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Abstract

This paper shows in simulations, empirical applications, and theory that

Lasso-based inference methods such as post double Lasso and debiased Lasso

can exhibit substantial finite sample omitted variable biases in problems with

sparse regression coefficients due to Lasso not selecting relevant control vari-

ables. This phenomenon can be systematic and occur even when the sample

size is large and larger than the number of control variables. On the other hand,

we also establish a “robustness” type of result showing that the omitted vari-

able bias remains bounded with high probability even if the prediction errors

of the Lasso are unbounded. In empirically relevant settings, our simulations

show that OLS with modern standard errors that accommodate many controls

can be a viable alternative to Lasso-based inference methods.
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1 Introduction

The least absolute shrinkage and selection operator (Lasso), introduced by Tibshirani

(1996), has become a standard tool for model selection in high-dimensional problems

where the number of covariates (p) is larger than or comparable to the sample size

(n). To make statistical inference on a single parameter of interest (for example, the

effect of a treatment or policy), a standard approach is to first use Lasso to select the

control variables with nonzero regression coefficients and then to run OLS with the

selected controls. However, this approach relies on strong and unrealistic assump-

tions to ensure that the Lasso selects all the relevant control variables. This has

motivated the development of post double Lasso (Belloni et al., 2014b) and debiased

Lasso (Javanmard and Montanari, 2014; van de Geer et al., 2014; Zhang and Zhang,

2014), which have quickly become the most popular methods for making inference in

applications with many control variables. The major breakthrough in this literature

is that it does not require the coefficients of the relevant controls to be well sepa-

rated from zero and selection mistakes are shown to have a negligible impact on the

asymptotic inference results.

However, the current paper shows that in problems with sparse regression coeffi-

cients, underselection of the Lasso can cause post double Lasso and debiased Lasso

to exhibit substantial omitted variable biases (OVBs) relative to the standard devia-

tions, even when n is large and larger than p (e.g., when n = 10000 and p = 4000).

We first provide simulation evidence documenting that large OVBs and poor coverage

properties of confidence intervals are persistent across a range of empirically relevant

settings. Our simulations show that when the non-zero coefficients are small relative

to the noise-to-signal ratios, Lasso cannot distinguish these coefficients from zero.

As a consequence, Lasso-based inference methods fail to include relevant controls,

which results in substantial OVBs (relative to the empirical standard deviation) and

undercoverage of confidence intervals.

To explain this phenomenon, we establish theoretical conditions under which it

occurs systematically. We develop novel results on the underselection of the Lasso

and derive lower bounds on the OVBs of post double Lasso and the debiased Lasso
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proposed by van de Geer et al. (2014). We choose a finite sample approach which

does not rely on asymptotic approximations and allows us to study the OVBs for

fixed n, p, and a fixed number of relevant controls k (even when k log p
n

does not tend

to 0). Consistent with our simulation findings, our theoretical analysis shows that

the OVBs can be substantial even when n is large and larger than p.

While our lower bound results suggest that the OVBs can be substantial relative

to the standard deviation even when k log p
n

is “small”, surprisingly enough, we can

also establish a “robustness” type of result showing that the OVBs of post double

Lasso and the debiased Lasso by van de Geer et al. (2014) remain bounded with high

probability even if k log p
n
→ ∞ and both Lasso steps are inconsistent in terms of the

prediction errors.

Let us consider the linear model

Yi = Diα
∗ +Xiβ

∗ + ηi, (1)

Di = Xiγ
∗ + vi. (2)

Here Yi is the outcome, Di is the treatment variable of interest, and Xi is a (1× p)-
dimensional vector of additional control variables. The goal is to make inference on

the treatment effect α∗. In the main part of the paper, we focus on post double Lasso

and present results for the debiased Lasso in the appendix. Post double Lasso consists

of two Lasso selection steps: A Lasso regression of Yi on Xi and a Lasso regression

of Di on Xi. In the third and final step, the estimator of α∗, α̃, is obtained from an

OLS regression of Yi on Di and the union of controls selected in the two Lasso steps.

OVB arises whenever the relevant controls are selected in neither Lasso step. Thus,

to study the OVB, one has to understand theoretically when such double underselec-

tion is likely to occur. This task is difficult because it requires necessary results on the

Lasso’s inclusion to show that double underselection can occur with high probability

and, to our knowledge, no existing result can explain this phenomenon. In this paper,

we prove that if the ratios of the absolute values of the non-zero coefficients to the

variance of the controls is no greater than half the penalty parameter, Lasso fails to

select these controls in both steps with high probability.1

1Note that the existing Lasso theory requires the penalty parameter to exceed a certain threshold,
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This new necessary result is the key ingredient that allows us to derive an explicit

lower bound formula for the OVB of α̃. We show that the OVB lower bound can be

substantial relative to the standard deviation obtained from the asymptotic distribu-

tion in Belloni et al. (2014b) even when n is large and larger than p. For example,

when n = 10000, p = 4000, and the control variables are orthogonal to each other,

our results imply that the ratio of the OVB lower bound to the standard deviation

can be as large as 0.5 when k = 5 and 0.84 when k = 10. Moreover, keeping k and

log p
n

fixed, increasing n will increase the ratio of the OVB lower bound to the standard

deviation.

Since OVBs occur when the absolute values of the non-zero coefficients in both

Lasso selection steps are small relative to the noise-to-signal ratios, one might ask if

the double underselection problem can be mitigated by rescaling the controls. We

show that the issue is still present after rescaling the controls and that the OVB

lower bound is unaffected. The reason is that any normalization of Xi simply leads

to rescaled coefficients and vice versa, while their product stays the same. This result

suggests an equivalence between “small” (nonzero) coefficient problems and problems

with “limited” variability in the relevant controls. By rescaling the controls, the

former can always be recast as the latter and conversely. As a consequence, the OVB

lower bound can be substantial relative to the standard deviation even when the

omitted relevant controls have small coefficients.

In view of our theoretical results, all else equal, limited variability in the control

variables makes it more likely for the Lasso to omit the relevant controls and for the

post double Lasso to exhibit substantial OVBs. Limited variability is ubiquitous in

applied economic research and there are many instances where it occurs by design.

First, limited variability naturally arises from small cells; that is, when there are only

a few observations in some of the cells defined by specific covariate values. Small cells

are prevalent in flexible specifications that include many two-way interactions and

are saturated in at least a subset of covariates (e.g., Belloni et al., 2014a; Chen, 2015;

Decker and Schmitz, 2016; Fremstad, 2017; Knaus et al., 2018; Jones et al., 2018;

which depends on the standard deviations of the noise and covariates.
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Schmitz and Westphal, 2017).2 When the covariates are discrete, limited overlap —

a major concern in research designs relying on unconfoundedness-type identification

assumptions — can be viewed as a small cell problem (e.g., Rothe, 2017). Moreover,

categorical covariates, when incorporated through a set of indicator variables, give

rise to small cells if some of the categories are sparsely populated. Second, when

researchers perform subsample analyses, there are often covariates that exhibit lim-

ited variability within subsamples. Third, in times series and “large T” panel data

applications, persistence in the covariates over time can lead to limited variability.

Finally, many empirical settings feature high-dimensional fixed effects, which often

suffer from limited variability. Some authors propose to penalize the fixed effects

(e.g., Kock and Tang, 2019), while others do not (e.g., Belloni et al., 2016). The

results in this paper suggest that penalizing fixed effects can be problematic.

Our results prompt the question of how to make statistical inference (e.g., testing

hypotheses about α∗ and constructing confidence intervals) in problems where under-

selection is a concern. In moderately high-dimensional settings where p is comparable

to but smaller than n, OLS constitutes an alternative to Lasso-based inference pro-

cedures. We emphasize the moderately high-dimensional regime and OLS because

of their relevance in applied economic research.3 The main challenge for OLS-based

inference in settings with many controls is the construction of standard errors, espe-

cially when the noise terms exhibit heteroscedasticity and clustering. For instance,

Cattaneo et al. (2018b) show that the usual versions of Eicker-White heteroscedastic-

ity robust standard errors are inconsistent under asymptotics where p grows as fast as

n. Fortunately, several recently developed approaches provide inference procedures

for problems with many controls (e.g., Cattaneo et al., 2018b; Jochmans, 2018; Kline

et al., 2018; D’Adamo, 2018). In empirically relevant settings, our simulation results

show that OLS with the standard errors proposed by Cattaneo et al. (2018b) exhibits

a lower bias and better coverage properties than Lasso-based inference methods.

2This popular empirical strategy dates back to the original post double Lasso paper by Belloni

et al. (2014b)
3In our theoretical results, however, p is allowed to exceed n.
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2 Lasso and post double Lasso

2.1 The Lasso

Consider the following linear regression model

Yi = Xiθ
∗ + εi, i = 1, . . . , n, (3)

where {Yi}ni=1 = Y is a n-dimensional response vector, {Xi}ni=1 = X is a n× p matrix

of covariates with Xi denoting the ith row of X, {εi}ni=1 = ε is a zero-mean noise

vector, and θ∗ is a p-dimensional vector of unknown coefficients.

The Lasso estimator of θ∗ is given by

θ̂ ∈ arg min
θ∈Rp

1

2n

n∑
i=1

(Yi −Xiθ)
2 + λ

p∑
j=1

|θj| , (4)

where λ is the penalization/regularization parameter. For example, if ε ∼ N (0n, σ
2In)

and X is a fixed design matrix with normalized columns (i.e., 1
n

∑n
i=1X

2
ij = b for all

j = 1, . . . , p), Bickel et al. (2009) set λ = 2σ
√

2b(1+τ) log p
n

(where τ > 0) to estab-

lish upper bounds on
√∑p

j=1(θ̂ − θ∗)2 with high probability guarantee. Wainwright

(2009) sets λ proportional to σ
φ

√
b log p
n

, where φ ∈ (0, 1] is a measure of correlation

between the covariates with nonzero coefficients and those with zero coefficients, to

establish perfect selection. Both choices can be extended to random designs; for

example, each row of X ∈ Rn×p is sampled independently from the same normal

distribution and var(Xij) = b for all j = 1, . . . , p.

Other choices of λ are available in the literature. For instance, Belloni and Cher-

nozhukov (2013) develop a data-dependent approach and Belloni et al. (2012) and

Belloni et al. (2016) propose penalty choices that accommodate heteroscedastic and

clustered errors. In the case of nearly orthogonal X (which is typically required to

ensure a good performance of the Lasso in fixed designs), these choices of λ have a

similar scaling as those in Bickel et al. (2009) and Wainwright (2009). Finally, a very

popular practical approach for choosing λ is cross-validation. However, only few theo-

retical results exist on the properties of Lasso when λ is chosen using cross-validation;
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see, for example, Homrighausen and McDonald (2013, 2014) and Chetverikov et al.

(2017).

2.2 Post double Lasso

The model (1)–(2) implies the following reduced form model for Yi:

Yi = Xiπ
∗ + ui, (5)

where π∗ = γ∗α∗ + β∗ and ui = ηi + α∗vi.

The post double Lasso, introduced by Belloni et al. (2014b), essentially exploits the

Frisch-Waugh theorem, where the regressions of Y on X and D on X are implemented

with Lasso:

π̂ ∈ arg min
π∈Rp

1

2n

n∑
i=1

(Yi −Xiπ)2 + λ1

p∑
j=1

|πj| , (6)

γ̂ ∈ arg min
γ∈Rp

1

2n

n∑
i=1

(Di −Xiγ)2 + λ2

p∑
j=1

|γj| . (7)

The final estimator α̃ of α∗ is then obtained from an OLS regression of Y on D and

the union of selected controls(
α̃, β̃

)
∈ arg min

α∈R,β∈Rp
1

2n

n∑
i=1

(Yi −Diα−Xiβ)2 s.t. βj = 0 ∀j /∈ Î = Î1 ∪ Î2, (8)

where Î1 = supp (π̂) and Î2 = supp (γ̂).

3 Evidence on the OVB of post double Lasso

3.1 Numerical example

We first illustrate the underselection of the Lasso and its implications for the OVB

of post double Lasso using a simple numerical example.

To study the variable selection properties of the Lasso, we simulate data according

to the linear model (3), where Xi ∼ N (0, σ2
xIp) is independent of εi ∼ N (0, 1)
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and {Xi, εi}ni=1 consists of i.i.d. entries. We set n = 500, p = 200, and consider a

sparse setting where θ∗ = (1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0)
′

and k = 5. We employ the “standard”

theoretical recommendation for the penalty parameter by Bickel et al. (2009).4

Figure 1: Average number of selected covariates

Figure 1 displays the average number of selected covariates as a function of the

degree of variability, σx. The variability of the covariates significantly affects the

selection performance of the Lasso. The average number of selected covariates is

monotonically increasing in σx, ranging from approximately zero when σx = 0.1 up

to five when σx = 0.5.

Next, we investigate the implications of the underselection of Lasso for post

double Lasso. We simulate data according to the structural model (1)–(2), where

Xi ∼ N (0, σ2
xIp), ηi ∼ N (0, 1), and vi ∼ N (0, 1) are independent of each other and

{Xi, ηi, vi}ni=1 consists of i.i.d. entries. Our object of interest is α∗. We set n = 500,

p = 200, α∗ = 0, and consider a sparse setting where β∗ = γ∗ = (1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0)
′

and k = 5. We employ the recommendation for the penalty parameter by Bickel et al.

(2009).

Figure 2 displays the finite sample distribution of post double Lasso for different

values of σx. For comparison, we plot the distribution of the “oracle estimator” of

4Specifically, we set λ = 2σ
√

2b(1+τ) log p
n , assuming that σ is known. In practice, we first nor-

malize Xi such that b = 1, run Lasso using λ = 2σ
√

2(1+τ) log p
n , and then rescale the coefficients.
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α∗, a regression of Yi − Xiπ
∗ on Di − Xiγ

∗. When σx = 0.5, the post double Lasso

Figure 2: Finite sample distribution

Notes: The blue histograms show the finite sample distributions and the red curves show the densities of the oracle

estimators.

estimator is approximately unbiased and its distribution is centered at the true value

α∗ = 0. Lowering σx to 0.3 shifts the distribution to the right and increases the

standard deviation. Under very low variability, when σx = 0.1, the distribution is

shifted to the right and its shape is similar to the shape when σx = 0.5.

The bias of post double Lasso is caused by the OVB arising from the two Lasso

steps not selecting all the important covariates. Figure 3 displays the number of

selected important covariates (i.e., the cardinality of Î1 ∪ Î2 in (8)). With high prob-

Figure 3: Number of selected relevant controls

ability, all the five important covariates get selected when σx = 0.5. The selection
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performance deteriorates as σx decreases, until, with high probability, none of the

important covariates get selected when σx = 0.1.

We further note that the shape of the finite sample distribution depends on σx.

This distribution is a mixture of the distributions of OLS conditional on the two Lasso

steps selecting different combinations of covariates.5 For σx = 0.5 and σx = 0.1,

the finite sample distribution is well-approximated by a normal distribution. The

reason is that, when σx = 0.5, the two Lasso steps almost always select all the

relevant control variables, whereas none of the relevant controls get selected with high

probability when σx = 0.1 (cf. Figure 3). In between these two extreme cases, when

σx = 0.3, the finite sample distribution is a mixture of distributions with different

means (depending on how many controls get selected), which is skewed and has a

larger standard deviation.

The results in this section remain unchanged when, instead of multiplying Xi

by σx, we multiply β∗ and γ∗ by σx, transforming the limited variability problem

into a small coefficients problem. The reason is that Xiβ
∗ remains the same in both

cases. Thus, one can alternatively interpret and understand the results in this section

as showcasing the consequences of small coefficients in settings where the controls

exhibit sufficient variability.

The event where none of the important covariates get selected is of particular

interest. Figure 4 displays the probability of this event as a function of σx as well as

the OVB conditional on this event, which is computed as

1∑R
r=1 Sr

R∑
r=1

(α̃r − α∗) · Sr.

In the above formula, R is the total number of simulation repetitions, Sr is an indicator

which is equal to one if nothing gets selected and zero otherwise, and α̃r is the estimate

of α∗ in the rth repetition. As the variability in covariates increases from σx = 0.1

to σx = 0.5, the probability that nothing gets selected is decreasing from one to zero.

The conditional OVB increases until σx = 0.3 and is not defined for σx > 0.3 because

the probability that nothing gets selected is zero in this case.

5Note that analytical formulas of these mixture probabilities cannot be derived.
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Figure 4: Conditional OVB and probability that nothing gets selected

Note: The red (blue) curve is associated with the red (blue) vertical axis.

Importantly, the issue documented here is not a “small sample” phenomenon but

persists even in large sample settings. To illustrate, Figure 5 displays the finite sample

distributions and the number of selected important covariates for post double Lasso

and de-biased Lasso when n = 5000, p = 2000, β∗ = γ∗ = 0.5 ·(1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0)
′
, k =

10, and σx = 0.1. It shows that even in large samples, the finite sample distribution

may not be centered at the true value and the bias can be large relative to the

standard deviation because none of the important covariates gets selected with high

probability.

Figure 5: Performance when n = 5000, p = 2000, k = 10, and σx = 0.1

Notes: In the right panel, the blue histogram shows the finite sample distribution and the red curve shows the density

of the oracle estimator.
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3.2 Simulation evidence

Section 3.1 illustrates the implications of underselection due to limited variability

based on a simple numerical example and the infeasible penalty choice by Bickel

et al. (2009), which assumes that σ2 is known. Here we investigate the implications

for empirical practice and consider three popular and feasible choices for the penalty

parameter λ: The heteroscedasticity-robust proposal in Belloni et al. (2012) (λBCCH)6,

the penalty parameter with the minimum cross-validated error (λmin), and the penalty

parameter with the minimum cross-validation error plus one standard deviation (λ1se).

The data are simulated according to the structural model

Yi = Diα
∗ +Xiβ

∗ + σy(Di, Xi)ηi, (10)

Di = Xiγ
∗ + σd(Xi)vi, (11)

where Xi ∼ N (0, σxIp), ηi ∼ N (0, 1), and vi ∼ N (0, 1) are independent of each

other and {Xi, ηi, vi}ni=1 consists of i.i.d. entries. The object of interest is α∗. We

set n = 500, p = 200, α∗ = 0, and consider a sparse setting where β∗ = γ∗ =

(1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0)
′

and k = 5.

We study a homoscedastic DGP where σy(Di, Xi) = σd(Xi) = 1 and a het-

eroscedastic DGP where σy(Di, Xi) =
√

(1+Diα∗+Xiβ∗)2
1
n

∑
i(1+Diα∗+Xiβ∗)2

and σd(Xi) =
√

(1+Xiγ∗)2
1
n

∑
i(1+Xiγ∗)2

.7

Appendix D presents additional simulation evidence where we vary α∗, the distribu-

tion of Xi, and the distribution of the error terms (ηi, vi). The results are based on

1,000 repetitions.

6This approach is based on the following modified Lasso program:

θ̂ ∈ arg min
θ∈Rp

1

n

n∑
i=1

(Yi −Xiθ)
2

+
λ

n

p∑
j=1

|l̂jθj | (9)

where (l̂1, . . . , l̂p) are penalty loadings obtained using the iterative post Lasso-based algorithm

developed in Belloni et al. (2012). Our implementation is based on the Matlab code provided

on the authors’ webpage: https://voices.uchicago.edu/christianhansen/code-and-data/. We set

λ = 2c
√
nΦ−1(1− ς/(2p)), where c = 1.1 and ς = 0.05 as recommended by Belloni et al. (2014b).

7This multiplicative specification of heteroscedasticity follows the simulation design in Belloni

et al. (2014b).
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Figure 6 presents evidence on the bias of post double Lasso. To make the results

easier to interpret, we report the ratio to the bias and the empirical standard devi-

ation. Under limited variability, the bias of post double Lasso with λBCCH and λ1se

Figure 6: Ratio of bias and standard deviation

is comparable to the standard deviation, whereas the bias with λmin is less than half

of the standard deviation. Appendix C shows that these differences are due to the

Lasso selecting more relevant controls for all values of σx with λmin than with λ1se and

λBCCH. Under all penalty choices, the ratio of bias to standard deviation decreases to

approximately zero as σx increases to σx = 0.3. Figure 7 displays the coverage rates

of 90% confidence intervals and shows that post double Lasso exhibits substantial

undercoverage for low values of σx.

Figure 7: Coverage 90% confidence intervals

The additional simulation evidence reported in Appendix D confirms these results

and further shows that α∗ is an important determinant of the performance of post
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double Lasso because of its direct effect on the magnitude of the reduced form pa-

rameter in (5). Moreover, we show that while choosing λ = λmin works well when

α∗ = 0, this choice can yield bad performances when α∗ 6= 0 (c.f., Figures 17 and 18).

As a consequence, based on our simulations, there is no simple recommendation for

how to choose λ in practice.

The substantive performance differences between the three penalty choices suggest

that post double Lasso is sensitive to the penalty level. To further investigate this

issue, Figures 8–9 compare the results for λBCCH, 0.5λBCCH, and 1.5λBCCH. The

performance differences are striking. Choosing λ = 0.5λBCCH yields small biases and

good coverage properties for all levels of variability considered. By contrast, choosing

λ = 1.5λBCCH yields biases that are up to three times larger than the standard

deviation and results massive undercoverage.

Figure 8: Ratio of bias and standard deviation: Sensitivity to the penalty choice

Figure 9: Coverage 90% confidence intervals: Sensitivity to the penalty choice
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In sum, our simulation evidence shows that (1) underselection can lead to large

biases (compared to the standard deviation) and incorrect inferences and (2) the per-

formance of post double Lasso is very sensitive to the choice of the penalty parameter.

4 Theoretical analysis

This section provides a theoretical explanation for the findings in Section 3. We

first establish a new necessary result for the Lasso’s inclusion and then derive lower

bounds on the OVB of post double Lasso. These results do not rely on asymptotic

approximations and hold for fixed n, p, and k (even when k log p
n

does not tend to 0).

Most importantly, they also imply that the OVBs can be substantial even if k log p
n

is “small”. Surprisingly enough, we can also establish a “robustness” type of result

showing that the OVBs remain bounded with high probability even if the prediction

errors of the Lasso are unbounded. Throughout this section, we assume a regime

where p is comparable to or even much larger than n; that is, p � n or p� n.

For the convenience of the reader, here we collect the notation to be used in the

theoretical analyses. Let 1m denote the m−dimensional (column) vector of “1”s and

0m is defined similarly. The `∞ matrix norm (maximum absolute row sum) of a matrix

A is denoted by ‖A‖∞ := maxi
∑

j |aij|. For a vector v ∈ Rm and a set of indices

T ⊆ {1, . . . ,m}, let vT denote the sub-vector (with indices in T ) of v. For a matrix

A ∈ Rn×m, let AT denote the submatrix consisting of the columns with indices in T .

For a vector v ∈ Rm, let sgn(v) := {sgn(vj)}j=1,...,m denote the sign vector such that

sgn(vj) = 1 if vj > 0, sgn(vj) = −1 if vj < 0, and sgn(vj) = 0 if vj = 0.

4.1 Model setup

We consider the structural model (1)–(2), which can be written in matrix notation

as

Y = Dα∗ +Xβ∗ + η, (12)

D = Xγ∗ + v. (13)
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Following standard practice, we work with centered data, i.e., D̄ = 1
n

∑n
i=1 Di = 0,

X̄ = 1
n

∑n
i=1 Xi = 0p, and Ȳ = 1

n

∑n
i=1 Yi = 0. In matrix notation, the reduced form

(5) becomes

Y = Xπ∗ + u, (14)

where π∗ = γ∗α∗ + β∗ and u = η + α∗v. We make the following assumptions about

model (12)–(13).

Assumption 1. The noise terms η and v consist of independent entries drawn from

N
(
0, σ2

η

)
and N (0, σ2

v), respectively, where η and v are independent of each other.

Assumption 2. The following conditions are satisfied: (i) β∗ and γ∗ are exactly

sparse with k(≤ n) non-zero coefficients and K =
{
j : β∗j 6= 0

}
=
{
j : γ∗j 6= 0

}
6= ∅;

(ii) ∥∥∥(XT
KcXK

) (
XT
KXK

)−1
∥∥∥
∞

= 1− φ (15)

for some φ ∈ (0, 1], where Kc is the complement of K; (iii) XT
j Xj = s 6= 0 for all

j ∈ K, and XT
j Xj ≤ s for all j ∈ Kc.

Part (ii) in Assumption 2 is known as the incoherence condition due to Wainwright

(2009). Bühlmann and van de Geer (2011) show that this type of conditions is

sufficient and essentially necessary for the Lasso to achieve perfect selection. To

provide some intuition for (15), let us consider the simple case where k = 1, X is

centered (such that 1
n

∑n
i=1X = 0p), and the columns in XKc are normalized such

that the standard deviations of XK and Xj (for any j ∈ Kc) are identical; then, 1−φ
is simply the maximum of the absolute (sample) correlations between XK and each

of Xjs with j ∈ Kc. If the design X is orthogonal (which is possible if n ≥ p), then

φ = 1.

Assumptions 1 and 2 are generally considered idealistic. Our goal here is to show

that, even in these ideal settings, with high probability, the OVBs of post double

Lasso can be substantial relative to the standard deviation provided in the existing

literature.
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4.2 Stronger necessary results on the Lasso’s inclusion

Post double Lasso exhibits OVB whenever the relevant controls are selected in neither

(6) nor (7). To the best of our knowledge, none of the existing results are strong

enough to show that, with high probability, Lasso can fail to select the important

controls in both steps. Therefore, we first establish a new necessary result for the

Lasso’s inclusion in Lemma 1. We focus on fixed designs to highlight the essence of

the problem; see Appendix E for an extension to random designs.

Lemma 1. [Necessary result on the Lasso’s inclusion] In model (3), suppose the

εis are independent over i = 1, . . . , n and εi ∼ N (0, σ2), where σ ∈ (0, ∞);8 θ∗

is exactly sparse with at most k non-zero coefficients and K =
{
j : θ∗j 6= 0

}
6= ∅.

Let Assumption 2(ii)-(iii) hold. We solve the Lasso (4) with λ ≥ 2σ
φ

√
s
n

√
2(1+τ) log p

n

(where τ > 0). Let E1 denote the event that θ̂j = −sgn
(
θ∗j
)

for at least one j ∈ K,

and E2 denote the event that θ̂l = sgn (θ∗l ) for at least one l ∈ K with

|θ∗l | ≤
λn

2s
. (16)

Then, we have

P (E1 ∩ E) = P (E2 ∩ E) = 0. (17)

where E is defined in (23) of Appendix A.1 and P (E) ≥ 1− 1
pτ

.

If (16) holds for all l ∈ K, we have

P
(
θ̂ = 0p

)
≥ 1− 1

pτ
. (18)

Lemma 1 shows that for large enough p, Lasso fails to select any of the relevant

control variables with high probability if (16) holds for all l ∈ K (cf. Figure 5). Sup-

pose that λ = 2σ
φ

√
s
n

√
2(1+τ) log p

n
, then (16) becomes

|θ∗l |
σ/
√

s
n

≤ φ−1

√
2(1+τ) log p

n
, where

the denominator in the left-hand-side is the noise-to-signal ratio. This result implies

that normalizing Xj to make 1
n

∑n
i=1X

2
ij = 1 for all j = 1, . . . , p does not change

Lemma 1. Such normalization simply leads to rescaled coefficients and estimates (by

a factor of
√

s
n
). In particular, the choice of λ ≥ 2σ

φ

√
s
n

√
2(1+τ) log p

n
in Lemma 1

8The normality of εi can be relaxed without changing the essence of our results.
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becomes λ = λnorm ≥ 2σ
φ

√
2(1+τ) log p

n
; also,

∣∣θ∗j ∣∣ ≤ λn
2s

(where λ ≥ 2σ
φ

√
s
n

√
2(1+τ) log p

n

without normalization) is replaced by
√

s
n

∣∣θ∗j ∣∣ ≤ λnorm
2

(where λnorm ≥ 2σ
φ

√
2(1+τ) log p

n

with normalization).

Remark 1. Note that (17) implies that P
(
θ̂l 6= 0

)
≤ 1

pτ
for any l ∈ K subject to

(16). In comparison, Wainwright (2009) shows that whenever θ∗l ∈
(
λn
s
sgn (θ∗l ) , 0

)
or θ∗l ∈

(
0, λn

s
sgn (θ∗l )

)
for some l ∈ K,

P
[
sgn
(
θ̂K

)
= sgn (θ∗K)

]
≤ 1

2
. (19)

Constant bounds in the form of (19) cannot explain that, with high probability, Lasso

fails to select the important covariates in both (6) and (7) when p is sufficiently large.

Remark 2. Under the assumptions in Lemma 1, the choices of regularization pa-

rameters λ1 and λ2 coincide with those in Bickel et al. (2009) when φ = 1; e.g., X

consists of orthogonal columns, which is possible if n ≥ p. In the case of φ = 1,

the results in Lemma 1 as well as in Sections 4.3 and B.1 hold for any choices of

regularization parameters derived from the principle that λ should be no smaller than

2 maxj=1,...,p

∣∣∣XT
j ε

n

∣∣∣. These choices constitute what has been used in the vast majority

of literature; see, for example, Bickel et al. (2009), Wainwright (2009), Belloni et al.

(2012), and Belloni and Chernozhukov (2013).

4.3 Lower bounds on the OVBs

Proposition 1 derives a lower bound formula for the OVB of post double Lasso. We

focus on the case where α∗ = 0 because the conditions required to derive the explicit

formula are difficult to interpret when α∗ 6= 0. The reason is that the error in the

reduced form equation (14) involves α∗, such that the choice of λ1 in (6) depends on

the unknown α∗. On the other hand, it is possible to provide an easy-to-interpret

scaling result (without explicit constants) for the case where α∗ 6= 0, as we will show

in Proposition 2.

Proposition 1. [OVB lower bound] Let Assumptions 1 and 2 hold. Suppose λ1 =

2φ−1ση
√

s
n

√
2(1+τ) log p

n
, λ2 = 2φ−1σv

√
s
n

√
2(1+τ) log p

n
; β∗j = aλ1n

2s
and γ∗j = bλ2n

2s
for all

18



j ∈ K and some constants a, b ∈ (0, 1], or β∗j = aλ1n
2s

and γ∗j = bλ2n
2s

for all j ∈ K
and some constants a, b ∈ [−1, 0). In terms of α̃ obtained from (8), we have

E (α̃− α∗|M) ≥ max
r∈(0,1]

T1 (r)T2 (r)︸ ︷︷ ︸
:=OVB

where

T1 (r) =
(1 + τ) abφ−2ση

k log p
n

4 (1 + τ)φ−2b2σv
k log p
n

+ (1 + r)σv
,

T2 (r) = 1− k

2
exp

(
−b2 (1 + τ) log p

4φ2

)
− 1

pτ
− exp

(
−nr2

8

)
,

for any r ∈ (0, 1], and M is an event with P (M) ≥ 1− k
2

exp
(
−b2(1+τ) log p

4φ2

)
− 2

pτ
. 9

To gauge the magnitude of the OVB, it is instructive to compare the lower bound

with σα̃ = 1√
n

ση
σv

, the standard deviation obtained from the asymptotic distribution

in Belloni et al. (2014b).10 Relative to σα̃, the lower bound for the OVB can be quite

large even in settings where n is large. In fact, Proposition 1 shows that when k and

log p
n

are fixed, increasing n will increase OV B
σα̃

.

Let us consider the following example: n = 10000, p = 4000, τ = 0.5, and X

consists of orthogonal columns such that φ = 1. Then, OV B
σα̃

= 0.50, P (M) ≥ 0.86

when k = 5 (so k log p
n

= 0.004) and OV B
σα̃

= 0.84, P (M) ≥ 0.75 when k = 10 (so

k log p
n

= 0.008). It is important to bear in mind that this number is a theoretical

lower bound corresponding to the most favorable case.

Note that the degree of variability in the controls does not enter the OVB lower

bound. However, a small s
n

makes large non-zero coefficients more difficult to be

9Here (and similarly in Proposition 2), we implicitly assume p is sufficiently large such that

1 − k exp
(
−b2(1+τ) log p

4φ2

)
− 4

pτ > 0. Indeed, probabilities in the form of “1 − c∗ exp (−c∗0 log p)”

for universal constants c∗ and c∗0 are often referred to as the “high probability” guarantees in the

literature of (nonasymptotic) high dimensional statistics concerning p � n or p� n. The eventM is

the intersection of
{
Î1 = Î2 = ∅

}
and an additional set, both of which occur with high probabilities.

The additional set is needed in our analyses for technical reasons. See (39) of Appendix A.2 for the

definition of M.
10We thank Ulrich Müller for suggesting this comparison.
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distinguished from zeros; see (16). In other words, everything else equal, limited

variability in the relevant controls makes it more likely for the Lasso to omit the

relevant controls and for the post double Lasso to exhibit substantial OVBs. With

n = 10000, p = 4000, τ = 0.5, ση = 1 and σv = 1, Lemma 1 says that, with high

probability, none of the relevant control variables are selected if maxl∈K |θ∗l | ≤ 0.05 for√
s
n

= 1 and maxl∈K |θ∗l | ≤ 0.5 for
√

s
n

= 0.1. Meanwhile, Proposition 1 shows that
OV B
σα̃

is the same in both scenarios. In sum, Proposition 1 suggest that (1) limited

variability can be recast as a small coefficient problem and vice versa and (2) the

OVB can be substantial relative to σα̃ even when the omitted relevant controls have

small coefficients.

The next proposition provides the scaling of OVB lower bounds for the case where

α∗ 6= 0. For completeness, we also include the scaling result for the case where α∗ = 0.

This proposition is useful for understanding how OVBs behave approximately as n,

p, and k grow. For functions f(n) and g(n), we write f(n) % g(n) to mean that

f(n) ≥ cg(n) for a universal constant c ∈ (0, ∞) and similarly, f(n) - g(n) to

mean that f(n) ≤ c
′
g(n) for a universal constant c

′ ∈ (0, ∞); f(n) � g(n) when

f(n) % g(n) and f(n) - g(n) hold simultaneously. As a general rule, c constants

denote positive universal constants that are independent of n, p, k, ση, σv, s, and

may change from place to place.

Proposition 2. [Scaling of OVB lower bound] Let Assumptions 1 and 2 hold. Suppose

φ−1 - 1 in (15); the regularization parameters in (6) and (7) are chosen in a similar

fashion as in Lemma 1 such that λ1 � φ−1ση
√

s
n

√
log p
n

and λ2 � φ−1σv
√

s
n

√
log p
n

;

for all j ∈ K, β∗j γ
∗
j > 0,

∣∣β∗j ∣∣ ≤ λ1n
2s

and
∣∣γ∗j ∣∣ ≤ λ2n

2s
, but

∣∣β∗j ∣∣ � ση
√

n
s

√
log p
n

and∣∣γ∗j ∣∣ � σv
√

n
s

√
log p
n

. Let us consider α̃ obtained from (8).

(i) If α∗ = 0, then there exist positive universal constants c†, c1, c2, c3, c
∗, c∗0 such

that

E (α̃− α∗|M) ≥ c†
ση
σv

min

{
k log p

n
, 1

}
[1− c1k exp (−c2 log p)− exp (−c3n)] , (20)

where M is an event with P (M) ≥ 1− c∗k exp (−c∗0 log p).
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(ii) If α∗ 6= 0, α∗γ∗j ∈ (0, −β∗j ], β∗j < 0 for j ∈ K (or, α∗γ∗j ∈ [−β∗j , 0), β∗j > 0

for j ∈ K), then there exist positive universal constants c†, c4, c5, c6, c
∗
1, c
∗
2 such that

E (α̃− α∗|M) ≥ c†
ση
σv

min

{
k log p

n
, 1

}
[1− c4k exp (−c5 log p)− exp (−c6n)] , (21)

where P (M) ≥ 1− c∗1k exp (−c∗2 log p).

4.4 Upper bounds on the OVBs

So far our lower bound results have suggested that OV B
σα̃

can be substantial even when

k log p
n

is “small”. Interestingly enough, we can establish a “robustness” type of result

showing that the OVBs of post double Lasso remain bounded with high probability

even if k log p
n
→∞ and Lasso is inconsistent in the sense that

√
1
n

∑n
i=1

(
Xiβ̂ −Xiβ∗

)2

→

∞,
√

1
n

∑n
i=1 (Xiγ̂ −Xiγ∗)

2 →∞.

Proposition 3. [Scaling of OVB upper bound] Let Assumptions 1 and 2 hold. Sup-

pose φ−1 - 1 in (15); the regularization parameters in (6) and (7) are chosen in a sim-

ilar fashion as in Lemma 1 such that λ1 � φ−1ση
√

s
n

√
log p
n

and λ2 � φ−1σv
√

s
n

√
log p
n

;

for all j ∈ K, γ∗j = γ∗, β∗j γ
∗ > 0,

∣∣β∗j ∣∣ ≤ λ1n
2s

and |γ∗| ≤ λ2n
2s

, but
∣∣β∗j ∣∣ � ση

√
n
s

√
log p
n

and |γ∗| � σv
√

n
s

√
log p
n

. Let us consider α̃ obtained from (8). Then for either α∗ = 0

or α∗ 6= 0 subject to the conditions in part (ii) of Proposition 2, there exist positive

universal constants c
′
1, c

′
2, c

′
3, c
∗
3, c
∗
4 such that

P
(
α̃− α∗ ≤ OV B|M

)
≥ 1− c′1k exp

(
−c′2 log p

)
− exp

(
−c′3n

)
where P (M) ≥ 1− c∗3k exp (−c∗4 log p) and

OV B � max

{
ση
σv

(
k log p

n
∧ 1

)
,

(√
s
n
∨ σv

)
ση(

k log p
n
∨ 1
)
σ2
v

}
.

Remark 3. Suppose s
n

- 1, σv � 1, and c
′
k

pc
′′ is small for some sufficiently large

positive universal constants c
′

and c
′′
. The result above implies that OV B � ση

σv

(bounded if ση - 1) with high probability even when k log p
n

tends to infinity.
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5 OLS as an alternative to Lasso-based inference

methods

Our results prompt the question of how to do inference in problems where underselec-

tion is a concern, such as, for example, settings where the covariates exhibit limited

variability. In many economic applications, p is comparable to but still smaller than

n. In such moderately high dimensional settings, OLS provides a natural alternative

to Lasso-based inference methods such as post double Lasso.

Under classical conditions, OLS is the best linear unbiased estimator. Moreover,

under normality and homoscedasticity, OLS admits exact finite sample inference for

any fixed (n, p) as long as p+1
n
≤ 1 (recalling that the number of regression coefficients

is p + 1 in (1)). While OLS is unbiased, constructing standard errors is challenging

when p is large. Under homoscedasticity, existing standard errors are consistent, pro-

vided that the estimator of σ2
η incorporates a degrees-of-freedom adjustment (e.g.,

Cattaneo et al., 2018a,b). By contrast, in the heteroscedastic case, Cattaneo et al.

(2018b) show that the usual versions of Eicker-White robust standard errors are in-

consistent under asymptotics where the number of controls grows as fast as the sample

size. This result motivates a very recent literature to develop inference procedures

that are valid in settings with many controls (e.g., Cattaneo et al., 2018b; Jochmans,

2018; Kline et al., 2018).

In addition, unlike the Lasso-based inference methods, OLS does not rely on

(approximate) sparsity assumptions, which might not be satisfied in applications. In

fact, when the parameter space is unrestricted, OLS-based inference exhibits desirable

optimality properties (e.g., Armstrong and Kolesar, 2016, Section 4.1).

Figures 10–11 compare the finite sample performance of OLS with heteroscedastic-

ity robust HCK standard errors proposed by Cattaneo et al. (2018b) and post double

Lasso. OLS is unbiased (as expected) and exhibits close-to-exact empirical coverage

rates, irrespective of the degree of variability in the controls. The additional simula-

tions in Appendix D confirm the excellent performance of OLS with HCK standard

errors.
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Figure 10: Ratio of bias and standard deviation

Figure 11: Coverage 90% confidence intervals

Figure 12: Average length 90% confidence intervals

Figure 12 additionally displays the average length of 90% confidence intervals.

Under both homoscedasticity and heteroscedasticity, OLS yields somewhat wider con-

fidence intervals than post double Lasso.

In sum, our simulation results suggest that OLS with standard errors that accom-

modate many controls outperforms post double Lasso in terms of bias and coverage
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accuracy and thus constitutes a viable alternative in moderately high-dimensional

settings.

6 Empirical illustration

[To be added.]
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Notation

Here we collect additional notation that is not provided in the main text. The

`q−norm of a vector v ∈ Rm is denoted by |v|q, 1 ≤ q ≤ ∞ where |v|q := (
∑m

i=1 |vi|
q)

1/q

when 1 ≤ q < ∞ and |v|q := maxi=1,...,m |vi| when q = ∞. The support of v is de-

noted by supp(v) := {j : vj 6= 0}. For a matrix A ∈ Rn×m, the `2−operator norm

of A is defined as ‖A‖2 := supv∈Sm−1 |Av|2, where Sm−1 = {v ∈ Rm : |v|2 = 1}. For

a square matrix A ∈ Rm×m, let λmin(A) and λmax(A) denote its minimum eigenvalue

and maximum eigenvalue, respectively. We denote max {a, b} by a∨ b and min {a, b}
by a ∧ b.
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A Proofs for the main results

A.1 Lemma 1

Preliminary

We will exploit the following Gaussian tail bound:

P (Z ≥ t) ≤ 1

2
exp

(
−t2

2σ2

)
for all t ≥ 0, where Z ∼ N (0, σ2). Note that the constant “1

2
” cannot be improved

uniformly.

Given λ ≥ 2σ
φ

√
s
n

√
2(1+τ) log p

n
where τ > 0 and the tail bound

P
(∣∣∣∣XT ε

n

∣∣∣∣
∞
≥ t

)
≤ exp

(
−nt2

2σ2s/n
+ log p

)
≤ 1

pτ

for t = σ
φ

√
s
n

√
2(1+τ) log p

n
, we have

λ ≥ 2

∣∣∣∣XT ε

n

∣∣∣∣
∞

(22)

with probability at least 1− 1
pτ

. Let the event

E =

{∣∣∣∣XT ε

n

∣∣∣∣
∞
≤ σ

φ

√
s

n

√
2 (1 + τ) log p

n

}
. (23)

Note that P (E) ≥ 1− 1
pτ

.

Lemma 1 relies on the following intermediate results.

(i) On the event E, (4) has a unique optimal solution θ̂ such that θ̂j = 0 for j /∈ K.

(ii) If P
({
θ̂j 6= 0, j ∈ K

}
∩ E
)
> 0, conditioning on

{
θ̂j 6= 0, j ∈ K

}
∩ E, we

must have ∣∣∣θ̂j − θ∗j ∣∣∣ ≥ λn

2s
. (24)

Claim (i) above follows from the argument in Wainwright (2019). To show claim

(ii), we develop our own proof.
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The proof for claim (i) above is based on a construction called Primal-Dual Wit-

ness (PDW) method developed by Wainwright (2009). The procedure is described as

follows.

1. Set θ̂Kc = 0p−k.

2. Obtain (θ̂K , δ̂K) by solving

θ̂K ∈ arg min
θK∈Rk


1

2n
|Y −XKθK |22︸ ︷︷ ︸

:=g(θK)

+ λ |θK |1

 , (25)

and choosing δ̂K ∈ ∂ |θK |1 such that ∇g(θK)|θK=θ̂K
+ λδ̂K = 0.11

3. Obtain δ̂Kc by solving
1

n
XT (Xθ̂ − Y ) + λδ̂ = 0, (26)

and check whether or not
∣∣∣δ̂Kc

∣∣∣
∞
< 1 (the strict dual feasibility condition) holds.

Lemma 7.23 from Chapter 7 of Wainwright (2019) shows that, if the PDW construc-

tion succeeds, then θ̂ = (θ̂K , 0p−k) is the unique optimal solution of program (4). To

show that the PDW construction succeeds on the event E , it suffices to show that∣∣∣δ̂Kc

∣∣∣
∞
< 1. The details can be found in Chapter 7.5 of Wainwright (2019). In partic-

ular, under the choice of λ stated in Lemma 1, we obtain that
∣∣∣δ̂Kc

∣∣∣
∞
< 1 and hence

the PDW construction succeeds conditioning on E where P (E) ≥ 1− 1
pτ

.

In summary, conditioning on E , under the choice of λ stated in Lemma 1, program

(4) has a unique optimal solution θ̂ such that θ̂j = 0 for j /∈ K.

We now show (24). By construction, θ̂ = (θ̂K , 0p−k), δ̂K , and δ̂Kc satisfy (26) and

therefore we obtain

1

n
XT
KXK

(
θ̂K − θ∗K

)
− 1

n
XT
Kε+ λδ̂K = 0k, (27)

1

n
XT
KcXK

(
θ̂K − θ∗K

)
− 1

n
XT
Kcε+ λδ̂Kc = 0p−k. (28)

11For a convex function f : Rp 7→ R, δ ∈ Rp is a subgradient at θ, namely δ ∈ ∂f(θ), if

f(θ +4) ≥ f(θ) + 〈δ, 4〉 for all 4 ∈ Rp.
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Solving the equations above yields

θ̂K − θ∗K =

(
XT
KXK

n

)−1
XT
Kε

n
− λ

(
XT
KXK

n

)−1

δ̂K . (29)

In what follows, we will condition on
{
θ̂j 6= 0, j ∈ K

}
∩ E and make use of (22)-

(23). Let ∆ =
XT
Kε

n
− λδ̂K . Note that

∣∣∣θ̂K − θ∗K∣∣∣ ≥
∣∣∣∣∣
(
XT
KXK

n

)−1
∣∣∣∣∣
∣∣∣∣∣∣∣λδ̂K∣∣∣− ∣∣∣∣XT

Kε

n

∣∣∣∣∣∣∣∣ , (30)

where the inequality uses the fact that
(
XT
KXK
n

)−1

is diagonal. In Step 2 of the PDW

procedure, δ̂K is chosen such that
∣∣∣δ̂j∣∣∣ = 1 for any j ∈ K with θ̂j 6= 0; we therefore

obtain ∣∣∣θ̂j − θ∗j ∣∣∣ ≥ n

s

∣∣∣∣∣|λ| −
∣∣∣∣∣XT

j ε

n

∣∣∣∣∣
∣∣∣∣∣ ≥ λn

2s

where the second inequality follows from (22).

Main proof

In what follows, we let

E1 =
{

sgn
(
θ̂j

)
= −sgn

(
θ∗j
)
, for some j ∈ K

}
,

E2 =
{

sgn
(
θ̂j

)
= sgn

(
θ∗j
)
, for some j ∈ K such that (16) holds

}
,

E3 =
{

sgn
(
θ̂j

)
= sgn

(
θ∗j
)
, for some j ∈ K

}
.

To show (18) in (iv), recall we have established that conditioning on E , (4) has a

unique optimal solution θ̂ such that θ̂j = 0 for j /∈ K. Therefore, conditioning on E ,

the KKT condition for (4) implies

s

n

(
θ∗j − θ̂j

)
= λsgn

(
θ̂j

)
−
XT
j ε

n
(31)

for j ∈ K such that θ̂j 6= 0.

We first show that P (E1 ∩ E) = 0. Suppose P (E1 ∩ E) > 0. We may then

condition on the event E1 ∩ E . Case (i): θ∗j > 0 and θ̂j < 0. Then, the LHS of (31),

4



s
n

(
θ∗j − θ̂j

)
> 0; consequently, the RHS, λsgn

(
θ̂j

)
− XT

j ε

n
= −λ− XT

j ε

n
> 0. However,

given the choice of λ, conditioning on E , λ ≥ 2
∣∣∣XT ε

n

∣∣∣
∞

and consequently, −λ− XT
j ε

n
≤

−λ
2
< 0. This leads to a contradiction. Case (ii): θ∗j < 0 and θ̂j > 0. Then, the LHS

of (31), s
n

(
θ∗j − θ̂j

)
< 0; consequently, the RHS, λsgn

(
θ̂j

)
− XT

j ε

n
= λ − XT

j ε

n
< 0.

However, given the choice of λ, conditioning on E , λ ≥ 2
∣∣∣XT ε

n

∣∣∣
∞

and consequently,

λ− XT
j ε

n
≥ λ

2
> 0. This leads to a contradiction.

It remains to show that P (E2 ∩ E) = 0. We first establish a useful fact under the

assumption that P (E3 ∩ E) > 0. Let us condition on the event E3 ∩ E . If θ∗j > 0,

we have s
n

(
θ∗j − θ̂j

)
= λ − XT

j ε

n
≥ λ

2
> 0 (i.e., θ∗j ≥ θ̂j); similarly, if θ∗j < 0, then we

have s
n

(
θ∗j − θ̂j

)
= −λ − XT

j ε

n
≤ −λ

2
< 0 (i.e., θ∗j ≤ θ̂j). Putting the pieces together

implies that, for j ∈ K such that sgn
(
θ̂j

)
= sgn

(
θ∗j
)
,∣∣∣θ∗j − θ̂j∣∣∣ =

∣∣θ∗j ∣∣− ∣∣∣θ̂j∣∣∣ . (32)

We now show that P (E2 ∩ E) = 0. Suppose P (E2 ∩ E) > 0. We may then

condition on the event that E2 ∩ E . Because of (16) and (32), we have
∣∣∣θ∗j − θ̂j∣∣∣ <

λn
2s

. On the other hand, (24) implies that
∣∣∣θ∗j − θ̂j∣∣∣ ≥ λn

2s
. We have arrived at a

contradiction. Consequently, we must have P (E2 ∩ E) = 0.

In summary, we have shown that P (E1 ∩ E) = 0 and P (E2 ∩ E) = 0. Claim (i) in

“Preliminary” implies that P (E4|E) = 0 where E4 denotes the event that θ̂j 6= 0 for

some j /∈ K. Therefore, on E , none of the events E1, E2 and E4 can happen. This

fact implies that, if (16) is satisfied for all l ∈ K, we must have

P
(
θ̂K = 0k

)
≥ 1− P (Ec) ≥ 1− 1

pτ
.

5



A.2 Proposition 1

We first show the case where β∗j = aλ1n
2s

and γ∗j = bλ2n
2s

for all j ∈ K and some

constants a, b ∈ (0, 1]. Let the events

Et1 =

{
XT
j v

n
≥ −t1, t1 > 0, ∀j ∈ K

}
, (33)

E ′t2 =

{
1

n

n∑
i=1

v2
i ≤ σ2

v + t2, t2 ∈ (0, σ2
v ]

}
.

Note that P (Et1) = 1−P
(
Ẽt1
)

where Ẽt1 is the event that
XT
j v

n
≤ −t1 for some j ∈ K.

By tail bounds for Gaussian and Chi-Square variables, we have

P
(
Ẽt1
)
≤ k

2
exp

(
−nt21
2 s
n
σ2
v

)
, (34)

P
(
E ′t2
)
≥ 1− exp

(
−nt22
8σ4

v

)
.

From (34), we obtain

P (Et1) ≥ 1− k

2
exp

(
−nt21
2 s
n
σ2
v

)
. (35)

In the following proof, we exploit the bound

P
(
E ′t2|Î2 = ∅, Et1

)
≥ P

(
E ′t2 ∩ Et1 ∩

{
Î2 = ∅

})
≥ P (Et1) + P

(
E ′t2
)

+ P
(
Î2 = ∅

)
− 2

≥ 1− 1

pτ
− k

2
exp

(
−nt21
2 s
n
σ2
v

)
− exp

(
−nt22
8σ4

v

)
(36)

where the third inequality follows from Lemma 1, which implies Î2 = ∅ with prob-

ability at least 1 − 1
pτ

. Note that P
(
Et1 ∩

{
Î2 = ∅

})
≥ P (Et1) + P

(
Î2 = ∅

)
− 1 ≥

1− 1
pτ
− k

2
exp

(
−nt21
2 s
n
σ2
v

)
, which is a “high probability” guarantee for sufficiently large p

and t1. Thus, working with P
(
E ′t2|Î2 = ∅, Et1

)
is sensible under an appropriate choice

of t1 (as we will see below).
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We first bound
1
n
DTXK
1
n
DTD

β∗K . Note that

1
n
DTXK

1
n
DTD

β∗K =

(
DTD

n

)−1 [
1

n
(XKγ

∗
K + v)T XKβ

∗
K

]
=

(
DTD

n

)−1 [
1

n
γ∗TK XT

KXKβ
∗
K +

1

n
vTXKβ

∗
K

]
=

s
n
γ∗TK β∗K + 1

n
vTXKβ

∗
K

1
n

(XKγ∗K + v)T (XKγ∗K + v)
.

Note that s
n
γ∗TK β∗K = 2 (1 + τ) abφ−2σησv

k log p
n

. Moreover, applying (36) with t1 =

bλ2
4

and t2 = rσ2
v yields

s

n
γ∗TK β∗K +

1

n
vTXKβ

∗
K ≥ (1 + τ) abφ−2σησv

k log p

n
(37)

as well as

1

n
(XKγ

∗
K + v)T (XKγ

∗
K + v) ≤ s

n
γ∗TK γ∗K +

2

n
vTXKγ

∗
K +

1

n
vTv

≤ 4 (1 + τ)φ−2b2σ2
v

k log p

n
+ σ2

v + rσ2
v

with probability at least

1− k

2
exp

(
−b2 (1 + τ) log p

4φ2

)
− 1

pτ
− exp

(
−nr2

8

)
:= T2 (r) .

Conditioning on Et1 ∩
{
Î2 = ∅

}
with t1 = t∗ = bλ2

4
, putting the pieces together

yields
DTXK

DTD
β∗K ≥

(1 + τ) abφ−2ση
k log p
n

4 (1 + τ)φ−2b2σv
k log p
n

+ σv + rσv
:= T1 (r) , (38)

with probability at least T2 (r). That is,

P
(
DTXK

DTD
β∗K ≥ T1 (r) |Î2 = ∅, Et∗

)
≥ T2 (r) .

When α∗ = 0 in (12), the reduced form coefficients π∗ in (14) coincide with β∗ and

u coincides with η. Given the conditions on X, η, v, β∗K and γ∗K , we can then apply

(18) in Lemma 1 and the fact P
(
Î1 = Î2 = ∅

)
≥ P

(
Î1 = ∅

)
+P

(
Î2 = ∅

)
−1 to show

that E =
{
Î1 = Î2 = ∅

}
with probability at least 1 − 2

pτ
. Note that with the choice

7



t1 = t∗ = bλ2
4

, P (E ∩ Et∗) ≥ P (E) +P (Et∗)− 1 ≥ 1− k
2

exp
(
−b2(1+τ) log p

4φ2

)
− 2

pτ
, which

is a “high probability” guarantee given sufficiently large p. Therefore, it is sensible

to work with E (α̃− α∗|M) where

M = E ∩ Et∗ . (39)

Given E, (8) becomes

α̃ ∈ arg min
α∈R

1

2n
|Y −Dα|22 , while β̃ = 0p. (40)

As a result, we obtain E (α̃− α∗|M) = E
(

1
n
DTXK
1
n
DTD

β∗K |M
)

+ E
(

1
n
DT η

1
n
DTD
|M
)

and

E
( 1

n
DTη

1
n
DTD

|M
)

=
1

P (M)
E
[ 1
n
DTη

1
n
DTD

1M (D, η)

]
=

1

P (M)
ED
{
Eη
[ 1
n
DTη

1
n
DTD

1M (D, η) |D
]}

=
1

P (M)
ED
{ 1

n

∑n
i=1DiEη [ηi1M (D, η) |D]

1
n
DTD

}
= 0 (41)

where 1M (D, η) = 1
{

(v, η) : Î1 = Î2 = ∅, X
T
j v

n
≥ −t∗ ∀j ∈ K

}
(recall X is a fixed

design); the last line follows from 1
n

∑n
i=1Di = 0, the distributional identicalness of

(ηi)
n
i=1 and that Eη [ηi1M (D, η) |D] is a constant over is.

Given α∗ = 0, it remains to bound E
(

1
n
DTXK
1
n
DTD

β∗K |M
)

= E
(

1
n
DTXK
1
n
DTD

β∗K |Î2 = ∅, Et∗
)

.

Note that conditioning on Et∗ ,
1
n
DTXK
1
n
DTD

β∗K is positive by (37). Applying a Markov in-

equality yields

E
( 1

n
DTXK

1
n
DTD

β∗K |Î2 = ∅, Et∗
)
≥ T1 (r)P

(
DTXK

DTD
β∗K ≥ T1 (r) |Î2 = ∅, Et∗

)
≥ T1 (r)T2 (r) .

Combining the result above with (41) and maximizing over r ∈ (0, 1] gives the claim.

For the case where β∗j = aλ1n
2s

and γ∗j = bλ2n
2s

for all j ∈ K and some constants

a, b ∈ [−1, 0), the argument is similar except that we replace (33) with

Et1 =

{
XT
j v

n
≤ t1, t1 > 0, ∀j ∈ K

}
. (42)

Note that a similar argument for (35) implies that the event above also holds with

probability at least 1− k
2

exp
(
−nt21
2 s
n
σ2
v

)
.
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A.3 Proposition 2

Part (i) of Proposition 2 follows immediately from the proof for Proposition 1. It

remains to establish part (ii) where α∗ 6= 0, α∗γ∗j ∈ (0, −β∗j ], β∗j < 0 for all j ∈ K
(or, α∗γ∗j ∈ [−β∗j , 0), β∗j > 0 for all j ∈ K). Because of these conditions, we have∣∣π∗j ∣∣ =

∣∣β∗j + α∗γ∗j
∣∣ < ∣∣β∗j ∣∣ ∀j ∈ K.

Note that |α∗| ≤ maxj∈K
|β∗j |
|γ∗j |
� ση

σv
and

∣∣∣∣XTu

n

∣∣∣∣
∞

=

∣∣∣∣XT (η + α∗v)

n

∣∣∣∣
∞

≤
∣∣∣∣XTη

n

∣∣∣∣
∞

+

∣∣∣∣α∗XTv

n

∣∣∣∣
∞

- ση

√
s

n

√
log p

n
+
ση
σv
σv

√
s

n

√
log p

n

- φ−1ση

√
s

n

√
log p

n

with probability at least 1−c′1 exp
(
−c′2 log p

)
. The fact above justifies the choice of λ1

stated in 2. We can then apply Lemma 1 (18) to show that Î1 = ∅ with probability at

least 1− c5 exp (−c6 log p). Furthermore, under the condition on γ∗K , (18) in Lemma

1 implies that Î2 = ∅ with probability at least 1 − c0 exp
(
−c′0 log p

)
. Therefore, we

have

P
(
Î1 = Î2 = ∅

)
≥ P

(
Î1 = ∅

)
+ P

(
Î2 = ∅

)
− 1 ≥ 1− c′′1 exp

(
−c′′2 log p

)
.

Given u = η + α∗v, when α∗ 6= 0, the event
{
Î1 = ∅

}
is not independent of D,

so E
(

1
n
DTXK
1
n
DTD

β∗K |E, Et∗
)
6= E

(
1
n
DTXK
1
n
DTD

β∗K |Î2 = ∅, Et∗
)

(recalling E =
{
Î1 = Î2 = ∅

}
).

Instead of (33) (or, (42)) and (36), we apply

Et1 =

{∣∣∣∣XT
Kv

n

∣∣∣∣
∞
≤ t1

}
, (43)

P (Et1) ≥ 1− k exp

(
−nt21
2 s
n
σ2
v

)
,

and
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P
(
E ′t2|E, Et1

)
≥ P

(
E ′t2 ∩ Et1 ∩ E

)
≥ P (Et1) + P

(
E ′t2
)

+ P (E)− 2

≥ 1− c′′1 exp
(
−c′′2 log p

)
− k exp

(
−nt21
2 s
n
σ2
v

)
− exp

(
−nt22
8σ4

v

)
, for any t2 ∈ (0, σ2

v ],

along with the inequalities

1
n
DTXK

1
n
DTD

β∗K ≥
s
n
γ∗TK β∗K − |β∗K |1

∣∣ 1
n
XT
Kv
∣∣
∞

1
n

(XKγ∗K + v)T (XKγ∗K + v)
,

1

n
(XKγ

∗
K + v)T (XKγ

∗
K + v) ≤ s

n
γ∗TK γ∗K + |γ∗K |1

∣∣∣∣ 2nXT
Kv

∣∣∣∣
∞

+
1

n
vTv.

The rest of the proof follows from the argument for Proposition 1 and the bounds

above.

A.4 Proposition 3

We make use of the following bound on Chi-Square variables:

P

[
1

n

n∑
i=1

v2
i − E

(
1

n

n∑
i=1

v2
i

)
≤ −σ2

vr

]
≤ exp

(
−nr2

16

)
(44)

for all r ≥ 0. On the event M = E ∩ Et1 where t1 = t∗ = γ∗s
4n

in (43), choosing r = 1
2

in (44) yields

1
n
DTXK

1
n
DTD

β∗K ≤
s
n
γ∗TK β∗K + |β∗K |1 t∗

s
n
γ∗TK γ∗K − 2 |γ∗K |1 t∗ + 1

2
σ2
v

≤
c3σησv

k log p
n

c1
k log p
n
σ2
v + c2σ2

v

≤ c4
ση
σv

(
k log p

n
∧ 1

)
with probability at least 1− c5k exp (−c6 log p)− exp

(−n
64

)
.
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We can also show that

P
(

1

n
DTη ≤ t|M

)
≥ P

({
(η, v) :

1

n
DTη ≤ t

}
∩M

)
≥ P

(
1

n
DTη ≤ t

)
+ P (M)− 1

≥ 1− c5k exp (−c6 log p)− exp

(
−c7n

(
t2(

s
n
∨ σ2

v

)
σ2
η

∧ t(√
s
n
∨ σv

)
ση

))
.

Choosing t �
(√

s
n
∨ σv

)
ση above yields 1

n
DTη -

(√
s
n
∨ σv

)
ση with probability

at least 1 − c5k exp (−c6 log p) − exp (−c8n), conditioning on M. We have already

shown that, conditioning on M, 1
n
DTD %

(
k log p
n
∨ 1
)
σ2
v with probability at least

1− c5k exp (−c6 log p)− exp
(−n

64

)
. As a consequence,

P

{
1
n
DTη

1
n
DTD

-

(√
s
n
∨ σv

)
ση(

k log p
n
∨ 1
)
σ2
v

|M

}

≥ P
{

1

n
DTη -

(√
s

n
∨ σv

)
ση and

1

n
DTD %

(
k log p

n
∨ 1

)
σ2
v |M

}
≥ P

{
1

n
DTη -

(√
s

n
∨ σv

)
ση|M

}
+ P

{
1

n
DTD %

(
k log p

n
∨ 1

)
σ2
v |M

}
− 1

≥ 1− c9k exp (−c10 log p)− exp (−c11n) .

Putting the pieces above together yields

P
(
α̃− α∗ ≤ OV B|M

)
≥ 1− c′1k exp

(
−c′2 log p

)
− exp

(
−c′3n

)
where OV B � max

{
ση
σv

(
k log p
n
∧ 1
)
,

(
√

s
n
∨σv)ση

( k log p
n
∨1)σ2

v

}
.

B Debiased Lasso

In this section, we present theoretical and simulation results on the OVB of the

debiased Lasso proposed by van de Geer et al. (2014).
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B.1 Theoretical results

The idea of debiased Lasso is to start with an initial Lasso estimate θ̂ =
(
α̂, β̂

)
of

θ∗ = (α∗, β∗) in equation (1), where(
α̂, β̂

)
∈ arg min

α∈R,β∈Rp
1

2n
|Y −Dα−Xβ|22 + λ1 (|α|+ |β|1) . (45)

Given the initial Lasso estimate α̂, the debiased Lasso adds a correction term to α̂ to

reduce the bias introduced by regularization. In particular, the debiased Lasso takes

the form

α̃ = α̂ +
Ω̂1

n

n∑
i=1

ZT
i

(
Yi − Ziθ̂

)
, (46)

where Zi = (Di, Xi) and Ω̂1 is the first row of Ω̂, which is an approximate inverse of

1
n
ZTZ, Z = {Zi}ni=1. Several different strategies have been proposed for constructing

the approximate inverse Ω̂; see, for example, Javanmard and Montanari (2014), van de

Geer et al. (2014), and Zhang and Zhang (2014). We will focus on the widely used

method proposed by van de Geer et al. (2014), which sets

Ω̂1 := τ̂−2
1

(
1 −γ̂1 · · · −γ̂p

)
,

τ̂ 2
1 :=

1

n
|D −Xγ̂|22 + λ2 |γ̂|1 ,

where γ̂ is defined in (7).

Proposition 4. [Scaling of OVB lower bound for debiased Lasso] Let Assumptions

1 hold. Suppose: with probability at least 1 − κ,
∥∥∥(ZT

−KXK

) (
XT
KXK

)−1
∥∥∥
∞
≤ 1 − φ

2

for some φ ∈ (0, 1] such that φ−1 - 1, where Z−K denotes the columns in Z =

(D, X) excluding XK; the regularization parameters in (7) and (45) are chosen in

a similar fashion as in Lemma 1 such that λ1 � φ−1
(√

s
n
∨ σv

)
ση

√
log p
n

and λ2 �

φ−1σv
√

s
n

√
log p
n

; for all j ∈ K, β∗j γ
∗
j > 0,

∣∣β∗j ∣∣ ≤ λ1n
2s

and
∣∣γ∗j ∣∣ ≤ λ2n

2s
, but

∣∣β∗j ∣∣ �[√
n
s
∨ nσv

s

]
ση

√
log p
n

and
∣∣γ∗j ∣∣ � σv

√
n
s

√
log p
n

. Let us consider α̃ obtained from (46).

If α∗ = 0, then there exist positive universal constants c†, c7, c8, c9, c
∗
3, c
∗
4 such that

E
(
α̃|M′

)
≥ c†

ση
σv

(
k log p

n
∧ 1

)
[1− 2κ− c7k exp (−c8 log p)− exp (−c9n)] ,

where M′
is an event with P

(
M′) ≥ 1− 2κ− c∗3k exp (−c∗4 log p).

12



Proposition 5. [Scaling of OVB upper bound for debiased Lasso] Let Assumptions

1 hold. Suppose: with probability at least 1 − κ,
∥∥∥(ZT

−KXK

) (
XT
KXK

)−1
∥∥∥
∞
≤ 1 − φ

2

for some φ ∈ (0, 1] such that φ−1 - 1, where Z−K denotes the columns in Z =

(D, X) excluding XK; the regularization parameters in (7) and (45) are chosen in

a similar fashion as in Lemma 1 such that λ1 � φ−1
(√

s
n
∨ σv

)
ση

√
log p
n

and λ2 �

φ−1σv
√

s
n

√
log p
n

; for all j ∈ K, γ∗j = γ∗, β∗j γ
∗ > 0,

∣∣β∗j ∣∣ ≤ λ1n
2s

and |γ∗| ≤ λ2n
2s

, but∣∣β∗j ∣∣ � [√n
s
∨ nσv

s

]
ση

√
log p
n

and |γ∗| � σv
√

n
s

√
log p
n

. Let us consider α̃ obtained from

(46). If α∗ = 0, Then there exist positive universal constants c
′′
1 , c

′′
2 , c

′′
3 , c

′′
5 , c

′′
6 such that

P
(
α̃− α∗ ≤ OV B|M′

)
≥ 1− c′′1k exp

(
−c′′2 log p

)
− exp

(
−c′′3n

)
where P

(
M′) ≥ 1− c′′5k exp

(
−c′′6 log p

)
and

OV B � max

{
ση
σv

(
k log p

n
∧ 1

)
,

(√
s
n
∨ σv

)
ση(

k log p
n
∨ 1
)
σ2
v

}
.

Remark 4. One can show that a population version of the mutual incoherence condi-

tion, i.e.,
∥∥∥[E (ZT

−K
)
XK

] (
XT
KXK

)−1
∥∥∥
∞

= 1−φ, implies
∥∥∥(ZT

−KXK

) (
XT
KXK

)−1
∥∥∥
∞
≤

1 − φ
2

with high probability (that is, κ is small and vanishes polynomially in p). For

example, we can apply (78) in Lemma 5 with slight notational changes.

Remark 5. Like in Proposition 2, the event M′
in Proposition 4 is the intersection

of
{
β̂ = γ̂ = 0p

}
and an additional set, both of which occur with high probabilities.

The additional set is needed in our analyses for technical reasons. See Appendix B.2

for details.

B.2 Proof for Propositions 4 and 5

Under the conditions in Proposition 4, (18) in Lemma 1 implies that γ̂ = 0p with prob-

ability at least 1− c0 exp
(
−c′0 log p

)
. Conditioning on this event, Ω̂1 =

(
1
n
DTD

)−1
e1

where e1 =
(

1 0 · · · 0
)

. If α∗ = 0, under the conditions in Proposition 4, we

show that β̂ = 0p with probability at least 1− 2κ− c5 exp (−c6 log p). To achieve this

goal, we slightly modify the argument for (18) in Lemma 1 by replacing (23) with

E = E1 ∩ E2, where

13



E1 =

{∣∣∣∣ZTη

n

∣∣∣∣
∞

- φ−1

(√
s

n
∨ σv

)
ση

√
log p

n

}
,

E2 =

{∥∥∥(ZT
−KXK

) (
XT
KXK

)−1
∥∥∥
∞
≤ 1− φ

2

}
,

and Z−K denotes the columns in Z excluding XK . Note that by (65), P (E1) ≥
1 − c

′
1 exp

(
−c′2 log p

)
and therefore, P (E) ≥ 1 − κ − c

′
1 exp

(
−c′2 log p

)
. We then

follow the argument used in the proof for Lemma 1 to show P (E1 ∩ E) = 0 and

P (E2 ∩ E) = 0, where

E1 =
{

sgn
(
β̂j

)
= −sgn

(
β∗j
)
, for some j ∈ K

}
,

E2 =
{

sgn
(
β̂j

)
= sgn

(
β∗j
)
, for some j ∈ K

}
.

Moreover, conditioning on E , β̂Kc = 0p−k. Putting these facts together yield the claim

that β̂ = 0p with probability at least 1− 2κ− c5 exp (−c6 log p).

Letting E =
{
β̂ = γ̂ = 0p

}
with P (E) ≥ 1− 2κ− c1 exp (−c2 log p) and recalling

the event Et∗ in the proof for 1(ii), we can then show

E
(
α̃− α∗|M′

)
=

1

n
E
(

Ω̂1Z
Tη|M′

)
+ E

[
DTXK

DTD

(
β∗K − β̂K

)
|M′

]
= E

( 1
n
DTη

1
n
DTD

|M′
)

+ E
(
DTXK

DTD
β∗K |M

′
)

= E
(
DTXK

DTD
β∗K |M

′
)

whereM′
= E ∩Et∗ such that P

(
M′) ≥ 1− 2κ− c∗3k exp (−c∗4 log p) and the last line

follows from the argument used to show (41).

The rest of argument is similar to what is used in showing 2. However, because

(45) involves D, E
(

1
n
DTXK
1
n
DTD

β∗K |E, Et∗
)
6= E

(
1
n
DTXK
1
n
DTD

β∗K |γ̂K = 0k, Et∗
)

, where E =

14



{
β̂ = γ̂ = 0p

}
. Instead of (33) (or, (42)) and (36), we apply

P
(
E ′t2 |E, Et1

)
≥ P

(
E ′t2 ∩ Et1 ∩ E

)
≥ P (Et1) + P

(
E ′t2
)

+ P (E)− 2

≥ 1− 2κ− c1 exp (−c2 log p)− k exp

(
−nt21
2 s
n
σ2
v

)
− exp

(
−nt22
8σ4

v

)
, for any t2 ∈ (0, σ2

v ].

Consequently, we have the claim in Proposition 4.

Following the argument used to show Proposition 3, we also have the claim in

Proposition 5.

B.3 Simulations evidence

Here we evaluate the performance of the debiased Lasso proposed by van de Geer

et al. (2014) based on the simulation setting of Section 3.2. Figures 13–14 present the

results. Debiased Lasso exhibits substantial biases (relative to the standard deviation)

and undercoverage for all values of σx and its performance is very sensitive to the

choice of λ. A comparison to the results in Section 3.2 shows that post double Lasso

performs better than debiased Lasso.12

C Lasso selection performance for different feasi-

ble penalty choices

In this section, investigate the selection performance of the Lasso for the three different

penalty choices considered in Section 3.2: The heteroscedasticity-robust proposal

12We found that one of the reasons for the relatively poor performance of debiased Lasso is that D

is highly correlated with the important controls. Unreported simulation results show that debiased

Lasso exhibits a better performance when (D,X) exhibit a Toeplitz dependence structure as in the

simulations reported by van de Geer et al. (2014).
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Figure 13: Ratio of bias and standard deviation

Figure 14: Coverage 90% confidence intervals

in Belloni et al. (2012) (λBCCH), the penalty parameter with the minimum cross-

validated error (λmin), and the penalty parameter with the minimum cross-validation

error plus one standard deviation (λ1se).

We consider the following linear model:

Yi = Xiθ
∗ + σ(Xi)εi,

where Xi ∼ N (0, σ2
xIp) is independent of εi ∼ N (0, 1) and {Xi, εi}ni=1 consists of

i.i.d. entries. We set n = 500, p = 200, θ∗ = (1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0)
′
, and k = 5. We

consider a homoscedastic DGP where σ(Xi) = 1 and a heteroscedastic DGP where

σ(Xi) =
√

(1+Xiγ∗)2
1
n

∑
i(1+Xiγ∗)2

. The results are based on 1,000 repetitions.

Figure 15 displays the average number of selected covariates as a function of σx.

Lasso with λ = λBCCH selects the lowest number of covariates. Choosing λ = λ1se

leads to a somewhat higher number of selected covariates and results in moderate
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Figure 15: Number of selected covariates

Figure 16: Number of selected relevant covariates

overselection for larger values of σx. Lasso with λ = λmin selects the highest number of

covariates and exhibits substantial overselection. Figure 16 shows the corresponding

numbers of selected relevant covariates. Lasso with λ = λBCCH and λ = λ1se selects

fewer relevant covariates than with λ = λmin. We note that even when λ = λmin,

which result in substantial overselection, the Lasso is unable to select all the relevant

regressors when σx < 0.2.

D Additional simulations

In the main text, we consider a setting with normally distributed control variables,

normally distributed errors terms, and α∗ = 0. Here we present additional simulation

17



evidence based on the following DGP:

Yi = Diα
∗ +Xiβ

∗ + ηi, (47)

Di = Xiγ
∗ + vi, (48)

where ηi, vi, and Xi are independent of each other and {Xi, ηi, vi}ni=1 consists of

i.i.d. entries. The object of interest is α∗. We set n = 500, p = 200, β∗ = γ∗ =

(1, . . . , 1︸ ︷︷ ︸
k

, 0, . . . , 0)
′
, and k = 5. We consider four DGPs that differ with respect to

the distributions of Xi, ηi, and vi, as well as α∗. For DGP A1, we do not report the

results for σx < 0.2 due to numerical issues with the computation of standard errors.

The results are based on 1,000 simulation repetitions.

Xi ηi vi α∗

DGP A1 Indep. Bern
(

1
2 (1−

√
1− 4σ2

x)
)
N (0, 1) N (0, 1) 0

DGP A2 N (0, σ2
xIp)

t(5)√
(5/3)

t(5)√
(5/3)

0

DGP A3 N (0, σ2
xIp) N (0, 1) N (0, 1) 1

DGP A4 N (0, σ2
xIp) N (0, 1) N (0, 1) -1

Figures 17–19 present the results. The most important determinant of the perfor-

mance of post double Lasso is α∗. To see why, recall that the reduced form parameter

in the first step of post double Lasso (i.e., program (6)) is π∗ = α∗γ∗ + β∗, which

implies that the magnitude of π∗ depends on α∗. Consequently, the selection perfor-

mance of Lasso in the first step is directly affected by α∗. In the extreme case where

α∗ is such that π∗ = 0p, Lasso does not select any controls if the penalty parameter

is chosen according to the standard recommendations. The simulation results further

show that there is no practical recommendation for choosing the penalty parameters.

While λmin leads to the best performance when α∗ = 0, this choice can yield poor

performances when α∗ 6= 0. Finally, across all DGPs, OLS outperforms post double

Lasso in terms of bias and coverage accuracy, but leads to somewhat wider confidence

intervals.
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Figure 17: Ratio of bias and standard deviation

Figure 18: Coverage 90% confidence intervals
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Figure 19: Average length 90% confidence intervals

E Random design

E.1 Results

In this section, we provide some results in Lemma 2 for the Lasso with a random

design X. The necessary result on the Lasso’s inclusion can be adopted in a similar

fashion as in Propositions 2 and 4 to establish the OVBs.

We make the following assumption about (3).

Assumption 3. Each row of X is sampled independently; for all i = 1, . . . , n and

j = 1, . . . , p, supr≥1 r
− 1

2 (E |Xij|r)
1
r ≤ α < ∞; for any unit vector a ∈ Rk and

i = 1, . . . , n, supr≥1 r
− 1

2

(
E
∣∣aTXT

i,K

∣∣r) 1
r ≤ α̃ < ∞, where Xi,K is the ith row of XK

and K =
{
j : θ∗j 6= 0

}
. Moreover, the error terms ε1, . . . , εn are independent such

that supr≥1 r
− 1

2 (E |εi|r)
1
r ≤ σ <∞ and E (Xiεi) = 0p for all i = 1, . . . , n.

Assumption 3 is known as the sub-Gaussian tail condition defined in Vershynin

(2012). Examples of sub-Gaussian variables include Gaussian mixtures and distri-

butions with bounded support. The first and last part of Assumption 3 imply that
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Xij, j = 1, . . . , p, and εi are sub-Gaussian variables and is used in deriving the lower

bounds on the regularization parameters. The second part of Assumption 3 is only

used to establish some eigenvalue condition on
XT
KXK
n

.

Assumption 4. The following conditions are satisfied: (i) θ∗ is exactly sparse with

at most k non-zero coefficients and K 6= ∅; (ii)∥∥∥[E (XT
KcXK

)] [
E
(
XT
KXK

)]−1
∥∥∥
∞

= 1− φ (49)

for some φ ∈ (0, 1] such that φ−1 - 1; (iii) E (Xij) = 0 for all j ∈ K and E
(
XT
j Xj

)
≤

s for all j = 1, . . . , p; (iv)

max

{
φ

12(1− φ)k
3
2

,
φ

6k
3
2

,
φ

k

}√
log p

n
≤ α2 if φ ∈ (0, 1) , (50)

max

{
1

6k
3
2

,
1

k

}√
log p

n
≤ α2 if φ = 1, (51)

max
{

2α̃2, 12α2, 1
}√ log p

n
≤ λmin

(
E
[

1

n
XT
KXK

])
. (52)

Part (iv) of Assumption 4 is imposed to ensure that∥∥∥∥∥
(

1

n
XT
KXK

)−1

−
[
E
(

1

n
XT
KXK

)]−1
∥∥∥∥∥
∞

-
1

λmin

(
E
[

1
n
XT
KXK

]) ,∥∥∥∥∥ 1

n
XT
KcXK

(
1

n
XT
KXK

)−1
∥∥∥∥∥
∞

≤ 1− φ

2
,

with high probability. To gain some intuition for (50)–(52), let us further assume

k � 1, Xi is normally distributed for all i = 1, . . . , n, and E
(
XT
KXK

)
is a diagonal

matrix with the diagonal entries E
(
XT
j Xj

)
= s 6= 0. As a result, α̃ = α �

√
s
n

by the definition of a sub-Gaussian variable (e.g., Vershynin (2012)) and (50)–(52)

essentially require
√

log p
n

- s
n
.

Given

P
(∣∣∣∣XT ε

n

∣∣∣∣
∞
≥ t

)
≤ 2 exp

(
−nt2

c0σ2α2
+ log p

)
. (53)

and λ ≥ cασ(2−φ
2 )

φ

√
log p
n

for some sufficiently large universal constant c > 0, we have

λ ≥ 2

∣∣∣∣XT ε

n

∣∣∣∣
∞

(54)
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with probability at least 1− c′ exp
(
−c′′ log p

)
.

Define the following events

E1 =

{∣∣∣∣XT ε

n

∣∣∣∣
∞

-
ασ
(
2− φ

2

)
φ

√
log p

n

}
,

E2 =

{
λmax(Σ̂KK) ≤ 3

2
λmax(ΣKK)

}
,

E3 =

{∥∥∥∥∥
(

1

n
XT
KXK

)−1

−
[
E
(

1

n
XT
KXK

)]−1
∥∥∥∥∥
∞

-
1

λmin

(
E
[

1
n
XT
KXK

])} ,
E4 =

{∥∥∥∥∥ 1

n
XT
KcXK

(
1

n
XT
KXK

)−1
∥∥∥∥∥
∞

≤ 1− φ

2

}
.

By (53), P (E1) ≥ 1 − c′ exp
(
−c′′ log p

)
; by (63), P (E2) ≥ 1 − c′1 exp

(
−c′′1 log p

)
; by

(69), P (E3) ≥ 1− c′2 exp
(
−c′′2

(
log p
k3

))
; by (78), P (E4) ≥ 1− c′′3 exp

(
−b
(

log p
k3

))
, where

b is some positive constant that only depends on φ and α.

Lemma 2. Let Assumptions 3 and 4 hold. We solve the Lasso (4) with λ ≥ cασ(2−φ
2 )

φ

√
log p
n

for some sufficiently large universal constant c > 0. Suppose E
[
XT
KXK

]
is a positive

definite matrix.

(i) Then, conditioning on E1∩E4 (which holds with probability at least 1−c1 exp
(
−b log p

k3

)
),

(4) has a unique optimal solution θ̂ such that θ̂j = 0 for j /∈ K.

(ii) With probability at least 1− c1 exp
(
−b log p

k3

)
,∣∣∣θ̂K − θ∗K∣∣∣

2
≤ 3λ

√
k

λmin

(
E
[

1
n
XT
KXK

]) (55)

where θK = {θj}j∈K and b is some positive constant that only depends on φ and α;

if P
({

supp(θ̂) = K
}
∩ E1 ∩ E2

)
> 0, conditioning on

{
supp(θ̂) = K

}
∩ E1 ∩ E2, we

must have ∣∣∣θ̂K − θ∗K∣∣∣
2
≥ λ

√
k

3λmax

(
E
[

1
n
XT
KXK

]) ≥ λ
√
k

3
∑

j∈K
(
E
[

1
n
XT
j Xj

]) . (56)

(iii) If E
(
XT
KXK

)
is a diagonal matrix with the diagonal entries E

(
XT
j Xj

)
= s 6=

0, then ∣∣∣θ̂j − θ∗j ∣∣∣ ≤ 7λn

4s
∀j ∈ K (57)
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with probability at least 1− c1 exp
(
−b log p

k3

)
; if P

({
θ̂j 6= 0, j ∈ K

}
∩ E1 ∩ E3 ∩ E4

)
>

0, conditioning on
{
θ̂j 6= 0, j ∈ K

}
∩ E1 ∩ E3 ∩ E4, we must have

∣∣∣θ̂j − θ∗j ∣∣∣ ≥ λn

4s
≥ c0

σ

φ

√
n

s

√
log p

n
. (58)

(iv) Suppose K = {1} and E
(
XT

1 X1

)
= s 6= 0. If

|θ∗1| ≤
λn

4s
, (59)

then we must have

P
(
θ̂ = 0p

)
≥ 1− c exp (−b log p) . (60)

The part λn
4s
≥ c0

σ
φ

√
n
s

√
log p
n

in bound (58) follows from the fact that α %
√

s
n

=√
E
(

1
n

∑
X2
ij

)
where j ∈ K. If we further assume k � 1 and Xi is normally dis-

tributed for all i = 1, . . . , n, then α̃ = α �
√

s
n

and (50)-(52) imply that
√

log p
n

- s
n

(recalling our discussion following Assumption 4). Taking the worst case
√

log p
n
� s

n

and the optimal choice λ �
√

s
n

√
log p
n

, (58) implies that

∣∣∣θ̂j − θ∗j ∣∣∣ % σ

(
log p

n

) 1
4

conditioning on
{
θ̂j 6= 0, j ∈ K

}
∩E1∩E3∩E4; therefore, the minimax rate

√
k log p

k

n
�√

log p
n

(given k � 1) can no longer be attained by the Lasso. In the example where

K = 1, if (59) is satisfied, then Lasso sets θ̂1 = 0 with high probability.

E.2 Main proof for Lemma 2

In what follows, we let ΣKK := E
[

1
n
XT
KXK

]
, Σ̂KK := 1

n
XT
KXK , and λmin (Σ) denote

the minimum eigenvalue of the matrix Σ. The proof for Proposition 2(i) follows

similar argument as before but requires a few extra steps. In applying Lemma 7.23

from Chapter 7.5 of Wainwright (2019) to establish the uniqueness of θ̂ upon the

success of PDW construction, it suffices to show that λmin(Σ̂KK) ≥ 1
2
λmin(ΣKK) and

this fact is verified in (72) in the appendix. As a consequence, the subproblem (25)
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is strictly convex and has a unique minimizer. The details that show the PDW

construction succeeds conditioning on E1 ∩ E4 (which holds with probability at least

1− c1 exp
(
−b log p

k3

)
) can be found in Lemma 6 (where b is some positive constant that

only depends on φ and α).

To show (55), note that our choice of λ and
∣∣∣δ̂K∣∣∣ ≤ 1 yield

|∆| ≤
∣∣∣λδ̂K∣∣∣+

∣∣∣∣XT
Kε

n

∣∣∣∣ ≤ 3λ

2
1k,

which implies that |∆|2 ≤
3λ
2

√
k. Moreover, we can show

∣∣∣θ̂K − θ∗K∣∣∣
2

=

∣∣∣∣(XT
KXK
n

)−1

∆

∣∣∣∣
2

|∆|2
|∆|2 (61)

≤ 1

λmin

(
1
n
XT
KXK

) 3λ

2

√
k.

Applying (72) and the bound |∆|2 ≤
3λ
2

√
k yields the claim.

In showing (56) in (ii) and (58) in (iii), we will condition on
{

supp(θ̂) = K
}
∩E1∩E2

and
{
θ̂j 6= 0, j ∈ K

}
∩ E1 ∩ E3 ∩ E4, respectively.

To show (56), note that in Step 2 of the PDW procedure, δ̂K is chosen such that∣∣∣δ̂j∣∣∣ = 1 for any j ∈ K whenever supp(θ̂) = K. Given the choice of λ, we are ensured

to have

|∆| ≥
∣∣∣∣∣∣∣λδ̂K∣∣∣− ∣∣∣∣XT

Kε

n

∣∣∣∣∣∣∣∣ ≥ λ

2
1k,

which implies that |∆|2 ≥
λ
2

√
k. Moreover, we can show

∣∣∣θ̂K − θ∗K∣∣∣
2

=

∣∣∣∣(XT
KXK
n

)−1

∆

∣∣∣∣
2

|∆|2
|∆|2 ≥

1

λmax

(
1
n
XT
KXK

) λ
2

√
k. (62)

It remains to bound λmax

(
Σ̂KK

)
. We first write

λmax(ΣKK) = max
||h′ ||2=1

µ
′TΣKKµ

′

= max
||h′ ||2=1

[
µ
′T Σ̂KKµ

′
+ µ

′T (ΣKK − Σ̂KK)µ
′
]

≥ µT Σ̂KKµ+ µT (ΣKK − Σ̂KK)µ
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where µ ∈ Rk is a unit-norm maximal eigenvector of Σ̂KK . Applying Lemma 3(b)

with t = α̃2
√

log p
n

yields

µT
(

ΣKK − Σ̂KK

)
µ ≥ −α̃2

√
log p

n

with probability at least 1 − c1 exp (−c2 log p), provided that
√

log p
n
≤ 1; therefore,

λmax(ΣKK) ≥ λmax(Σ̂KK) − α̃2
√

log p
n

. Because α̃2
√

log p
n
≤ λmax(ΣKK)

2
(implied by

(52)), we have

λmax(Σ̂KK) ≤ 3

2
λmax(ΣKK) (63)

with probability at least 1− c1 exp (−c2 log p).

As a consequence,

∣∣∣θ̂K − θ∗K∣∣∣
2
≥ 1

λmax

(
1
n
XT
KXK

) λ
2

√
k ≥ 1

λmax(ΣKK)

λ

3

√
k.

The second inequality in (56) simply follows from the fact λmax

(
E
[

1
n
XT
KXK

])
≤∑

j∈K
(
E
[

1
n
XT
j Xj

])
.

To show (57), note that∣∣∣θ̂K − θ∗K∣∣∣∞ ≤
∣∣∣∣Σ̂−1

KK

XT
Kε

n

∣∣∣∣
∞

+ λ
∥∥∥Σ̂−1

KK

∥∥∥
∞

≤
∥∥∥Σ̂−1

KK

∥∥∥
∞

∣∣∣∣XT
Kε

n

∣∣∣∣
∞

+ λ
∥∥∥Σ̂−1

KK

∥∥∥
∞

≤ 3λ

2

∥∥∥Σ̂−1
KK

∥∥∥
∞
. (64)

We then apply (69) of Lemma 4 in the appendix, and the fact
∥∥∥Σ̂−1

KK

∥∥∥
∞
−
∥∥Σ−1

KK

∥∥
∞ ≤∥∥∥Σ̂−1

KK − Σ−1
KK

∥∥∥
∞

(so that
∥∥∥Σ̂−1

KK

∥∥∥
∞
≤ 7n

6s
); putting everything yields the claim.

To show (58), we again carry over the argument in the proof for Lemma 1. Letting

M = Σ̂−1
KK − Σ−1

KK , we have∣∣∣θ̂K − θ∗K∣∣∣ =

∣∣∣∣(Σ−1
KK +M

) [(XT
Kε

n

)
− λδ̂K

]∣∣∣∣
≥

∣∣∣∣Σ−1
KK

[(
XT
Kε

n

)
+ λδ̂K

]∣∣∣∣− ∣∣∣∣M [(
XT
Kε

n

)
− λδ̂K

]∣∣∣∣
≥

∣∣Σ−1
KK

∣∣ ∣∣∣∣∣∣∣λδ̂K∣∣∣− ∣∣∣∣XT
Kε

n

∣∣∣∣∣∣∣∣− ‖M‖∞ ∣∣∣∣(XT
Kε

n

)
− λδ̂K

∣∣∣∣
∞

1k,
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where the third line uses the fact that Σ−1
KK is diagonal.

Note that as before, the choice of λ stated in Lemma 2 and the fact Σ−1
KK = n

s
Ik

yield ∣∣∣θ̂j − θ∗j ∣∣∣ ≥ λn

2s
− ‖M‖∞

∣∣∣∣(XT
Kε

n

)
− λδ̂K

∣∣∣∣
∞

≥ λn

2s
− 3

2
λ ‖M‖∞ .

By (69) of Lemma 4 in the appendix, with probability at least 1 − c1 exp
(
−b log p

k3

)
,

‖M‖∞ ≤
1
6
λ−1

min(ΣKK) = n
6s

.

As a result, we have (58). The part λn
4s
≥ c0

σ
φ

√
n
s

√
log p
n

in bound (58) follows from

the fact that α %
√

s
n

=
√
E
(

1
n

∑
X2
ij

)
where j ∈ K.

To establish (60), we adopt argument similar to what is used in showing (18) by

applying the KKT condition(
1

n
XT

1 X1

)(
θ∗1 − θ̂1

)
= λsgn

(
θ̂1

)
− XT

1 ε

n

and defining E = E1 ∩ E4.

E.3 Additional technical lemmas and proofs

In this section, we show that the PDW construction succeeds with high probability in

Lemma 6, which is proved using results from Lemmas 3–5. The derivations for Lem-

mas 4 and 5 modify the argument in Wainwright (2009) and Ravikumar et al. (2010)

to make it suitable for our purposes. In what follows, we let ΣKcK := E
[

1
n
XT
KcXK

]
and Σ̂KcK := 1

n
XT
KcXK . Similarly, let ΣKK := E

[
1
n
XT
KXK

]
and Σ̂KK := 1

n
XT
KXK .

Lemma 3. (a) Let (Wi)
n
i=1 and

(
W
′
i

)n
i=1

consist of independent components, respec-

tively. Suppose there exist parameters α and α
′

such that

sup
r≥1

r−
1
2 (E |Wi|r)

1
r ≤ α,

sup
r≥1

r−
1
2

(
E
∣∣∣W ′

i

∣∣∣r) 1
r ≤ α

′
,
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for all i = 1, . . . , n. Then

P

[∣∣∣∣∣ 1n
n∑
i=1

(
WiW

′

i

)
− E

[
1

n

n∑
i=1

(
WiW

′

i

)]∣∣∣∣∣ ≥ t

]
≤ 2 exp

(
−cn

(
t2

α2α′2
∧ t

αα′

))
.

(65)

(b) For any unit vector v ∈ Rd, suppose there exists a parameter α̃ such that

sup
r≥1

r−
1
2

(
E
∣∣aTZT

i

∣∣r) 1
r ≤ α̃,

where Zi is the ith row of Z ∈ Rn×d, then we have

P(
∣∣|Zv|22 − E

(
|Zv|22

)∣∣ ≥ nt) ≤ 2 exp

(
−c′n

(
t2

α̃4
∧ t

α̃2

))
.

Remark 6. Lemma 3 is based on Lemma 5.14 and Corollary 5.17 in Vershynin

(2012).

Lemma 4. Suppose Assumption 3 holds. For any t > 0 and some constant c > 0,

we have

P
{∥∥∥Σ̂KcK − ΣKcK

∥∥∥
∞
≥ t
}
≤ 2(p− k)k exp

(
−cn

(
t2

k2α4
∧ t

kα2

))
, (66)

P
{∥∥∥Σ̂KK − ΣKK

∥∥∥
∞
≥ t
}
≤ 2k2 exp

(
−cn

(
t2

k2α4
∧ t

kα2

))
. (67)

Furthermore, if k ≥ 1, log p
n
≤ 1, α̃2

√
log p
n
≤ λmin(ΣKK)

2
, and α2

√
log p
n
≤ λmin(ΣKK)

12
, we

have

P
{∥∥∥Σ̂−1

KK

∥∥∥
2
≤ 2

λmin(ΣKK)

}
≥ 1− c′1 exp

(
−c′2 log p

)
, (68)

P
{∥∥∥Σ̂−1

KK − Σ−1
KK

∥∥∥
∞
≤ 1

6λmin(ΣKK)

}
≥ 1− c1 exp

(
−c2

(
log p

k3

))
. (69)

Proof. Let uj′j denote the element (j
′
, j) of the matrix difference Σ̂KcK−ΣKcK . The
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definition of the l∞matrix norm implies that

P
{∥∥∥Σ̂KcK − ΣKcK

∥∥∥
∞
≥ t
}

= P

{
max
j′∈Kc

∑
j∈K

|uj′j| ≥ t

}

≤ (p− k)P

{∑
j∈K

|uj′j| ≥ t

}

≤ (p− k)P
{
∃j ∈ K | |uj′j| ≥

t

k

}
≤ (p− k)kP

{
|uj′j| ≥

t

k

}
≤ (p− k)k · 2 exp

(
−cn

(
t2

k2α4
∧ t

kα2

))
,

where the last inequality follows Lemma 3(a). Bound (67) can be derived in a similar

fashion except that the pre-factor (p− k) is replaced by k.

To prove (69), note that

∥∥∥Σ̂−1
KK − Σ−1

KK

∥∥∥
∞

=
∥∥∥Σ−1

KK

[
ΣKK − Σ̂KK

]
Σ̂−1
KK

∥∥∥
∞

≤
√
k
∥∥∥Σ−1

KK

[
ΣKK − Σ̂KK

]
Σ̂−1
KK

∥∥∥
2

≤
√
k
∥∥Σ−1

KK

∥∥
2

∥∥∥ΣKK − Σ̂KK

∥∥∥
2

∥∥∥Σ̂−1
KK

∥∥∥
2

≤
√
k

λmin(ΣKK)

∥∥∥ΣKK − Σ̂KK

∥∥∥
2

∥∥∥Σ̂−1
KK

∥∥∥
2
. (70)

To bound
∥∥∥ΣKK − Σ̂KK

∥∥∥
2

in (70), we apply (67) with t = α2
√
k

√
log p
n

and obtain

∥∥∥Σ̂KK − ΣKK

∥∥∥
2
≤ α2

√
k

√
log p

n
,

with probability at least 1 − c1 exp
(
−c2

log p
k3

)
, provided that k−3 log p

n
≤ 1. To bound∥∥∥Σ̂−1

KK

∥∥∥
2

in (70), let us write

λmin(ΣKK) = min
||µ′ ||2=1

µ
′TΣKKµ

′

= min
||µ′ ||2=1

[
µ
′T Σ̂KKµ

′
+ µ

′T (ΣKK − Σ̂KK)µ
′
]

≤ µT Σ̂KKµ+ µT (ΣKK − Σ̂KK)µ (71)
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where µ ∈ Rk is a unit-norm minimal eigenvector of Σ̂KK . We then apply Lemma

3(b) with t = α̃2
√

log p
n

to show

∣∣∣µT (ΣKK − Σ̂KK

)
µ
∣∣∣ ≤ α̃2

√
log p

n

with probability at least 1− c′1 exp
(
−c′2 log p

)
, provided that

√
log p
n
≤ 1. Therefore,

λmin(ΣKK) ≤ λmin(Σ̂KK) + α̃2
√

log p
n

. As long as α̃2
√

log p
n
≤ λmin(ΣKK)

2
, we have

λmin(Σ̂KK) ≥ 1

2
λmin(ΣKK), (72)

and consequently (68), ∥∥∥Σ̂−1
KK

∥∥∥
2
≤ 2

λmin(ΣKK)

with probability at least 1− c′1 exp
(
−c′2 log p

)
.

Putting the pieces together, as long as α2

λmin(ΣKK)

√
log p
n
≤ 1

12
,

∥∥∥Σ̂−1
KK − Σ−1

KK

∥∥∥
∞
≤

√
k

λmin(ΣKK)

α2

√
k

√
log p

n

2

λmin(ΣKK)
≤ 1

6λmin(ΣKK)
(73)

with probability at least 1− c1 exp
(
−c2

log p
k3

)
.

Lemma 5. Let Assumption 3 hold. Suppose∥∥∥E [XT
KcXK

] [
E(XT

KXK)
]−1
∥∥∥
∞

= 1− φ (74)

for some φ ∈ (0, 1]. If k ≥ 1 and

max

{
φ

12(1− φ)k
3
2

,
φ

6k
3
2

,
φ

k

}√
log p

n
≤ α2 if φ ∈ (0, 1) , (75)

max

{
1

6k
3
2

,
1

k

}√
log p

n
≤ α2 if φ = 1, (76)

max
{

2α̃2, 12α2, 1
}√ log p

n
≤ λmin(ΣKK), (77)

then for some positive constant b that only depends on φ and α, we have

P

[∥∥∥∥∥ 1

n
XT
KcXK

(
1

n
XT
KXK

)−1
∥∥∥∥∥
∞

≥ 1− φ

2

]
≤ c

′
exp

(
−b
(

log p

k3

))
. (78)
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Proof. Using the decomposition in Ravikumar et al. (2010), we have

Σ̂KcKΣ̂−1
KK − ΣKcKΣ−1

KK = R1 +R2 +R3,

where

R1 = ΣKcK

[
Σ̂−1
KK − Σ−1

KK

]
,

R2 =
[
Σ̂KcK − ΣKcK

]
Σ−1
KK ,

R3 =
[
Σ̂KcK − ΣKcK

] [
Σ̂−1
KK − Σ−1

KK

]
.

By (74), we have
∥∥ΣKcKΣ−1

KK

∥∥
∞ = 1−φ. It suffices to show ‖Ri‖∞ ≤

φ
6

for i = 1, ..., 3.

For R1, note that

R1 = −ΣKcKΣ−1
KK [Σ̂KK − ΣKK ]Σ̂−1

KK .

Applying the facts ‖AB‖∞ ≤ ‖A‖∞ ‖B‖∞ and ‖A‖∞ ≤
√
a ‖A‖2 for any symmetric

matrix A ∈ Ra×a, we can bound R1 in the following fashion:

‖R1‖∞ ≤
∥∥ΣKcKΣ−1

KK

∥∥
∞

∥∥∥Σ̂KK − ΣKK

∥∥∥
∞

∥∥∥Σ̂−1
KK

∥∥∥
∞

≤ (1− φ)
∥∥∥Σ̂KK − ΣKK

∥∥∥
∞

√
k
∥∥∥Σ̂−1

KK

∥∥∥
2
,

where the last inequality uses (74). If φ = 1, then ‖R1‖∞ = 0 so we may assume

φ < 1 in the following. Bound (68) from the proof for Lemma 4 yields∥∥∥Σ̂−1
KK

∥∥∥
2
≤ 2

λmin(ΣKK)

with probability at least 1−c1 exp (−c2 log p). Now, we apply bound (67) from Lemma

4 with t = φ
12(1−φ)

√
log p
kn

and obtain

P

[∥∥∥Σ̂KK − ΣKK

∥∥∥
∞
≥ φ

12(1− φ)

√
log p

kn

]
≤ 2 exp

(
−c
(

φ2 log p

α4(1− φ)2k3

))
,

provided φ
12(1−φ)α2k

√
log p
kn
≤ 1. Then, if

√
log p
n
≤ λmin(ΣKK), we are guaranteed that

P
[
‖R1‖∞ ≥

φ

6

]
≤ 2 exp

(
−c
(

φ2 log p

α4(1− φ)2k3

))
+ c1 exp (−c2 log p) .
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For R2, note that

‖R2‖∞ ≤
√
k
∥∥Σ−1

KK

∥∥
2

∥∥∥Σ̂KcK − ΣKcK

∥∥∥
∞

≤
√
k

λmin(ΣKK)

∥∥∥Σ̂KcK − ΣKcK

∥∥∥
∞
.

If φ
6α2k

√
log p
kn
≤ 1 and

√
log p
n
≤ λmin(ΣKK), applying bound (66) from Lemma 4 with

t = φ
6

√
log p
kn

yields

P
[
‖R2‖∞ ≥

φ

6

]
≤ 2 exp

(
−c
(
φ2 log p

α4k3

))
.

For R3, applying (66) with t = φ
√

log p
n

to bound
∥∥∥Σ̂KcK − ΣKcK

∥∥∥
∞

and (69) to bound∥∥∥Σ̂−1
KK − Σ−1

KK

∥∥∥
∞

yields

P
[
‖R3‖∞ ≥

φ

6

]
≤ c

′
[
exp

(
−c
(
φ2 log p

α4k3

))
+ exp

(
−c
(

log p

k3

))]
,

provided that φ
α2k

√
log p
n
≤ 1 and

√
log p
n
≤ λmin(ΣKK).

Putting everything together, we conclude that

P
[∥∥∥Σ̂KcKΣ̂−1

KK

∥∥∥
∞
≥ 1− φ

2

]
≤ c

′
exp

(
−b
(

log p

k3

))
for some positive constant b that only depends on φ and α.

Lemma 6. Let the assumptions in Lemmas 4 and 5 hold. Suppose θ∗ is exactly

sparse with at most k non-zero coefficients and K =
{
j : θ∗j 6= 0

}
6= ∅. If we choose

λ ≥ cασ(2−φ
2 )

φ

√
log p
n

for some sufficiently large universal constant c > 0,
∣∣∣δ̂Kc

∣∣∣
∞
≤ 1−φ

4

with probability at least 1−c1 exp
(
−b log p

k3

)
, where b is some positive constant that only

depends on φ and α.

Proof. By construction, the subvectors θ̂K , δ̂K , and δ̂Kc satisfy the zero-subgradient

condition in the PDW construction. With the fact that θ̂Kc = θ∗Kc = 0p−k, we have

Σ̂KK

(
θ̂K − θ∗K

)
− 1

n
XT
Kε+ λδ̂K = 0k,

Σ̂KcK

(
θ̂K − θ∗K

)
− 1

n
XT
Kcε+ λδ̂Kc = 0p−k.
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The equations above yields

δ̂Kc = −1

λ
Σ̂KcK

(
θ̂K − θ∗K

)
+XT

Kc

ε

nλ
,

θ̂K − θ∗K = Σ̂−1
KK

XT
Kε

n
− λΣ̂−1

KK δ̂K ,

which yields

δ̂Kc =
(

Σ̂KcKΣ̂−1
KK

)
δ̂K +

(
XT
Kc

ε

nλ

)
−
(

Σ̂KcKΣ̂−1
KK

)
XT
K

ε

nλ
.

Using elementary inequalities and the fact that
∣∣∣δ̂K∣∣∣

∞
≤ 1, we obtain∣∣∣δ̂Kc

∣∣∣
∞
≤
∥∥∥Σ̂KcKΣ̂−1

KK

∥∥∥
∞

+
∣∣∣XT

Kc

ε

nλ

∣∣∣
∞

+
∥∥∥Σ̂KcKΣ̂−1

KK

∥∥∥
∞

∣∣∣XT
K

ε

nλ

∣∣∣
∞
.

By Lemma 5,
∥∥∥Σ̂KcKΣ̂−1

KK

∥∥∥
∞
≤ 1− φ

2
with probability at least 1− c′ exp

(
− b log p

k3

)
;

as a result, ∣∣∣δ̂Kc

∣∣∣
∞
≤ 1− φ

2
+
∣∣∣XT

Kc

ε

nλ

∣∣∣
∞

+
∥∥∥Σ̂KcKΣ̂−1

KK

∥∥∥
∞

∣∣∣XT
K

ε

nλ

∣∣∣
∞

≤ 1− φ

2
+

(
2− φ

2

) ∣∣∣X̂T ε

nλ

∣∣∣
∞
.

It remains to show that
(
2− φ

2

) ∣∣XT ε
nλ

∣∣
∞ ≤

φ
4

with high probability. This result

holds if λ ≥ 4(2−φ
2 )

φ

∣∣XT ε
n

∣∣
∞. In particular, Lemma 3(a) and a union bound imply

that

P
(∣∣∣∣XT ε

n

∣∣∣∣
∞
≥ t

)
≤ 2 exp

(
−nt2

c0σ2α2
+ log p

)
.

Thus, under the choice of λ in Lemma 6, we have
∣∣∣δ̂Kc

∣∣∣
∞
≤ 1− φ

4
with probability at

least 1− c1 exp
(
−b log p

k3

)
.
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