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Abstract

We study the asymptotic distribution of three step estimators of a finite dimensional parameter
vector where the second step consists of one or more nonparametric regressions on a regressor that
is estimated in the first step. The first step estimator is either parametric or nonparametric. Using
Newey’s (1994) approach we derive the contribution of the first step estimator to the influence
function. In this derivation it is important to account for the dual role that the first step estimator
plays in the second step nonparametric regression, i.e., that of conditioning variable and that of
argument. We consider three examples in more detail: the Olley and Pakes (1996) production
function estimator, the Heckman, Ichimura and Todd (1998) estimator of the Average Treatment
Effect and a semi-parametric control variable estimator.
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1 Introduction

In a seminal contribution Pagan (1984) derived the asymptotic variance of regression coefficient esti-
mators in linear regression models, if the regressors are themselves estimated in a preliminary step.
Pagan called such regressors generated regressors and he characterized the contribution of the esti-
mation error in the generated regressors to the total asymptotic variance of the regression coefficient
estimators. Examples of generated regressors are linear predictors or residuals from an estimated
equation as in Barro (1977) or Shefrin (1979). The estimators considered by Pagan are special cases of
standard two-step estimators, and such estimators can be conveniently analyzed as single step GMM
estimators, as in Newey (1984) or Murphy and Topel (1985). These methods of adjusting the asymp-
totic variance for the first stage estimation error are now so well-understood that they can be found
in textbooks such as Wooldridge (2002, Chapter 12.4).

Pagan (1984) considered parametric linear regression models with parametrically estimated gen-
erated regressors. However, econometrics has evolved since then, and the first step estimators these
days can be nonparametric estimators obtained by kernel or sieve methods. Newey (1994) discusses
a general method of characterizing the asymptotic variance of two-step GMM estimators of a finite
dimensional parameter vector, if the moment condition depends on a conditional expectation or a
density that is estimated nonparametrically. A special instance of his method deals with the case of a
linear regression model with a nonparametrically estimated generated regressor. The purpose of this
note is to use Newey’s insights to derive the asymptotic variance of three or even multi-step estimators
in which one of the steps is a nonparametric regression with a generated regressor. This generated re-
gressor can be estimated parametrically or nonparametrically. Therefore we generalize Newey’s result
to the case of a moment condition for a finite dimensional parameter vector that depends on a condi-
tional expectation (to be estimated nonparametrically) that itself depends on a generated regressor.
Since Newey (1994) a number of estimators have been suggested that have this structure. We consider
three examples: (i) the partially linear production function estimator of Olley and Pakes (1996), (ii)
the Average Treatment Effect (ATE) estimator for the case of unconfounded treatment assignment
suggested by Heckman, Ichimura, and Todd (1998) that involves two nonparametric regressions on
the estimated propensity score, (iii) a parametric control variate estimator that depends on a a non-
parametric regression on a first stage estimated residual. These examples illustrate the method that
can be used to derive the asymptotic variance of other estimators with the same structure not covered
here.

It turns out that the generalization of Newey’s (1994) results is straightforward, although not
trivial ex ante. The key issue is to account for the contribution of the first stage estimation error of
the generated regressor on the the sampling variation of the second stage nonparametric regression.
This contribution consists of two parts. First, there is the effect of the first step estimation error on
the independent variable. However, there is a second contribution due to the effect of the first stage
estimate on the conditional expectation if we condition on an estimated instead of a population value
of the regressor. It is the latter contribution that is specific to our setup and its derivation is the
modest contribution of this note. The approach that we take in the derivation is the same as in Newey
(1994), i.e. we derive the influence function of the estimator of the finite dimensional parameter vector
heuristically. We do not give regularity conditions on the smoothness of the conditional expectations
and/or on the smoothing parameters of the nonparametric estimators that make the difference between
the estimator and its asymptotically linear representation converge to 0 at a rate that is faster than
the parametric rate. Therefore our results do not depend on the particular nonparametric estimator
used.

One can wonder whether the reformulation of the two-step estimator of Pagan (1984) as a one-step



GMM estimator as in Newey (1984) or Murphy and Topel (1985) can be generalized to the three or
more step estimator considered here. In particular, Ai and Chen (2007) recently considered a variety of
conditional moment restriction estimators, some with a more complicated structure than in this note,
where the conditioning variables are not estimated. Therefore our results are not a special case of,
but rather complement the results in Ai and Chen. Whether our asymptotic variance can be derived
from a one step GMM problem as in Ai and Chen (2007) is the subject of ungoing research.

This short paper has the following structure. In Section 2, we present a parametric example that
provides the basic intuition underlying our results. Our main result is in Section 3. In Sections 4, 5
and 6, we discuss the three examples mentioned above.

2 A Parametric Example

To gain intuition for the results later on we consider a fully parametric, be it somewhat artificial
example. Consider the following scenario. We have a random sample w; = (yi, 24, 2i),i = 1,...,n
from a joint distribution. The scalar parameter 3 is estimated by a three-step estimator. In the first
step, we estimate the scalar parameter o by & such that
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with E [¢ (x;, z;)] = 0 and o, the population value of the parameter. In the second step, we estimate
the coefficients 7. = (Y1, Y24, V3+) of the linear projection of y on 1,x,v with v = ¢ (z, z, ax), i.e. the
solution to min., ,, v, E [(y — 71 — 722 — 7311)2]. Because we do not know as, we use the estimated
Ui = ¢ (wi,2;,Q), so that the estimator 7 of v, is the OLS estimator of y on x,v. The estimator
of B, is obtained in the third step § = %Z?zl (F1 + Yomi + 3¢ (x4, 2, @)), so that we have B, =
E[y1x + Y242 + Y30(x, 2, i )]. Our interest is to characterize the first order asymptotic properties of
this estimator.
A standard argument suggests that it suffices to consider the expansion of the form
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Let us now focus on the adjustments to the influence function that account for the estimation error in
the first and second step, i.e., the sum of the second and third terms on the right, which we will call
A. A routine calculation' reveals that
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'See Appendix A.



The expansion (1) can be given an intuitive interpretation by considering an infeasible estima-
tor. Assume that a, is known to the econometrician, and v; = ¢ (x4, 2i, ) is used in the regres-
sion. Let 7 denote the resulting OLS estimator of .. The first order asymptotic properties of
B = %2?21 (71 + Yaxi + 3¢ (xi, i, @i )) can be analyzed using the expansion
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It can be shown? that
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Comparing the correction terms (1) and (2) leads us to an interesting conclusion: The influence
function for B is equal to that of the unfeasible estimator 8 that ignores the estimation error in the
first step, i.e., that in a!

In order to understand this apparent puzzle, it is convenient to define 7 (o)) = (71 (@) , 72 («) , 73 ()
as the OLS estimator with y as the dependent and x and v = ¢(z, z, @) as the independent variables.
Note that ¥ = 7 (@) and 7 = 7 (ax). Also y(«) is the vector of coefficients of the linear projection
of y on 1,z,p(x,z,«). A naive derivation of the influence function of B would use the following
decomposition

1. Main term that reflects the uncertainty left if we know v, and au:

1 n
n Z (V1x + Y2xTi + Y30 (T4, 20, ) — Bs)
i=1

2. A term that accounts for the sampling variation in 7 (a) if we know a:

3. A term that accounts for the sampling variation in a:

0o (x, 2, o)

B 0 2520 i@ - a)

This naive decomposition is missing one additional term,? i.e.,

1 &
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2See Appendix A.
3See Appendix A.



where oo |
o(x,2,005
V3T o

o] 2,0
G, =E —yga; 22200

~ 27300 (3, 2, o) 2ELG2)
As shown in Appendix A fG;lGaﬁ Yo W (@i, 2) is the effect of the sampling variation in @ on
the sampling distribution of 7. Defining ¥ (o) = E [y (a) + 72 () z + 73 () ¢ (, 2, )], we show in
Appendix B that the missing term is asymptotically equivalent to v/n (¥ (@) — ¥ (a,)). The expression
v () + 72 (@) 4+ 73 () ¢ (x, z, i) that appears in the definition of ¥ () can be given an interesting
interpretation. It is the linear projection of y on 1,z, ¢ (z, 2z, ) when after projection we substitute
o (z,z,ay) for ¢ (x,z,a). Note that the linear projection of y on 1,z, ¢ (x, z, @) has coefficients v(«).
This specifies a function of z, ¢ (z, z,«) that can be evaluated at any value of these arguments and
here we choose the values x, ¢(z, z, ). Hence, a plays two roles. First, it determines the functional
form of the projection, here only the coefficients v(«), because the projection is restricted to be linear.
Second, « enters in the variables at which the (linear) projection is evaluated, here x, ¢ (z, z, ). If
we substitute the estimator & then the two correction terms that account for the estimation error in
a correspond to these two roles of o and in this example these two correction terms are opposites
so that their sum is 0. The naive derivation of the influence function ignores the effect of o on the
coefficients of the linear projection.

In general the first step estimation plays these two distinct roles. The example in this section
was relatively simple because the linear functional relation can be summarized by a finite dimensional
vector 7y («). The challenge to the econometrician is that when the projection is nonparametric, as is
the case when the generated regressor is used in a nonparametric regression, such simplicity disappears.
By separately considering the two roles that sampling variation in the first step plays when we evaluate
its effect on the second stage projection, we can properly adjust the influence function. In general the
two corresponding correction terms are not opposite as in the simple example considered here.

3 The Influence Function of Semiparametric Three-Step Estimators

We now present our two main results on semiparametric three-step estimators. In the first step we
estimate a regressor. In the second step we estimate a nonparametric regression with the generated
regressor as one of the independent variables. In the third step we estimate a finite dimensional
parameter (without loss of generality we consider the scalar case) that satisfies a moment condition
that also depends on the nonparametric regression estimated in the second step. We distinguish
between two cases. The first result concerns the case where in the first step the regressor is estimated
by a parametric method. The second result concerns the case where in the first step the regressor is
estimated by a nonparametric method. As was emphasized in the introduction, our characterization
is based on Newey’s (1994) calculation.

3.1 Parametric First Step, Nonparametric Second Step

We assume that we observe i.i.d. observations w; = (y;, i, i), = 1,...,n. The first step is identical
to that in Section 2, i.e., we have an estimator & such that /n (@ — ay) = ﬁ Yo (@i, ) +op (1)
with E [¢ (x;, z;)] = 0. The parameter vector « indexes a relation between a dependent variable that
is a component of z (and that we later denote by u) and independent variables that are some or all of
the other variables in x and those in z. Either the predicted value (Sections 4 and 5) or the residual



(Section 6) of this relationship is an independent variable in the second step nonparametric regression.
The notation ¢(z, z, &) covers both cases. If ¢ is a residual then both 2 and ¢ can enter in the second
step nonparametric regression. The second step is different from the parametric example, because our
goal is to estimate

p(z,v.) =By | z,0.]
where v, = ¢ (z,2,ay), i.e., we no longer restrict the projection to be linear. Because we do not
observe ., we use U; = ¢ (z;, 2, , @) in the nonparametric regression. Our goal is to characterize the
first order asymptotic properties of

B\: Zh Hfz, .’L'“Zz',a)))

with 4 the nonparametric regression of y on z and v. We can consider B\ as the solution of a sam-
ple moment equation that is derived from a population moment equation that depends on [ and
w(z, o(x, 2z, ). As will be seen below it matters whether h is linear (as in Section 2) or not.

Using Newey’s (1994) derivative based approach, we express the influence function of B as a sum of
three terms: (i) the main term ﬁ Yoy (b (p (24, 0 (i, zi, o)) — By); (i) a term that adjusts for the
estimation of 7, i.e., ﬁ Yoy (h(Y (@i (x4, ziy ) — b (p (24, ¢ (@i, 23, )5 and (iii) an adjust-
ment related to the estimation of @, i.e., %Z?:l (h (v (zi, p (zi, 23, @) — h (@ (x5, (T4, 25, ).
The decomposition here is based on the fact that Newey’s approach can be used “term-by-term”.
Therefore, we may without loss of generality assume that « is a scalar.*

The second component in the decomposition can be easily analyzed as in Newey (1994, pp. 1360
—61). It is equal to

\f ZE [W mz,v*z} (yi — p (24, 041)) + 0p (1)

f Z W (i — 1 (@i, vs3)) + 0p (1)

As in Section 2 we therefore focus on the analysis of the third component
Z "I:Za QSZ,Zi,a))) 7h(:u (.’L’i,QO(LEi,ZZ',OZ*))))

We define
v (z,v5a) =By | z,0(z,2,a) = 0]
g(w)al)a2) = h(fy (I,QD(LI?,Z,O[]_) ’OQ))

Note that the two roles that a plays are made explicit in g (w, a1, a2) that is obtained by substituting
*=p(x,z,01) in y(z,v*; ). Note also that p(z,v.) = v (z, v4; ).
With these definitions, we can now write

_ E h CU“ xuzla 5 E g qu’LaalaaQ)

*The fact that Newey’s approach can be used “term-by-term” is illustrated with a slightly different example in
Appendix E.1. There, we consider the case where the moment function includes multiple nonparametric objects, all of
which are obtained by nonparametric regressions with possibly different independent variables.




where a1 = s = @, but we keep them separate to emphasize the two roles of a. It is intuitive to deal
with the two roles that @ plays in the expansion by linearization and this amounts to taking partial
derivatives:

\/15 D (h(y (@i o (w020, @) ;@) = b (v (@i, (3, 20 00) s ) = \/15 > (g (wi, @,@) — g (wi, o, )
i—1 i—1
_ (E [39 (w,a*,a*)} LB [39(?11,04*,04*)]) V(@ = o) + 0, (1)

daq Oap

Therefore we must compute E [M} and E [M]. The computation of the first

(e %) (65)]
expectation is easy. Because v (z, ¢ (2,2, @) ;0x) = pu(z, ¢ (x, z,)), we have

E [ag (wa’jl*’a*)} _E [(% (1 (w,sgim,z,a*))) Op (w,¢(9(f,z,a*)) 9 (fgi,a*)}

The headache is to compute the second expectation. By the chain rule

E [‘W} _E {Wl (p <$v<g/ngz,a*))) 0y (x,w(ﬂg;,oc*) ;a*)}

(4)

Unfortunately, it is not obvious how to differentiate 7 (z, ¢ (z, z, @) ; @) with respect to .. After all,
v (z, p (w, aw) ; @) has the functional form of E[y | x, ¢ (z, z, &) = v*| that depends on a.

Theorem 1 (Contribution parametric first stage estimator) The adjustment to the influence
function that accounts for the first stage estimation error is

<E [69<w8>] 1B [@@v@)b SR o) .

2 x,0(x, 2, 0 T, (2, 2, 0 T, 2, Oy N
— i | TR LRI () (02,0 P2 N DR G ), (1),

Proof of Theorem 1 We compute the right hand side of (4)

Oh (p (0 (2,2, ) Oy (T, 0 (@, 2, i) 5 Q)
B [ O o ]

We note that v (z, ¢ (w; @) , @) solves the minimization problem
minE [(y — s (2, (2, ,0)))?]
S
so that for all square integrable functions s of z, ¢ (z, 2, @)

E[(y _7(1'790(‘7772705) ;O‘))S@jv(p(xvz?a))] =0

If we choose

(2. (@, 2,0)) = 2UBE fz a)))

we have for all «

Bl(y—v(z¢(2z20);a) on =0



We now take the derivative and evaluate it at o = a.. We find

E [89 (w,a*,a*)] _g [%(%@(ﬂr,z,a*);a*)@h (1 (:r,@(:v,Z,a*)))] _

Oag Oa ou
_g |90, 2 00 )i 00) Op(@, 2, ) O (@, 0 (2,2, 04))) |
v foJe o
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Adding E [%ﬁ’m} and noting that

o [37(96, P2, 2, an); o) Op(, 2, ) Oh (p (2, ¢ (2, 2, a*)))} _

ov oo ou
g op(z, p(x, 2, ax)) Op(x, 2, ) Oh (1 (z, 0 (x, 2, ry)))
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we find the desired result [J

Note that the form of the adjustment term implies that if A is linear, then the first stage estimation
error has no effect on the variance of the estimator of 5. This was illustrated for the fully parametric
case in Section 2.

3.2 Nonparametric First Step, Nonparametric Second Step

We now assume that the first step is nonparametric. Again we have a random sample w; = (y;, x;, 2;) , i =
1,...,n. The first step projection of one of the components of x, that we denote by u, on some or
all of the other components of  and on z is denoted by v, = ¢.(z,z). The first step is to estimate
this projection by nonparametric regression. In the second step we estimate v (z,v.) = E[y | x, v4]
by nonparametric regression of y on x,v = @(x,z). Our interest is to characterize the first order
asymptotic properties of

—Zh (i, @ (zi, 21)))
We define

,LL(.I‘,U*) = E[y | .%‘,QD*(iB,Z) = U*]
v (@, v50) =By | z,¢(z,2) =07
g(w,vl,vg,'y) = h(,y ($,’Ul;’02))

with v = ¢(z, 2z) and with v; and ve playing the roles of a; and as.
With these definitions, we can now write

n

1

E E h( $17U17v2 E g wlavlav27 )
i=1

where 17 = U2 = v. We keep them separate to emphasize their different roles. Our objective is to

approximate
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For now we assume that « need not be estimated. As in Newey (1994) we consider a path v, indexed
by a € R such that v,, = v, . First, using the calculation in the previous section,

0 0
E |:&.élg ('w7a*7a*77*):| + E I:Mg (wva*va*vfy*)]

0 O%h (1 (z, vy o (x, vy
B | T () (oo 250

~ da
we obtain that
IE [h (v (z,va;va))] _ IE[D (w,va)]
toJe a—a, da
“ 0%h (4 (z,0.)) op(.v.)
D (w,vq) = o (y — 1 (7, v4)) 5y Vo

which is linear in v,. Second, for

2 z, s, 2 T, 0u(z
o1 (0.2) = 8| TR (), 0, ) 22D

x,z]

we have that for any v = ¢(z, 2)
B[D (w,v)] = E[6 (z,2) (z, 2)]
The variables z in 01(x, z) (and the conditioning variables in the expectation) are the variables in

the subvector of x that enters ¢(z,x) so that we average over the variables in = that do not enter in

Z,T).
. By) Newey (1994) Proposition 4 these two facts imply that the adjustment to the influence function
is equal to
01 (i, 2i) (ui — Blu | i, 2i]) = 61 (2, 20) (wi — pul(i 20))
with u the component of of x that is projected on z, z.
We summarize the result in a theorem:

Theorem 2 (Contribution nonparametric first stage estimator) The adjustment to the influ-
ence function that accounts for the first stage estimation error is

1 n
N ; 01 (@3, 2i) (wi — a (i, 7))
with @.(x, z) = Elulz, 2] and

2 x, 04T, 2 T, 0., 2
op(z,2) =K [8 h('u(a;zz (@,2) (y — n (@, ou(, 2))) W

x, z}

Finally we consider the adjustment for the estimation of «v. This is essentially about the adjustment
to the influence function for

=3 hG G va)
i=1

Armed with Newey (1994, pp. 1360 — 61), we can easily conclude that the adjustment to the influence
function is equal to

52 (miv U*i) (yl - E [y | Zi, U*Z])

o T ou

where

8 (z,v,) :E[




4 The Olley and Pakes Estimator

We consider a simplified version of the production function estimator of Olley and Pakes (1996).
The simplification is that we assume that firms cannot close and we also ignore firm ageing. The
Cobb-Douglas production function for firm i in period % is

Yit = Bo + Brkit + Bilie + wit + ni
Elwit|kit, wit—1] = g(wit—1)
wit = hy (im kit)

with k¢, [;; the capital and labor inputs, respectively, w;; a productivity index that follows a first-order
Markov process, and i;; investment. The third equation is the inverse of the firm’s optimal investment
choice in period ¢. Substitution of the third equation in the first gives (from now on we omit %)

yr = Bily + oy (i, k) +my
& (i, k) = Bo + Brke +wi = Bo + Brke + hy (ig, kt)

Olley and Pakes suggest the following three step estimator for [;. In the first step 5; and ¢,
are estimated by standard methods for partially linear models, where §; and ¢; are identified as the
minimizers of

E [(y: — Bils — &1 (ir, kt))?]
This minimization proceeds in two steps: first, for given §; the function is minimized at ¢ (i, ki) =
o (i, k) — Braa(iy, ky) with aq (i, k) = Byl e, k] and ao(iy, k) = E[li| i, k). Substitution and
minimization over [; identifies that parameter. Because ¢; minimizes an objective function, the
sampling variation of its estimator has no effect on the asymptotic distribution of the estimator of 5;.
This is shown in general by Newey (1994), pp. 1357-58.
By the Markov assumption on the productivity index we have

E [yt+1 — Bilesa| ke1] = Bo + Brkiy1 + E [wig1| we, k1] = Bo + Brkis1 + g (we)

Defining the forecasting error ;41 = wir1 — E[wir1|wy, kiy1] = wir1 — g(we) we have

Yir1 — Bileyr = Brkir1 + 9 (03t ke) — Brke) + &1 + M1

where By has been absorbed in g. The §; and g are identified as the minimizers of

E [(yt—i-l — Biles1 — Brker1 — g (¢e(igs ke) — Bicke))”

with respect to (3, g) where we substitute §; and ¢ (i, k¢) that were identified in the first step. Hence
the parameters in the first step are (3, ¢¢), the second step nonparametric regression function is g and
the parameter that is estimated in the third step is f3j.

Although it seems that 85 and g are estimated jointly, we have the same structure as in a partially
linear model, so that we first minimize over g for given f;. The solution is g (¢¢(it, ki) — Brke) =
Y1(Pe(it, ki) — Brke) — Beva (@i (i, ki) — Brke) with 1 (¢ (it, ki) — Brke) = B [yer1 — Bilira] de(ie, ke) — Brkil
and vo(o (i, kt) — Brke) = Blkir1|de(ie, k) — Prki]. In estimation the conditional expectations are
replaced by nonparametric regressions. Upon substitution the criterion function depends on Sy only,
and the estimator of 5 is just the nonlinear least squares estimator. Just as for the partial linear model
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by Newey (1994), pp. 1357-58 the estimation error in g has no effect on the asymptotic distribution
of ,Bk.s

If we have a random sample (i 141, Yit, Kit+1, Kits lig+1, lit, G¢), 4 = 1,..., n, then

V(B — Brx) =

jaizn;(%»tﬂ—@lml—ﬁk*kim 5 (D1 kie) = Brekie) ) (Ko =3 (Buliies ki) — Broie) bia ) +0p(1)
with
bt (it kir) = Q1 (i, ki) — Bidia (i, kt)
3 (Bliaes ki) = Bee ) =31 (Waar = Biliera| e, ki) = Buekin) = Bz (i Oulins ki) — Bk
§' (91l k) = B ) =

o |:yi,t+1 —Blli,tﬂ’ i (it Kir) — Bk*kz’t} — BraAhlkie 1|0t (it kit) — Brkit] — Jalkip1| bt (iir, Kit) — Browkit]

where 7,74 denote the derivatives of the nonparametric regression estimators. This estimator fits
into the setup in Section 3 if we set z; = (4it, kit, lir), i = (Yit, Kig41, lig+1) and y; = Yi 141

Noting that first stage nonparametric estimator at(iit, ki) appears as an argument in the second
stage nonparametric regression estimators in g, it plays the two roles discussed earlier, so that we can
derive the influence function as in Section 3 with the only added complication that besides nonpara-
metric regression estimators their derivatives appear in the second stage, which in this case does not
matter, because the estimator ¢ is an extremum estimator.

5 Regression on the Estimated Propensity Score

There has been an ongoing debate on the role of the propensity score in the efficient estimation
of the Average Treatment Effect (ATE) of an intervention. Since Hahn (1998) derived the semi-
parametric efficiency bound for the ATE, there is a clear target for any proposed (semiparametric)
estimator. Let yp,y1 denote the potential outcomes, d the treatment indicator, y = dy; + (1 — d)yo
the observed outcome and z a vector of covariates. As shown by Rosenbaum and Rubin (1983)
unconfounded assignment, i.e., y1,y0 L d|z, implies that y1,y0 L d|p(xz) with ¢ () = Pr(d =
1lz). As a consequence the ATE given = can be identified by E[y|d = 1,z] — E[y|d = 0,z] or by
Elyld =1,¢(z)] —E[y|d =0, ¢ (z)]. These observations have led to a large number of estimators that
can be classified into three groups. The most popular are the matching estimators that estimate the
ATE given x or given ¢ (z) by averaging outcomes over units with a ‘similar’ value of x or ¢ (x)
(and subsequently average over the distribution of = or ¢ (z) to estimate the ATE). Abadie and Im-
bens (2009a), (2009b) are recent contributions. They show that matching estimators that have an

®More specifically, Newey (1994), p. 1357 considered the two step estimation where the second step is given by

m(z,8,h) = %ﬂﬁ,h)
h(F) = argmax Er [q (z,ﬁ,ﬁ)}

Here because the ¢ depends on 3, this parameter is also one of the arguments of h. He goes and concludes that, for this
problem where 8 and h are simultaneous determined, the estimation error due to h is asymptotically irrelevant.
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asymptotic distribution that is notoriously difficult to analyze, are not asymptotically efficient. The
second class of estimators do not estimate the ATE given x or ¢ () but use the propensity scores as
weights Hahn’s (1998) estimator and that of Hirano, Imbens and Ridder (2003) are examples of such
estimators. These estimators are asymptotically efficient, which suggests that the propensity score is
needed to achieve efficiency. The third class of estimators use nonparametric regression to estimate
Elyld=1,z],E[y|d=0,z] or E[yld =1,¢ (z)],E[y|d = 0,9 (x)]. Of these estimators the estimator
based on E [y|d = 1, z],E[y|d = 0, z] is known to be asymptotically efficient, which suggests that there
is no role for the propensity score. The missing result is that for the estimator that uses nonparametric
regression on a propensity score that is estimated in a preliminary step. This estimator that was sug-
gested and analyzed by Heckman, Ichimura, and Todd (1998) fits into our framework and is analyzed
here. Our conclusion is that it has the same asymptotic variance as the imputation estimator, so that
there is no efficiency gain in using the propensity score. This should settle the issue whether there is
a role for the propensity score in achieving semiparametric efficiency. That does not mean that there
is no role for the propensity score in assessing the identification or in the small sample performance
of ATE estimators.

The objective function for the estimator based on a regression on the propensity score has a
structure to which the results in Section 3 do not apply directly, but the basic approach can be easily
adapted.

5.1 Parametric First Step, Nonparametric Second Step

We have a random sample w; = (y;, z;,d;),i = 1,...,n. In the first step, we estimate @ such that
1 n
V(@ —ay) = %Z%b(diﬂ?z‘) +0p (1)
i=1

with E [¢ (d;, z;)] = 0. In the second step, we estimate

'7('”*):(E[y|U*’d:1]7E[y|U*7d:0])/7

where v, = ¢ (z;, ) is the parametrization of the propensity score. Because we do not observe a,
we use U = ¢ (z;, @) for the nonparametric regression.
Our interest is to characterize the first order asymptotic properties of

B= > G (¢ (@0,@) — 5o (o (@:,3)

In the setup of Section 3 we have z; = z;, ©; = d;, y; = y; and the first step parameter is «, the second
step parameters are 1,2 and the third step parameter is the ATE 5. To derive the influence function
for the ATE, we define

)= (Ely| d=1,0],Bly| d=0,v.])
v(W5a)=(Bly| d=1¢(z,a)=v],Bly| d=0,¢(z,a) =v"])
v) =7 (o (2, 01);02) — 72 (¢ (7, 01) ; 02)

(

m (¢ (x5, 01) , 02,7)

12



where a3 = a2 = @. We keep them separate for accounting purposes, i.e., to indicate the two roles
that & plays.

We determine the contribution of a1, @y and 4 to the influence function separately. The contribu-
tion of 4 that can be derived using Newey (1994) is given in Appendix D, so we focus on characterizing
the adjustment of the influence function that reflects the contributions of @; and @s. In Lemmas 1
and 2 we show that that contribution is equal to

5| (Bllz.d=1] - m(p(z i)  Blylz,d=0 - pa (e, a)) Op(zan)] ~ o
= o (wias) P BBl e ) 2] Via - o)

Lemma 1

B[ (o (e,00),07)] =B [ (o (2,00 0] + B[ m o s0) )]
g [<8u1 (¢ (z;04))  Opa (e (ar;oc*))> O (as;oc*)}

v v B
B [8% % ((;6;3*) jon) 072y (g;;*);a*)]
Lemma 2
g K@m (wa(vw;a*)) _ Opa (wag)x;a*))> 8@((992104*)]
B [371 % (g;j*) son) 72 (e (;;5*) ;a*)]
_ 5 [(E [yl z,d =(p1(]x?(i1)(s0 () | Eyl x,d1=_0g]0zxf2$ﬂ (z; a*))> Iy (;f*)}

Proof See Appendix C.

5.2 Nonparametric First Step, Nonparametric Second Step

The setup is as in the previous section. The only difference is that the propensity score Pr(d = 1|z) =
¢« (T) = v4 is nonparametric. We define for v = ()

v(5v) =By | d=1,¢(x) =v"],Ely| d=0,¢(z) =v"])
m (v1,v2,7) = 71 (v1;02) — 72 (v1;02)

Note that v (v1;v2) solves the minimization problem

minE |d(y — s1 (0 (@) + (1 = d) (y = s2(p (2)))°

51,52

so that for all (51 (¢ (z)), 52 (¢ ()))

Bld(y—m(p(@);9))s1(p(2) + (1 —d) (y =12 (p(@); )52 (¢ (2)] =0

If we choose

_ 1
S1 (<P (.%')) - (p(x)
R0 ) = 1=

13



we find

dy  (A-d)y] __[dnle(@);v) A—-d)rle(@);v)
ELM@ 1—¢@J‘E{ o () 1~ o) ]

We will now consider a path ¢, with ., = .. Using Lemma 2, we obtain

B {é}im(@ (x,a*),oé*ﬁ)}

_ ,%E KE [yl z.d = 1] — 1 (g« (2))

E [y| €, d= 0] — Mo (30* (x))
o @ * (@) >¢“”€

and the expectation on the right hand side is linear in ¢,. As in Section 3.2, Proposition 4 of Newey
(1994) implies that the adjustment to the influence function for the estimation of ¢ is

_<E[y!wzd=1]—E[y!<p*(w),d=1] L Elyle,d=0]-Blyl¢: (z),d =
ox () 1 — s ()

1)@=

which can be alternatively written as

_Elylz,d=1] -E[y| ¢« (z),d = 1]

d+ Blylz,d=11-Ely [« (z),d = 1])

P« (7)
+E[y\x,d—?:i[:téx*(w)ad—o] (1—d)— (Ely|z,d=0] - E[y| s () ,d = 0]) (6)

To obtain the complete influence function of B we need the contribution of the estimation error in
5. This contribution is derived in Appendix D and is equal to

(Elyl ¢« (x),d=1] = E[y| . (z) ,d =0] — Bs) + (7)
1—-d
o (2) (Z/—E[Z/W*(x)7d=1])—W(Q—E[y’¢*(w),d:0])

Adding (6) and (7), we obtain the influence function of the estimator based on regressions on the
estimated propensity score:

1—d
1 — s ()

(Elylz,d=1] -E[y|z,d=0] - B.) + (y—Ely|z,d=1]) - (y —Ely|z,d=0])

d
ox (2)

which is the influence function of the efficient estimator and also that of the imputation estimator

~ 1 <~ ~
Br= - (a(ai) ~ h(a)
=1
with hy (x) = E[y|z,d = 1], he (z) = E[y|z,d = 0]. The imputation estimator involves nonparametric
regressions on = and not on the estimated propensity score. However these two estimators have the
same influence function which shows that regressing on the nonparametrically estimated propensity

score does not result in an efficiency gain.

14



5.3 Approximating the Influence Function for the Nonparametric First Step with
a Parametric First Step

We assume that
px () =B [d] 2] = p (2) o = @(, )
where p (z) is a large but still finite dimensional vector valued function of . We can think of this

expression as a series approximation with basis functions p (). The influence function for the least
squares estimator of « is

Vi(@—a)=vn(Ep)p@)])  p)(d— ¢ (2)) 8)

Using the result in subsection 5.1, we can see that the adjustment to the influence function for the
first step estimation is

B Elyle,d=1]-E[ylp(z,as),d=1]  Elylz,d=0]-E[yle(z,as),d=0]\ Op(z,0)| ~ -
EK ¢ (z, ) " 1— o (z, ) > Dol }\f( )

=-E[¥(z)p ()] Vn(@-a) (9)

where

_Blylzd=1-EBlylp@a),d=1] Elylz,d=0—Elyly(@ a),d=0]
o (, o) 1—¢(z,a)

for simplicity. Combining (8) and (9), we conclude that the adjustment to the influence function can
be written as

v ()

~E [V (2)p ()] (B[p@)p@)]) " p@)(d- ¢ (2)) (10)

Now (E [p(z)p (:U)'])fl E[p (x) ¥ (z)] are the coefficients of the linear projection of ¥ (z) on p(x). In
other words, we can write

p() (Blp@)p()])  Elp()¥ (@) =T(¥(@)|p ()

where II (-|p (z)) denotes the projection on the linear space spanned by p(z). If the dimension of
p(x) is sufficiently large, then approximately II (¥ (z)|p(z)) ~ E[V (x)|z] = ¥ (z). It follows that
the adjustment to the influence function in (10) is

~E[¥(@)p )] (Elp@)p@)]) p)(d- ¢ (@)

~ =V (x) (d— @ (2))

:_(E[y\wvd—1]—E{y|s0*(w),d—1}+E[y|x,d—0]—E[y!so*(w),d—
Px (1) 1— . (z)

which is the result in the previous section.

-1

1

1)@= .

6 A Semiparametric Control Variable Estimator

Hahn, Hu and Ridder (2008) consider a model that is nonlinear in a mismeasured independent vari-
able. The details of their model are not important here. For our purpose it suffices to note that
their estimator uses a control variable and the asymptotic analysis requires dealing with a generated
regressor in a V-statistic. Because of the V-statistic structure, the results in Section 3 do not apply
directly, but the basic approach can be easily modified. Suppose that an econometrician observes a
random sample w; = (y;, i, 2;),i = 1,...,n, and an estimator of a parameter § has the following
three steps:

15



1. Estimate a finite dimensional parameter @ by nonlinear least squares of x on v(z, @) and obtain
the residuals v = = — ¥ (z,@) = p(z, z, &) that are our generated regressors.

2. Estimate p(z,v4) = Ey | x,v.] nonparametrically using the sample (y;, 7;, ;) ,i =1,...,n. Call
the estimator fi(x,). Let L (z) = B, [u(z,v,)] and L (z) = > = (@, ;).

n

3. Assume that L (z) = R(x,fs) for a known function R and define B as the solution of the
minimization problem

Ll ~ 2
min -3~ 1c (@) (L () — R (i, )
i=1
for some set C'. In the sequel we will ignore the indicator function 1¢ for simplicity.

Let B\ denote the solution to the preceding minimization problem, which solves the moment con-
dition R
1 .\ OR (:ci; ﬁ)
0= n;(L(azi)—R(xi,B» —55

Characterization of asymptotic distribution of B\ requires characterization of the influence function of

=2 (E@) = L) r ().
i=1
where r (z;) = OR (x4, B+)/ 08. We define

oz, z,a) =z — 1 (z,a)
'7(3377)*;0‘) :E[y‘ a:,cp(a:,z,a) :’U*]

9 (2,1, 0,7, Fas) = / Y (¢ (5 on) s 0n)  (2) AP (3)

where an integral with respect to ﬁm is just an average over z, z. Note that because of the V statistic
structure we integrate with respect to the distribution of x, z that appear in ¢(z,z). To distinguish
this from the x over which we average separately, we use the notation zZ = (z, z).

With these definitions, we can now write

1 noo 1 n ~
- ZlL (zi) 7 (20) = - Zlg (wi,@b@ﬁ, Fzz> ;
1= 1=

where a1 = Ay = @ but written separately for accounting purposes. As in Section 4, we will evaluate
the adjustment to the influence function term-by-term, i.e. one parameter at a time with the other
parameters at their population values. The contribution of 7 and ﬁm can be derived as in Newey
(1994) and by the V-statistic projection theorem, respectively, and we concentrate on the contribution
of a.

For the contribution of &1 we compute

B, | [ g 000 (o)) ()P

&, [/ 860/1,(:5,90(2,04))7“(1‘) dez(é)}

a=x

g [ 2o (G () ) 2,

ov
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To obtain the contribution of a we first observe that

By [/’Mw(ia*);a)r(w) dFm(é)] = //»y(a;,v*;a)r(m)fm

f (z,vy) dado,
=& [7 (z,v4; ) 7 ()

Because v (z, ¢ (z, z, 1) ; a2) solves the minimization problem ming E {(y —s(z, ¢ (x,2,a1)))?| so that

0=E[(y —v(z,¢(z,2,01);02)) s (z,0(x,z,a1))]

for all square integrable function s (x, ¢ (x, z,@1)). In particular, we should have

fx) fle (3672,041))}
f(z,o(x,2,010))

0—E [@, (@, (2, 2,0) ; 42)) 7 ()

which we differentiate with respect to « and evaluate at o = «, to obtain

[P o ]y, (1180) bt
|07 (@, v a4) d¢ (z, 2, as) f () f(ve)
B { v T e ) ]

We therefore obtain

+E [f’m (;’“*%(m) Oy gz,o@ f}sc()f@)*)] =

The contribution of the first step estimation to the influence function is then

(21 + Z2)v/n(@ — o)

7 Conclusion

We studied the asymptotic distribution of three step estimators of a finite dimensional parameter
vector where the second step consists of one or more nonparametric regressions on a regressor that is
estimated in the first step. The first step estimator is either parametric or nonparametric. Although
we heavily use Newey’s (1994) approach and no results beyond that paper are needed, the application
of those results in the type of three step estimators that we consider is not trivial. Published results
not always seem to account for the first step estimation in the proper way. The three examples that
we study in detail are interesting in their own right, but it should be emphasized that our results can
easily be adapted to other three step estimators.
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Appendix
A Proof of (1)

We first examine the adjustment to the influence function of 4 to account for the estimation error of
a. Noting that 7 is an M-estimator corresponding to the population moment equation

Y—m — Yt — 3¢ (T, 2, )

E LU(y—’}/l—’}/gl‘—’)’ggO(x,Z,Oé)) -0
® (37,2:705) (y — Y1 — Y2% — Y3p (33,2’705))
w(%z) -«

we obtain upon linearizing the corresponding sample moment equation and upon solving for v/n(y—«)

n &g
N e | TO ) e @
=1

@ (x4, 2i, o) €5

where
€i = Yi — V1x — V24Ti — V3+P (T4, 23, )
1 x o (z, 2z, 0)
G,=-E x z? xp (T, 2, ay)
2
SO(LU,Z,OZ*) ng(l',Z,OZ*) QO(LU,Z,OZ*)
and 5
s 2e)
Go=-E wg*x*@(ﬂg;g*() |
273*@ (xa 2, OK*) %

Likewise, we obtain from the population moment equation

Y—71 — 722 — 3¢ (2, 2, o)

E (Y — 71— 72T — 30 (7, 2, ax)) =0
2 (il?, 2, Oé*) (y — Y1 — Y2% — 3P (.%', 2, Ot*>)
that
1 n E;
\/ﬁﬁ—%) = _G;lﬁ Zi&q +0p (1)
=1 ;



Now note that

~[1 Bl Ble(a.2a0] ]G5’

1 x o (z, 2, o) -
=[1 Efz] Elp(z,z,as)] | [ E x x? xp (x, 2, )
o (2, 2,00) 1o (T,2,,0:) (2,2 0)°
=[10 0]

and therefore,

0 (x, 2, ay -
E [73*80(604)} —[1 Efz] Elp(z,2,0) ]GylGa
Op(x,z,00x)
—V3x T 354
a@ (-’E,Z,a*) ?Eaz o
—29340 (T, 2, Q)
=0

It follows that

B Interpretation of (3)

In order to understand the additional term
1 n
- [ 1 ]E[$] E[QO(IB7Z,OA*)] ]G;lGaizw(ﬂ?i,Zﬂ,
Vin i=1
we examine

(71 (@) + 72 @) Efz] + 75 (@) Ep (2, 2,0.)]) = (31 () + 72 () B ] + 73 () B [0 (2, 2, )]
=[1 E[z] Elp(z,2z,a)] | (7(@) —7(a))

Because 7y («) is defined by the moment equation

y—m(a) =y (a)z—13(a)¢(z,2,0)
E z(y—m(a) —n(@)z—y3(a)p(z,za0) =0
QO(:L‘,Z,OZ) (y_'71 (Oé) -2 (OL)LB—’)/g (Oé)(p(:E,Z,Oé))

which holds for all «;, we can use the implicit function theorem to derive

97 («) _ -1
da Gy Ga

It follows that
97 (a)
Oa

=—[1 Ela] Elp(z,20.)] |GG

;l(% (@) + 72 () Efz] + 73 () Blp (z,2,0)]) = [ 1 Elz] Elp(z,2 0] ]
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so that
Vi (¥(@) = ¥(a)) =vn[ 1 Elz] Elp(z,z 0] | (7(@) =7 ()
= [1 Bl Ele@za0) ] 240 @ a)

=—[1 Efz] Elp(z, 2 )] ]G;lGaﬂ(&—a*)

=—[1 Efz] Elp(z, 2 )] ]G;lGa\/lﬁgib(mi,zi)

C Proof of Lemmas in Section 5

Proof of Lemma 1

B | m i (.02),0,7) | =B | g (o (@,02) e )| +B | g (o (@) )]

- E [ai (71 (¢ (2, 01) s0) = 72 (0 (2, 1) 5 04*)>} _—
0
+ B[ 2 (o )i = (o )l |

_E [<0u1 (o (zsox))  Ouz (e (m;a*))> dp (m;a*)}

ov ov Ja
o (¢ (z504) s a2) 02 (¢ (w5 04) s 2)
+E -
aa? 2=y aaQ Q2=

Proof of Lemma 2 Note that v (¢ (z, @) ;a) solves the minimization problem

min |d(y - 51 (¢ (2,0)))° + (1= d) (y = 5 (¢ (2,0)))*]

51,52

so that
Eld(y —m (e (@ a);a))s1(p(@,a)) + (1 -d) (y =12 (¢ (z,0);a)s2 (¢ (z,a)] =0

for all functions (31 (¢ (z,a)), 52 (¢ (z,a)))’. In particular, this should hold for

_ 1
S1 (SO ((IZ,O&)) - (p({E,Oé)
_ 1
52(p(z,a)) = —m
. dy  (A-dy | _ldnlelz,a);e) (A-drlea);e)
ELO(M) 1—¢<x,a>]‘E[ o (,0) 1= 0) ]

Noting that

R
o[£ @) Blyla.d=1]
ety
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we obtain

0 dy o |Elylz,d=1]0p (z,0x)
aaE |: (x7 O():| =0k - |: 2 (1:7&*) 8a :| (12)
Analogously we obtain
2 (1-d)y _ E[y’:l),d:[)] 9 (z, ax)
8aE [ — @(m,a)] —an B [ 1—p(z,a) Oa } (13)
Combining (12) and (13), we have
K dy  (1-dy _ wl(Elylz.d=1] Elylz,d=0]\ 0p(z,0)
78 g Toeeall., Bl Cree i) ] o

Now we note that

5aE [dw if (gif)) ; a)}

9 <<p (=, a*)(pvégf’soa()x, a) ;oa))]
O (¢ (z, ) s ) O (, a*)]
ED day

O (o (T, 00) a*)]
80&2

aA=0x

—-E

71 (¢ (@, as) 5 ) O (@, o)
o (x, ) day } (15)

and likewise

aiE (1- ci)jzxx(z;y); } . [afyz (@, ) ) 8¢ézla*)]
B [872 (x, o) *)]
+E [721(“) ; z*a*a*) (9g0g2104*)} (16)

Combining (15) and (16), we obtain

95 [d'h (p(z,0);0) (1—d)y (w(xva);a)]
oo o (z,a) 1—p(z,a)

. ]
+E [ml % (5&?*) sow) Oy ((;c(;:v*) ;a*)}
~E [ (E [yl ;az$aa> ;d =1, Elile _@; ?5,)6132 0}) 5 éﬁjla*)] .

By (11) the left hand side of (17) is equal to the right hand side of (14), and upon substitution and
rearranging the resulting expression we conclude that

E Kam (p(z,ax))  Opua(ep (x,a*)>) Do (x,a*)] B [871 (P(m,00)i00)  O72(e (x,a*);a*)]

ov ov ooy Oan Oag
- K E[y|x,d:1]—E[y|cp(x,a*),d:1]+E[y|x,d:O]—E[y|<p(:z:,a*),d:0] 0 (z, ay)
(2, ax) 1= (z,a.) day
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D The Influence Function of the Imputation Estimator
The ATE is
B =E[hy (z) — he (z)]
with
hi (z) =E[yld =1,x]
ha (x) =Byl d = 0,a]
The ATE satisfies the moment equation

0=E [m (l‘,ﬁ*, hi, h2)]

where
m (z, By, ha, he) = ha (z) — ha (z) — B«
The imputation estimator for the ATE is

ECIERAR)

=1

We are interested in
n

RSN

=1

—_

so that we need to consider
E[D (z)" h ()]

with D (z) = (1, —1)" and D ()" h(z) is linear in h.

Following Newey (1994) define a path indexed by the scalar parameter ¢ for the distribution of
(y,d,x) with density f(-,0) where f(-,0) = f(-) the population density of (y,d,x). If Ey denotes an
expectation with respect to the distribution with density f(x,6), then we define the corresponding
paths for the projections hi(z,0) = Eg[y|z,d = 1] and ha(x,0) = Eg[y|x,d = 0]. The path h(z,0) is
the minimizer of a single objective function

~ 2 ~ 2
By [d (y="1 (@) + 0= (y—he (@) }
so that the following orthogonality condition holds

By [d(y — b1 (2,0))) ha (2) + (1= d) (y = ha (w,0)) Bz ()| = 0

for all functions (El (x) , ha (x))/ Choose <ﬁl (z), ho (m)) = (ﬁ(w), —m), ie.,

d 1-4d
Ey [‘P* @) (y = h1(z,0)) — m (y — ho (z, 0))] —0 (18)
d 1-d d L4
Eq |:(’0* (x)y - 1— o, (w)y] =Ey |:SD*(CL’)h1 (I,Q) — W}Q (l‘, 0):| (19)

= [y [hl (l’, 9) — ho ($7 9)]

22



The final expression is useful to compute the derivative as in Newey (1994), equation (4.5). By the
chain rule (evaluate the derivatives at 6 = 0)

OBy | 40 (@,9) = 150502 (2,0)| 0By | S h (@) - 25%5he (2)]
90 - 0

aE[ ha (,0) — =55 s (x, 9)]

a0

where we use the fact that the derivative of the projection paths at # = 0 are equal to hy, he. Therefore
combining this with the result above

OB [D (z) h(x,0)]  OE[hi (,0) — ha (x,0)]

n o« ()

09 - 9
OE [ Sdshy (2,0) - b (o, 9)}
- ae
0B, [%‘fm)h (2,0) — 5 5ha (2, 9)} 0By [%@)hl (z) — 5sho (x)}
89 Y,

:gzc%[@jxﬂ‘Tr}%jwy}_EQL;@V““”‘15¢;@V”@ﬂ>

so that at 8 =0

OE [D (z) h(x,0)] 0 d 1—d
20 = 5g % LP* @) (y — 1 (2)) — =g (2) (y — he (fﬂ))]
d 1—-d
=E —hi(z) - ———— (y — ho ( S (y,d,x
(S m@) - 2 - m @) Srda]
with S(-) = 8lngé-,9) ‘6—0' Therefore the adjustment to the influence function is
d 1—d
—— Y —h(z) - ———— (y—ha(z
S @) - - ke @)
and the influence function of the imputation estimator is
(11 0) = o () = )+ o5 (0= s (0) = =5 (0 =P (@) (20)

so this estimator is efficient.
The ATE is also equal to

B = E[h1 (¢« (2)) — ha (s (2))]
with

hi(z) =Blyld=1,0. ()]
ha (z) = Blyld = 0,p. ()]

so that the same argument as above shows that the influence of the imputation estimator that uses
regressions on the population propensity score is

d 1—-d

(h1 (px () = ha (s (2)) = Bu) + o @ (y = ha (e« (2))) = T (@) (y = ha (e« (2)))  (21)
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The asymptotic variances implied by (20) and (21) are

V.
ar (o)

Ry Var (yo| z)
E [(ﬂ () = Be)” + . () o (z)} (22)
e E | (8 (00 (2)) — 5)2 + (y1 — I (s (2)))? o (o= ho (e () (23)

" ) P« () 1— . ()
where 3 (z) = b (&) = hs (@) and 8 (¢. (2)) = h1 (¢« (2)) = h2 (¢ (@) = B[B (2)| ¢ (2)]. Using

B (1 — b (pe @)P| ] = B [ (w1 = b @) + (1 () = b (92 (2)))°] 2]
= Var (1] @) + (b (&) = b1 (¢« ()
B | (90 — ho (9 (@)))°| 2] = Var (yol 2) + (ho (2) = ho ¢+ (2)))°

and

B[ (8 () - 4.)°

p. (@) =B [((B() - B(pw (@) + (B (04 () = B.))%| . (2)]
= |(8(2) - B(p« ()| 0« @)] + (B (s (2)) - B.)?

we note that

(y1 — b1 (pu (2))* ] [Var (y1]2) (h1 (x) — ha (s (2)))?
1T e | T e | +2 o (@) ]
(yo — ho (s ()))*] [ Var (yo| 2) (ho () — ho (s (2)))?
E[ - @) __E_l—so*(w)]+ 1= @) ]
B|(8(2) - 8.0 =B [(8(2) - B (g (@))°] + B [(8(p. (@) - 8]

Therefore, we can see that the difference of (23) and (22) is equal to

(b1 (2) = hn (e @))? (o (2) = ho (s ()))°]
. e (@) B ey

I L L
‘E[so*(xﬁl—so*(x) e =0 ”]

for a(x) = hy (x) —
(22) is equal to

[l—so*( )

=

hi (¢« (x)) and b (z) =

1790*

w(m

1—<p*

1—g0*

~E[(B (@)~ 8 (pe ()]

ho () — ho (¢« (x)). Therefore, the difference of (23) and

2a(2)b (o)

)]

which establishes relative efficiency of imputation using on z over imputation using ¢, ().
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E Additional Results on Influence Functions with Multiple Non-
parametric Components

E.1 Newey’s Approach with Multiple Nonparametric Components

Although Newey’s (1994) analysis is general enough to cover this topic, his analysis on pp. 1360 — 61
does not explicitly deal with multiple non-parametric objects with potentially different regressors. It
is therefore useful to spell out exactly what is needed to deal with the situation.

Suppose that we are dealing with m (z,hy (z1),...,hs(z)). Note that m depends on h’s only
through their values. Using his equation (3.17), we have

OB [m (2,01 (0) .., hy (0))] iE[D

ahj (:Uja 0)
00

for om (2, h hy)
m Z7 17"'7 J
D; () = Oh.:
J h1=h1(5€1),-~~7hJ:hJ(xJ)
Note that
J
E[D (z,g1,---,97) =B ZDJ z) gj %} {Z () 9 "EJ]
J=1 =1
for

dj (z5) = B[ Dj (2)] 4]

Let gj (x;,0) = argming By [(yj —gj (x]))ﬂ for a path. Note that d; (z;) satisfies the orthogonality
Eo [(y; — g5 (4,0)) ; ()] = 0, or
By [0 () g5 (x,0)] = Bg [6; () ]

Then by the chain rule,

OB [D (z,h (0),...,hy(0))] 9B [23']=1 o5 () 95 (25, 9)]

09 _ a9

OBy [0 () g (25,0)]  OBa [0 () 5 ()]
_ 09 09

OBy _Z}]:l d; (mj)yj} OEq [23111 dj () gj (l‘j)]
L a9

OB _Z}-le d; (5) (y; — 9; (wj))}

00

—B KZ 0 (x;) (yj — g5 <xj>>) S(z)]

j=1
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It follows that the adjustment to the influence function is equal to

J
Z 05 (x = g5 (x5))

Jj=1

This derivation simply verifies that the adjustment can be computed “term by term”.

E.2 Verification by Ai & Chen’s (2007) Asymptotic Variance Formula

Because Newey did not explicitly deal with multiple nonparametric components explicitly, it would
be useful for readers’ peace of mind to make sure that the derivation is not flawed. For this purpose,
it is useful to look at Ai & Chen (2007). They considered a very general model, but it can be easily
mapped into ours:

Em(z,q1(x1),...,95(xg)) — 0] =

Their notation is a little messy, so we need to approach it with care. First of all, they are dealing with
J moments, whereas we are dealing with J + 1 moments. See their equation (1).
Second, using their definition of m; in the middle of page 9, we come up with

M; =Elyj|z] —gj (z;), j=1,....J
MJ+1 =E [m (ngl (331) yees9J (xf))] -0
In order to avoid confusion, I used M instead of m.

Third, we need to get the pathwise derivative for the deviation <5, Ji,--- ,ﬁj), which is written
a — oy in Ai & Chen. Using the definition on page 15, we find

J
dMJ+1 om(z,91(x1),...,97 (Z‘J))f& )
dh =) E [ dg; 9 (1)

—_

]:

dM;

“dh

Fourth, we need to find w* as defined on page 18. (Because # here is one dimensional, we do not
need to work with multiple /s, and the dependence on [ is suppressed.) According to their analysis on

[OZ—OZ*]:—EJ'(I'J‘), ]:17a']

page 18, all we need to do is to find wj (1) ,...,w% () that minimizes
J 2 7 2
B (wy(x)?+ [B -1 —ZD z) w; () = |E|[1+) D) w;(z)| | +>_E [(wj (%’))2}
j=1 j=1 j=1
It can be shown that the solution is given by
‘ E[D; (2)| =]
w; (zj) = J J

B[S B[D; ()] 5]
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Proof is provided later.
Fifth, we need to calculate as in their page 19

wi (1)
Do () = wy @])

B|-1- Y, D (2)w ()]

We can ignore their Vi« because there is no misspecification in our model.
Sixth, we calculate as in their Theorem 4.1on page 21,

As for the first term on the right, we have
d 5L D; (2)BLD; (2)] 2] ]
E|{1+)» Dj(z)w;(z;)| =E|1- J
{ ; ’ } { 1+E [Zj:l (E[D; (2)] fvj])ﬂ
B[S (BID; ()] 2]

1+B|S), BD; ()| ;])’]
1

1B [S (BID; ()] 5]

As for the second term on the right, we have

J ) /B [BLD; ()| 7,])’]
B | (wj (z;))"| =
Z (5 (1+EB[ZL @LD; ()]

2

Therefore, we have

J i(z2)| x5 2
B [Dur (2) Dur (2)] — 1 S/ B|®(D; (2)|2))]

(1 +EB S (B[D; (2)] 2))?] ) ! (1+E [T, B1D; ()l2)?])’
1

1+E [T, (B(D; ()] 23]

Seventh, we write
y1— g1 (71)

Yy — g.J (z7)
m(z,91(x1),...,97(x5)) — 0
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and

J J
Dy () p = wi (x;) (y; — gj (x;)) + E {1 —Y D (2)w} (l‘j)] (m —0)
j=1

j=1
XL EBID; (2] (yy — g5 (25) 1
1+B S BID; ()| o])’] 1+B S, (B1D; (2)] )]
(m—0) + 37 B[D; (2) 23] (y; — g; (x;))
1+E [T (BID; ()] 2]

(m —0)

calculate as in their Theorem 4.1 on page 21

0, = Var (Dy- (z) p) = Var ((m —0) + 37 B[D; (2)] 25 (95 — 95 (xj)))
% w P <1+E[Z}Izl (E[D; (2)|xj])2D2

Finally, using their Theorem 4.1, our asymptotic variance is equal to
€2
(B [Dyr (2) D (2)])°
- Var ((m—0)+ X)L BID; ()| o] (g — 95 (2))) / (1+ B [ BID; (2)]2,)°)])
1/ (1+E [T, B1D; ()l 2)?])

2

J=1

J
= Var ((m —0)+ ZE [Dj (2)| 4] (yj — g5 (x])))

Now, Inspection of this asymptotic variance formula indicates that it is equivalent to adjusting
the influence function m — 6 by Z}]:lE [Dj (2)| ;] (yj — g; (z;)). This is exactly what our earlier
derivation would suggest.
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