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On the prediction of stationary functional time series

Alexander Aué Diogo Dubart Norinho Siegfried étmann

Abstract

This paper addresses the prediction of stationary functional time series. Existing contribu-
tions to this problem have largely focused on the special case of first-order functional autoregres-
sive processes because of their technical tractability and the current lack of advanced functional
time series methodology. Itis shown here how standard multivariate prediction techniques can be
utilized in this context. The connection between functional and multivariate predictions is made
precise for the important case of vector and functional autoregressions. The proposed method is
easy to implement, making use of existing statistical software packages, and may therefore be
attractive to a broader, possibly non-academic, audience. lIts practical applicability is enhanced
through the introduction of a novel functional final prediction error model selection criterion that
allows for an automatic determination of the lag structure and the dimensionality of the model.
The usefulness of the proposed methodology is demonstrated in a simulation study and an ap-
plication to environmental data, namely the prediction of daily pollution curves describing the
concentration of particulate matter in ambient air. It is found that the proposed prediction method

often significantly outperforms existing methods.

Keywords: Dimension reduction; Final prediction error, Forecasting, Functional autoregres-
sions; Functional principal components, Functional time series; Particulate matter, Vector au-
toregressions
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1 Introduction

Functional data are often collected in sequential form. The common situation is a continuous-
time record that can be separated into natural consecutive time intervals, such as days, for which
a reasonably similar behavior is expected. Typical examples include the daily price and return
curves of financial transactions data and the daily patterns of geophysical, meteorological and
environmental data. The resulting functions may be described by a time S&rids€ Z), each

term in the sequence being a (random) functi@ft) defined fort taking values in some interval

[a, b]. Here,Z denotes the set of integers. The objett (k € Z) will be referred to as a functional

time series (see &mann & Kokoszka (2012) for a recent survey on time series aspects, and
Ferraty & Vieu (2010) and Ramsay & Silverman (2005) for general introductions to functional data
analysis). Interest for this paper is in the functional modeling of concentration of particulate matter
with an aerodynamic diameter of less thand0in ambient air, measured half-hourly in Graz,
Austria. Itis widely accepted that exposure to high concentrations can cause respiratory and related
health problems. Local policy makers therefore monitor these pollutants closely. The prediction
of concentration levels is then a particularly important tool for judging whether measures, such as
partial trefic regulation, have to be implemented in order to meet standards set by the European
Union.

Providing reliable predictions for future realizations is in fact one of the most important goals of
any time series analysis. In the univariate and multivariate framework, this is often achieved by set-
ting up general prediction equations that can be solved recursively by methods such as the Durbin-
Levinson and innovations algorithms (see, for example, Brockwell & Davis (1991), Shumway &
Stoffer (2011)). Prediction equations may be derived explicitly also for general stationary func-
tional time series (see Section 1.6 of the monograph Bosq (2000)) but they d&eunitdo solve
and implement. As a consequence, much of the research in the area has focused on the first-order

functional autoregressive model, shortly FAR(1). Bosq (2000) has derived one-step ahead predic-
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tors that are based on a functional form of the Yule-Walker equations. Besse et al. (2000) have
proposed nonparametric kernel predictors and illustrated their methodology by forecasting clima-
tological cycles caused by the Elidi phenomenon. While this paper, and also Besse & Cardot
(1996), have adapted classical spline smoothing techniques, Antoniadis & Sapatinas (2003), see
also Antoniadis et al. (2006, 2009), have studied FAR(1) curve prediction based on linear wavelet
methods. Kargin & Onatski (2008) have introduced the predictive factor method, which seeks to
replace functional principal components with directions most relevant for predictions. Diderick-
sen et al. (2012) have evaluated several competing prediction models in a comparative simulation
study, finding Bosq’s (2000) method to have the best overall performance. Other contributions to
the area are Aneirosérez et al. (2010), and Aneirogfez & Vieu (2008).

In spite of its statistical relevance and its mathematical appeal, functional time series modeling
has still some unpleasant limitations for the practitioner. First, to date there are not many “ready
to use” statistical software packages that can be utilized directly for estimation and prediction
purposes. The only available packages that the authors are aware of fae gackage of Damon
& Guillas (2010) and theftsa package of Hyndman & Shang (2012), both implemented for the
statistical softwar®. The lack of tailor-made procedures often requires manual implementation.
This may be challenging and therefore restrict use of the methodology to an academic audience.
Second, the methodology developed for the FAR(1) casdfisuwlt to generalize. If an FAR(1)
approach is infeasible, one can use the multiple testing procedure of Kokoszka & Reimherr (2013)
to determine an appropriate ordefor a more general FARY) process. In addition, exogenous
predictors can be incorporated using the work of Damon & Guillas (2002). These authors include
exogenous covariates of FAR(1) type into a first-order autoregressive framework for functional
ozone predictions. For more general cases functional theory and estimation have not yet been
developed.

The goal of this paper is then to fill in this gap by promoting a simple alternative prediction

algorithm which consists of three basic steps, all of which are easy to implement by means of
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existing software. First, use functional principal components analysis, FPCA, to transform the
functional time series observatiols, ..., Y, into a vector time series of FPCA scorés ..., Y,

of dimensiond, whered is small compared to. Second, fit a vector time series to the FPCA
scores and obtain the predict85+1 for Yn.1. Third, utilize the Karhunen-L&ve expansion to
re-transformY,.; into a curve predictoh?ml. The first and the third step are simple and can be
performed, for example, with thida package irR. The second step may be tackled with standard
multivariate time series methodology. Details are developed in Section 2. While the proposed

approach is conceptually quite easy, several non-trivial questions need to be raised:

1. How does the resulting methodtdir from existing ones?

2. Why is this method justified from a theoretical standpoint?

3. In order to minimize the prediction error, how can the number of principal components in the
dimension reduction for Step 1 be determined and how should model selection be performed

in Step 2? Preferably, both choices should be made simultaneously.

These issues will be addressed in Section 3. In particular, a comparison to Bosqg’s (2000) clas-

sical benchmark FARY) prediction is made. A theoretical bound for the prediction error of the

proposed methodology is established, which will imply asymptotic consistency. In Section 3.4 a

novel functional final prediction error criterion is developed that jointly selects the praed the

dimensionalityd of the FPC score vectors, thereby allowing for an automatic prediction process.
Functional principal components have been employed in other approaches to functional pre-

diction, for example in Bosq'’s (2000) FAR(1) prediction method and in Aguilera et al. (1999).

Roughly speaking, these and many other existing approaches have in commynshagressed

onto the lagged observatiofy_; by minimizing E[f[Yk(t) — P(Y_1)(t)]?dt] with respect to a lin-

ear operatol. The solution of this problem involves an infinite series representatidhalbng

FPCs. (More details will be given in Section 3.1.) In contrast, the proposed approach first uses

dimension reduction via FPCA and then fits a model to the reduced data. No a priori knowledge
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of the functional model is needed and instead of a single estimator, a variety of existing tools for
vector processes can be entertained. Further lags or exogenous covariates are also easily included
into the prediction algorithm (see Section 4).

Hyndman & Ullah (2007) and Hyndman & Shang (2009) have suggested a curve prediction
approach based on modeling FPC scores by scalar time series. They argue that scores are uncor-
related and that hence individual time series can be fit. Depending on the structure of the data,
this can be quick andfiécient in some cases but less accurate in other cases. The fact that FPC
score vectors have no instantaneous correlation, does not imply that autocovariances at lags greater
than zero remain diagonal. Hence univariate modeling may invoke a loss of valuable information
hidden in the dependence of the data. This will be demonstrated in Section 6 as part of a simula-
tion study. This issue can be avoided if one makes use of so-ahfeamic functional principal
componentsecently introduced in Brmann et al. (2013) and Panaretos & Tavakoli (2013). These
authors propose a methodology which produces score vectors with diagonal autocovariances via
time invariant functional linear filters. Since the involved filters are two-sided (they require past
and future observations), it is not clear how this methodology could be used for prediction.

It should be noted that, in this article, the dafaare assumed to be given in functional form,
since the focus is on working out functional prediction methodology without getting into as-
pects of data preprocessing, which appears to be rather specific to the particular data at hand and
therefore not conducive to a unified treatment. In practice, however, one observes only vectors
Yk(ta), ..., Yk(tL), with spacingst, — t,_;, and number of intraday sampling points, potentially
varying from day to day. The problem of transforming the vector observations into (smooth) func-
tions has been treated in many articles and will not be detailed here. As an excellent starting
point for reading in this direction the reader is referred to Chapters 3—7 of Ramsay & Silverman
(2005). It is expected that the comparative results established in this paper as part of simulations
and the application will hold also if the functions are not sampled equidistantly, with the rate of

improvement of the proposed method over its competitors being of similar magnitude.
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The remainder of the paper contains some possible extensions of the new prediction methodol-
ogy in Section 5, a supporting simulation study in Section 6 and an application to the prediction
of intraday patterns of particulate matter concentrations in Section 7. Section 8 concludes and

technical proofs are given in Appendix A.

2 Methodology

In what follows, let ¥x: k € Z) be an arbitrary stationary functional time series. It is assumed
that the observationy, are elements of the Hilbert spaee= L2([0, 1]) equipped with the inner
product(x,y) = fol x(t)y(t)dt. EachYy is therefore a square integrable function satisfyj¥g®> =

fol YZ(t)dt < co. All random functions are defined on some common probability spacei(P).

The notationY € L, = L2 (Q, A, P) is used to indicate that, for sonpe> 0, E[||Y||P] < co. Any

Y € L}, possesses then a mean cuwe- (E[Y(t)]: t € [0,1]), and anyY € L2 a covariance

operatoiC, defined byC(x) = E[(Y — u, X)(Y — u)]. The operatoC is a kernel operator given by

1
CX)() = fo c(t, 9x(s)ds c(t, s) = Cov(Y(t), Y(9)).

As in the multivariate cas&; admits the spectral decomposition

C() = > Ve, ¥V,
(=1

where @,: ¢ € N) are the eigenvalues (in strictly descending order) and{ € N) the corre-
sponding normalized eigenfunctions, so tk4v,) = A,v, and||v|| = 1. Here,N is the set of
positive integers. Thev(: ¢ € N) form an orthonormal basis df?([0, 1]). HenceY allows for
the Karhunen-Léve representatiovi = Y2 (Y, v,)Vv,. The codicients(Y, v,) in this expansion are
called the FPC scores ut

Suppose now that we have observéd...,Y,. In practiceu as well asC and its spectral

decomposition will be unknown and need to be estimated from the sample. We egtibyate

B == DN, telo.1]
k=1
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and the covariance operator by
R 1 <
Ca() = = > (Y= fin, )(Yic = fin).

n k=1
Under rather general weak dependence assumptions these estimatgrsamasistent. One may,
for example, use the conceptlot-m-approximability introduced in Brmann & Kokoszka (2010)
to prove tha€[||in — ul] = O(n2) andE[||C,, — Clli] = O(n™1), where the operator norin || is,

for any operatoA, defined by

ALz = SUplIA(X)II.

IXiI<1
It is shown in Lemma A.1 of the Appendix that the general results (see Theorems 5 and 6 of
Hormann & Kokoszka (2012)) apply to the functional autoregressive processes studied in this
paper. FromC,, estimated eigenvaluek,,, ..., 14, and estimated eigenfunctions,.. .., V4,
can be computed for an arbitrary fixed, but typically smadlk n. These estimators inheri/n-
consistency fronC,. See Theorem 7 in 8tmann & Kokoszka (2012). For notational convenience,
A, andv, will be used in place ofi,, andv ..

Functional linear prediction equations for general stationary processes have been derived in
Section 1.6 of the monograph Bosq (2000). They appear to be impractical for actual data analysis
as there do not seem to be either articles discussing applications to real life examples or contri-
butions concerned with further foundational elaboration. As pointed out in the introduction, the

notable exception is the FAR(1) process defined by the stochastic recursion
Yi—p=P(Yier — ) + & keZ, (2.1)

where &: k € Z) are centered, independent and identically distributed innovatiohs, iand
¥ : H — H a bounded linear operator satisfyijfi§||; < 1 for somek, > 1. The latter condition
ensures that the recurrence equations (2.1) have a strictly stationary and causal sdlitidoisq
(2000) has in the FAR(1) case used the prediction equations to devise what is now often referred

to as the common predictor. This one-step ahead prediction is based on an esHpatst and
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then given by7n+1 = P,Y,. Details of this method are given in Section 3, where it will be used as
a benchmark to compare with the novel methodology to be introduced in the following. The new
prediction technique avoids estimating operators directly and instead utilizes existing multivariate
prediction methods.

The proposed prediction algorithm proceeds in three steps. First, detbetnumber of princi-
pal components to be included in the analysis, for example by ensuring that a certain fraction of the
data variation is explained. With the sample eigenfunctions, empirical FPC sgores(Yy, Vr)
can now be computed for each combination of observatiQnk = 1,...,n, and sample eigen-
functionsv,, £ = 1,...,d. The superscripé emphasizes that empirical versions are considered.

Create from the FPC scores the vectors

Y= 0o Yo

where’ signifies transposition. By nature of FPCA, the vedtfcontains most of the information
on the curveY,. In the second step, fix the prediction lag Then, use multivariate prediction

techniques to produce tlestep ahead prediction

2,e A, A
Yn+h = (Yﬁm,l’ R Yﬁ+h,d)’

given the vector¥?s, ..., Y. Standard methods such as the Durbin-Levinson and innovations algo-
rithm can be readily applied, but other options such as exponential smoothing and nonparametric
prediction algorithms are available as well. In the third and last step, the multivariate predictions
are re-transformed to functional objects. This conversion is achieved by defining the truncated

Karhunen-L&ve representation
YrH.h = yﬁ+h,l \A/l +---+ An+h,dvd (22)

based on the predicted FPC scoypsdnd the estimated eigenfunctions The resulting¥p., is
then used as thie-step ahead functional predictionéf,,. The three prediction steps are summa-

rized in Algorithm 1.

ACCEPTED MANUSCRIPT
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Algorithm 1 FunctionalPrediction

1. Fixd. Fork=1,...,n, use the dat¥}, ..., Y, to compute the vectors

Y = (yﬁ,l, .. .,yﬁ,d)’,
containing the first empirical FPC scoreﬁf = (Y, Vp).

2. Fixh. UseY3, ..., Y; to determine thé-step ahead prediction

~e ~ ~
Yn+h = (ye;\+h,1’ A y?Hh,d)/

for Y&

o.n With an appropriate multivariate algorithm.

3. Use the functional object

Yn+h = yﬁﬁLh,l V]_ + ...+ n+h’dvd

ash-step ahead prediction fof,, .

Several remarks are in order. The proposed algorithm is conceptually simple and allows for a
number of immediate extensions and improvements as it is not bound by an assumed FAR structure
or, in fact, any other particular functional time series specification. This is important because there
is no well developed theory for functional versions of the the well-known linear ARMA time
series models ubiquitous in univariate and multivariate settings. Moreover, if anpFAR({cture
is indeed imposed orY(: k € Z), then it appears plausible thef, ..., Y; should approximately
follow a VAR(p) model. This statement will be made precise in Appendix A.

The FAR(1) model should in practice be employed only if it provides a reasonable approxima-
tion to the unknown underlying dynamics. To allow for more flexible predictions, higher-order
FAR processes could be studied. The proposed methodolégg @an automatic way to select the
appropriate ordep along with the dimensionalitgl (see Section 3.4). It can, in fact, be applied to
any stationary functional time series. For example, by utilizing the multivariate innovations algo-
rithm (see Section 11.4 in Brockwell & Davis (1991)) in the second step of Algorithm 1. How this

is done in the present prediction setting is briefly outlined in Section 5 below.

ACCEPTED MANUSCRIPT
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It should be emphasized that the numerical implementation of the new prediction methodology
is convenient irR. For the first step, FPC score matri;( ... : Y;) and corresponding empirical
eigenfunctions can be readily obtained with ffia package. For the second step, forecasting for
the FPC scores can be done in another routine step usingttsepackage in case VAR models

are employed. The obtained quantities can be easily combined for obtaining (2.2).

3 Predicting functional autoregressions

The FAR(1) model (2.1) is the most often applied functional time series model. It will be used here
as a benchmark to compare the proposed methodology to. Without loss of generality it is assumed

thatu = E[Y,] = 0. More generally, the higher-order FABR(model
Yk = \Pl(Yk—l) + .-+ \Pp(Yk_p) + &k, ke Z, (31)

is considered, assuming throughout that£j): (k € Z) is an i.i.d. sequence ib? with E[&] = 0,
and (ii) the operator®; are such that equation (3.1) possesses a unique stationary and causal

solution. All the above conditions are summarized as Assumpian

3.1 The standard first-order predictor

In order to obtain Bosq’s (2000) predictor, estimation of the autoregressive op@ragdsriefly
discussed. The approach is based on a functional version of the Yule-Walker equations. Let then

(Yx: k € Z) be the solution of (2.1). Applyin&[(-, X)Yx_1] to (2.1) for anyx € H, leads to
E[(Yk, X)Yi-1] = E[{P(Yk-1), X)Yi-1] + E[<ew X Yiea] = E[(P(Yi-1), X) Yi-1]-

Let againC(x) = E[(Y1, X)Y1] be the covariance operator ¥f and also leD(x) = E[(Y1, X)Yq]
be the cross-covariance operatorYgfandY;. If ¥’ denotes the adjoint operator ¥ given by

the requirement¥(x),y) = (x, ¥’'(y)), the operator equatioB(x) = C(¥’(x)) is obtained. This

ACCEPTED MANUSCRIPT
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formally gives¥(x) = D’'C~1(x), whereD’(xX) = E[(Yo, X)Y1]. The operatoD’ can be estimated

by D’(x) = (n— 1) YY1, X)Yi. A more complicated object is the unbounded oper&tdr
Using the spectral decomposition Gf, it can be estimated b§;*(x) = X%, 2, %%, x)¥, for an
appropriately chosed. Combining these results with an additional smoothing step, using the

approximationyy =~ Z§:1<Yk, V)V, gives the estimator

d

. 1 n d ~ A A o
Bo(¥) = =5 >0 D D AT, T Vi 0) T (3.2)

k=2 ¢=1 ¢'=1

for ¥(x). This is the estimator of Bosq (2000). It gives rise to the functional predictor
?n+1 = \i’n(Yn) (3-3)

for Yn,1. Theorem 8.7 of Bosq (2000) provides the strong consisten#ofder certain technical
assumptions. A recent result obHnann & Kidzihski (2012) (see their Corollary 2.1) shows that
consistent predictions (meaning thigt(Y,) — ¥(Y,)l| 5 0) can be obtained in the present setting

if the innovations §: k € Z) are elements df,. For these results to hold, it is naturally required

thatd = d, — . The choice ofi, crucially depends on the decay rate of the eigenvalu€saxs

well as on the spectral gaps (distances between eigenvalues). As these parameters are unknown,
a practical guideline for the dimension reduction is needed. An approach to this problem in the

context of this paper will be provided in Section 3.4.

3.2 Fitting vector autoregressions to FPC scores

The goal of this section is to show that the one-step predictprsin (2.2), based on fitting
VAR(1) models in Step 2 of Algorithm 1, ar, in (3.3) are asymptotically equivalent for FAR(1)

processes. This statement is justified in the next theorem.

Theorem 3.1. Suppose mod€P.1) and let AssumptioBAR hold. Assume that a VAR(1) model is

fittoY{,...,Ys by means of ordinary least squares. The resulting predi@d)is asymptotically

ACCEPTED MANUSCRIPT
11



Downloaded by [University of California Davig] at 08:36 30 January 2015

ACCEPTED MANUSCRIPT

equivalent tq3.3). More specifically, if for both estimators the same dimension d is chosen, then
A ~ 1
Vo1 = Yol = Op(=) (0 o)

The proof of Theorem 3.1 is given in Section A.2, where the exdterdince between the
two predictors is detailed. These computations are based on a more detailed analysis given in
Section A.1 which reveals that the FPC score vecHits. ., Y; follow indeed a VAR(1) model,

albeit the non-standard one
YE=BEYE, +6k  k=2....n,

where the matr85 is random and the errok depend on the lalyy_, (with precise definitions
being given in Section A.1). Given this structure, one might suspect that the use of generalized least
squares, GLS, could be advantageous. This is, however, not the case. Simulations not reported in
this paper indicate that the gains iffieiency for GLS are negligible in the settings considered.
This is arguably due to the fact that possible improvements may be significant only for small
sample sizes for which, in turn, estimation errors more than make up the presumed advantage.
Turning to the case of FAR) processes, notice first that Theorem 3.1 can be established for
the more general autoregessive Hilbertian model (ARH(1)). In this case, the Ist{fzel]) is
replaced by a general separable Hilbert space. The proof remains literally unchanged. Using this
fact, a version of Theorem 3.1 for higher-order functional autoregressions can be derived by a
change of Hilbert space. Following the approach in Section 5.1 of Bosq (2000), write th@FAR(

process (3.1) in state space form

Yk \Pl s le—l \Pp Yk_1 Ek
Y- Id 0 Y 0
= R . (3.4)

The left-hand side of (3.4) is prvector of functions. It takes values in the spate= (L2[0, 1])P.

The matrix on the right-hand side of (3.4) is a matrix of operators which will be denoted by

ACCEPTED MANUSCRIPT
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¥*. The components Id and 0 stand for the identity and the zero operatbl, oespectively.
Equipped with the inner producx, y), = ZL(XJ-, yj) the spacéd, defines a Hilbert space. Setting

X = Yo - .-, Yieper)” @andoy = (&, 0, ..., 0), equation (3.4) can be written & = V" (Xy_1) + ok,

with 6y € Lﬁip. Now, in analogy to (2.2) and (3.3), one can derive the vector-functional predictors
X = (X0, XPy and X = (X,...,XP) and obtain tha|¥ — Xdl, = Op(1/n), where

IXllp = +/{X, X)p. Then, the following corollary is immediate.

Corollary 3.1. Consider the FAR(p) modé€B.1) and let AssumptiofAR hold. Further suppose
that||(¥*)*|l; < 1for some k> 1. Then settingfy = X" and¥, = X" one obtaing|Y,1 — Yn.all =

Op(1/n), as n— oo.

3.3 Assessing the error caused by dimension reduction

Assume the underlying functional time series to be the causal pABROcess. In the population
setting, meaning the model is fully known, the best linear one-step ahead prediction (in the sense
of mean-squared loss) ¥, ; = W1(Yy) + - - - Wp(Yn-p+1), providedn > p. In this case, the smallest
attainable mean-squared prediction erraris= E[|len.1//?]. Both estimation methods described
in Sections 3.1 and 3.2, however, give predictions that live dnrdamensional subspace of the
original function space. This dimension reduction step clearly introduces a bias, whose magnitude
is bounded in this section. It turns out that the bias becomes negligiblesas, thereby providing
a theoretical justification for the proposed methodology described in the next subsection.

Unlike in the previous section, it will be avoided to build the proposed procedure on the state
space representation (3.4). Rather a VARfodel is directly fit by means of ordinary least squares
to thed-dimensional score sequence. Continuing to work on the population level, the theoretical

predictor

~

Yoi1 = Yne1aVa + ..o + Yne1.aVas

is analyzed, wherg, = (Yx, V) andyi, its one-step ahead linear prediction. Recall that a bounded
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linear operatorA is called Hilbert-Schmidt if, for some orthonormal basts: (¢ € N), ||A||§ =
Y21 IA(E)]I? < 0. Note that| - ||s defines a norm on the space of compact operators which can be

shown to be independent of the choice of bagis { € N).

Theorem 3.2. Consider the FAR(p) modéB.1) and suppose that AssumptiBAR holds. Suppose

further that',, ..., ¥, are Hilbert-Schmidt operators. Then

E[”Yn+1 - ?n+l||2] < 0-2 + Yd> (35)
where
o] 2 ) )
va= (14 Dwie ) D4 and uz = Y wr
j=1 (=d+1 (=d+1

The proof of Theorem 3.2 is given in Appendix A.3.

The constanyy bounds the additional prediction error due to dimension reduction. It decom-
poses into two terms. The first is given by the fraction of variance explained by the principal
componentsy;: £ > d). The second term gives the contribution these principal components make
to the Hilbert-Schmidt norm of th&;. Note thaty 4 < [|¥|lls and thaty’;>; 4, = o>, As a simple
consequence, the error in (3.5) tends indeed’tor d — .

This useful result, however, does not provide a practical guideline for choosirthe proposed
algorithm because the bound in (3.5) becomes smaller with incredsirigatheryy has to be
viewed as the asymptotic error due to dimension reduction, whefixed andh — . In practice
one does not have full information on the model for the observatfons., Y, and consequently
several quantities, such as the autocovariance structure of the score vectors, have to be estimated.
Then, with larged, the variance of these estimators increases. In the next section, a novel criterion
is provided that allows to simultaneously choose the dimersgemd the ordep in dependence of
the sample siza. This is achieved with the objective of minimizing the mean-squared prediction

error MSE.
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3.4 Model and dimension selection

Given that the objective of this paper is prediction, it makes sense to choose the model to be fitted
to the data as well as the dimensidwf the proposed approach such that the MSE is minimized.
Population principal components are still considered (recalling that estimatoggacensistent),
but in contrast to the previous section estimated processes are studied. The resulting additional
estimation error will now be taken into account.

Let (V) be a centered functional time seried i) Motivated by Corollary 3.1 VARg) models
are fitted to the score vectors. The target is to propose a fully automatic criterion for chdesidg
p. By orthogonality of the eigenfunctions,( ¢ € N) and the fact that the FPC scorgg( ¢ € N)

are uncorrelated, the MSE can be decomposed as

0 d
Z Yn+1,6Ve — Z Yn+1,eVe
=1 =1

where||-|| is also used to denote the Euclidean norm of vectors. The pro¢gds égain stationary.

2 o0
] = E[IYn1 = Yol + ) A,
(=d+1

E[IIYne1 — Yull?] = E[

Assuming that it follows al-variate VAR({) model, that is,
Y1 = O1Yp+--- + q)pYn—p+l + Zni1,

with some appropriate white noisg), it can be shown (see, for examplajtkepohl (2006)) that
- d
V(B - B) > Npe(0.2z ® 1), (3.6)

whereg = vec([@1, ..., ®,]") andB = vec([®s, ..., d,]) is its least squares estimator, and where
I'p, = Var(vec[Yy,...,Y1]) andX; = E[Z,Z}]. Suppose now that the estimaj®rhas been ob-
tained from some independent training sampe, (.., X,) d (Y1,...,Yy). Such an assumption

is common in the literature. See, for example, the discussion on page 98kafdohl (2006). It
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follows then that
E[IVni1 = YoeallP] = E[IYne1 = (@1 + - + DpYn_ped) ]
= E[1Znsall?] + E[l(®1 = P1)Yn + - + (P — Pp)Yn_ps1)l]

=tr(Zz) + E[l[lp® (Yp.- ... Yn_p 1B - B)IPI.

The independence ﬁfand .,...,Y,) yields that

E[Illp® (Y-, Yipe)1B = BIF] = E[tr{(B - B)[1, ® Tpl(B - B))]
= tr{[l, ® TIE[B - B)(B - BY'])-

Using (3.6), it follows that the last term is
1 pd
- (tr[=2 ® Ipa] + (1)) ~ T r(Es).

(Herea, ~ b, meansa,/b, — 1.) Combining the previous estimates and replacingzjrpy
n(n — pd)tr(Z;) , leads to

n+ pd
n— pd

EfVne1 = Ynaall] ~ trE) + ) A

£>d

It is therefore proposed to jointly select the orgeind the dimensiod as the minimizers of the

functional final prediction error-type criterion

fFPE(p, d) = E . ES ) + > A (3.7)

£>d

With the use of the functional FPE criterion, the proposed prediction methodology becomes fully
data driven and does not need the additional subjective specification of tuning parameters. Itis in
particular noteworthy that the selectionaifs now made in dependence of the sample BiZEhe
excellent practical performance of this method is demonstrated in Sections 6 and 7.

It should finally be noted that in a multivariate context Akaike (1969) originally suggested the

use of the log-determinant in place of the trace in (3.7) so as to make his FPE criterion equivalent

ACCEPTED MANUSCRIPT
16



Downloaded by [University of California Davig] at 08:36 30 January 2015

ACCEPTED MANUSCRIPT

to the AIC criterion (see ltkepohl (2006)). Here, however, the use of the trace is recommended,

since this puts the two terms in (3.7) on the same scale.

4 Prediction with covariates

In many practical problems, such as in the particulate matter example presented in Section 7, pre-
dictions could not only contain lagged values of the functional time series of interest, but also other
exogenous covariates. These covariates might be scalar, vector-valued and functional. Formally
the goal is then to obtain a predicf?mh given observations of the curv¥s, ..., Y, and a number

of covariatesX{’, ..., X". The exogenous variables need not be defined on the same space. For
example, XY could be scalarx® a function andX®® could contain lagged values 2. The
following adaptation of the methodology given in Algorithm 1 is derived under the assumption
that (Y: k € Z) as well as the covariateX{ : n € N) are stationary processes in their respective
spaces. The modified procedure is summarized in Algorithm 2.

The first step of Algorithm 2 is expanded compared to Algorithm 1. Step 1(a) performs FPCA
on the response time series curygs. . ., Y,. In Step 1(b), all functional covariates are first trans-
formed via FPCA into empirical FPC score vectors. For each functional covariatéeeedt
number of principal components can be selected. Vector-valued and scalar covariates can be used
directly. All exogenous covariates are finally combined into one veRfan Step 1(c).

Details for Step 2 and the one-step ahead prediction leasel could be as follows. Since
stationarity is assumed for all involved processes, the resulting FPC scores form stationary time

series. Define hence
Fyy(i) = COV(Ye, Y(Ii—i)’ FYR(') = COV(Ye, Rﬁ—i)’ I'rr = COV(Re, RE)

and notice that these matrices are independehkt &ix m € {1,...,n}. The best linear predictor

e

Y:.1 of YE,; given the vector variable€S, ..., Ye ..,

il R can be obtained by projecting each com-

ponentyy , , of Yo, onto SRyg, Ri |1 <i<d 1<j<rn-m+1<kx<n} Then there exist
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Algorithm 2 Functional Prediction with Exogenous Guiates

1. (a) Fixd. Fork=1,...,n, use the dat¥3, ..., Y, to compute the vectors

YE= O i)

containing the firstl empirical FPC scoreg;, = (Yk, ¥).

(b) For a functional covariate, fi. Fork = 1,...,n, use the datX,, ..., X, to compute the
vectors

XE = (0. X

containing the first” empirical FPC scoreg;, = (X, W,). Repeat this step for each func-
tional covariate.

(c) Combine all covariate vectors into one ved®ir= (R,...,R5)".

2. Fixh. UseYs,...,Y; andR: to determine thé-step ahead prediction

2,e A A
Yn+h = (Y?Hh,l’ ) Yﬁm,d)’

for Y€

. With an appropriate multivariate algorithm.

3. Use the functional object

Ynih = yﬁ+h,l Vit -+ YiinhgVd

ash-step ahead prediction fof,, .
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d x d matrices®d; and ad x r matrix ®, such that

Yo = DY+ DY 4+ + DY+ ORS

Using the projection theorem, it can be easily shown that the matbges. , ®,, and® are char-
acterized by the equations

ryy(i + 1) = (Dley(i) + e+ (Dmryy(i +1- m) + @rRy(i), = 0,....m-1;

I'vr(1) = @1IvR(0) + - - - + Ppl'yr(1 — M) + OI'gR.

Let
MW  Tw(l) -+ Tw(m-1)  Tvr(0)
T(-1)  Tw(0) -+ Tw(m-2) Tye(-1)
I =
De(l-m) Tw@-m) - Tw(0) Tya(l-m)
Tev(0)  Trv(l) - Te(m-1)  Ta(0)

Assuming that™ has full rank, it follows that
(@, @, ..., Dy, ©) = (Tyy(L), ..., Dyy(m), Tyr(L)™

The matriced'yy(i), I'yr(i) andI'rg have to be replaced in practice by the corresponding sample
versions. This explains why predictions should not be made conditional on al¥data, Y,,. It
would involve the matriceByy(n), I'yy(n — 1),... which cannot be reasonably estimated from the
sample. In the application of Section 7 a VARX(model of dimensiounl is fitted. The dimensiod

and the ordep are selected by the adjusted fFPE criterion (7.1)
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5 Additional options

5.1 Using the innovations algorithm

The proposed methodology has been developed with a focus on functional autoregressive pro-
cesses. For this case a fully automatic prediction procedure has been constructed in Section 3.4.
It should be noted, however, that other options are generally available to the practitioner as well if
one seeks to go beyond the FAR framework. One way to do this would be to view the fitted FAR
process as a best approximation to the underlying stationary functional time series in the sense of
the functional FPE-type criterion in 3.4.

In certain cases a more parsimonious modeling could be achieved if one instead used the inno-
vations algorithm in Step 2 of Algorithm 1. The advantage of the innovations algorithm is that it
can be updated quickly when new observations arrive. It should be particularly useful if one has to
predict functional moving average processes that have an infinite functional autoregressive repre-
sentation with cogicient operators whose norms only slowly decay with the lag. The application
of Algorithm 3 requires the estimation of covarian€¥k) for increasing lagk. Such estimates are
less reliable the smallerand the largek. Therefore including too many lag values has a negative
effect on the estimation accuracy. If estimated eigenfunctions and the covariance nigkjces
are replaced by population analogues, then this algorithm gives the best linear prediction (in mean

square sense) of the population FPC scores based on timedaservations.

5.2 Prediction bands

To assess the forecast accuracy, a method for computing uniform prediction bands is provided in
this section. The target is to find parametz_}(gsga > 0, such that, for a giver € (0,1) and
y:[0,1] - [0, ),

P(Yora(®) = £ () < Youa(®) < Voua () + (1) forallte[0.1]) = o
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Algorithm 3 The Innovations Algorithm for Step 2 in Algorithth

1. Fixme {1,...,n}. The lastmobservations will be used to compute the predictor.

2. Fork=0,1,...,m compute

k
F = 1 (%5 - YT - V.,
=1

3. Set

m
~e ~e
Yo = E ®mi(Yﬁ+1—j - Yn+1—j)’

Ooo = I(0),
k-1

Ommik = |T(N-K) = ) Onm 000 ; |0, K
j=0

I
o
3
|
=

m-1

Omo = 1(0) — Z Omm-i©i0Omm -
=0

The recursion is solved in the OrC@GO; B11, O10; O, Oz, Oo; . ...
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Algorithm 4 Algorithm for determining predictiobands

1. Compute thel-variate score vectorg;, ..., Y: and the sample FPGs,". ., Ug.

2. ForL>0fixke{L+1,...,n—1} and compute

Yirr = Yhpra V1 + - + Yiir a0

whereyy,, ,.....¥%,14 are the components of the one-step ahead prediction obtained from
Ys, ..., Y} by means of a multivariate algorithm.

3. LetM =n-L. Forke {1,..., M}, define the residualg = Y, — \?k+L.
4. Fort € [0, 1], definey(t) = sdE(t): k=1..., M).
5. Determineg—‘_a,ga such thatr x 100% of the residuals satisfy

—€ y() <&(1) < £y(t) forallte[0,1].

There is no a priori restriction on the functign but clearly it should account for the structure
and variation of the data. Although this problem is very interesting from a theoretical standpoint,
only a practical approach for the determinatio@fga andy is proposed here. It is outlined in
Algorithm 4.

The purpose of the parameteris to ensure a reasonable sample size for the predictions in
Step 2 of Algorithm 4. The residuals, ... &y are then expected to be approximately stationary
and, by a law of large numberffect, to satisfy

1 M

o I —£ y() < &) <&x(1) foralitelo, 1])

Foy

=1

P(= £ ¥(t) < Youa(®) = Vauat) <£,(t) forallte[0.1]).

X

Note that, in Step 1, the principal componewts .., V4 have been obtained from the entire sample
Y1,..., Y, and not just from the firgt observations. The choice ¢fin Step 4 clearly accounts for
the variation of the data. For an intraday time exhibiting a higher volatility there should also be a

broader prediction interval. Typically the constaatsandé, are chosen equal, but there may be
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situations when this is not desired.

One advantage of this method is that it does not require particular model assumptions. If two
competing prediction methods exist, then the one which is performing better on the sample will
lead to narrower prediction bands. Simulation results not reported in this paper indicate that Algo-

rithm 4 performs well in finite samples even for moderate sample sizes.

6 Simulations

6.1 General setting

To analyze the finite sample properties of the new prediction method, a comparative simulation
study was conducted. The proposed method was tested on a number of functional time series,
namely first- and second-order FAR processes, first-order FMA processes and FARMA processes
of order (1,2). In each simulation run,= 200 (or 1000) observations were generated of which
the firstm = 180 (or 900) were used for parameter estimation as well as order and dimension
selection with the fFPHY, d) criterion (3.7). On the remaining 20 (or 100) observations one-step
ahead predictions and the corresponding squared prediction errors were computed. From these
mean (MSE), median (medSE) and standard deviation (SD) were calculated. If not otherwise
mentioned, this procedure was repedted 100 times. More details and a summary of the results
are given in Sections 6.2—6.4.

Since in simulations one can only work in finite dimensions, the setting consisi2dotirier
basis functions;, . .., vp on the unitinterval [01], which together determine the (finite-dimensional)
spaceH = spvi,...,Vp}. Note that an arbitrary elememnte H has the representatiorit) =
ZEZl c.V,(t) with codficientsc = (ci,...,Cp)’. If ¥: H — H is a linear operator, then

D
WO = ) C¥(W) = 3 ) (Vo). Ve v = (¥O)V.

D D
=1 =1

=1
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whereY is the matrix whosé-th column and”-th row is(¥(v,), V), andv = (vy,...,Vp)  is the
vector of basis functions. The linear operators needed to simulate the functional time series of
interest can thus be represented lyxa D matrix that acts on the céi&cients in the basis function

representation of the curves. The corresponding innovations were generated according to

D
&) = ) Acvi(t), (6.1)
=1

whereAy, are i.i.d. normal random variables with mean zero and standard deviatiaghat will

be specified below.

6.2 Comparison with scalar prediction

As mentioned in the introduction, a special case of the proposed method was considered by Hynd-
man & Ullah (2007) and Hyndman & Shang (2009). Motivated by the fact that PCA score vectors
have uncorrelated components, these authors have proposed to predict the scores individually as
univariate time series. This will be referred to as Hualar methodin contrast to thevector
methodpromoted in this paper. The scalar method is fast and works well as long as the cross-
spectra related to the score vectors are close to zero. However, in general the score vectors have
non-diagonal autocorrelations. Then, scalar models are not theoretically justified. To explore the
effect of neglecting cross-sectional dependence, FAR(1) time series of lerg200 were gen-

erated as described above. For the purpose of demonstitio ando; = 0, = 03 = 1 were

chosen. Two autocovariance operat®f8 and¥® with corresponding matrices

~005 -023 Q76 1 0 O
Y= 080 -005 004/ and ¥P=08{0 1 o0
004 076 023 0o 0 1

were tested. Both matrices are orthogonal with notB On these simple settings it is easy to

compute the population autocorrelation function (ACF) of the 3-dimensional FPCA score vectors.
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The ACF related to the score sequences of the process generakédibylisplayed in Figure A.1.
It shows that two scores are uncorrelated at lag zero and that there is almost no temporal correlation
in the individual score sequences. However, at lags greater than 1 there is considerable dependence
in the cross-correlations between the first and the third score sequence. The analogou¥ffot for
would reveal a contrary behavior: while the autocorrelations of the individual score sequences
decay slowly, cross-correlations are zero at all lags.

Given these observations, it is expected that the scalar method will do very well in forecasting
the scores when data are generated by opetfarwhile it should be not competitive with the
vector method ifP is used. This conjecture is confirmed in Figure A.2 which shows histograms
of the ratios

_ MSE vectormethod
"~ MSE scalar method

i=1,...,1000Q (6.2)

f

obtained from 1000 simulation runs. The grey histogram refers to the time series generated by
¥@, It indicates that the scalar method is a bit favorable, as the ratios tend to be slightly larger
than one. Contrary to this, a clear superiority of the vector method can be seen when data stem
from the sequence generated®y. In a majority of the cases, the MSE resulting from the vector
methods is less than half as large as the corresponding MSE obtained by the scalar method. It
should also be mentioned thatandd where estimated for the proposed method, while they were

fixed at the true valuep = 1 andd = 3 for the scalar predictions.

6.3 Comparison with standard functional prediction

In this section the proposed prediction is compared on FAR(2) proc¥sse¥;Yx 1+ ¥, Y 2 + &k

to the standard predicton of Bosq (2000). For the latter, the multiple testing procedure of Kokoszka
& Reimherr (2013) was utilized to determine the orgef the FAR model to be fitted. Following
these authorsg was chosen as the smallest integer such that thediincipal components

explain at least 80% of the variance of the data. To ensure that the multiple testing procedure
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keeps an overall asymptotic level of 10%, the levels in three subtests (so testing up to a maximal
orderp = 3) were chosen to be 5%, 3% and 2%, respectively. For ease of reference this method will
be referred to as the BKR method. Owing to the results of Section 3, both methods are expected to
yield similar results if the ordep was known and if the same dimensidmvas chosen for the two
predictors.

The operators were generated such tat «; ¥ and¥, = «, ¥ with |«1| + || < 1 to ensure
stationarity. The case, = 0 yields the FAR(1) process. The operafvmwas chosen at random.
More precisely, choosin® = 21, aD x D matrix of independent, zero-mean normal random
variables with corresponding standard deviatiops was generated. This matrix was then scaled
so that the resulting matri¥ has induced norm equal to 1. In every iteration of the simulation
runs¥ was newly generated. Two types of standard deviations for the innovations in (6.1) were

chosen, namely
(cl) o,=(*¢=1,....D) and ¢©2) o,=(12":¢=1,...,D).

Note that if¥: L2 — L?, then(¥(v,),v,) — 0if £ = o or £’ — o by the Riemann-Lebesgue
lemma. This will be reflected in the corresponding matrices by choasipngas a decaying se-
quence inf and{’. In particular we have choserv((-)) = o107 for setting ¢'1) and (¢¢)) =
o0, for setting ¢-2).

Results for four pairs of valueg;( «,) are shown in Table A.3. The numbers are averages from
100 iterations of the simulation setting explained in Section 6.1. Recall that 10% of the data was
used in each simulation run to compute out-of-sample predictions. This means that the MSE’s
are based on 2,000 forecasts whres 200 and 10,000 forecasts whan= 1,000. The quantity
MSE; refers to the MSE produced by the proposed method and NiSthe MSE obtained from
the BKR method. Similarly, PVEand PVE give the respective averages of the proportions of
variance explained bg principal components, wherkis the chosen dimension of the predictor.

In summary, the following was found:
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e The proposed approach had slight advantages over BKR in almost all considered settings. For
k1 = 0 andk, = 0.8, the BKR method almost always failed to choose the correct qrieze

Table A.3). In this case MSEwvas about 30%—40% larger than MSE

¢ With increasing sample size MgHecreases and approaches the value of the fFPE. The latter
is an estimate for the minimal possible MSE. Contrary to the BKR method, the dimension
parameted chosen by fFPE grows with increasing sample size. This is visualized in Fig-

ure A.3.

e When both methods choose the correct ordeMSE, still had a tendency to be smaller
than MSE. This may arguably be due to the fact that a data driven criterion was applied
to optimally select the dimension parametkr It can also be seen that the mean squared
prediction errors are relatively robust with respect to the choiaklnit quite sensitive to the

choice ofp. In particular, underestimatingcan lead to a non-negligible increase of MSE.

e We have also experimented with= 51. The conclusions remain very similar.

6.4 Beyond functional autoregressions

To test the proposed procedure also for non-autoregressive functional time series, it was applied to

the functional FMA(2) and FARMA(1,2) processes respectively given by the equations

Yk = g + Ogr_o, (63)

Yk = lP]_Yk_]_ + &+ Or18¢1 + Oy o, (64)

with operator® = .8¥, ¥, = .1¥, 0, = .1¥ and®, = .9¥ randomly generated as above. Both

the fFPE-based proposed procedure and the BKR method were applied to time series of length
n = 1000. Since a fitting of long autoregressions is expected the maximal order was set to be
10. The rejection levels for the individual tests of the BKR method were set to achieve an overall

level of approximately 10%. The simulation results are displayed in Table 6.3. The conclusions of
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the previous section still hold true. In particular, MSE reductions of 15%—-25% are seen, with the
reduction being slightly greater for the FARMA(1,2) process. The proposed method approximates
the given time series structure generally with longer FAR processes with average orders (taken
over 100 simulation runs) betwegn= 4 andp = 5 in all four cases. On the other hand, the BKR

method largely fails to make adjustments and selpet0 more than 90% of the time.

7 Predicting particulate matter concentrations

In order to demonstrate its practical usefulness, the new methodology has been applied to envi-
ronmental data on pollution concentrations. The observations are half-hourly measurements of
the concentration (measuredugnr?) of particulate matter with an aerodynamic diameter of less
than 1Qum, abbreviated PM10, in ambient air taken in Graz, Austria from October 1, 2010 until
March 31, 2011. Since epidemiological and toxicological studies have pointed to negative health
effects, European Union (EU) regulation sets pollution standards for the level of the concentration.
Policy makers have to ensure compliance with these EU rules and need reliable statistical tools
to determine, and justify to the public, appropriate measures such as paffialregulation (see
Stadlober et al. (2008)). Accurate predictions are therefore paramount for well informed decision
making.

Functional data were obtained as follows. In a first step, very few missing intra-day data points
were replaced through linear interpolation. A square-root transformation was then applied to the
data in order to stabilize the variance. A visual inspection of the data revealed several extreme
outliers around New Years Eve known to be caused by firework activities. The corresponding week
was removed from the sample. The data was then centered and adjusted for weekly seasonality
by subtracting from each observation the corresponding weekday average. This is done because
PM10 concentration levels are significantlyfdrent for the weekends whenfiia volume is much

lower. In the next step, 48 observations for a given day were combined into vectors and transformed
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into functional data using ten cubB-spline basis functions and least squares fitting. Tde
package available for the statistical softwareras applied here. Eventually, 175 daily functional
observations, say;, ..., Y175, were obtained, roughly representing one winter season for which
pollution levels are known to be high. They are displayed in the upper left panel of Figure A.4.
Shown in this figure are also thdfect of the first three FPCs on the mean curve. Following
Ramsay & Silverman (2005), a multiple (using the factor .5) oféteempirical eigenfunction,”

was added to and subtracted from the overall estimated mean ctovetudy the fect of large

(small) first, second or third FPC score. Notice that
Yk%ﬁ+y§1<\/1+yﬁz<\/2+yﬁ3<\/3, k:].,,].?a

whereyy, = (Yi, V) are the empirical FPC scores. These combine to explain about 89% of vari-
ability in the data. The upper right panel of Figuke4 indicates that if the first FPC scoyg ,
which explains about 72% of the variation, is large (small), then a positive (negative) shift of the
mean occurs. The second and third FPCs are contrasts, explaining respectively 10% and 7% of
variation, with the second FPC describing an intraday trend and the third FPC indicating whether
the diurnal peaks are more or less pronounced (see the lower panel of Kigure

For the comparison of the quality of the competing prediction methods, the following was
adopted. First, five blocks of consecutive functional observatiQps. . ., Yx.100 Were chosen,
with k = 0, 15, 30,45, 60. Each block was then used to estimate parameters and fit a certain model.
Then, out-of-sample predictions for the valuesYpfigo.s, £ = 1,...,15, were made. Finally, the

resulting squared prediction errors

1
f [Yie2000¢(t) = Pr(Yics10040) (£)] It t=1,...,15
0

were computed, wheir can stand for any of the prediction methods tested. From the 15 resulting
numbers, median (MER) and mean (MSE) were computed. Results are reported in Table A.4.
With the exception of the first period & 0), MSE and MED obtained from the new method are

significantly smaller than the ones resulting from the BKR method. In fact, during the second and
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third period k = 15 andk = 30) prediction errors are on average only about half as big as the ones
obtained via BKR. This may arguably be due to an underestimation of the order by BKR method
(as evidenced in the simulations).

PM10 concentrations are known to be high at locatiorfigesng from severe temperature inver-
sions such as the basin areas of the Alps. Following Stadlober et al. (2008), tempefétveack
between Graz (350 above sea level) and Kalkleiten (#hGbove sea level) can be utilized to
model this phenomenon. Temperature inversion is often seen as a key factor influencing PM10
concentrations because temperatures increasing with sea level result in a sagging exchange of air,
thereby yielding a higher pollutant load at the lower elevation.

To illustrate functional prediction with covariates, temperatuféedence curves of Graz and
Kalkleiten have been included as a dependent variable. For the overall sample, the first two FPCs of
the temperature ffierence curves describe about 92% of the variance. Hence, FPCA was used for
covariate dimension reduction, leading to the inclusion of a two-dimensional exogenous regressor
(which is almost equivalent to the true regressor curve) in the second step of Algorithm 2. Then a
d-variate VARX(p) model was fit withd andp selected by the functional final prediction error-type
criterion adjusted for the covariate:

n+ pd+r

fFPE(p, d) = tr rE2)+ ) A (7.1)

>d

Herer is the dimension of the regressor vector (in the present case) ands; is the covariance
matrix of the residuals when a model of orderand dimensiord is fit. The latter method is
referred to as FPEX. The corresponding prediction results are summarized in Table A.4. A further
significant improvement in the mean and median square (out-of-sample) prediction error can be

observed.
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8 Conclusions

This paper proposes a new prediction methodology for functional time series that appears to be
widely and easily applicable. It is based on the idea that dimension reduction with functional prin-
cipal components analysis should lead to a vector-valued time series of FPC scores that can be
predicted with any existing multivariate methodology, parametric and nonparametric. The multi-
variate prediction is then transformed to a functional prediction using a truncated Karhuees-Lo
decomposition.

The proposed methodology seems to be advantageous for several reasons. Among them is its
intuitive appeal, made rigorous for the predominant F&R{ase, but also its ease of application
as existing software packages can be readily used, even by non-experts. It is in particular straight-
forward to extend the procedure to include exogenous covariates into the prediction algorithm.
Simulations and an application to pollution data suggest that the proposed method leads to pre-
dictions that are always competitive with and often superior to the benchmark predictions in the
field.

It is hoped that the present article can spawn interest among researchers working in the active

area of functional time series.

A Theoretical considerations

It is stated in Section 2 that empirical mean and covarianceyareonsistent estimators for their
population counterparts for a large class of functional time series. The following lemma makes

this statement precise for FABYprocesses. The notation of Section 3.2 is adopted.

Lemma A.1. Consider the FAR(p) modé3.1) and suppose that AssumptiBAR holds. Further
suppose that(¥*)%||, < 1 for some k> 1. Then (i) Bl — xlI?] = O(L/n). (i) If in addition ()
in L%, then H|IC, - C||] = O(1/n).
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Proof. If follows from Proposition 2.1 in Brmann & Kokoszka (2010) and Theorem 3.1 in Bosq
(2000) that K,) is L2-m-approximable under (i) and-m-approximable under (ii)LP-m-approximability
is inherited by the projection(Xy) = XS) = Y. Now the proof follows from Theorems 5 and 6 in

Hormann & Kokoszka (2012). O

A.1 The VAR structure

In case of a VAR(1), Step 2. of Algorithm 1 can be performed with least squares. To explicitly

calculate\?§+1, apply<-, V;) to both sides offy = W(Yi_1) + &« to obtain

Yo V) = (P (Yien), Vo) + (e, V)

= D Miea, U )P, ) + (o1 T0)
=1

d
= D s, %) (P, %) + b, (A1)
=1

with remainder terms,, = dx, + (&, V;) where
e = Z (N1, Vo XX (Ve ), V),
'=d+1

noting that ¢;) can always be extended to an orthonormal basig cSome notation is needed. Set
& = ({&k, V1), - . ., (&K, Va))" @anduy = (Ug1, . . ., Uga)’, Whereuy, = 3 q{Yk-1, Ve (P (Ve ), Ve), and let
By € R™4 be the matrix with entry¥(v;), Vi) in the £th row and the’th column,Z, ¢ =1, ..., d.
Let moreoves = vecB)), Z = (Y5,..., Y ), E=(&,...,€), U= (U,,...,u), Xc = lg®Y, and

X =(X]:...: X ;). Replacing the eigenfunctiong by their sample counterpartg, empirical
versions of the above variables are denotedyZ®, X8, X, BS andg. For a vectox € RY, the
operation mak) creates a x d matrix, whosef-th column contains the elemems_pg.1, . . ., Ved-

Define nowdy = (6k1, . - .,kq)’ to arrive at the equations

YE=BSYS ,+6. k=2...n (A.2)
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The equations in (A.2) formally resemble VAR(1) equations. Notice, however, that it is a nonstan-
dard formulation, since the erroég are generally not centered and dependent. Furtherripre,
depends in a complex way off_;, so that the errors are not uncorrelated with past observations.
The codficient matrix B is also random, but fixed for fixed sample sizeIn the sequel these

effects are ignored. Utilizing some matrix algebra, (A.2) can be written as the linear regression
Ze — Xe §+ A, (A3)

whereA = (65, ...,6;,). The ordinary least squares estimator is tﬁ%ﬁz (X' X®)~1X®Z® and the

prediction equation

e

?n+1 = égYﬁ = (}A’ﬁ+1,1, cee ’9(:+1,d),’ (A.4)

follows directly, definingBg = mai(B;) .

A.2 Proof of Theorem 3.1

Recall the notations introduced above equation (A.2). In order to prove the asymptotic equivalence
betweenY,,, ; in (2.2) and\?n+1 in (3.3) for the case of FAR(1) functional time series, observe first

that

(LX'B'XE)_1 — lg® ™,
n-1

wherel is thed x d matrix with entrie (¢, ') = -1 St Ye Yk determined by the FPC scores
Yeo = (Vi V), and® signifies the Kronecker product. With the help of (A.4), the VAR(1) based

predictor (2.2) can be written in the form

Yot = {(mat([1g ® F-1]x*'Z¢)) ve) @,

n-1
with V = (Vy,...,Vy)’ being the vector of the first empirical eigenfunctions. On the other hand,
defining thed x d matrixI” by the entried"(¢, ¢') = £ S0, y2 y¢, = diag(ly, .. ., Aa), direct verifi-

cation shows that (3.3) takes the form
~ 1 ~ R
Yo = — {(mat([la e T4X2°)) Y7} v
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The only formal diference between the two predictors under consideration is therefore in the

matrices” and". Now, for anyl, ¢’ =1,...,d,

S R I 1
F0) =T 0+ o7 2 Ve = =i

- v 1 ’
:F(€,€)+n_1(/lgl{€ Y=Y éer)-

so thatY, € LZ implies

1 (1% 1
< (= > v YZ):O(—).
< n—1(n k=1|| kIl + [IYall Pl

In the following|| - || will be used for theL.? norm, the Euclidean norm iR® and matrix norm

(e, ¢) - T(e, £)

1Al = suRy-1 IAXI|, for a square matriA € R%9. Let
A= ma([ld o (- —=x°Z )

The orthogonality of the,together with Pythagoras’ theorem and Bessel’s inequality imply that

1/2

d
AYE[ < AV = 1A (Z(yﬁ,[)z] < IAIIYAll
=1

Y2 = Yoall = |

DefineS = mat(-1; X* Z°) and notice than = (I"* — I'1)S and hencejA|| < [T~ - T-4/|IS]!.
Letw = (Wy,...,Wy)'. SinceS(¢, ') = n%l et % Ye.10 iterative applications of the Cauchy-

Schwarz inequality yield
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It remains to estimatil —T"1||. The next step consists of using the fact that, for Ar € R,

it holds that A + B)™* = A™* — A"1(I + BA1)"IBA™?, provided all inverse matrices exist. Now
chooseA = T"andB = I' = I'. Since in the given setting the time seri&§)(is stationary and
ergodic, it can be deduced thag — A4 with probability one. Thusl;YIl" - I < 1 for large

enoughn, and consequently
P2 = B4 = |21 + (F - D474 - BEY

< |[FYIF - f||”[|d +(T - f)f—l]‘ln

[ T e y
= 2 Z( ;ld )

It has been assumed here that> 0. If 14 = 0, then the model has dimensidh< d. In this case
both estimators will of course be based on at nabgirincipal components.

Putting together all results, the statement of Theorem 3.1 is established.

A.3 Proof of Theorem 3.2

Using the results and notations of Section 3.4, it follows that

ElIYne1 = Yaeall?] = E[Ynea = YoualP] + D 4
i>d

Some algebra shows that
Yn+1 = ‘I’lYn +---+ ‘PpYn—p+1 + Ena

where thedxd matrices¥; have entry\¥'(v, ), v,) in the£’th column andth row, andg,, = T,+S,
with d-variate vectord , andS, taking the respective vaIu@f’=1 Dio=ds1 Yns1-je (¥j(Ve), ve) and

{&n+1, V¢) IN the £th coordinate.
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The best linear predicto}‘ml of Y1 based orYy, ..., Y, satisfies
E[Yne1 = Yoall?] < E[Yns1 = (F1Yn + - + ¥pYnpe)IP] = E[ISalP] + E[ITAl?].

The last equality comes from the fact that, due to causality, the componeB{samd inT, are
uncorrelated. Observe next that, by Bessel's inequdhys,||?] = 2?21 E[{ens1, Ve)?] < o2 It

remains to bound[||T,|?]. For this term, it holds

- d P 2
ENTAP =€ > (D ) yn+1_j,@<‘lfj(v@),vf>)]
L2121 r=dvt
r oo P [} 2
<E Z<Z Z Yn+1—j,f"Pj(V€'),Ve>]
S Ve
_ p 00 2
=E Z Z Yoe1-jo Vi (Ve)|| |»

l
i
°2

I
[o8
+
-

where Parseval’s identity was applied in the final step. Repeatedly using the Cauchy-Schwarz

inequality, the last expectation can be estimated as

P [e5)
DT Elyneroie Ynes e ¥ (V). Wi (Vi)

i7=1e0=d+1
P 0 o
< > (2 Vadw ) Y VAol
j,j’=1 {=d+1 ¢'=d+1
I~ p .~ 0o
WDAD ||\P,-(vf)||2)l/2( D ||tP,-f(vt»)||2)1/2

+1 /=1 ¢=d+1 =d+1

)| 3 ||‘P,-(w)||2]1/2)2.

d
p
+1 j=1 " ¢=d+1

[ee)

=
t=d

Collecting all estimates finishes the proof.
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(o1) | (2)
K1 K2 ‘fFPE MSE, MSE, PVE, PVEb‘fFPE MSE. MSE, PVE, PVE,

02 00|229 232 231 040 083 | 161 159 158 0.71 0.83
229 231 231 072 084 | 161 159 159 0.81 0.82

08 00| 237 237 247 090 083 | 164 171 181 0.89 0.85
230 229 237 097 083 | 161 162 1.70 0.95 0.85

04 04|238 240 243 073083 | 167 165 169 0.84 0.84
231 233 236 092 083 | 163 164 171 0.90 0.84

00 08| 242 248 294 083 083 | 166 172 228 0.87 0.85
232 234 294 095 083 | 163 162 227 0.93 0.86

Table 6.1: Functional final prediction error (fFPE), mean squared prediction error based on the
fFPE criterion (MSE), mean squared prediction error based on BKR (MS&nd the correspond-

ing proportions of variance explained by the chosen number of FPCs,(P¥5,). The first row

in each settingx, ;) corresponds ta = 200, the second row to= 1000.

n =200 | n = 1000

ki &k |p=0 p=1 p=2 p=3|p=0 p=1 p=2 p=3
0.2 00 40 48 8 4 2 94 3 1
48 51 1 0 0 98 2 0

08 00 0 97 3 0 0 100 0 0
0 95 5 0 0 81 17 2

04 04 1 3 90 6 0 0 99 1
3 3 94 0 0 0 95 5

00 08 0 0 95 5 0 0 99 1
94 0 5 1 93 0 7 0

Table 6.2: Selected order forftBrent choices of; andx, from 100 iterations under setting{).
For each choice the top (bottom) row represents the order obtained via fFPE (BKR). The number
of correctly selected orders is shown in bold.

(1) \ (2)
| fFfPE MSE, MSE, PVE, PVE,|fFPE MSE MSE, PVE., PVE,
FMA(2) 237 239 280 092 083|165 164 212 090 0.85

FARMA(1,2) | 238 242 296 082 0.83 | 1.65 167 224 0.90 0.85

Table 6.3: As in Table 6.1, but for the functional time series in (6.3) and (6.4) $01000.
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K| pa Pb Pc|da dy de| MSE;, MSE, MSE. | MED, MED, MED,
o,1 1 2,3 3 3| 133 128 1.32 1.28 1.23 0.88
15/ 3 1 3, 3 3 3| 269 523 250 238 534 1.45
30| 4 1 3|3 2 3| 205 405 193 1.33 256 1.26
45/ 3 1 3| 3 2 3| 225 244 183| 134 1.67 1.14
60| 2 1 1| 3 2 5| 122 182 1054 112 1.60 0.89

Table 7.1: Comparison of the 3 prediction methods. Subsaifiptc) corresponds to method FPE
(BKR, FPEX). We report mean (MSE) and median (MED) of the 15 predictions from each block

as well as the values dfandp chosen by the respective methods.

Figure 6.1: Autocorrelation function for the scores related to the sequence generated from opera-

tor ¢,
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Figure 6.2: Histogram
(white) and¥® (grey).
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Figure 6.3: Frequencies of the dimensiahshosen by fFPE in 100 simulation runs under setting
(01) and k1, «2) = (0.2,0.0).
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Figure 7.1: Square-root transform@d10 observations with fat overall mean curve (upper left
panel), &ect of the first FPC (upper right panelffect of the second FPC (lower left panel), and
effect of the third FPC (lower right panel).
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