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Abstract

Two items, one good, the other bad, may be assigned to n players, whose types
determine their marginal rates of substitution of money. This paper characterizes the
set of all interim Pareto optimal mechanisms. They are each in the form of auctions
that may allocate the bad through rationing even when type-distributions are regular.
When the Gini coefficient across types is above 1/2; Pareto optimality requires that
the bad be assigned to someone sometimes, even though not assigning it at all is an
option. Such assignment of the bad reduces inequality among types through giving
larger surpluses to the types near the high and low ends than to those around the mid-
dle. The characterization of optimal mechanisms is derived from a class of nonlinear,
concave functionals that we abstract from a player’s countervailing incentives as his

role endogenously switches between a buyer of the good and a receiver of the bad.
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1 Introduction

This paper is motivated by the question how to induce Pareto improving wealth transfers
across individuals. In order for wealth transfer to be Pareto improving, let us consider an
environment where individuals may have different marginal rates of substitution of money.
To induce voluntary wealth transfers, suppose that the social planner has two items, one
good, the other bad, to assign to n players. For example, she wants to locate among n cities
a high-tech giant’s headquarter and an oil pipeline terminal. If the social planner sells the
good to a player who values money less and uses the revenue to compensate another who
values money more for receiving the bad, a Pareto improving wealth transfer is induced.
Such a transfer, however, is only one instance among a large variety of redistribution that a
social planner may deem Pareto improving. Depending on her value judgement, the social
planner may favor one player against another, or favor one type of a player against another
type of the same player, whether or not the former values money intrinsically more than
the latter does. Thus, we assume no stand on interpersonal comparison, as one dollar for
one type of a player may be deemed more valuable than one dollar for another type of
the same or a different player. Rather we consider the entire set of interim Pareto optimal
mechanisms, without assuming the existence of any rule according to which a social planner
assigns welfare weights across players and across types of a player. That is, we shall find
out the common pattern of all the Pareto optima not only among all players but also among
all types of each player. The latter aspect makes this study relevant not only to mechanism
design but also to macro settings where types in a continuum are interpreted as atomless
individuals and players interpreted as sectors, regions, etc.

The model has n players, whose types are independently drawn from possibly differ-
ent distributions. The positive values of the good, and the negative values of the bad, are
commonly known. A player’s type determines his marginal rate of substitution of money.
Any mechanism committed to by the social planner is subject to the standard constraints:
incentive compatibility (IC), (interim) individual rationality (IR) and (ex post) budget bal-
ance (BB). Interim Pareto improvement means an IC, IR and BB mechanism that makes a
positive measure of some player’s types better-off, and zero measure of every player’s types
worse-off, than the status quo. Interim Pareto optimality means IC, IR, BB and immunity

to interim Pareto improvements. The problem is to characterize the set of all interim Pareto



optimal mechanisms and identify their common features.

Each player’s type drawn from a continuum, interim Pareto optimality is a design ob-
jective with infinite dimensions. In the mechanism design literature the design objective is
usually one-dimension, such as the expected revenue, or a social welfare function aggregating
individual preferences through exogenous welfare weights. It is rare to consider a design ob-
jective with finitely many dimensions such as Holstrom and Myerson’s [5] incentive efficiency,
let alone an objective with infinite dimensions and characterizing the optima thereof.!

Another feature of our design problem is each player’s endogenously countervailing
incentive: Depending on what the mechanism entails according to his realized type, a player
may act as a buyer of the good sometimes, and as a recipient of the bad some other times.
He would underreport his willingness to pay in the former event, and exaggerate his cost
in the latter. By contrast, in the literatures of optimal auctions (Myerson [10]), optimal
taxation (Mirrlees [9]) and bilateral trade (Myerson and Satterthwaite [12]), the role of a
player is exogenous.

Our solution to this problem says that any interim Pareto optimal mechanism is neces-
sarily in the form of auctions, with the winner-selection rule adjusted to the particularity of
the optimum. First, for any interim Pareto optimum there is an associated welfare weight-
ing, a profile of type-distributions across players, that aggregates individual preferences into
a unidimensional social welfare function which the Pareto optimum maximizes subject to
IC, IR and BB (Theorem 1). Second, the associated welfare weighting determines a rule to
select the winner of the good, and another rule to select the “winner” of the bad, which the
given Pareto optimum entails. These winner-selection rules together determine each player’s
expected value of money transfers in the Pareto optimal mechanism up to a constant, and
the constant is determined by the expectation of the player’s marginal rate of substitution
of money weighed by the associated welfare weighting (Theorem 2).

This general characterization has implications on the optimal redistribution across
players and that across types, suboptimality of the efficient allocation, and prevalence of

rationing (Remarks 2-6). The most unexpected one is a relationship between the Gini

! Assuming infinite rather than finite type spaces is not just for the sake of technicalities. The finite-type
assumption would undermine the relevance of the model to macro considerations of a continuum of agents
and make it hard to relate to much of the mechanism design literature, where results are usually based on

continuum types.



coefficient and the probability with which the bad is assigned to someone despite that the
social planner could choose to not assign it at all. Theorem 3 says that, in any symmetric
environment where the only heterogeneity among players is their types, any ex ante Pareto
optimal mechanism assigns the bad with a strictly positive probability when the relative
mean absolute difference (or twice the Gini index) among players is larger than one, despite
the assumption that not assigning the bad at all is an option to the social planner.

We also find an inequality-reducing effect of assigning the bad. In the symmetric case,
any Pareto optimal mechanism that assigns the bad with a positive probability gives larger
surplus to the types near the high and low ends than to those around the middle (Figure 5).
Thus, no matter how the types are permuted, being born with a high type does not imply
ending with a high surplus (Remark 6).

One implication says that any interim Pareto optimum in our model is also an interim
Pareto optimum in the matching environment that disallows a player to have both items
(Remark 3). That complements the new literature of matching with transfers (Chiappori [1])
by showing that a particular auction mechanism achieves optimal matching.?

Our method to obtain these results has two novel aspects. The first is in the proof of
Theorem 1, which reduces the infinite-dimensional objective to a unidimensional one that
facilitates calculations of optimal mechanisms. Applying the Hahn-Banach theorem, this step
resolves a dilemma, which often troubles infinite-horizon macro models (cf. Stokey, Lucas
and Prescott [15, §15.4, §16.6]), between ensuring existence of a separating hyperplane and
guaranteeing that the hyperplane can be properly represented. We resolve this dilemma
because the separating hyperplane here needs only to be represented as a distribution rather
than as an inner product operator, and because the hyperplane can be represented as a
distribution due to a continuity observation in mechanism design.

The second novelty is a new method to integrate a player’s information rent across
his types that may switch between the countervailing incentives due to his allocation (Sec-
tion 5.1.1). This method is encapsulated by a kind of nonlinear, two-part operators on alloca-
tions. Both the objective function and the joint constraint of IC, IR and BB for the optimal
mechanism problem are reduced to such two-part operations. Being concave functionals of
allocations, such operators guarantee that any optimal mechanism satisfies the saddle point

condition (Lemma 5). Consequently, the associated Lagrangian is also reduced to an action

2 According to Herodotus [4], auctions were used in ancient Babylon marriage matching markets.



on the allocations by a two-part operator. This two-part operator implies the formula for
any maximizer of this Lagrangian and hence the formula for the optimal mechanism.

Deriving the formula for optimal mechanisms from the aforementioned two-part oper-
ator requires modifications on Myerson’s [10] ironing technique because two-part operators
are in general nonlinear in allocations. We bisect the Lagrangian maximization problem
into two linear programmings, solve each while seting aside the other, and then show that
the concatenation of the two solutions solves the original problem (Section 5.2.2 and Ap-
pendix B.6). We add a one-sided leveling operation to the ironing procedure in order to
handle an additional constraint required by those linear problems (Appendix B.6.2).

Based on finitely many types but otherwise a highly general model, Myerson [11, §10.5]
has characterized the set of incentive efficient mechanisms, or interim Pareto optima subject
to IC constraints. The characterization is that any incentive efficient mechanism is a point-
wise maximizer of the aggregate of virtual utility functions, each a function of the social
choice outcome, the realized type profile, the welfare weights and the Lagrange multipliers
for all the IC constraints with respect to the particular mechanism being characterized. To
this profound, abstract perspective, our paper adds concrete, specific contents. Based on a
continuum of types and a specific, allocation problem, our characterization is that an opti-
mal mechanism allocates each item to a player whose realized type scores highest among all
players whose realized types score above a threshold and that each player’s score is a function
of only his type. While the formula for the scoring functions in an optimal mechanism may
depend on that mechanism, the auction-like pattern (allocating an item to a highest bidder),
as well as some other implications of our characterization, is independent of which optimal
mechanism is being characterized. Such disentanglement between the property of optima and
the reference to a specific optimum is our main difference from Myerson’s characterization.

Dworczak, Kominers and Akbarpour [3] have considered a model that captures wealth
inequality by heterogeneous marginal rates of substitution (MRS) of money. They suggest
that quasilinearity at the presence of wealth inequality is an appropriate local approximation
when one’s valuation of money is a smooth function of his wealth. Considering a bilateral
trade environment, Dworczak et al. characterize the set of mechanisms that maximize the
sum of the integrals across agents’ utilities given exogenous welfare density functions of
the agents (same as types in their model) such that the welfare density functions can be

arbitrary. They use a novel technique and observe that the optimal design uses tax-like



pricing mechanisms, with a wedge between the price for the buyers and that for the sellers.
This paper builds upon their idea of capturing wealth inequality by heterogeneous MRS
in a quasilinear setting. Our model differs from theirs in four aspects. First, we do not
assume a unidimensional, utilitarian design objective such as a sum or an integral of utilities
across types or agents; rather, the associated welfare weighting that aggregates preferences,
across types and across players, is a consequence of the Pareto optimum under consideration
(and the welfare weighting need not be representable as an inner product operator with
its densities). Second, we have n players whose types are drawn from possibly different
distributions; in their model, there is a continuum of i.i.d. buyers, and a continuum of i.i.d.
sellers. Third, in our model a player’s role—whether to be a seller or to be a buyer—is
endogenous and hence has countervailing incentives, whereas in their model an agent’s role
is exogenously assumed. Fourth, the items in our model need not be assigned and hence the
probability of assigning the good need not be equal to the probability of assigning the bad;
in their model, market clearance requires that the aggregate probability of sales be equal to
that of purchases.

Because of the first difference, this paper complements Dworczak et al. with our Theo-
rem 1, which suggests that with a similar separating hyperplane argument their assumption
of exogenous welfare densities might be relaxable. Because of the other differences, Pareto
optima in our model are all auction-like mechanisms rather than the tax-like ones in their
model. A player’s bid in our model affects the type-cutoffs for other players to receive an
item, whereas in their model an agent, atomless, has no influence on others. Because of the
third difference, a player’s surplus in our model is a non-monotone function of his type, while
in theirs it is monotone. Applied to symmetric cases, this non-monotonicity implication says
that our Pareto optimal mechanisms breaks the type-generated hierarchy through giving
higher surpluses to types near the high and low ends than to those in the middle.

Countervailing incentives have been considered in the partnership dissolution litera-
ture, initiated by Cramton, Gibbons and Klemperer [2]. The focus of that literature is im-
plementability of one particular winner-selection rule, the efficient allocation, which would
be optimal if implementable and if the objective is the simple sum of surpluses across players.
Loertscher and Wasser [6], differently, consider a design objective that is a convex combina-
tion between the auctioneer’s expected revenue and the expected utility of the good for its

final owner. Since the total money transfer from the players to the auctioneer is a plus rather



than a negative in that objective,® their optimal mechanism squeezes the lowest surplus for
each player down to the player’s exogenous outside option. This outside option equation is
crucial in Loertscher and Wasser’s solution for the countervailing incentive problem. Our
paper differs from the partnership dissolution literature by charactering the entire interim
Pareto frontier. With players heterogenous in MRS of money, our counterpart of the efficient
allocation is suboptimal even if it is implementable (Remark 5). The paper differs from Lo-
ertscher and Wasser also in the first and fourth aspects in which we differ from Dworczak et
al. Consequently, our optimal mechanisms rebate surplus back to players and do not squeeze
every player’s lowest surplus down to his exogenous outside option. Hence Loertscher and
Wasser’s outside option equation is unavailable to us.

The following Section 2 illustrates why the bad is needed with a binary example. Then
Section 3 defines the model and the design problem. Section 4 then presents the main results
and implications. Section 5 sketches the proofs, with details relegated to the Appendix. The
concept of two-part operators is introduced in Section 5.1.1. Our extension of the ironing

technique is in Section 5.2.2 and Appendix B.6. Section 6 concludes.

2 Why the Bad is Needed: An Example

Consider within this section a binary example: There are only two players and the type for
each is equal to either 1 or 6, each with probability 1/2; the value of the good is equal to 1,
and that of the bad is equal to —1, to each player; given any type ¢t € {1,6}, a player’s
expected payoff is equal to x4 — xp — y/t if he gets the good with probability z 4, the bad
with probability xp, and delivers monetary payment y (or receives payment —y), for any
(ra,7p,y) € [0,1]*> x R. Suppose within this section that the design objective is the social
surplus, the sum of ex ante expected payoffs for both players.

If types were common knowledge then the bad is not needed at all to maximize the
social surplus. To achieve the maximum, we simply assign the good always and, in the event
where one player’s type is high while the other’s is low, transfer the maximum amount of

money from the high-type player to the low-type player subject to the former’s participation

3The expected utility of the good for its final owner (called social surplus by Loertscher and Wasser) is
not equal to the total surplus among all players. That is because the total money transfer from the players

to the auctioneer is not subtracted from the expected utility of the good for its final owner.



constraint, which means giving the former the good and transferring from him an amount
equal to 6. That maximizes the social surplus to 1 + (1/2)(—6/6 + 6/1) = 7/2. Assigning
the bad with any positive probability can only lower this amount.

Suppose that types are private information. For simplicity of illustration within this
example, a symmetric environment, let us consider only symmetric mechanisms. To demon-
strate the necessity of the bad to maximize the social surplus, let us find out the constrained
optimum subject to the restriction that the bad be never assigned. Given any incentive
feasible symmetric revelation mechanism, let (); denote a player’s expected probability of
getting the good given his type being ¢, and let P; denote the expected value of the money
transfer from him to others. Incentive compatibility (IC) for both ¢ € {1,6} means

Qs — Ps/6 > Q1 — P1/6,
Qi —P > Qs—F.

Ex post budget balancing, combined with symmetry of the mechanism and equal probabilities
of the two types, implies that P, + P = 0. This, coupled with the IC conditions displayed
above, implies

(Qs — Q1) /2 < Ps <3(Qs — Q1) .

This implies Qg — @)1 > 0 and hence Ps; > 0 and P, = —Fs < 0. That means the individual
rationality (IR) constraint for type 1, @1 — P, > 0, is non-binding. The IR for type 6,
Qs — Fs/6 > 0, is also non-binding due to the above-displayed inequality. Thus, it is
necessary for any constrained optimum that Ps = 3(Qg — 1). Hence the social surplus is

equal to
1 P

2(§<Q6—E>+%(Q1—P1)):gQ6—;Q1,

which is maximized when (g is maximized and ()7 minimized. Thus following is an optimum

among symmetric mechanisms that do not assign the bad at all:

a. When both players report the high type, allocate the good randomly to one of them

with equal probability and make no money transfer.
b. If both players report the low type, make no allocation and no money transfer.

c. If one player reports the high type and the other reports the low type, assign the good



to the high-type player and have him transfer to the other player an amount equal to

1 1 1 9
2. — = — = — = —.
3(Qs— Q1) =6 5 2—|—2 0 5
Q
6

Thus, given that the bad is never assigned, the optimal social surplus is equal to
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different types

By contrast, consider another symmetric mechanism that assigns the bad sometimes.

It stipulates the same rule as the previous mechanism except—

¢*. If one player reports the high type and the other reports the low type, allocate the good
to the high-type player and the bad to the low-type player, and have the high-type

player transfer an amount of money equal to 6 to the low-type player.

The social surplus generated by this mechanism is equal to

1\N? 1 6 11
- “(1=-1=2 - —
(3) #2(1-1-gro) =7

(. J

~
different types

which is larger than the social surplus from the previous mechanism. Thus, to enlarge the

social surplus, it is necessary to assign the bad at least sometimes.*

3 The Model

3.1 The Good, the Bad, and n Players

Two items, named A and B, each indivisible, are to be allocated among n players (n >

2), each of whom can get one or both or none of the items. A social planner commits

4 The bad cannot be replaced by “not winning the good.” That is because the latter is already available
in the constrained optimum obtained previously subject to the restriction of never assigning the bad, and
we have seen that the constrained optimum can be improved upon by assigning the bad. Neither can the
bad be replaced by splitting the good into two items, v; and ve, such that v; + v, = 1 and vy, vy € [0, 1].
To see that, let ¢; denote the probability with which a type-t player gets the v; part of the good, and ¢?
the probability with which he gets the vy part of the good. Then his interim expected payoff is equal to
v1ql +v2q? — P, /t if he acts as type s given true type t. But then we can label v1ql +v2q? as Q; to see that

this setup is identical to the previous, one-good case with the restriction of never assigning the bad.



to a mechanism that may allocate the items to some players and may mamarginal rate
of substitution of moneyndate money transfers among the players. The outcome to any
player ¢ takes the form (z;4,%;p,y;), where z;; (Vj € {A, B}) denotes the probability with
which player i gets item j, and y; the net money transfer from player i to others (with
negative y; signifying the transfer from others to 7). After the mechanism is announced
and before it is operated, each player, given his own private information, can opt out of
the mechanism thereby getting the outcome (0, 0,0) for himself. Each player i’s preference
relation is represented by a vINM utility function
(Tia, TiB, Yi) ¥ Tia — CTip — %, (1)
with ¢ > 0 a constant across all players, and ¢; player i’s realized type. Thus, item A is
interpreted as a good, and item B a bad, to all players; 1/t; is interpreted as player i’s
marginal rate of substitution of money.
Assume that each player ¢’s type t; is independently drawn from a commonly known
cumulative distribution function (CDF) F; such that its support is T; := [a;, b;], its density f;

is positive on the support, and a; > 0.

Remark 1 Assumption (1) plays an important role in the symmetric case where the social
planner ranks all players and all types equally, as in the example of Section 2. There, were (1)
replaced by the quasilinear private value assumption that equates a player i’s payoff with
ti (x;a — cx;p) —y;, money transfer would make no difference to the social surplus. Given (1),
by contrast, money transfer changes the social surplus and, to induce the optimal amount
of money transfer, the social planner needs to assign the bad to someone sometimes. By the
same token, (1) is important to Theorem 3, which relates the dispersion among types to the
necessity of the bad. However, (1) is not important to Theorems 1 or 2, which characterize
Pareto optimality when welfare weights are unrestricted and hence money transfer may be

deemed welfare improving even with the quasilinear private value assumption.®

5 Assumption (1) can be generalized to (2,4, ZiB, Yi) — V;Tia — C;x;p — Yi/t;. Since our design objective,
Pareto optimality, takes no stand on interpersonal comparison of utilities, there is no loss of generality to
normalize v; to one for all 7. Thus we need only to extend (1) slightly to allow for different ¢; across i. Our

results can be extended to such heterogeneous c¢; case.
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3.2 Allocations and Mechanisms

For each player i, denote T_; := [ | ;i 1j, and let F_; be the product measure on 7°; generated
by (F})jzi- An ez post allocation means a list (¢;a,¢ip)l; of functions such that g;4,¢p :

[1;-, 75 — [0,1] for each i and, for each t € [[}_, T},
Z%A(t) <1 and Z%‘B(t) <1

An ez post payment rule means a list (p;)?, of functions such that p; : [] ; T — R for each 1.
By the revelation principle, any equilibrium-feasible mechanism corresponds to a pair of ex
post allocation (g;4, ¢ip);_, and ex post payment rule (p;)", with ¢;;(¢) interpreted as the
probability with which item j (j € {A, B}) is assigned to player ¢, and p;(t) the net money
transfer from player ¢ to others, when ¢ is the profile of alleged types across players.

A list (@), of functions @Q; : T; — R (Vi) is said generated by an ex post allocation
(¢ia, i), iff, for each i =1,...,n and each t; € T;,

Qults) = /T GualttDAF )~ [ antt)aP () @)

_ T_;
Likewise, a list (P;)?_, of functions P, : T; — R (Vi) is said generated by an ex post payment
rule (p;)_, iff, for each i = 1,...,n and each t; € T}, P,(t;) = fTiipi@i,t—i)dF—i(t—i)- Any
list (Q;, P;)I such that (Q;), is generated by some ex post allocation (gia,¢g);—,, and
(P;)™, generated by some ex post payment rule (p;)_,, is called reduced-form mechanism,

or mechanism for short.

3.3 Constraints

Given any (reduced-form) mechanism (Q;, P;), it follows from the vNM utility function (1),
and the shorthand (2), that the interim expected utility for any type ¢; € T; of player i to
act type t;, given truthtelling from others, is equal to Q;(f;) — P;({;)/t;. Denote

~

1;1' eT;

Since inf 7; > 0 by assumption, the maximization problem in (3) is equivalent to

Uit | Q, P) = max t;Q:(t;) — Pi(%,). (4)

t,€T;

11



Thus, as is routine in auction theory, incentive compatibility (1C) of (Q;, P;)?_, is equivalent
to simultaneous satisfaction of two conditions for each player i: (i) Q; is weakly increasing

on Ty; (i) for any #,,#) € Ty,

t;
Pit) - P#) = [ sd@i(s) )

£
Since each player can opt out of a mechanism before it operates, his outside payoftf is
zero, hence (Q;, P;)!, is said indwidually rational (IR) iff U;(¢;]Q, P) > 0 for all ¢ and all
t; € Ty. By (3) and (4), Ui(t:|Q, P) = Ui(t; | Q, P)/t; for any t; € T}, and it is routine to
show that UZ( | @, P) is convex, with derivative almost everywhere equal to @;, which is

weakly increasing by IC. Thus, U;(- | Q, P) attains its minimum at

Consequently, Uy(7(Q;) | Q, P) > 0 iff “Uy(t; | Q,P) > 0 for all t; € T} iff “Us(t; | Q, P) >0
for all t; € T,.” Thus, IR is equivalent to U; (7(Q;) | @, P) > 0 for all players i.

For the society consisting of the n players to transfer wealth among themselves with-
out relying on outside subsides, we require that a mechanism be always budget-balanced:
(Qs, P, satisfies budget balance (BB) iff (P;)"_, is generated by some ex post payment
rule (p;)i~, such that > . p;(t) >0 for all t € [[, T;.

3.4 The Problem

To characterize a large class of Pareto optimal mechanisms, we use a strong notion of Pareto
dominance based on interim, rather than ex ante, expected payoffs. A mechanism (Q*, P*)
is interim Pareto optimal iff (1) (Q*, P*) is IC, IR and BB, and (ii) there does not exist any
IC, IR and BB mechanism (@, P) such that u;(- | @, P) > u;(- | Q*, P*) a.e. on T; for all
i € {1,...,n} and, for some i, u;(- | @, P) > w;(- | Q% P*) on a positive-measure subset
of T;. The problem is to characterize the set of all interim Pareto optimal mechanisms.
With interim Pareto optimality the welfare criterion, not only do we take no stand a
priori regarding interpersonal comparison, we also allow for any inter-type comparison for
the same player. That is, regardless of the cardinal interpretation of (1), the social planner
may want to subsidize one player against another, or rank one type of a player higher than
another type of the same player. Without even assuming the existence of such ranking rules,

we shall find out the common feature of all interim Pareto optimal mechanisms.

12



4 The Solution

The common feature of all interim Pareto optimum, no matter how they rank across players
and across types, is that they are necessarily in the form of auctions. This observation is for-
malized by Theorems 1 and 2 in Section 4.1. Remarks 2-5 then point out some implications.
Section 4.2 focuses on the implication in the symmetric case and uncovers a link between

inequality reduction and the necessity for allocating the bad at the optimal mechanism.

4.1 The Result: Common Features of All Interim Pareto Optima

Theorem 1, proved in Appendix A, reduces interim Pareto optimality, an objective with
infinite dimensions, to a unidimensional, utilitarian objective. The operator that aggregates
individual-type preferences to the utilitarian objective is encapsulated by a profile (A;); of
distribution functions associated with the Pareto optimum under consideration. By distri-
bution on an interval [a,b], we mean a real function on R that is weakly increasing on R,

right-continuous on (a, b), constant on (b, 00), and equal to zero on (—oo, a).

Theorem 1 For any interim Pareto optimal mechanism (Q;, P;)’_,, there exists a profile
()\i)@_l such that \; is a distribution on T; for each i, A; > 0 on some positive-measure subset

of T; for some i, and (Q;, P;))", mazximizes

> [ vel1a P M)
i YT
among all IC, IR and BB mechanisms (Q, P).

The distribution profile (A;)I; in Theorem 1 can be interpreted as the welfare weight-
ing, across players and across types, that supports the given Pareto optimum as a maxi-
mum of the unidimensional social welfare (7) among all IC, IR and BB mechanisms (Q, P).
Note that A\; need not be absolutely continuous with respect to the prior distribution Fj,
hence it need not have a derivative X, for which the integral in (7) equals an inner product
fT (-] Q, P N.dF;. Our characterization of optimal mechanisms does not need such inner
product representation of \;, hence we make no assumption to force its absolute continuity.

Theorem 2, proved in Sections 5.1-5.2, characterizes all constrained maximizers of the

social welfare function (7). It uses the following notations:
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Q; and Q;: For any ¢ : R — R, denote ¢ and ¢~ by ¢ () := max{¢(z),0} and ¢~ (z) :=
max{—¢(x),0} for all z € R. Thus ¢ = ¢ — ¢~. (This definition applies only when +

or — is the superscript and does not apply when they appear elsewhere such as in Z; ;..)

Z;+ and Z; _: For any integrable function 1; : T; — R, denote 1), for the weakly increasing

function on T; that results from ironing 1; according to Myerson [10, §6].

A ((Zi+)1-y) and & ((—Z;_)1,): For any profile (¢;)%, of functions ¢; : T, — R (Vi),
o ((pi)f;) denotes the set of all profiles (¢;)7_; of functions ¢; : [[, Tk — [0,1] (V?)
such that > . ¢; <1 on [], Ty and, for almost every (t;);_; € [[, 7k and for any i,
pilti) > maxgf(t;) = q((thiz) =1,
piti) <maxei(t) = (i) = 0.

Theorem 2 For any profile (\;)?_, of distributions X\; on T;, if (Q;, P;)?-, mazimizes (7)

n

among all IC, IR and BB mechanisms, then there exists a profile (Z; 1, Z; —);_, of integrable

functions Z; y, Z; _ :T; — R such that Z, y < Z; _ and:

a. for each 1, Qj = fTi Gia(,t_)dF_; and Q; = CfTi qig(-,t_;)dF_; on T; for some
(Gia)ie, € o ((7@4—)?:1) and (qip)i=, € o ((_Zi,—)?:l)f

b. (P, is determined by (Q;)!, according to:

i. Eq. (5) for any i and any t;,t? € T;;
i if [, (1/s)dNi(s) < [, (1/s)dNi(s) for some k # i, then minger, Ui(t; | Q, P) = 0;

i Yoy Jr Bi(t)dE(t:) = 0.

Theorems 1 and 2 combined, any interim Pareto optimal mechanism is necessarily in
form of auctions, encapsulated in a profile (Z; 4, Z; _);_, of functions. These functions are
jointly determined by the welfare weighting (\;)!_; supporting the Pareto optimum and the
Lagrange multiplier for the constraint combining IR, IC and BB. Here Z; ; corresponds to
the wvirtual surplus to the society contributed by player ¢ who acts as a buyer of the good,
and Z; _ the virtual surplus contributed by ¢« who acts as a seller of the service of receiving
the bad (Figure 1). A crucial feature, asserted by Theorem 2, is that Z; _ is above Z; ;.

From (Z; 1, Z;_);_,, one finds out how the Pareto optimal mechanism allocates the

two items according to Claim (a) of Theorem 2. First, obtain the ironed copy Z; 4 of Z;
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Figure 1: The bifurcated virtual surplus

R

Figure 2: The thick curves: The ironed virtual surplus

and the ironed copy Z; _ of Z; _, for each i (Figure 2). Second, assign the good (item A)
by the rank of (7“)?:1 a la Myerson [10]: Score each player i’s alleged type t; according

to the ironed function Z; ., and assign the good to a player with the highest ironed Z score

provided that it is positive. Likewise, assign the bad (item B) by the rank of (—71-7_)1.:1:
Score each player i’s alleged type t; according to the ironed function Z; _, and assign the
bad to a player with the lowest ironed Z score provided that it is negative.

These two assignments together generate the reduced form allocation (Q;); of the
mechanism. From (Q;); the payment rule (P;)?_, is derived via the envelope equation and
minimum surplus condition in Claim (b) of Theorem 2. There, fTi(l /s)dX;(s) is player i’s
average weight in the social welfare that incorporates both the welfare weight \; on his
various types and his marginal valuations of money given these types. Claim (b.ii) says that

if this weight of ¢ is less than that of someone else then player ¢ has zero as his minimum

surplus in the mechanism. This, coupled with Claim (b.iii), that the auctioneer retains no
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Figure 3: The optimal allocation

money surplus, specifies the payment rule.

Remark 2 (Redistribution across Players) Recall that t,Ui(t; | Q,P) = Ui(t; | Q,P)
(by (3) and (4)), where U; denotes i’s surplus in the units of money. If minger, Us(t; | Q, P)
is positive, even the type 7(Q);) that receives the lowest surplus among i’s types gets a money
surplus in the amount of 7(Q;) mincr, U;(¢; | @, P). This amount corresponds to the lump
sum transfer to player ¢ in the optimal mechanism. By Claim (b.ii), the lump sum transfer
goes only to those players ¢ whose average welfare weights, fTi(l /s)dX;(s), are maximum
among all players. Importantly, the direction of lump sum transfers in general is not tied
to prior distributions (F;), of types, but rather by the welfare weighting (\;), associated
with the Pareto optimum. Thus, an interim Pareto optimal mechanism need not take money
from the (ex ante) stochastically high-type players (“the rich”) to subsidize the stochastically
low-type ones (“the poor”). Only when the endogenous welfare weighting (\;)!, is identical

to the exogenous type-distribution profile (F;)?_; would the optimal mechanism necessarily

direct lump sum transfers from the stochastically rich to the stochastically poor.

Remark 3 (Exclusive Assignments) While we do not impose the condition that the
good and the bad be assigned to different players, any interim Pareto optimal mechanism
also satisfies that condition (Corollary 1, Appendix D.1). That is because, at any Pareto
optimum, a player-type that has a positive probability to get the good has zero probability
to get the bad, and vice versa: In Figure 3, since Z;_ is above Z,; ., any type with a

nonngegative ironed 7i,+ score is larger than any type with a negative 71-7_ score.
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Remark 4 (Rationing) The virtual surplus functions (Z; 4, Z;_); , cannot be guaran-
teed monotone by restrictions on the exogenous, prior type-distributions (Corollary 2, Ap-
pendix D.2). Consequently, if players’ types are i.i.d. and the welfare weighting treats the
players equally, the optimal mechanism entails ironing for all realized types belonging to the
lower sub-interval in the type support. That is, the bad is allocated through an egalitarian
lottery among those players whose realized types belong to the lower sub-interval. We will
provide a heuristic for such non-monotonicity in the next subsection, which identifies an

inherently non-monotone component of the Z functions.

Remark 5 (Suboptimality of the Efficient Allocation) In our model, the efficient al-
location means always allocating the good to a player with the highest realized type, and
the bad to a player with the lowest realized type. With ironing prevalent (Remark 4), the

efficient allocation in general does not belong to the Pareto frontier.

4.2 Gini Coefficient and the Social Value of the Bad

There is a link between the virtual surplus functions (Z;),, the type-dispersion index, and
the necessity for the optimal mechanism to sometimes allocate the bad to someone. To
focus on the inequality among players in terms of their types, within this subsection we re-
strict attention to the symmetric environment, where every player ¢’s type is independently
drawn from the same distribution F', with support [a, b] and density f. In this environment,
players differ from one another only in their realized types t; or, equivalently, in their real-
ized marginal rates of substitution (MRS) of money, 1/t;. Given the CDF F of types, the
corresponding CDF of MRS is

Mp(s):=1—F(1/s) (8)
for all s € [1/b,1/a]. To capture the dispersion of MRS among the players, define

1/a l/a .
A(F) = f f yldMp(z )dMF(y)’ (9)
f SdMF

which is the relative mean absolute difference among all possible MRS. The significance

of A(F) is that the bad should be assigned with a strictly positive probability if A(F) > 1:

Theorem 3 If F; = F for all players i and if A(F') > 1, then for any (w;);—, € R \{0}, the
probability with which the bad is allocated to someone is strictly positive in any mechanism

that maximizes ) . w; f; Ui(t; | Q, P)dF(t;) among all (Q, P) subject to IC, IR and BB.
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Theorem 3, proved in Appendix C, says that any ex ante Pareto optimal mechanism
assigns the bad with a strictly positive probability when the type-distribution F' is disperse
enough for A(F) > 1. We use ex ante Pareto optimality here—the welfare weight w; in
the objective ). w; f; Ui(t; | Q,P)dF(t;) being invariant to player i’s types—in order to
focus on the effect of the exogenous type-distribution F'. Had the social planner ranked
the types differently than F', whether the exogenous F' is disperse or not would of course
not necessarily matter. Allowing for different welfare weights across players, Theorem 3 is
applicable to the case where the social planner regards player ¢’s welfare more important than
player j’s and, equivalently, to the environment where players have heterogeneous, commonly
known, valuations of their net consumptions of the good versus the bad (cf. Footnote 5).

Theorem 3 is due to an algebraic relationship between the index A(F') and the Gini
coefficient on the distribution of MRS, and that between the Gini coefficient and the Z
functions that determine the optimal mechanism according to Theorem 2. To uncover these

relationships, define, for any s € [1/b,1/q],

ff/b rdMp(r)

Li(s) = 2o 700
" fl/a'rder

(10)

By the definition of Lg, the mapping Mpg(s) — Lg(s), from [0, 1] to [0, 1], corresponds to
the Lorenz curve of the distribution of MRS, as in Figure 4.° Thus, Mp(s) — Lx(s) is the

AN

P L[(S)

= > Mp(s)
0 1

Figure 4: Mp(s): The cumulative mass of individuals whose MRS < s

6 One can verify that Lrp(1/b) = 0 = Mg(1/b), Lr(1/a) = 1 = Mp(1/a) and Lr(s) < Mp(s) for all
€ (1/b,1/a).
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gap between the 45-degree line and the Lorenz curve in [0, 1]?, and the Gini coefficient is

1/a
G(F) = 2/1/b (Mg (s) — Li(s)) dMp(s). (11)

The following equation is known to the inequality literature:”
A(F) =2G(F). (12)

For convenience of illustration, let us assume equal welfare weights across all players
for now, so that the design objective is ), f: Ui(t; | Q,P)dF(t;). Consider any optimal
mechanism for this objective and let (Z; 4, Z; _)* , be the associated function profile that
determines the optimal mechanism according to Theorem 2. By symmetry across players,
one can show (Appendix C) that there exists a f > 0 and a Z, : [a,b] — R such that, for all
players i, Z; . = Z; _ = Z, on [a, b] if the bad is not allocated at all; furthermore,

Z.(t) =t - (Mp(1/t) = Lp(1/1)) (13)

1
£t
for all t € [a,b]. By Theorem 2.a and the definition of ironing, one can prove (Appendix C)
that the mechanism allocates the bad with a strictly positive probability if f Z(r)dF(r) <0

for some ¢ € (a,b). This condition, with (10) and (13) plugged in, is true if

1/a fl/asF (1/s) dMF( )
/1/b (Mr(s) = Lrle)) dbMr(e) > fll//ba rdMp(r)

The left-hand side, by (11), is equal to G(F)/2; the right-hand side, one can show with (8), is
equal to 1/2—G(F')/2. Thus the optimal mechanism assigns the bad with a strictly positive
probability if G(F') > 1/2, which due to (12) is the same as A(F') > 1.

Remark 6 (Inequality Reduction) To see how allocation of the bad reduces inequali-
ties among individuals, recall the standard mechanism design models where a player’s role,
whether to be a buyer or to be a seller, is assumed a priori. Thus incentive compatibility there
implies that his equilibrium surplus from any mechanism is necessarily monotone (weakly
increasing or weakly decreasing). Hence the player’s possible types can be permuted so that
the mechanism gives higher types higher expected payoffs. That is, inequality in types begets

inequality in payoffs. In our model, by contrast, a player’s role is endogenous, and incentive

7 Sen [14, p30].
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compatibility implies that he acts as a seller—selling the service of receiving the bad—when
his realized type is sufficiently low, and a buyer when his realized type is sufficiently high.
Consequently, a player’s expected surplus is decreasing when his type—functioning as the
cost of receiving the bad—increases in a low interval, and is increasing when his type—
functioning as the value of the good—increases in a high interval. In other words, in the
symmetric environment, a player’s interim expected payoff in the optimal mechanism is like

the roughly U-shape curve in Figure 5 (formalized as Corollary 3, Appendix D.3). Thus the

R

A

Figure 5: Non-monotone interim expected payoff functions

ranking of individuals in their types does not propagate to the ranking in their payoffs, no
matter how types are permuted. What is crucial to such non-monotonicity is having two

items of opposite values, one good, the other bad.

Remark 7 (Non-monotone Virtual Surplus and the Lorenz Gap) Eq. (13) suggests
a heuristic to understand why the virtual surplus Z can be non-monotone even with regular
distributions (e.g., uniform, exponential, square, Pareto, polynomial): On the right-hand
side of (13), the term Mp(1/t) — Lp(1/t), which is the gap between the 45-degree line and
the Lorenz curve on [0, 1]%, is non-monotone, as in Figure 4. When the scalar 1/f(¢) of this
gap is large for all ¢ in some interval of [a, b], say around «a, this non-monotone term may be

scaled up to dominate the other components of Z at those t.

5 The Method

To characterize the Pareto frontier, our first step is to quantify the infinite-dimensional

design objective, interim Pareto optimality, into a one-dimension, utilitarian, social welfare
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function (Theorem 1, proved in Appendix A). It uses the Hahn-Banach theorem to obtain a
welfare weighting (A;), that supports the Pareto optimal mechanism under consideration as
a constrained maximum of the unidimensional objective (7). Since a mechanism corresponds
to functions defined on a continuum, the choice of the function space requires care. On one
hand, the space needs to satisfy the nonempty interior condition for existence of a linear
functional on the space that supports the Pareto optimum. On the other hand, the space
needs to guarantee that the linear functional be representable by a profile of distributions in
the form (A;)?,. Our choice of the function space stems from an observation that the interim
expected surplus generated by any IC mechanism is a continuous function of types. Hence
our function space consists of continuous functions defined on compact intervals, conducive
to the Hahn-Banach and representation theorems.

The second step (Theorem 2, proof summarized by Section 5.2.3) is to characterize
any mechanism that is a constrained maximizer of some utilitarian social welfare function
obtained in the first step. To that end, Section 5.1 incorporates part of the IC constraint
and optimality condition into the social welfare function thereby obtaining a tractable op-
timization problem. Then Section 5.2 solves this optimization problem through bisecting
the associated Lagrange problem into two linear programmings. Instrumental to the en-
tire second step is a new kind of operators—two-part operators—that calculate a player’s

endogenously countervailing information rents (Section 5.1.1).

5.1 Calculating the Objective with Two-Part Operators
Theorem 1, coupled with (3), implies that any interim Pareto optimum is a maximum of

> /T Q) - Y /T | Et(fi)dwg (14)

n

among all mechanisms (Q;, P;)"_; subject to IC, IR and BB, given some profile (\;)!; of

distributions A; on T; specified in Theorem 1. For any ¢ and any t;, define

A(t) = /iéd)\i(s), (15)

%

B = max NA;(b). (16)

i=1,...,n

By (15), t; = 1/t; is the Radon-Nikodym derivative Z/A\z, hence (14) is equal to

Z/T QidAi—Z/T_ PidA,;. (17)
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The integral fTi P,dA; in the second sum is the ex ante expected revenue—measured by
the endogenous A; rather than the exogenous F;—that one can extract from player ¢ after
deducting the expected information rent necessary to incentivize i in the allocation @);.
Because i’s incentive is that of a buyer when Q;(¢;) > 0, and that of a seller (recipient of
the bad) when Q;(t;) < 0, the information rent calculation is an operation, introduced next,

that bifurcates according to the sign of Q;(t;) for each realized type t;.

5.1.1 Two-Part Operators

For any player ¢ and any three integrable functions Q;,¢; +, ¢, : T; — R, denote ¢; :=
(Yi+,pi—), called two-part function, and define

Qo= [ Qg [ Qe (s (18)

Thus the operation Q; — (Q; : ;| acts on the function @Q; in two parts, one on the positive
part QF of Q;, the other on the negative part, —Q; . The asymmetric bracket of Q; and (;
is to highlight the asymmetry between the two arguments: Obviously, (Q; : ;| is not linear
in @; unless ¢; 1 = @; _; by contrast, (Q); : ;| is a linear functional of ;. Any integrable
function ¢; : T; — R is the same as a two-part function (g; 4, ¢; ) such that g; . = ¢, - = g;.

A two-part function ¢; := (¢; 4+, pi—) on T; is said well-ordered iff ¢, < ; _ a.e. on T;.

Next is an important property of well-ordered two-part functions (proved in Appendix B.1).

Lemma 1 For any i and any two-part function p; that is well-ordered, Q; — (Q; : wi| is a

concave functional on the space of integrable functions defined on Tj.

For any i and any distribution p; on T;, define a two-part function p(p;) := (p1 (1), p— (1))
by letting, for any ¢; € T,

p+(pi)(ti) = — T.deL/.isz‘, (19)
o (u)(ts) = / i (20)

Obviously p(u;) is well-ordered. The next lemma says that fT_ P,dA; in the design objec-
tive (17) amounts to an action on the allocation @; by the two-part function p(u;) when
w; = N;. Thus py(p;) reflects ¢’s information rent density when i acts as a buyer, and p_(p;),

1’s information rent density when i acts as a seller, had i’s type been measured by p;.
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Lemma 2 For any IC mechanism (Q, P), any player i and any distribution u; on T;, with
the notation in (4) and (6),

[ R = @ o] + [ 6Quttdie) = O (@) [ @1

T;
5.1.2 The Budget Balance Condition Combined with IC and IR

Denote I for the identity map s — s on R. For any functions g,h : R — R, denote gh for
the pointwise product between g and h, so that (gh)(s) = g(s)h(s) for all s € R.

Lemma 3 For any allocation (Q;)!_, such that Q; is weakly increasing on T; for any i, if

(@)1, constitutes an IC, IR and BB mechanism then

> Qi Ifi + p(F)| > 0; (22)

%

conversely, if (22) holds then there ezists an ex post payment rule (p;)_,

S pilt) = D (@ L + o) (23)

foranyt e Hj T;, which coupled with Q) constitutes an IC, IR and BB mechanism such that
IR is binding at some t; € T; for every 1.

Proof By Lemma 2, IC of (Q, P) implies (21). Plug p; = F; into (21) (and recall f; = F)

)

to obtain
/TV PdF;, = (Q;:p(F;)|+ /T Qi) fi(t)dt; — Ui (1(Q1))
= (Qi: p(F)|+(Qi : 1fi| = Ui (7(Q1))

where the second line comes from the notations of I and pointwise product If;, and the fact
that [, Qi(s)¥(s)ds = (Q; : ¢| for any integrable function ¢ : T; — R, as v is a special
two-part function such that ¢, = _ = 1. Then, since ¢ — (Q; : ¢| is linear,

/T‘ PdF; = (Qi - If; 4+ p(F)| — Ui (1(Qy)) -

Sum this equation across ¢ = 1,...,n to get

Z/T_Bdmz Qi1+ o, \—ZU
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BB implies that the left-hand side is nonnegative and hence
> Qi 1fi+ p(F, |>ZU (24)
which coupled with IR (Section 3.3) implies (22). Thus (22) is implied by IC, IR and BB.

The proof of the converse is routine and hence relegated to Appendix B.3. m

5.1.3 The Objective with Optimal Payment Rules

Now we calculate the objective (14) by incorporating (21) and optimality of the payment
rule. Denote 2 for the set of all (reduced-form) allocations (Q;)?,, each generated by some
ex post allocation according to (2). Let 200 be the set of all (Q;)1, € 2 such that Q; is

weakly increasing for every 1.

Lemma 4 For any profile X\ := (\;)I, of distributions specified in Theorem 1, denote A
and By by (15)-(16); then mazimization of (7) subject to IC, IR and BB is equivalent to

max  » . (Q; : B (ILfi + p(F7)) — p(A)] (25)

QEZmon

st Qi L4+ p(F)] > 0.

Proof By Sections 3.3 and Lemma 3, the constraints Q € Zy,on and >, (Q; : Lf; + p(F;)| >
0 together constitute the choice set for the problem. We still need to show that the objective
in (25) is equal to (7), i.e., equal to (17). By Lemma 2, IC of (Q, P) implies (21). Plug
w; = A; into (21) and note dA;(s) = (1/s)d\; by (15) to obtain

[ s = (@il [ sea/manes - 0@ [ an

- A+ / Q= U (@) | an. |

Sum this across ¢ and plug the equation obtained thereof into (17) to see that the objec-
tive (14) is equal to

>0 (@) /T AN =@ (). (26)

By (16) and (24),
ZU /dA <5AZU (Q:)) <6AZ L + p(F)]-
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Furthermore, the right end of this inequality can be attained: Pick a player ¢, for whom
fTi* dA;, = B; for any realized type profile t € [[,7; and any ¢ # i,, set the money
transfer pf(¢) from i to others to be p;(t), with p; being the ex post payment rule in (23); set
the money transfer pf (¢) from i, to others as p;, (t) —>_, (Q; : Lf; + p(F;)|. Given (pf)?,, BB
follows from (23), and U; (7(Q;)) = 0 for all i # i,, while U; (7(Qy,)) = 32, (Qi - Ifs + p(Fy)|.

Thus, given the allocation (), when the payment is optimized, we have

Zﬁi(T(Qi)/dA B 2 (Qi: i+ ()

Hence there is no loss of generality to assume that (7), or (26), is equal to
mz Lfi+ p(F)| =D (Qi: p(Ay)]-
This, by linearity of ¢; — (Q; : ¢;], is equal to

D Qi By (fi+ p(F)) = (Qi : p(A)]) = D Qi B (If; + p(Fy)) — p(A)]

3 7

the objective in (25). m

Remark 8 (Optimal Choice of Transfer Rules) By (24), any payment rule p that ren-
ders U; (7(Q;)) > 0 while Jr, dAi < By makes >, U; (T(Qy)) S N < B2 (Qi s Lfi 4 p(F)-
Since the proof of Lemma 4 has shown that the right-hand side of this inequality is attain-
able, the payment rule p is suboptimal. This, coupled with the definitions of 7(Q;) and Ui,
implies Claim (b.ii) of Theorem 2. Claim (b.iii) is obvious. If it does not hold, there is a pos-
itive expected money surplus, which can be equally distributed to the players independently

of their types thereby achieving Pareto improvement, contradiction.

5.2 Solving the Constrained Optimization Problem

To solve the optimization problem (25), first we reformulate it through the saddle point
condition, which delivers the profile (Z; 1, Z; _);", of functions stated in Theorem 2. Then
we show that any maximum of the associated Lagrangian is the combination of two auc-
tions according to (Z; 4, Z; —);_,. Maximization of this Lagrangian a nonlinear programming
problem. We solve it through bisecting it into two linear programmings, solving each with
the other set aside, and then showing that the two solutions are compatible with each other

and together attain the maximum of the original problem.
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5.2.1 Deriving the (Z;)!_, Functions through the Saddle Point Condition

Recall that 2 denotes the space of all allocations (Q;)!, each generated by some ex post
allocation according to (2). It is easy to verify that 2 belongs to a normed linear space.
Endow 2 with such a norm.® Also recall 2,0, as the set of (Q;); € 2 such that Q; is
weakly increasing for any i.

Denote v for the Lagrange multiplier of the constraint ), (Q; : Lf; + p(F;)| > 0 in (25).
The Lagrangian associated with (25) is

ZL@Qv) = > (Qi: B (Ifi+p(F)) — !+vZ i Ifi + p(F)|

)

= Z (Qi = B (Ifi 4 p(F3)) — p(Ni) + v (Ifi + p(F7))]

7

- o (e 28) )

7

, (27)

with the second line due to linearity of ¢; — (Q; : ¢;|, and the third line due to the fact

that two-part functions constitute an algebra (allowing for multiplications and divisions).

Lemma 5 Q* is a solution for (25) if and only if there exists a v* € Ry such that (Q*,v")
is a saddle point in the sense that, for all QQ € Dyon and all v € R,

2(Q%v) 2 Z2(Q"v") 2 Z(Q,v). (28)

Proof The “if” part is trivial. To prove the “only if” part, it suffices to verify the conditions
corresponding to those in Luenberger [7, Corollary 1, p219]. To that end, we start with two
claims about each player ¢, which are proved in Appendix B.5: First, the two-part functions

If; + p(F;) and By (If; + p(F;)) — p(A;) are each well-ordered. Second,
(Qi : Lfs + p(F3)] = T(Qi)/ QidF; (29)
T;

for any weakly increasing @, : T; — R.
By the first claim and Lemma 1, both ) (Q; : If;4+p(F;)| and > (Q; = By (Lfi + p(F))—

p(A;)| are concave functions of (Q;)";. Thus,

{ HGQZ LIf; + p(F, )lZO}

8 For example, for each player i let L?(T;) be the L?-space of measurable real functions defined on T3,

endowed with the measure F;. Clearly 2 € [], L?(T;). Define the norm for [], L*(T;) by ||Q] := X, [|Q:ll2
for any Q := (@), € [[, L*(T;).
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is a convex set, and the objective in (25) is concave in the choice variable. This, coupled
with convexity of Zon (Appendix B.4), means that the proof is complete if there exists a
(Qi)y € Zion such that > (Q; : If; + p(F;)| > 0. Such (Q;)7, exists: always assign the
good to player 1 and never assign the bad at all. That is, @); = 1, hence 7(Q1) = a1, and
Q; =0 for all i # 1. Note (Q;)I; € Zmon- By (29),

D Qi Lfi+ p(F)| = (Qu: Ifi + p(F1)| > a1 | QudFy = ay > 0.

i T
Now that all conditions are verified, the saddle point characterization follows. m

Coupled with Theorem 1, Lemma 5 implies that any Pareto optimal mechanism is
necessarily a solution of maxge g, -Z(Q,v) with Z(Q,v) defined by (27) for some profile

(X)), of distributions specified in Theorem 1, and some v € R, . For each i, denote

o (1 P p(A)
Zi = (Br+v) (]I + 7 ) I (30)
Then (27) is the same as

Z(Q,v) :Z<Qi : Zifil - (31)

The Z; defined in (30) is exactly the two-part function that constitutes the profile (Z;)!, in
Theorem 2. Plugging (19) and (20) into (30), and recalling I as the notation for the identity

map, we obtain the explicit formula for the functions Z; ; and Z; _: for all < and all ¢; € T},

ZH@>—5W+@E@*““”—@‘M@MWQi1‘E@U> (32)

fi(t:) fit:) fit:)
oy L, BE() - M) (4, Fi(t;)
Zi_(t;)) = Bati+ [ - <t1+ 7 (ti))' (33)
By (32) and (33), Z; +(t;) — Z;—(t;)) = — (B — Ni(bi) +v) /fi(t;) < 0, with “<” due to

Bx — Ai(b;)) > 0 and v > 0. Thus, Z;+ < Z; _, as asserted in Theorem 2.

5.2.2 Maximizing the Lagrangian through Bisection

It follows that any interim Pareto optimal mechanism maximizes ), (Q; : Z;f;|, defined
in (31), among all @) € Z,,,n. To solve this Lagrange problem, we use the above-proved fact

that Z; 1 < Z, _ for all i to bisect the problem into two independent linear programmings.
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Let 2, be the set of all (Q;)1, € 2 such that Q; > 0 for all i, and 2_ the set of all
(Qi)r—y € 2 such that Q; <0 for all i. By (18), maxgeoa,.. >, (@i : Z:fi| is equivalent to

mon

tZ. . dF, Z _dF; 34
s, (S orzn S [ a7 o) @4

< max Z/ QfZ; (dF;+  max Z/ (—Q7) Zi—dF; (35)
, —~ J,

(QZ) 1€\Qmon ( i)?zle\gmon - .
= max Z; 1+ dF; 36
(Qt)z 1€\Qn1011mo9+ / Q + ( )
+ max Zi _dF;. 37
(@)1 € Pmon 2 zZ: /T @iz (37)

Thus, to solve (34), it suffices to first solve (36) and (37) individually and then construct
from the two solutions a Q* € 2y, given which the objective in (34) attains the sum of the

maximands in (36) and (37). The next two lemmas are proved in Appendix B.6.

Lemma 6 (Q;)"; € Puon N2, solves (36) if and only if, for some ({;)im1 € o (Ziy)ry)
and for each i, Q; = fT Gi(-,t_)dF_;(t_;) on T;.

Lemma 7 (@), € LumonN2_ solves (37) if and only if, for some (Gig)ie1 € & ((—Z;-)1;)
and for each i, Q; = —c fTﬂ_ Gi(-,t_)dF_;(t_;) on T;.°

Pick any element (Gia)?, of @ ((Z;1)!,) such that ¢a(t;,-) = 0 on T_; whenever
Z~7+(ti) < 0, and any (¢;p)l~, of & ((—71‘,—)?:1) such that ¢;p(t;,-) = 0 on T_; whenever
Z; _(t;) > 0. For each i, let QZ be the marginal of §;4, and Q; the marginal of —c¢;z. By
Lemmas 6 and 7, (Q;)™, solves (36), and (Q;), solves (37). We observe that the support

of (Q;)_, and that of (Q;)™, have no overlapped interior: For each i,
Qi(t:) #0 < Qi(t;) = 0. (38)
That is because, by the choice of (G;4)", and (G;p)l,

Ql(t’L) # 0 = Qz(tz> <0 = @J(t“ ) 7_é 0 on T,i = t; < sup {Ti € CFZ 2717,<Ti) < 0},
Qz<t1> #0 = Qz(tz) >0 = Gi(ti,") Z0onT; = t; > inf {Ti €Ty Z; (1) > 0} ;

and, because Z; is well-ordered (Z; < Z; _ for all i), one can prove (Appendix B.7) that

sup {Ti €T Z; (1) < O} < inf {Ti €T Zi(r) > O} . (39)

9Recall (2) for the role of the coefficient c.
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Thus, the following function Q) is well-defined and weakly increasing on 7;:

Qi(t:) if Zi_(t;) <0

Qi (t:) = Qz(tl) if Z; 4 (t;) >0 (40)
0 else.
Because of (38), (Q)" = Q; and (QF)” = —Q; for any 4. It follows that (Q¥)™, is a solution

for both problems in (35) simultaneously. By (39), (40) and monotonicity of Q; and Q;,
each @} is weakly increasing; thus (QF)?, is a feasible choice for (34), an upper bound of

)

which is the maximand of (35), attained by (Q})r_,. Thus, (Q})", is a solution of (34).

5.2.3 Proof of Theorem 2

Given any profile (A\;)I; of distributions, A; on T; for each i, the objective (7) is defined.
Let (@, P) be a mechanism that maximizes (7) subject to IC, IR and BB. Then @ solves (25)
and P obeys Claim (b) of the theorem with respect to ) (Lemma 4 and Remark 8). We still
need to prove Claim (a) of the theorem. To do that, note from @ being a solution of (25)
that (Q,v) is a saddle point for some v > 0 with respect to the Lagrangian £ defined
by (Ai)f, via (30) and (31) (Lemma 5). Thus, @ solves (34). Section 5.2.2 has shown
that the maximand of (34) is equal to the sum of the maximands in (35). Consequently,
for Q to solve (34) it must solve the two problems in (35) simultaneously. That is, (Q; )™,
solves (36) and (—Q; )™, solves (37). For (Q; )™, to solve (36), Lemma 6 requires that Q;"

7

be the marginal of some g;4, for each ¢, such that (Gia)?y € & ((Z;4+)1,); for (—Q; )i, to
solve (37), Lemma 7 requires that —(@Q); be the marginal of some —c¢;p, for each i, such that

(Gip)i—y € & ((—Z;-)i—;). That proves Claim (a) of the theorem. m

6 Conclusion

Although the literature has long recognized auctions as the optimal means to allocate scarce
resources to multiple individuals, the role of auctions has yet to be recognized, and sometimes

deemed morally repugnant, to issues about redistribution among individuals.!’ Given wealth

10 Recall the indignant outcry expressed in the mass media when news broke that the locations of some
international games were chosen through bidding, or the negative media coverage on less developed countries

being paid to receive toxic, recycled materials.
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inequality, auctions are feared to benefit the rich and impoverish the poor. This paper, by
contrast, argues that the role of auctions is essential to achieve redistributive optimality.
Any interim Pareto optimum, no matter where it is located on the Pareto frontier, whether
it weighs the poor more than it does the rich, or the rich more than the poor, is necessarily in
the form of auctions, with the winner-selection rule adjusted to reflect the particular welfare
weighting associated with the particular Pareto optimum. Instead of mandating wealth
transfers from one individual to another, whose idiosyncrasies are uncertain to regulators,
a social planner could have used auctions to induce the right amount of wealth transfers
among the right types of individuals.

Our finding goes beyond just the characterization that all Pareto optimal mechanisms
are auctions. We also obtain specific properties of such auctions. Among them is the
inequality-reducing effect of allocating an item that is commonly disliked by all individuals.
We have uncovered an explicit link between an inequality index among individual types and
the necessity for a socially optimal mechanism to assign the bad item to someone sometimes.

This paper makes a methodology contribution to the mechanism design literature.
Rather than assuming a utilitarian, one-dimension, design objective, we start with interim
Pareto optimality, an objective with infinite dimensions, and show that any optimum in this
infinite dimension space corresponds to a constrained optimization of a utilitarian objec-
tive obtained through the endogenous welfare weighting associated with the optimum. We
introduce a new class of nonlinear operators to systematically keep track of each player’s
countervailing incentive of playing the role of a buyer sometimes and the role of a seller some
other times. We devise a bisection technique to solve an optimal mechanism problem that
has a nonlinear objective and multiple binding constraints.

Our model is relevant to matching theory in the case where one side of the matching
market has both desirable and undesirable items (e.g., toxic assets that need to be absorbed
by other financial institutions; enrollment of schools in undesirable neighborhoods; thankless
tasks to be carried out by some team members; donation of one’s own kidney). While much of
the matching theory literature assumes that money transfers are banned, our result suggests

that it is suboptimal to ban money transfers from matching markets.

30



A  Proof of Theorem 1

For each i € {1,...,n} denote C(T;) for the space of continuous real functions defined on

the closed, bounded interval T;, with the maximum norm || - ||ax. Let

and endow % with the maximum norm such that ||(¢;)";|lmax = max; ||¢;||max for all

(pi)fy € €. Thus, € is a normed linear space. Define the utility possibility set

U:= {(Wi)", €% :31C, IR & BB (Q, P)[ViVt; € T, [Wi(t)) < U (t: | Q, P)II}.  (41)
Note that (U;(- | @, P));—, € € for any IC mechanism (Q, P).
Lemma 8 U is convez.

Proof Pick any (W)™, (W™, € U. Thus, for some IC, IR and BB mechanisms

(2

(Q}, PHr_, and (Q?, P?)"_, we have, for each i =1,...,n, each k = 1,2, and any t; € T;,

W) < Qf(t»—@, (12
P = P+ [ k) (e, (43
0 < HQHH) - P, (a4

Piw) = [ rhtotgar) ()
o< ko) e[ (40

and Q% € 2., and WF a continuous function on 7; for each k. Here (43) coupled with

7

QF € Dpon is equivalent to IC, (44) is equivalent to IR, (45) is the definition of expected
payment, and (46) means BB. For any v € [0, 1], define for each i

Qi = 7Q; +(1—7)Q7,
pi = p; + (L =7)p;.
Then it follows from (45) that, for any i and any ¢; € Tj,
Py =P/ +(1—-7)P}.
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We shall show that (Q;, ;) satisfies IC, IR and BB. Immediately from the definition
of p; and (46), BB follows. IR is proved by combining together the definition of @;, the
fact P, = yP! + (1 — v)P?, and (44) for both k = 1,2. To verify IC, first note that

1

YR + (1 — 7)Q* € Dyyon by convexity of 20, (Appendix B.4). Second, by (43),

TP + (L= )PEE) = 2PME) + (1= )P + [ sd (@1 + (1= 1))

for any t;,t; € T; and any 7. Hence (Q;, P!, is IC. Thus, (Q;, P;)!, satisfies IC, IR and
BB. Finally, plug Q; = vQ! + (1 —v)Q? and P, = vP! 4+ (1 — ) P? into (42) to obtain
P;i(t;
W) + (1= W) < Q) — T
for each ¢ and any ¢; € T;. This coupled with continuity of YW} 4+ (1 — v)W}? implies
(YW + (1 —y)W3)!_, € U, as desired. m

To prove Theorem 1, pick any interim Pareto optimal mechanism (Q*, P*). Denote

uf = Ui(- | Q*, P*) for each i. Then (uf)!, € U. Denote
V((u)iy) :=={(w)i, €€ : Vi[u; > ul a.e. T;];Fiu; > u on a positive-measure S; C T;]}.
Obviously, V((uf),) is convex.

Lemma 9 There exists a continuous linear functional ¢ on €, not identically zero, such
that for all (u;), € U,
¢ ((ui)izy) < & ((w7)is) - (47)

Proof First, U is convex by Lemma 8, and V((u})",) convex by its definition. Second,

U contains an interior point: Consider the mechanism that gives away the good A for free
with probability 1/2, else assigns neither item to anyone, and, in the former event, randomly
assigns the good A (for free) to one of the n players with equal probability. This mechanism
is IC, IR and BB, and it generates for everyone an interim expected payoff constantly equal
to 1/(2n). Thus, this payoff profile belongs to U. Now consider another mechanism that
differs from the former only by that it assigns the good with probability 1/2 + e¢. The
mechanism is also IC, IR and BB, and generates an expected payoff profile larger than
the former in every dimension by €/n. Since this is true for all e € (0,1/2], the payoff
profile generated by the former mechanism is an interior point of U with respect to the max

norm. Third, V ((u})I ;) contain no interior point of U; otherwise, such an interior point,

32



n

by definition of V ((u}),), interim Pareto dominates (u})?_,, contradiction. Thus, by the
Hahn-Banach theorem, there exists a continuous linear functional ¢ on %, not identically

zero, such that, for some constant w, for any (u;)"; € U and any (4;)"; € V((uf)™,),

¢ ((ui)izy) < w < ¢ ((€)izy) - (48)

For any € > 0, the profile (u] +€)?; € V((u})?). Thus

w < ¢ ((u; +€)iny) = ¢ ((4)i) + ed (1),

with the equality due to linearity of ¢, and 1 denoting the unit vector of €. Since continuous
linear functionals are bounded, e¢(1) — 0 as € — 0. Hence w < ¢ ((u})f_,). This coupled
with the fact (uf)?, € U implies ¢ ((u]);) < w < ¢ ((u})i,), hence ¢ ((u})?,) = w. Plug
this into (48) to obtain (47) and hence the claim. m

For each i € {1,...,n} and any u; € C(T;) let

gbl(uz) Z:¢(07...,O,Ui,0,...70),

that is, the action of ¢ on the profile of payoff functions whose components are constantly

zero except the one corresponding to player i’s payoff function. By linearity of ¢,

((us)iy) Z@ u;) (49)

for all (u;)", € €. Obviously, for each i, ¢; is a continuous linear functional on C(T;).

Thus ¢; is also a bounded functional on C(T5).

Lemma 10 For eachi € {1,...,n}, ¢; is positive.'!

Proof Suppose, to the contrary, that ¢;(u;) < 0 for some u; € C(T;) such that u; > 0 on T;.
Then (u*

%

— uj, (uf) #i) € U by definition of U, hence Lemma 9 implies

¢ ((u)ey) > ¢ ((uf — s, (u));2)) Z@ — ¢i(u; >Z¢J (u)ry)

contradiction. m

1A functional ¢; on C(T;) is positive iff ¢;(u;) > 0 for any u; € C(T;) such that u; > 0 on Tj.
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For any i, since ¢; is a bounded linear functional on C(T;), with T; = [a;, b;] a closed,
bounded interval, the Riesz representation theorem in its original version (Royden and Fitz-
patrick [13, p468]) implies that there exists a unique function ¢; : T; — R, of bounded

variation on [a;, b;], continuous on the right on (a;, b;), and vanishing at a;, such that

T;
for all u; € C(T;). This, combined with (47) and (49), delivers Theorem 1 if (i) \; is also

weakly increasing, (ii) its range belongs to R, , and (iii) A; > 0 on some positive-measure
subset of T; for some 3.

Property (ii) follows from property (i) because A;(a;) = 0. Then (iii) follows from (ii):
Otherwise (ii) implies \; = 0 for all 4, hence ¢ is identically zero on %, contradiction to
Lemma 9. Thus it suffices to prove (i).

To that end, suppose, to the contrary, that ¢; < ¢, and X\;(¢t;) > \;(#;) for some ¢;,t, €
(a;,b;).'* Then, since ); is right-continuous on (a;, b;), there exists a sufficiently small € > 0
such that for any 6 € (0, €), A\i(t;4+06) > A\;(t;+0). It is easy to construct a continuous function
w; : T; — [0, 1] whose support is contained by [¢;, ¢} + €] such that u; = 1 on [t; +€/2,t. 4+ ¢€/2].
Then u; > 0 on T}, u; € C(T;), and yet

t)4e t)+e/2
oi(u;) = / widN; = / dX; < / dhi = Ni(t; +€/2) — Ni(ti +€) <0,
T; ti tite/2

contradicting Lemma 10. That proves property (i) of A;. Thus Theorem 1 follows.

B Details in Theorem 2

B.1 Proof of Lemma 1

For any integrable function @; : T; — R and any well-ordered two-part function ¢; :=

(¢i+, i), use the definition of two-part operators and the fact Q; = Q" — Q; to obtain
Qi = / Qi (i) i1 (ti)dF(t / Qi (ti)wi - (t:)dFi(t;)
— [ QR + [ Q) (i t) - pin(8) dF ().
Ti Ti

12 There is no need to consider ¢; = a; and t; = b; because we already have \;(a;) = 0, and it is immaterial

to change the value of \; at the singleton b;.
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On the second line, the first integral is linear in ();; and the second integral concave in Q);
because Q;(t;) — Q; (t;) is a convex mapping and, because ¢; y — ¢; ~ < 0 a.e. on T; (¢
being well-ordered) and hence Q;(t;) — Qi (t:) (pi+(ti) — @i (t;)) is a concave mapping for

almost every ¢; in T;. Thus (Q; : ¢;| is concave in @Q);.

B.2 Proof of Lemma 2

Denote t? := 7(Q;). Since (Q;, P;) is IC, (5) implies

/Ti Pidp; = /T <tiQi(ti —/tiQ (s)ds — U, 7(750)) dyus(t;)
= /Titin( Ddpi(t) = Ui(t)) /duz // Qi(s)dsdpi(t;).

Decompose the last double integral to obtain

[ [ esaue) = [ / Qu(s)dsdys(t) / / Qu(s)dsu(t)
| _ _/ / Qi(s)dsdpu(t) / / Qi(s)dsdpu(,)
_ _/ai/Q St ds+/ /ZQZ Jdpi(ts)d
_ _/t’QQx 9 [ au )ds+/to st)/s Ap1)ds
) [ dteas + | " ot ) /:duxti)— [ ) a

(i) ds—/ Qi (8)p+ (1) (s)ds

= : p(/vbz)| )

/@
/Q

with the third equality due to Fubini’s theorem, the second last equality due to (19) and (20),
and the last equality due to (18). Plugging [ ftO (8)dsdu;(t;) = —(Q; : p(u)] into the
equation of [, Pidy; displayed above, we get (21).
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B.3 Proof of the Sufficiency of (22)

For each player i, denote t? := 7(Q;) (7 defined in (6)). For each player i, define

o= HQU) - / $0Qu(5) + = / (1= F5(s)) dQs(s) (50)

J#i

and, for any (t;,t_;) € T; x T_;, let the money transfer from ¢ to others be equal to

pl(tz,t_z) =G +/ SdQ Z/ SdQ] (51)

JF#i
Integrating p;(t;,t_;) across t_; gives the envelope equation (5), which coupled with the mono-
tonicity hypothesis of ); implies IC. The integration also implies Ul(t?) = 0, hence IR follows.
To complete the proof, we prove BB: It suffices to prove (23), > . p;(t) = >, (Qi : Lf; + p(F})|
for all t € [, T}, for then BB follows from (22). Hence pick any ¢ := (¢;)I, € [[, T;. By (51),
t;
St =3 et Z/ 5dQi(s) — ZZ/ 5d0;(s
i i i Jai i g

Thus, by (50),

Sl = it =3 [ s+ 22/ (1= F(5)dQ;(5

i i j#

= ZtOQ (19) — Z/ sdQi(s +Z/ (1= Fi(s)) dQi(s)
i b;
- (t?cgi@?)—/_ sin(s)%—/' 3(1—5(3))@(3)).

i
Calculate the two integrals in the last line through integration by parts and then combine

terms to obtain

>onlt) - (/ Qils ds—/ Qils) (1 - Fi(s) — sfi(s)) d )
- (/Q (1= (1= Fi(s) — sfils ds—/@ (1= Fi(s) — sfi(s))d )

= Z<Qi:ﬂfi+p( F)I,

7

with the last line due to ¢ = 7(Q;), (6), (18) and the definition of p(F) (Egs. (19) and (20)).
That proves (23) and hence BB.
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B.4 Convexity of 2,

Let v € [0,1] and Q,Q € Dpon. Since Q € Duon, it is generated by a (¢ia, gip);—, with
Yqia() < 1 and >, ¢p(-) < 1 via (2), and @Q; is weakly increasing for all i. Like-
wise, Q = (Qz)?zl is generated by a (gia,d;p)., with each Q; weakly increasing. Then
22 (VGia+ (1 —7)Gia) < 1 and _; (vgip + (1 —v)dip) < 1; furthermore, for each i, yQ; +
(1 — 7)Q; satisfies (2) with respect to (ygia + (1 —7)dia, vgin + (1 — 7)dis), and is weakly

increasing because both Q; and Q; are so. Thus (yQi +(1- 7)Q2>n

X € 2on.

B.5 Details in the Proof of Lemma 5

Claim 1 If; + p(F;) is well-ordered.

Proof By (19) and (20)), p4 (Fi) < p—(F;). This, coupled with the fact (If;), = (If;)_ =
If;, implies If; + po (F;) <Ifi+p_(F;). m

Claim 2 S, (If; + p(F;)) — p(A;) is well-ordered.

Proof Since (If;), = (If;)_ = If;, and B, is a coefficient, it suffices to show that Syp(F;) —
p(A;) is well-ordered. To that end, let t; € T;. By (15), (16), (19) and (20),

B (p+(F7) (ti) — (p+ (M) (81) = Ba(=1+ Fi(ts)) — (=Ni(bi) + Ai(ts))
= OaFi(ti) — Ai(t:) — (Bx — Ni(B2))
< BaFit) — Ai(t)
= B (p-(F)) (t:) — (p-(N)) (£4),

with the inequality due to (16). Thus, S\p(F;) — p(A;) is well-ordered, as desired. m
Claim 3 Eq. (29) is true.

Proof Let Q : T; — R be weakly increasing. Denote t? := 7(Q;) for any i. Recall that
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(Lf;) (t;) = ti fi(t;) for all ¢;; use (19) and (20) to calculate p(F); then use (18) to obtain
(@ T+ p(F)] = / Qi dr ()~ [ Q1 e (1= i) d

Q DtdE(t /Q

© / Qut)d (11 — Fi(t)) + / Qu(t)d (:F(1)

7

QN + / 60 = FQ0) — [ 6F)dQ: 1)
|, a-randeq) - [ E(u)d@(m]

— QU+ 10 V Qi(t) AR () Q(t?)]

:tO/Q NdF(t

with the third and fourth equalities due to integration by parts, and the inequality due to Q;

—~
Nair

v

QUL + 1]

being weakly increasing. m

B.6 Proofs of Lemmas 6 and 7

The proofs of these lemmas are similar to Myerson’s [10, pp. 68-70] proof except for a modi-
fication. The modification is necessary because Problem (36) has a nonnegativity constraint

Q € 2., and Problem (37) a nonpositivity constraint Q) € 2_.

B.6.1 Myerson’s Definition of Ironing

For any continuous function ¢ : [0, 1] — R, denote the convex hull of ¢ by conv ¢. For any

integrable function v; : T; — R, define H;(¢;) : [0,1] — R by

(H, / v (Fr (52)

for any s € [0,1]. Thus H;(1;) is continuous, and the convex hull conv H;(v;) of H;(1;) is
well-defined. By the definition of ironing, the ironed copy v, of 1; satisfies

Uit = - ((con (1) () (53)

s=F; (tz)

for any ¢; € T; such that conv H;(1);) is differentiable at Fj(t;).
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B.6.2 Left- and Right-Hand Leveling of an Ironed Function

This new construct is to handle the aforementioned nonnegativity and nonpositivity con-

straints. For any continuous function ¢ : [0,1] — R, define

(convy, p) (s) = mingo, 1} ¢ if s < inf (arg min,¢fo,1] ‘P(7">) (54)
L =
(conv @) (s) else,
min if s > sup (arg min, r

(conv ) (s) else.

For any integrable function v; : T; — R, H; (¢;) : [0,1] — R, defined by (52), continuous.
Hence convy, H; (Z; +) and convg H; (Z; ) are defined by (54) and (55). Each a convex
function, their derivatives are defined for almost every t; € T;, and weakly increasing on the

set of these points:

Zoslt) = S ((conve H(Z:2)) (5) o (56)
Zi(t:) = %((COHVRH,A(ZL_))(S)) o (57)

Extend the definitions to all t; € T; to keep ?H and ?i,_ monotone. By (53), (56) and (57),

for any 7 and almost every t; € T;,

Ziv(t) = max{0,Z; ()}, (58)
?i,—@i) = min {0,72’_@2)}

B.6.3 Allocation by Ranks

Recall the notation o ((¢;)",) defined prior to Theorem 2. Denote . for the set of all
profiles (m;)1; of functions m; : [[, T — [0, 1] (Vi) such that > . m; <1 on [[, 7%. By the
definition of & ((p;)™,),

o (o) = mmgmasiy, o [ Y gt () R (e) B () ()

Zzl

for any profile (¢;); of integrable functions ¢; : T; — R (Vi). Also note that < ((;)%)

contains an element (m;)?_; such that m;(¢;,-) = 0 on T_; whenever ¢;(t;) < 0.
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B.6.4 Proof of Lemma 6

Recall that any (Q;), € 2 is generated by some ex post allocation (¢;4, ¢;p)~; via (2). For

any (%A, %3)?:1 and any ¢, denote

¢ = ¢ia — CGiB- (60)
Then (36) is equivalent to
max v Zz fT' fT_- qz(tz, t_Z)Zz’+(tz)dF_Z(t_Z)dE(tz) (61)
(¢)7—, €l T;[—e 1] ! !
s.t. fT Gi( t_)dF_;(t-)); € Zimon,
—c<>,¢<1 on [[,T,

For any (@)’ € Zmon N 2., by the definitions of the two sets there exists (¢;)7, €
[T;[—¢, 1]% such that, for each i, @Q; is the marginal of ¢;, Q; is weakly increasing, and
Q; > 0 on T;. Thus, (¢;), € [[;[—c, 1]7 satisfies all the constraints in Problem (61).
Denote G; := Hi(Z; +), GF := convi, Hi(Z; 1), T := [, T;, t == (t;)7~; and F := [, F;. The

n

objective in (61) given the feasible choice (¢;)I; is equal to
/TZ‘-’*”Z Z | (GE@) - 6 () dor
+ 2 Qi) (G -2 Q) (@0 - 6t)

by (56) and integration by parts. Here the third sum is zero because G¥(1) = G;(1) by
definition of G¥, (54), for all i. Thus the objective in (61) is equal to

| S a7, > | (@)~ GE (F) et - 3 @) (60) - G

—I((g)7)) — (g™ y) — K (@)y)

Suppose (Qi)?,l € Zion N2, and, for some (¢;);_, € o ((ZJF)?,l) and for each 7, Ql
is the marginal of ¢;. Then the objective in (61) given (§¢;), is equal to the above-displayed
expression, where the roles of ¢; and Q; are played by §; and Q;. Combine (58) with (59) to
observe that, for any (Q;); € Zmon N 24+ and its associated (g;)}4,

1((G)izy) = T ((a:)i=1)
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and that the inequality is strict if (¢;)1_, € < ((Zi4)l,). By definition of GF, G; > GF

on [0, 1]; by the monotonicity constraint in (61), ¢; and Q. are weakly increasing, and Q; by

definition of &7 ((Z;4)}-,) is constant on any interval where G; > G¥. Thus,

J((@)iz) =0 < J ((@:)iz1) -

By (62), Q;(a;) > 0. If minarg min,cjo 1) (H;(Z;+)) (r) > 0, then Z; . < 0 on a neighborhood
of a;; since (¢, € « ((Z;4+)",), that means G;(t;,-) = 0 on T_; for all ¢; sufficiently
near a;. Thus, with (§;)", generating Q, we have Q;(a;) = 0. If, on the other hand,
min arg min,ep 1] (H;(Z;+)) (r) = 0, then by the definition of G} and (54), we have G;(0) =
GF(0). Thus, in either case,
K ((q:)i=1) < K ((¢:)iz) -

It follows that T ((d)1) — 7 (G)1) — K (@) > T (@) — 7 ((@)0r) — K ((g))
with the inequality strict if (¢;)7-; & & ((Z;+),). Since the objective in (61) is equal to
the objective in (36), we have proved that (Q;)™, solves (36).

Conversely, if there is no element of & ((Z; ) ,) whose marginals are (Q;)I,, then
the (¢;)1, for which (Q;)!; € Pmon N 2, are marginals is not an element of &7 ((71',+)?:1)-
Then by the previous paragraph the objective given (g;); is strictly less than the objective
given an element of & ((Z; ), ), which obviously exists. Thus (Q;)1, does not solve (36).
That completes the proof. m

B.6.5 Proof of Lemma 7

This is analogous to the proof of Lemma 6, where constraint (62) is replaced here by

T,

For any (Q;)"; € Zmon N 2_ such that, for some (¢,);_, € & ((—Z;_)",) and for all ,
Q; is the marginal of —cg;, (cg;);_, satisfies all the constraints in the counterpart of (61).
By the same token as the previous proof, (cg;)?_, solves the counterpart of (61): Denote
G; = Hi(Z;_) and GE := convg H;(Z;_). We need only to make the following changes
in the proof of Lemma 6: (i) >, Q;(a;) (Gi(0) — GF(0)) = 0 because G;(0) = GF(0); (ii)

>0 Qi(bi) (G4(1) — GE(1)) is maximized by @ because Q;(b;) = 0 when
max (arg minre[O’l]Hi(Zl- )(7’)) <1,

,—

and G;(1) = G(1) when the inequality does not hold. m
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B.7 Proof of (39)

The following general observation on ironing (defined in (52) and (53)) implies (39).

Lemma 11 For any two integrable functions ¢ and ¢ defined on T}, if p > ¢ on T; then
sup{t € T; : p(t) < 0} < inf {t € T} : ¢(t) > 0} . (63)

Proof Note from (52) and (53) that the left-hand side of (63) is equal to

nt (arginin () (R (0) )

teT;

and the right-hand side of (63) equal to

teT;

nt (argmin (£(0) (71(0)).

By (52), for any ¢’ > t the difference (H(p)) (Fi(t")) — (H(p)) (Fi(t)) = ft/ o(s)dF;(s) in-

t

creases when ¢ increases pointwise. Thus, with ¢ > ¢, arg minger, (H(p)) (F;(t)) is less than

~—

arg minger, (H(¢)) (F;(t)) in strong-set order (Milgrom and Shannon [8]), implying (63). =

C Proof of Theorem 3

Since the environment is assumed symmetric in this theorem, we suppress the subscripts
in Fj, fi, t;, a;, b; and the like. For convenience we shall first assume that the welfare
weights (w;)!_; in the hypothesis of the theorem are identical across all i, and we shall indicate
at the end the modifications (which are obvious) to remove the equal-weight assumption.

Thus let (@, P) be any optimal mechanism that maximizes ), fab Ui(t; | Q, P)dF(t;)
among all (Q, P) subject to IC, IR and BB in the symmetric environment F. By Theorem 2.a,
@ allocates the bad according to (Z; -)!_,, which is given by (33). That equation, with the
environment assumed symmetric, becomes

Zi (t)=PZ.(t) + v (t + %) (64)

for all players ¢ and all ¢ € [a, b], where v is the Lagrange multiplier for the joint constraint
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of IC, IR and BB, and

8 — / LdF(s), (65)
Z,(t) = ¢+ £0) ;(g(t)/ 25 (66)

A = / %dF(s).

Claim: @ allocates the bad with a strictly positive probability if

t

St € (a,b) - / Z.()dF(s) < 0. (67)

Suppose, to the contrary, that (67) holds while Q; > 0 on [a, b] for all players i. Then the

joint constraint of IC, IR and BB is non-binding (Lemma 12, Appendix D). That means, by
the saddle point condition (28), v = 0. Thus, for all i, Z; - = fZ, and, by (52) and (67),

F(t)
(Hi(Z 5/ ) <0,

This, coupled with the fact (H;(Z;_)) (0) (due to (52)) implies that the convex hull
of Hy(Z; ) is negatively sloped on [0, F(t)]. Then (53) implies Z; ~ < 0, and hence Q; < 0,
on the nondegnerate interval [a, t], contradicting the supposition that ¢; > 0 for all 1.

By the claim proved above, the rest of the proof is to show that (67) is implied by the
hypothesis A(F) > 1. Use the definition of Z, and integration by parts to obtain

/at Z.(s)dF(s) = /at sdF(s) — /: (% _ F(S)) ds — 1P (1) /at A(ﬂs)d&

By the definition of A and Fubini’s theorem,

/at%ds _ %/at/:%dF(r)ds _ %/t/tldeF(r)

Thus, the inequality in (67) is equivalent to tF'(¢ %A(t) + [g) <0, ie.,
A(t) F(#)
By the definitions of A and f,
A(t) 1 1 t 1
oo = g (f e - [ Lere)
1/t
— Me(1/1) + 1/ = Mp(1/t) — ; rd(1— F(1/r)
= Mp(1/t) = Lp(1/ (68)
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with the second and third lines using (8) and (10). Thus, (67) is equivalent to

s € (1/b,1/a) : Ma(s) — Lu(s) > 55

g
By continuity, the above condition is true if
1/a 1 1/a
/ (Mr(s) = Lels) dMi(s) > 5 [ F(1/s)aMi(s) (69)
1/b

The right-hand side, by (8), (65) and hence § = fll/ba sdMFp(s), is

1 [l/a ; 1/a .
3 sF(1/s)dMp(s) :1——/b sMp(s)dMp(s). (70)

Furthermore, by (68) and the definition of Mg,

/;:a(MF(s)—LF(s))dMF(s) _ /1;,/&(“15/8) P(1/s >)dMF<>

1/a s 1/a
:/ (1/)(1]\/[() / F(1/5)dMp(s)

1/b
_ 6//b/ rdMp(r)dMp(s) + aMF(s)dMF(s)—l

_ / v / /brdMF(s)dMF(r) —%

1/a
= ﬁ/ TMF dMF( )

where the third line also uses the definition of A, and the fourth line is integration by parts.

Plug the above equation into the right-hand side of (70) to obtain

| fla 1 1/a
5, sEME) = 5 - /1/b (Mp(s) — Li(s)) d(Mp(s)).

Plugging this into the right hand side of (69), we see that (69) is equivalent to

o |

1/a
/1 (M) = Le(s)) () >

which, by (11), is equivalent to G(F') > 1/2. This, by (12), is the same as A(F') > 1.

Thus the theorem is proved in the case where the welfare weights w; = w; > 0 for
all players ¢ and j. To extend it to the general case of (w;)!. € R’} \ {0}, observe that
any welfare weights (w;);- € R} amount to a profile (\;)7_; such that \; = w;F" for each i.
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Thus, by (33), Eq. (64) remains valid after the § and Z, in (64) are replaced by . and Z; .
according to the following equations instead of (65) and (66):

b
5* - W*ﬁ = W*/ %dF(S),

F(t) — wih(t)/ (wif)
f(t) ’

nw;. The rest of the proof is almost identical because (67), a sufficient

Zi(t) = t+

where w, := max;—;

-----

condition for the conclusion, now becomes
t
i 3t € (a,b): / Zi«(s)dF(s) < 0.

It suffices to prove this inequality when ¢ = ¢, for which 7, € argmax—; ,wg. Since

-----

wi, = wy and hence Z;, . = Z,, the rest of the proof is the same as in the previous case.

D The Corollaries

Lemma 12 For any solution @ of (25), if Q; > 0 on (a;,b;] for any i, then > (Q; :
Lfi + p(F3)[ > 0.

Proof For any i, Q; > 0 on (a;,b;] means that 7(Q;) = a; (with 7(Q;) defined in (6)).
Then (29) implies

Z<Qi CIfi + p(F)| > <miinai> Z/T Qi(t:)dE;(t:).

(2

We claim that ), fT, Qi(t;)dF;(t;) > 0. Otherwise, since ; > 0 for all 7, Q; = 0 for all 1.
Consequently, the objective in (25) is equal to

D {0 By (Ifi + p(F)) = p(A)] = 0.
Thus, by Lemma 4, the social welfare -7 | [, U;(- | @, P)d\; = 0. But then @ is suboptimal
because assigning the good to any ¢ for free, for whom A; > 0 on a positive-measure subset

of T; (such i exists because, by Theorem 1, A;’s are not identically zero), generates a positive

social welfare. Thus »_, [, Q;(t;)dFi(t;) > 0, hence > (Q; : If; + p(F;)| > 0. =m
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D.1 Corollary 1

A mechanism satisfies assignment exclusivity iff, for the underlying ex post allocation rule

(gia, @iB)1, ¢ (t)gP(t) = 0 for almost every ¢ € [], Ty and all 4.

Corollary 1 Ifc > 0 then any interim Pareto optimal mechanism is also an interim Pareto

optimal mechanism subject to not only IC, IR and BB but also assignment exclusivity.

Proof Theorems 1 and 2 combined, any interim Pareto optimal mechanism (Q, P) satis-
fies (a) in Theorem 2. That is, @ is generated by an ex post allocation (g;4, ¢;g)!~; such
that, for each 7, the marginal of ¢;4 is equal to Q;, and the marginal of cg;p, Q; . Thus, for
any t; € Ty, if g;a(t;,-) > 0 on a positive-measure subset of 7_; then
0< / Gia(ts, )dF_; = Q (t;)

T,

and then, by definition of Q; and Q;,
0=0Q; (ti) = C/ ¢ip(ti, - )dF_,

T

which, since ¢ > 0 by hypothesis, implies ¢;5(¢;,-) = 0 a.e. on T_;. Analogously, if ¢;5(t;, ) >
0 on a positive-measure subset of T_; then g;a(t;,-) = 0 a.e. on T_;. Thus, ¢;ag;z = 0 a.e. on

1, Tk for all 4, i.e., the mechanism (@, P) satisfies assignment exclusivity, as desired. m

D.2 Corollary 2

Corollary 2 If f; is continuously differentiable at a; for each i, then in any interim Pareto
optimum (Q;, P;)"_, for which the supporting welfare weighting (\;)I_, has the property that,

for any i, \; has a Radon-Nikodym derivative Z—}z_ such that
Vie{l,...,n}: limti?f_ Ni(t:) > 2Bza, (71)

there exists a player i for whom Q; is constant on a neighborhood of a;.*?

13 The absolute continuity assumption in this corollary allows for the simple case, often assumed in
mechanism design, where the Radon-Nikodym derivative of \; with respect to F; is constantly equal to one
so that the social welfare function is a simple sum of players’ surpluses.

Dworczak, Kominers and Akbarpour [3] also obtain a conclusion similar to that of the corollary. Interest-

ingly, our sufficient condition (71) looks similar to theirs, despite differences in our models.
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Proof Let (Q;, P;)!, be any Pareto optimum specified by the hypothesis. By Theorem 2,
(Qi, P, is determined by some (Z; +,Z; )" ,, with the latter given by (32) and (33),

=1
where v denotes the Lagrange multiplier for the constraint »_.(Q; : If; + p(F;)| > 0. By (32)
and (33) and continuous differentiability of f; at a;, and X, = d\;/dF;, one can show, for

each i, that %Zlﬁ and iZiv_ are continuous at a; and

i dt;
d Ailai) | filai) vfi(a;)
—Zi(a;) = 2 - — : — (b T
dt; +a) (Bxt-v) @; - fi(as) (s (b)) + f2(as)
d i (a;)
7 () = 2 _ 2\
dtz i, (az) (B)\ + V) a;
Case (i): v = 0. Then, by (71), d%Ziv_(ai) < 0 for any ¢, and %Zi*#(ai*) < 0 for
the 4, that maximizes A;(b;) among all i (so Sy —A;, (b;,) = 0). Thus, since %ZM and d%Zi,,

are continuous at a;, both Z;, , and Z,, _ are strictly decreasing on [a;,,a;, + ¢) for some
d > 0. Then H; (Z;, +) and H; (Z;, ) by (52) are strictly concave, and hence their convex
hulls are affine, on [F}, (a;,), F;, (a;, +9)). Thus Z;, . and Z;, _ are constant on [a;,, a;, +0).
Then Claims (a) of Theorem 2 implies that @);, is constant on this neighborhood.

Case (ii): ¥ > 0. We claim that there exists some i for whom @); < 0 on a neighborhood
in 7;. Otherwise, the constraint > (Q; : If; + p(F;)] > 0 is non-binding (Lemma 12),
which coupled with the saddle point condition (28) implies that v = 0, contradiction. Now
that ; < 0 on a neighborhood in 7; for some 4, it follows from monotonicity (IC) of @Q;
that Q; < 0 on [a;, a; +n) for some 77 > 0. Then Theorem 2.a implies Z; ~ < 0 on [a;, a; +17).
By definition of ironing, if 7@— is not constant on a neighborhood of a;, then 7@_ = Zi_
on that neighborhood and then Z; = < 0 on that neighborhood, contradicting the fact that
Z; —(a;) = (B +v)a; > 0 and that Z; _ is continuous. Thus, on a neighborhood of a;, Ei,,

is constant, and hence so is ();. =

D.3 Corollary 3

Corollary 3 If F; = F for all i, with |a,b] the support of F', if A(F) > 1 and if (Q, P) is
a symmetric mechanism that mazimizes ), fab Ui(t:|Q, P)dF (t;) subject to IC, IR and BB,
then there exists (x,y, z) for which a < x <y < z < b; and, for any player i, U;(- | Q, P) is

strictly decreasing on [a,x), constant on (x,y), and strictly increasing on (z,b].

Proof By symmetry, (32) and (33) imply that (Z; ;, Z; _, Q;) is identical across i. Thus we

shall suppress the subscript ¢ from these functions.
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First, we claim that @ > 0 on (b — 9,b]: By (32), Z+(b) = (Bx+v)b > 0. Thus, by
continuity, Z, > 0 on (b— 6, b] for some § > 0. Then H(Z,) is strictly increasing on (F'(b—
d), 1]; thus, since 1 is the maximum of the domain for H(Z,), its convex hull conv H(Z, ) is
also strictly increasing on (F'(b—6), 1]. It follows that Z, > 0 on (b—4, b], hence Theorem 2.a
implies that @ > 0 on (b — 4, b].

Second, by the hypothesis A(F') > 1, Theorem 3 implies that the bad is assigned with
strictly positive probability. This, coupled with symmetry of the mechanism, means that
(2 < 0 on some nondegenerate interval for all players. By IC, @) is weakly increasing, hence
Q < 0 on [a,a+ ¢ for some € > 0.

The first and second observations combined, there exists x,y € (a,b) for which

<0 ift; € (a,x)
>0 ift; € (y,b).

Recall the notation Uy(- | @, P) from (4). By the envelope theorem, -4 = U(t; | Q,P) = Q(t;)
for almost every ¢;, and U;(- | @, P) is absolutely continuous. Thus, U;(- | @, P) is strictly
decreasing on [a,z), constant on (z,y), and strictly increasing on (y,b]. Recall from (3)
and (4) that
Uit | Q.P) = 1Ot | Q. P)

for all t; € [a,b]. Thus, U;(- | Q, P) is absolutely continuous on [a,b]'* and, since t; > a > 0,
Ui(- | @, P) is strictly decreasing on [a, y). To complete the proof, we need only to show that
Ui(- | @, P) is strictly increasing on (b— 6, b] for some 6 > 0. To that end, pick any ¢; € (a, b)
at which U;(- | Q, P) is differentiable and note

dci (Ui(ti |tiQ,P)> _ (;)2 (Q) — Uit | Q. P)) = (t;zp(ti),

14 Tt suffices to prove that U;(- | Q, P) is Lipschitz on [a, b]: For any t;,t; € [a,b], with U; := U;(- | Q, P),

Uit: | @, P) =

dt;

Ui(t:)

1~ 1
\Us(t;) — Ui(ts)] = tf

L0t - o (o (0 = 0100 + 010 (- )|

t titi

n (ti / CQs)ds + U (k) (1 - t;>>

b;
< afg(max{l seh+ 1) [t — il

<

=)

1 -
7 (ti £~ tilmax Q]+ |01

with the last inequality due to —¢ < Q < 1 and 0 < U; < b;. Hence U;(- | Q, P) is Lipschitz.
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with the last equality due to (4). By the envelope equation (5), P is continuous and weakly

increasing on [a,b], hence limy s, P(t;) = P(b;) = maxp P. We claim that P(b) > 0,

otherwise by Theorem 2.b.iii we have P = 0 on [a, b], which contradicts (5), as @) has been

proved to be nonzero on positive-measure subsets of [a, b]. Now that P(b) > 0, lim,4, P(t;) =

P(b) means that P > 0 on (b — §,b] for some § > 0. Thus d%Ui(ti | Q,P) > 0 at any

differentiable point ¢; in this interval. This, coupled with absolute continuity of U;(- | @, P),

implies that U;(- | @, P) is strictly increasing on this interval, as desired. m
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