local to unity - (I2) or (I4)
- -1
ol — <%€z1911) if 21, is mildly integrated - (I3) with 8 < ay
-1
M (%1910 if x1; is mildly integrated - (I3) with 8 = aq
cq c
-1
\ <%€1911> if 214 is mildly integrated - (I3) with o <

(6.12)

we have
1+(e1AB)

n- 2 (a1 —a1) = MN(O,@l_llQOO)) .

From lemma 2.4-(1), we have

n

1 ~ ~
W Z Zaglor = CzpapC2M N (07 ‘1’22900> .
t=1

and together with lemma 3.2 this leads to
HZnO‘Q (ELQ — CLQ) = MN <0, \112_21900) ,

which is a special case of theorem 2.2. Joint convergence and asymptotic independence follow from

lemma 3.1, thereby completing the proof. m

The same mechanism for variance estimation, as shown in the following lemma, now leads to
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nuisance parameter free inference in the corresponding self-normalized test statistics.

P11 0
0 WpQy

Lemma 6.3 [C’n (X’PZX)i1 CnQOO:| - = [

1 n o oz =z
H (a1 /D) D ote1 A1t Zot
n 2 ezn(ﬁzAﬁ)
b

1 n =2
9%"712(02 AB) Zt:l Z?t

Proof. We show the limit matrix is diagonal, as in the earlier development. Note that

1 n =2
nit(a1AB) Zt:l 21t

Z?:l E?:l 21122

151571 _
D1Z'ZDt = :
T+ (a1 AB

n (a21 ) 9311(0‘2“3)

and the exponentially fast normalizer 6], gives

n n
C2 ~
E thwn% + Op(l)

1 - -
122t = 1 (agn

1AB)
n— 2 OrnleenB)tez {5

n1+(o¢21A5) ezn(ag/\ﬁ) i—1
n

C1C2
Z wnltant + Op(l)'

n
C2

g 21t + TS "

n-_ 2 an(az ) a1 +az —1

= T1x(a1rB)
21 Hgn(ag/\ﬁ)-‘rOCQ =1

Using the same earlier argument, we have

n o2
€2 21t ant t n?2 _
Z (n > <n°‘22+(a2/\ﬁ)92> b5, = Op ( o3 ) = op(1),

1 ag
1.n 22
n2 Hnn 2 =1

(a1 AB)
2

and similarly
n
C1C2
1+(a1AB) Z wnltant = Op(l)'
3 792n(a2/\,3)+041+042 i—1

n

It is easy to show, using Lemma 3.1, 3.5 and 3.6 from MP, that
if zq, is (I1), (12), (I4) or (I3) with 5 < a3

%0219117
Q41, if z1; is mildly integrated - (I3) with § = a3

1 = ~ |
n1+(a1/\ﬁ) Zzlt —>p =11 0= 72(Cl+021)
=1 %61911, if 21, is mildly integrated - (I3) with oy < 8
(6.13)
hence, from lemma 6.2
- = 0
0 (czapc2)” Voo
Combining with the result of lemma 3.2
D 0

- )\
D\Zxcit = | M N
0 cau(a, B)eaWor
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we have
G (X'P3X) ™ o

_ -{C_IX’Z (Z’Z) - Z’XC#H h o0
)

Uy 0

0 CopapcaVan

0 CoapcaVan
-1
QOO.

Using the definition of Wy, ®1; and Z1; from (6.11)), (6.12) and (6.13), we can easily check

co 21z
‘1111~11 = 0q3.

Thus 1
1A d 0
|:Cn (X/PzX) ! CnQOO} — 1 ~ QQO
0 Wy
and then ) X
_ N 110, 0
6 () ] [ P00 ],
0 Walyg

as stated. m
The final result on robust pivotal chi-square limit theory now follows.

Proof of Theorem 3.2. Using Lemma 3.2, Theorem 3.1 and lemma 6.3, we have directly by

continuous mapping
. “1a 171,
(a — ao)/ |:(X/P2X) QOOj| (a — ao)

—  (@—-a0) Cy [Cn (X'Pyx)~" Onﬂoo} (@ a)

= *(2).
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