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Abstract

We propose a decision theoretic model akin to that of Savage [19] that
is useful for defining causal effects. Within this framework, we define what
it means for a decision maker (DM) to act as if the relation between two
variables is causal. Next, we provide axioms on preferences and show that
these axioms are equivalent to the existence of a (unique) directed acyclic
graph (DAG) that represents the DM’s preferences. The notion of represen-
tation has two components: the graph factorizes the conditional indepen-
dence properties of the DM’s subjective beliefs and arrows point from cause
to effect. Finally, we explore the connection between our representation and

models used in the statistical causality literature (for example, Pearl [16]).
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1 INTRODUCTION

Consider a statistician (say, Alex) who investigates the relation between intel-
lectual ability, education level, and lifetime earnings of a particular citizen (say,
Mr. Kane). As a good statistician, Alex is able to choose between the following

options. A safe bet that pays $0 for sure or the risky bet defined below.

e If Mr. Kane has a college degree and earns more than $ 100K a year, Alex
gets $1

e If Mr. Kane has a college degree and earns less than $ 100K a year, Alex
gets -$1

e If Mr. Kane does not have a college degree, Alex gets $0.

For concreteness, suppose Alex chooses the risky option. Her behavior reveals
that, conditional on obtaining a college degree, Alex believes that it is more likely
that Mr. Kane earns more than $100K a year than it is that he earns less than
$100K a year. Now, assume Alex is presented with the same choice but “college
degree” is replaced with “high school degree”; moreover, assume that Alex now
prefers receiving $0 for sure. Her behavior reveals that, conditional on obtaining
a high school degree, Alex believes that it is more likely that Mr. Kane earns
less than $100K a year than it is that he earns more than $100K a year. Alex’s
behavior reveals that she believes Mr. Kane’s education level and lifetime earnings
are qualitatively positively correlated: she accepts a $1 gamble that Mr. Kane is
making more than $100K a year conditional on observing that Mr. Kane obtained
a college degree but not conditional on observing that Mr. Kane obtained only
a high school degree. Finally, if Alex is probabilistically sophisticated, then we
can represent her beliefs with a joint probability distribution over all relevant
variables. In particular, this probability distribution is such that education and

lifetime earnings are positively correlated.

Alex is now approached by a benevolent politician who wants to improve his
constituents’ lifetime earnings. Since Alex believes that education and earnings
are positively correlated, this politician expects that a policy that forces everyone

to obtain a college degree would be useful to improve lifetime earnings. However,



Alex rejects that conclusion. While she believes Mr. Kane’s education level and
lifetime earnings are positively correlated, she is of the opinion that policies that
change the population’s education levels while keeping all other things equal are
useless for affecting lifetime earnings. Alex believes that high education levels are
associated with high intellectual ability, that high intellectual ability is associated
with higher lifetime earnings, and that this is the only channel through which
education levels and lifetime earnings are related. Thus, a policy that improves
education levels but leaves intellectual ability unchanged is useless to improve

lifetime earnings.

The apparent tension between Alex’s belief that education and earnings are pos-
itively correlated, while maintaining a position that policies that affect only educa-
tion are useless to affect lifetime earnings, is rationalized by the adage “correlation
is not causation”. In this context, causation has a specific meaning: a variable
subjectively causes another variable if, holding all other variables constant, policy
interventions on the first variable affect Alex’s beliefs about the second. That Alex
believes education policies are useless to affect lifetime earnings (holding fixed in-
tellectual ability) means that she believes education levels do not cause lifetime

earnings.

The above definition of causal effect is entirely subjective. As such, this defi-
nition is not about objective truths or uncovering the laws of nature. However,
this definition captures exactly how causality is understood in economics. In eco-
nomics, causal relations are correlations that, in the analyst’s subjective opinion,
are valid grounds for making policy recommendations. While disagreements exist
with regards to how one arrives at the conclusion that an observed correlation is
sufficient grounds for making policy recommendations, the definition of causation
as the bridge between correlation and policy recommendation is undisputed. This
dichotomy — when are two variables correlated versus when is one variable a use-
ful policy tool to affect the other — is the foundation of our definition of causal
effect. By identifying a unique numerical representation of this definition, our pa-
per provides a foundation for selecting models with which empirical researchers

can estimate causal effects.



The purpose of axiomatic exercises like Savage’s [19] is to provide a link between
some numerical model and the way a rational decision maker (henceforth, DM)
approaches the issue of interest (in this case, causality). The goal is to guarantee
that the numerical model treats the object of study the way a rational DM would.
For empirical research, the role of the DM is played by the researcher’s econometric
model (which, presumably, wants to behave rationally), and the role of the DM’s
beliefs is played by the probability laws the researcher feeds into the numerical
model. The subjectivity in the definition of causation reflects that researchers
need to make assumptions about the causal structure of the world, and these
assumptions carry on the the researcher’s econometric model (i.e. the DM in our
paper). This paper provides a theoretical foundation for selecting amongst models
of causality by proposing normative axioms for how the analyst’s model should

treat uncertainty.

This paper is structured in three steps. First, we propose a decision problem
similar to Savage’s: there is a set of states, a set of acts mapping states into
monetary amounts, and a DM who chooses among acts. The DM makes choices
as if picking the best alternative according to a preference relation. This language
is sufficient to talk about the subjective correlation structure in the DM’s beliefs.
However, to discuss causal effects, we also need language to talk about preferences
over intervention policies that affect the states. Therefore, we extend the language
in the Savage model to accommodate for the possibility of choosing policies that
affect the states. Section 3 describes the model, and Section 4 formally defines
causality. Second, we propose a set of axioms that capture -in a normative sense-
how a rational DM should treat uncertainty and causality. Section 5 presents
the axioms. Finally, conduct a standard decision theoretic analysis: we propose
a numerical representation of the DM’s beliefs (see section 6) and show that our
axioms hold if, and only if, we can numerically represent the DM’s beliefs. Section

7 presents our main theorems.

As the reader may anticipate, the statistics, computer science, and economics
literature addressing causal effects is extensive. The related literature is discussed
in Section 8, and we delay a discussion of it until after we present our results

because our results depend on a series of definitions and terms related to various



literatures. Hence, we do not yet have the language to meaningfully discuss the

related work.
2 How ALEX FITS IN THE GRAND SCHEME.

As a preamble to the formal model, this section uses a simple example to il-
lustrate how our representation contributes to the modeling of causal effects. As
such, it may be skipped without loss of continuity. The first two observations
relate to graphical methods in general; the last two pertain to the specifics of our

representation.

Let us expand the example in the introduction to include an “occupation” vari-
able. The model thus contains four variables: Ability (A), Education level (E),
Lifetime earnings (L) and occupation (O). Alex the statistician wants to estimate

the causal effect of education on earnings.

All models of causal analysis will result in the same type of conclusion: the
causal effect of ' on L is obtained by looking at the joint distribution of £ and
L after suitably conditioning on (or controlling for) possible confounders. The
essence of the exercise is to decide exactly which variables must be conditioned
on. Of course, the answer to this question is a function of the assumptions Alex
makes about the causal structure of the world. In carrying out this exercise Alex
wants to transmit what assumptions she makes in the simplest, most transparent
way possible. She also wants to decide what variables need to be conditioned on

using the most tractable method she can.

Graphical methods allow Alex to lay out her assumptions in a succinct and crisp
manner. To do this, Alex draws a graph where arrows point from cause to effect.
For concreteness, say Alex draws the graph in Figure 1. Amongst other things,
this graph claims that ability is a joint cause of occupation and earnings, but is
neither cause nor consequence of education level; this assumption might be con-
troversial but it is clearly and transparently stated. As a by-product, Alex is also
transmitting all her assumptions about conditional independence. Indeed, there
is a one-to-one correspondence between arrows in a graph and statements about
conditional independents (see Section6 for details). In particular, Alex is assum-

ing that F and A are the only independent variables, and all other variables are



statistically dependent on each other. Again, this could be controversial, but it
is clearly and succinctly stated. Finally, by omitting any other variable, Alex is
explicitly making the assumption that only these variables matter in her analysis.
With a single picture Alex transmits all the assumptions she is making: how are
the variables causally related to each other, which variables are statistically inde-
pendent of each other, what variables matter for her analysis, and (by exclusion
from the graph) what variables do not matter for her analysis. While Alex could
have written down an equivalent set of potential outcome equations, together with
a set of weak and strong ignorability assumptions (see Rosenmbaum-Rubin [18],
for example), she manages to convey the exact same information simply by draw-
ing Figure 1. This economy of language afforded by graphical methods becomes

increasingly important as the number of variables grows.

O A

E L

Figure 1: A crisp and succinct description of all causal assumptions and all assumptions
on conditional independence; p(E, O, A, L) = n(E)u(A)u(O|A, L)u(L|A, E, O).

Graphical methods also allow Alex to quantify causal effects in a tractable man-
ner. In this case the causal effect of E on L is obtained by looking at how the
expression u(L|E) moves with E. Despite the possible confounders, no additional
conditioning is required. Pearl [16] provides a simple way to check this by look-
ing at the paths that connect E to L. Checking which variables to condition on
amounts to checking two simple properties of the paths that connect the variables
of interest. In this case, conditioning on a variable with head-to-head arrows (such
as O) introduces spurious correlation, thus O should not be controlled for (again,
see the original Pearl paper or section 7.1 for the technical details). Importantly,

simple algorithms exist that take a causal graph as an input and immediately out-



put which variables must be controlled for (DAGitty, for instance, is a web-browser
based algorithm for doing this). While the same expression for the causal effect
of F on L is obtained from a potential outcomes model, understanding all impli-
cations of the model —both causal and in terms of correlations— becomes quickly
intractable. Graphical methods offer a naturally tractable way to obtain the result.
As before, this tractability is increasingly important as the number of variables

grow large, as it tends to do in economics.

These two points illustrate that graphical methods are not a substitute to clas-
sical methods (like instrumental variables or potential outcomes) but a powerful
complement. For example, [10] shows how causal instrumental variable analysis
can be understood within the language of Bayesian graphs. Graphical methods al-
low us to encode similar assumptions, and obtain similar results, but they do so via
a succinct, transparent, and tractable language —these things become increasingly

important as the number of variables increases.

However, our representation offers two further insights into the analysis of causa-
tion that are absent from the traditional work on graphical methods. When Alex
constructs the graph with which to analyze the problem, her graph must serve two
roles at once. First, her graph must represent her causal model: arrows point from
cause (whichever which way Alex defines this word) to effect. Second, her graph
represents the assumptions Alex makes about correlation structures. Demanding
that a graph satisfies these two conditions at once amounts to a joint assumption:
an assumption about how Alex defines causality and an assumption about how
causality and correlations interact. What are the exact conditions on both the
definition of causality and the way causal effects interact with correlations that
permit representation via a single graph? The Bayesian Graphs literature is silent
about this question, which we answer here. Given our formal definition of causal
effect (Definition 2) Theorem 1 states the exact set of conditions that are necessary
and sufficient for the existence of a graph that simultaneously represents a causal

model and a correlation structure.

A further insight of our model is to highlight a lax use of the word causality. In
the context of figure 1, we claimed that the causal effect of £ on L is captured by



w(E|L). Our model highlights two subtleties about this statement. First, there are
three types of “causal effect” encoded in figure 1. The direct effect encoded by the
arrow F/ — L, the indirect effect encoded by the path £ — O — L, and the total
effect derived from the existence of these two paths simultaneously. Our definition
of causality makes explicit the difference between these three effects. In particular,
it makes explicit that the expression u(E|L) only captures the total causal effect
of E on L, while the direct effect £ — L is captured via a separate formula (see
section 7.1 for details). Second, the tools used to derive this formula in Pearl
[16] depend on a formalism called a do-probability (see section 7.1 for details).
Theorem 2 shows that this formalism is valid only when we add an extra axiom
relative to those in Theorem 1. Therefore, the notion of causal effect quantified
by Pearl [16] is strictly stronger than what is encoded by the arrows in a graph.
This is a point that is not made explicit in the literature on Bayesian graphs but

that is made explicit on our paper.
3 MODEL AND NOTATION

3.1  General notation

The following useful notation is used throughout this paper. Theset N = {1,..., N}
is a set of indexes. For each J < N, let {X; : j € J} be a family of sets indexed
by J. We denote by X = Il;c7X; the Cartesian products of the family and by
r7 = (zj)jes a canonical element in X 7. Moreover, all complements are taken
with respect to N: if 7 < N, then J° = NM\J. Finally, if 7 ¢ N and F < X,
then 1z : X7 — {0, 1} denotes the indicator function that event E has occurred;
that is, lg(xy) = 1< x5 € E.

The following notation refers to the graph theoretic component of the model. A
directed graph is a pair (V, F') such that V is a (finite) set of nodes and £ < V x V/
is the set of edges. If two nodes, ¢ and j, satisfy that (i,j) € E, we simplify the
notation by writing ¢ — j. Moreover, the set of parents for a node v € V is the
set Pa(v) = {v' eV : (v,v) € E}. A node v eV is a descendant of a node v' € V
whenever a directed path exists from v’ to v. Formally, if a sequence (vy, ...,vr) €
VT exists such that v; = v/, v; is a parent of vy, for each t € {1,...,T — 1}, and

vy = v. Likewise, v’ is an ancestor of v whenever v is a descendant of v’. A directed



graph is a DAG if, and only if, for all v € V', v is not a descendant of v. We denote
by D(v) the set of descendants of v and by N D(v) the set of non-descendants.

3.2 Model description

Our DM faces a variant of the standard Savage problem. The state space is
S = HfilXi, where each X; is finite. We make this assumption for technical
simplicity because causality is orthogonal to whether state spaces are finite or
infinite. We let N' = {1,..., N}, and we call each i € N a variable. Set A = R¥ is

the set of Savage acts, and a DM has preferences > over A.

However, our problem differs from Savage’s since we incorporate policies that
affect the states. This added language allows us to distinguish correlations from
other types of relations among variables. A set of intervention policies is a set
P =1, (X, u{Z}). The interpretation is as follows. Let a policy p € P be such
that p; = & for some i € A. Then, this policy leaves variable 7 unaffected; that
is, ¢ is determined as it would have been in a standard Savage world. However, if
for some j € N, we have p; = x; € X, then policy j forces variable j to take the
value x;; that is, the value of variable j is not determined as it would have been
in a Savage problem but is chosen by the DM. Therefore, each policy implies a
collection of interventions of the state space. Our model is one where the DM first
chooses a policy from the set of all policies, and then chooses a Savage act from

the set of acts defined over the non-intervened variables.

We now define the primitive choice domain for our DM. Let p € P be any policy,
and let N(p) = {i e N : p; = &}. That is, N(p) are the variables that p leaves
unaffected. Furthermore, let A(p) = R*N® be the set of acts defined over the
variables that p leaves unaffected. Then, the primitive domain of choice for the
DM is the set {(p,a) : p€ P,a € A(p)}. That is, our DM’s problem is to select an
intervention policy and a Savage act over the non-intervened variables. We endow

this DM with a preference relation > on {(p,a) : p € P,a € A(p)}.

Given >, each p induces an intervention preference on A(p): for each p € P
and each f,g € A(p), we say f >, g if, and only if, (p, f)>(p,g). Since our
axioms are focused on the DM’s intervention preferences, it is convenient to express

intervention preferences explicitly in terms of the values at which the variables are



intervened. For each policy p € P, if py(pe = Tarpye, We use >, Nt to denote

> D The special case where p = (), ..., J), so that no variables are intervened,
corresponds to the DM’s preferences in a standard Savage world. For such a p, we

use > (g, . on=> for notational simplicity.

From intervention preferences we obtain intervention beliefs. For each p € P, we
say that >, has a belief representation if there is a probability distribution p, on
XN guch that for all E,F < XMW 1 (E) > p,(F) if, and only if, 15 >, 1p.

When such a representation exists we say p, is an intervention belief.

Intervention preferences (resp. beliefs) look like Savage conditional preferences
(resp. beliefs) but have important differences. Savage conditional preferences
capture betting behavior conditional on the DM observing that a certain event
was realized, whereas intervention preferences (beliefs) capture betting behavior
after a controlled intervention of the relevant variables. To illustrate the difference,
consider Example 1 below. Conditional preferences (resp. beliefs) are statements
about item [1.], whereas intervention preferences (resp. beliefs) are statements
about item [2.]. These are clearly different statements that do not imply one
another. Therefore, we need language to distinguish these two distinct decision

problems and intervention policies provide such language.

Example 1. Let acts f and g over lifetime earnings be defined as follows. Act f
pays $1 if lifetime earnings are greater than $100K per year and —$1 otherwise.
Act g is the opposite: it pays —$1 if lifetime earnings are greater than $100K per

year and $1 otherwise. Consider the following statements:

1. “Having observed that Mr. Kane earned a college degree (of his own free will

and ability), Alex prefers f to g.”

2. “Having forced Mr. Kane to obtain a college degree (regardless of his desire
or ability to do so) Alex prefers f to g”.

Because this paper is concerned with understanding what a rational agent’s
approach to causality is, the role of axioms is exclusively normative. Whether
actual humans adhere to these axioms is orthogonal to this paper. While the

counter-factual based setup presented above may seem hard to test in a laboratory

10



with actual human subjects, this is not the objective of the exercise at hand.
Since the DM in our paper is an analyst’s econometric model of the world, the
only question that matters is whether the analyst finds the axioms normatively
appealing or not. Moreover, econometric models (as opposed to human subjects
in a laboratory) are naturally built to handle counter-factual analysis of the sort

presented above.
4 DEFINITION OF CAUSAL EFFECT

In this section we introduce the definition of causal effect, which formalizes the

intuitive definition given in Section 1.

We begin by introducing the definition of intervention independence. Consider
a set of variables IC and two variables i, j ¢ K. Informally, ¢ is K-independent of
7 if, after eliminating the possibility that ¢ and j are related through variables in
IC, the choice of acts over 7 is insensitive to interventions of j. Formally, we say
that 7 is K-independent of j if the following holds: (Vazx € Xk), (Va;, 2} € Xj),
and (Vf,ge RX),

f>1'j,1'lcg < f>xg,:t)c g,

f>00c 9 < [ > 9t

The first line indicates that having intervened I at value xx, intervening j at
different values does not affect the DM’s choice of act in R¥:. The second line
indicates that having intervened KC, the ability to intervene j at all, regardless of
the values at which it is intervened, does not affect the DM’s choice of act in R¥:.

Note that the second of these conditions implies the first. Indeed, if the second

condition holds, then we have that for all x;, 27,
f >ajae § / Zae 9 f >x9—,x;c g,

so the first equation also holds. This motivates the formal definition of intervention

independence.

Definition 1. For all i,j7 € N and K such that 1,5 ¢ K, we say variable i is

11



K-independent of variable j if for all f,qg e R,

f>20c 9 S [ >ac 9

To illustrate Definition 1, consider a DM who believes Ability has a direct
impact on Education and that Education has a direct impact on Lifetime earnings
but that Ability has no direct impact on Lifetime earnings. This is depicted in
Figure 2 below. If a,a’ € A are two ability levels and f, g € R” are two acts on
lifetime earnings, we might have the DM behave as follows: f >, g and g >4 f.
This reversal indicates that A and E are not {(ZJ}-independent, which is intuitive:
interventions of A affect beliefs about E, and beliefs about E affect beliefs about
L. However, this is an effect of A on L that is mediated through E. As such,
we don’t want to use this as basis to claim that A causes L. The correct way to
capture the causal effect of A on L is to look at intervention preferences >, as
a function of a, for each fixed e € E. In other words, we want to ask if A and L

are {E'}-independent. This motivates the formal definition of causal effect.
A—— FE — L

Figure 2: Variable A has no direct causal effect on L, but non-ceteris paribus
interventions of A affect L through F.

Definition 2. For all i, € N, we say variable j causes variable i if i is not
{i, 7} -independent of j.

Let Ca(i) = {j € N : j causes i} denote the causal set of i.

Finally, we say j is an indirect cause of i if there is a sequence jo, ..., j7 such that,

for allt € {0,....,T — 1}, j; causes jii1, jo = j and jr =1i.

Finally, if a variable ¢ is such that Ca(i) = &, we say i is an exogenous
primitive; otherwise, we say it is an endogenous variable. Indeed, when a DM forms
a causal model of the world, the set of primitives of such model is precisely the set
of variables that are not caused by any other variable in the model. Exogenous

primitives are relevant in our discussion of Axiom 1.

We conclude this section by defining the causal graph associated with a pref-
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erence, >. Causal graphs are an integral part of our representation, which is
introduced in Section 6. Given >, draw a graph by letting the set of nodes be
the set of variables and the set of arrows be defined by the causal sets, that is, by
letting j — i < j € Ca(i). This graph is well defined because Ca(i) is well defined
for each i € N. We denote such a graph as G(>).

Definition 3. Let > be a preference and {Ca(i) : i € N'} be the collection of causal
sets derived from >. Define G(>) = (V, E) by settingV =N and E = {(j,i) : j €
Ca(i)}.

5 AXIOMS

Our axioms are normative statements about how the DM should treat uncertainty
as a function of the DM’s causal model. Hence, our axioms tackle variations of
the following question: given the DM’s causal graph as per Definition 3, what

normative restrictions should we impose on the DM’s intervention beliefs?

As such, the axioms are about conditional independence properties of the various
>, preferences. Since the act notation for conditional independence is somewhat

heavy, we use the following simplifying notation.

Definition 4. Let i € N and let J,K,H < N be disjoint sets such that i ¢
J UK UH. We say that i is independent of J conditional on IC after intervening
H if the following is true for all Tz o) € XWTRH) and all f,g e RY::

]lx]gf >:L'7.¢ II%E)Cg < ﬂx;g]lxjf >:BH lx;cﬂxjg- (1)
When the above holds, we write
i Ly JIK. (2)

In the case J is a singleton, J = {j}, we simply write

i Ly JIK. (3)

13



In terms of behavior, conditional independence says the following: ¢ and j are
independent if a DM would never pay for information about j when their task
is to predict i. Imagine a DM intervened variables H to a specific level. For
instance, the DM carried out a controlled experiment, or this could simply be a
thought experiment. Imagine further that the DM observed a specific realization
of variables in /. In this context, if the DM had to choose choice between f and g
he would have to compare 1,, f with 1,, ¢ using preferences >,,,. To aid the DM’s
decision, someone offers to reveal the DM the value of the variables in J at a fee
of € > 0. Is there an ¢ small enough that the DM would purchase this information
revelation? If the DM bought this information about J then his problem becomes
to compare 1,1, f with 1, 1, g using preferences >,,. Since the axiom says
that his choice under both situations is the same, the information is useless. Thus,

the DM would not accept any price € > 0.

We start with Assumption 1, which defines all relevant aspects of the DM’s
probabilistic model. To state Assumption 1 we recall the definition of a subjective
expected utility preference. We say that a preference >, is a (monotone) subjective
expected utility preference if there exists a unique probability distribution, u, €
A(XN®) and a (monotone increasing) function u, : R — R such that for all

RXN(P)

acts f,g € condition 4 below holds. There are many axiomatizations of

monotone expected utility preference that fit the framework of our model, such as
Gul [5] , Fishburn [2], and Theorem 3 in Karni [12], amongst others. We let the

reader pick their favorite axiomatization.

Fr9e Y, w(flave)mlve) > D, ulg@ve)mlevg)- (4)

T (p)EXN (D) T (p)EXN (D)

Assumption 1. For each J < N, the following are true.

i- For each p € P, the preferences >, are monotone subjective expected utility

preferences.

- The states space is complete: (Vi,j € N), (Yepgy € Xangy), and (Vf, g €
RX)), if j € Ca(i), then f >on 99 Loy f >apnisy 1ay9-

14



1i- There are no null states: for all x € X, 1, > 1x0.

- Policies do not affect preferences: (Vr,y € R), (Vp,p' € P), Lxy, T >p

Ixnn ¥ < Ixon @ > Ixy,n Y

Assumption 1 captures the basics of the DM’s beliefs. As such it is orthogonal
to issues of causation, hence the reason we don’t refer to it as an azxiom per se.

Below, we examine each of the restrictions Assumption 1.

As we already mentioned, many axiomatizations exist that will deliver item [i.],
each with it’s own advantages and disadvantages. We let the reader decide what
their favorite axiomatization of monotone expected utility is. The importance of
item [i.] is that all intervention preferences are probabilistically sophisticated, so
intervention beliefs are always well defined. Item [iii.] states that getting paid
$1 if realization x € X occurs is strictly preferred to getting $0 for sure, thus
guaranteeing that all states receive positive probability. Item [iv.] rules out the
possibility that policies have a direct impact on the Bernoulli utility indexes, thus

making u, = wu;, for all p,p' € P2

Item [éi.] in Assumption 1 says that the state space is complete: given two
variables (say, i and j), the state space includes all variables that could mediate
effects between ¢ and j. Once all variables k # i, j are intervened, either i causes
7, j causes 2, or the ¢ and j are independent. If j causes ¢, since all possible
confounding variables have been intervened, observing that x; € X; was realized
or intervening variable j to value x; should lead to the same preference over R*:.
Violations of this axiom are reasonable only if the state space is missing some
potential confounding variables. In line with Savage [19], we assume that the state

space is complete.

That the state space is complete has the following implication for the repre-
sentation of preferences. Pick two variables (say, ¢ an j) and assume all other
variables are intervened at a level xy; j,c. Let M, e be the belief representation of

>y, e 1D this 2-variable environment, correlation and causation should coincide.
2]

2This assumption is not strictly needed but it simplifies notation in some proofs. Since
causality is orthogonal to whether Bernoulli utilities are constant in P, we feel comfortable
keeping this assumption.
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Therefore, if ¢ causes j, conditioning on j or intervening j should lead to the same

posteriors about 7. Namely,

Importantly, this relation is not symmetric. If ;7 does not cause 7 then the sym-
metric expression iy, (xjla;) = ux{iyj}c,xi(xj) is false. The left hand side is a
non-constant function of x; whereas the right hand side is constant in x;. Thus,
under complete state spaces, equation 5 identifies the direction of causality. We
will use this observation in Section 6 when defining when a graph represents a

preference .

That the state space is complete does not imply the DM must know what all the
relevant variables are. For instance, assume Alex in the introduction is worried that
the interaction between Ability, Education and Lifetime earnings might be affected
by some other variable. Concretely, she thinks some other variable might influence
education levels: she does not know what this variable is, but she believes it exists.
For concreteness, denote this variable as “Unknown but possibly exiting variable”.
Assumption 1 says that in her state space she should include such a variable.
Therefore her state space should not be Ax E x L but rather Ax E'x L xU, where U
stands for “Unknown but possibly existing variable”. In short, Assumption 1 does
allow the econometrician to add variables that act as proxies for unknown shocks
to the system. Indeed, modeling a potential unknown confounder as exogenous

noise shocks is a common way to proceed in empirical studies.

Assumption 1 states that the DM is probabilistically sophisticated but is silent
about the statistical properties of causal sets. Without further axioms to discipline
how the causal sets behave, we cannot guarantee that these sets will have any
properties that we normatively associate with causation. Axioms 1 through 4

provide such discipline.
Axiom 1. For all i€ N, i is not an indirect cause of 1.

Axiom 1 is equivalent to the following statement: for each set of variables Z < N,
there exists i € Z such that Ca(i) nZ = ¢F. That is, if the DM is asked to ex-
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plain the relation between variables in Z and only those in Z, the DM has an
explanation that involves at least one exogenous primitive relative to Z. Models
without primitives describe identities rather than relations among logically inde-
pendent variables. Therefore, Axiom 1 states that the DM’s state space includes

only logically independent variables.

A potential critique of this axiom is that certain systems are inherently cyclical.
For instance, the relation between the speed of a car, the distance traveled by the
car, and the time traveled by the car is inherently circular: any two determine
the third. The problem with this system is that speed is not caused by distance
and time traveled; rather, speed is defined in terms of distance and time traveled.
Therefore, the model includes variables that are not logically independent of one
another. The correct model to analyze this situation is one in which the only
variables are time and distance traveled by the car, as these variables are the only
logically independent variables. In this sense, the assumption that no causal cycles

exist is sensible.

A related critique of Axiom 1 is that it precludes the DM from viewing the
world as a system of recursive structural equations. As such, Axiom 1 could
be seen as precluding the DM from reasoning in terms of equilibrium equations
(see, for example, the critique in Heckman and Pinto [9]). This assessment stems
from interpreting functional relations as causal relations. However, the equations
in a model (in particular, equilibrium equations) are succinct descriptions of the
specific values that the variables may obtain; they say nothing of how those values

are achieved. As such, causality and equilibrium equations are orthogonal issues.

To make the above discussion concrete, consider a general equilibrium model
with aggregate demand curve D and aggregate supply curve S. Equilibrium is de-
fined as follows: (p*,¢*) constitute an equilibrium if D(p*) = ¢* and S(p*) = ¢*.
Note that this is a definition; as such, equilibrium price and equilibrium quantity
are not logically independent. These equations describe the values one should
expect for prices and quantities but are silent regarding the mechanism that gen-
erated them. This silence motivates the equilibrium convergence literature. For

example, a tatonnement convergence process is compatible with the general equi-
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librium equations without invoking feedback loops: a DM posits that prices in
period t cause quantities in period ¢ (via consumer/producer optimization) and
that quantities in period t cause prices in period ¢ + 1 (through a process that
increases/decreases the price in response to excess demand /supply). That the sys-
tem stabilizes at a point where p; = p;1 = p* and ¢ = ¢11 = ¢* is orthogonal
to the issue of causation. In short, one should not mistake functional equations,

which simply describe relations between variables, for causal statements.

Axiom 2. (Vie N) (Vj e Ca(i)), (VH,K < N\{i,j}) that are disjoint,
i £ jIH

Axiom 2 captures the following normative property about causation: the causes
of a variable (say, i) are the most proximal sources of information about 7. Similar
to conditional independence, if j is the most proximal source of information about
¢ then ¢ and j should never be independent of each other. That is, if a DM
had to predict the value of i, and j is a cause of i, there should be an ¢ >
0 small enough that the DM would pay ¢ in exchange for information on the
value of j. Thus, axiom 2 captures that causes are the most proximal source of
information by stating that causes are never independent from their consequences.
As a final remark, notice that Axiom 2 is symmetric in the following sense: the
only fundamental sources of information about i are are causes of ¢, and those

variables that are directly caused by 1.

Axiom 3. (Vi,j e N), (VK c M\{i,7}), if i ¢ Ca(j) and j ¢ Ca(i) then

i Li j|(Ca(i) v Ca()\K)

While aziom 2 describes the conditional independence properties of variables
that are directly related to each other, axiom 3 analyzes the independence proper-
ties of variables that are not directly related to each other. Axiom 3 states that
two variables that do not cause each other are independent of each other once we

condition on their causes.
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To understand Aziom 3’s normative appeal, consider the DAG in figure 3 below,
where arrows point from cause to effect. If a DM had to predict the value of i and
he knew the realizations x, and x., should the DM pay for information about the
realization of 72 Our axiom says the DM shouldn’t pay for this information, which
is quite sensible: once the DM knows the values of b and ¢, he knows all there is to
know about the relation between i and j. Thus, extra information on j is useless

to predict the value of 1.

b —— ]

Figure 3: ¢ and j are independent conditional on their respective causes.

A more general analysis of Aziom 3 proceeds in three steps. First, it is norma-
tively appealing to say that i and j are not independent. Because i causes ¢ and
¢ causes j, it stands to reason that any information we have about i will (via c)
provide information about j. Likewise, b provides another link between i and j:
since b is a common cause of both, then any information we have about i should
allow us to make inferences about b and, in turn, inferences about j. Second, be-
cause neither i causes j mor vice-versa, any information i provides about j will
be mediated by some variable. Third, the mediating variable will either be a cause
of i, a cause of j, or both. Indeed, if i provided information about j that is not
mediated by any cause of j then 1 is providing information about j that is more
proximal than the information contained by any cause of j. Therefore, i should
itself be a cause of 7, which it is not. Putting these three observations together
implies that, if we condition on both the causes of i and of j then i and j should

be conditionally independent.

However, there are cases where the conclusion of axiom 3 is normatively too
weak, and a stronger conclusion would be more appealing. To see this, consider
figure 4: if we want to understand when is ¢ independent from the causes of j

(in this case, ¢ and b) we could simply apply axioms 2 and 3. By axiom 2 7 is
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never independent from b. By axiom 3, ¢ and c¢ are independent conditional on the
cause of ¢ and the causes of ¢ (b and d in this example). This would result in the
conclusion that 7 is independent of ¢ conditional on both b and d. However, this is
an overly weak conclusion: conditional on b, d is playing no role in the relationship

between ¢ and c.

b —— ]

Figure 4: Axiom 3 implies ¢ L ¢|{b, d}, which normatively is too strong a conclusion.
Axiom 4 strengthens this conclusion to ¢ L ¢|{b} which is normatively more appealing.

The above discussion motivates axiom 4.

Axiom 4. (Vie N), (Vj € ND(%)) and (VK < N\{i,j}),

i Ly (Ca(i)\O)[(Ca(i)\K)

indent Axiom 4 states that if 7 is not an indirect cause of j, then 7 is independent
of the causes of j once we condition on the causes of i. First, assume ¢ is an indirect
cause of 7. If ¢ is an indirect cause of j, then ¢ is an indirect cause of the causes
of j. Therefore, it is irrational to impose that ¢ be independent of the causes of j
when we condition on the causes of 7 alone. For this reason axiom 4 only restricts
behavior when j € ND(i). Suppose then that i is not an indirect cause of j. Then
7 is not an indirect cause of the causes of j. Thus, the causes of the causes of j
never provide fundamental information about ¢. Then, any relation between ¢ and
the causes of j will eventually be mediated by the causes of 7. This is because
the causes of i are the most proximal sources of information about 7. This is the

essence of Axiom 4, which is illustrated in figure 4.

While Axioms 1 through 4 are our basic axioms, Axiom 5 is a supplementary
axiom that is relevant for Theorem 2. We present it here in the interest of keeping

all axioms, and their corresponding discussions, contained within a single section.
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J i

Figure 5: Observing or intervening j makes the DM update differently about k. This
difference in updating may affect the DM’s beliefs about .

Axiom 5. (VZ € N)7 (Vj = N\{Z}) (vfag € RXi)7 (vaa(i)uJ € XC’a(i)uJ);

l{xca(i)}f > ]l{wca(i)}g g ﬂxCa(i)\Jf >y ﬂan(i)\Jg'

Axiom 5 states that two particular decision problems are equivalent. Given
a variable i and acts f,g € R¥Xi, the first problem is to choose f or g when
their payments are contingent on the causes of ¢ obtaining a particular value,
Tca)- In the second decision problem, the DM intervenes a subset of causes
of i, (say, J < Caf(i)) to the value z7, and the payments of f and g are now
contingent on the values of the non-intervened causes, = s¢, being realized. From a
numerical standpoint, both these situations result in the same value for the causes
of i (namely, xca(i)); the difference is how those values are achieved. In the first
problem it is simply by selecting a standard Savage conditional act, whilst in the
second problem it is by a combination of interventions and Savage conditional acts
acts. Because Axiom 5 imposes that these two problems are treated identically,
Axiom 5 implies that the only aspect of interventions that matters is the value the
intervention sets for the variable. In other words, intervening a variable does not

change the DMs structural view of the world.
We use Figure 5 below to illustrate the normative appeal of Axiom 5.

First, we explain why Axiom 5 involves sets that are weakly larger than Ca(i).

Suppose a DM has to choose between two acts over i (say, f,g € R¥i) whose

21



payments are contingent on j taking value z;. That is, the DM has to choose
between 1, f and 1,,9. Note that {j} is a strict subset of C'a(i). Observing that
J took the value z; gives the DM information about the value of £; in turn, this
information about £ gives the DM information about w which, ultimately, gives the
DM information about ¢. Thus, observing that j took the value z; is informative
about i in two ways: directly, because j € Ca(7), and indirectly, via k and w. If
the DM intervenes j at value z;, he receives the same direct information about ¢
but loses the indirect information mediated via k and w. Thus, the DM could say
that 1,,f > 1,,9 but g >, f. Clearly, observing x; or intervening variable j to

value z; are different problems in terms of the DMs updating.

Now consider the situation above but where the payments of f and ¢ involve
all causes 4, j and w. That is, for some z; and z,, the DM chooses between
ls 2, f and 14, ,,9. For concreteness, suppose that 1, ., f > 1i,4,9.- If the
DM intervened j to the value x; and then had to choose between 1, f and 1,9,
would the DM lose any information? Put differently: if, at a cost € > 0 the DM
could intervene the value of j to z;, rather than simply conditioning his choice on
value z; being realized, is there a € > 0 small enough that the DM would pay for
this option? In both problems, w is observed to take the value x,,; therefore, any
information j could indirectly provide about ¢ through w is still directly captured
in the observation of z,,. Thus, intervening j entails no information loss relative to
simply observing that j took the value x;. Thus, the DM has the same information
in both problems and should thus treat the problems equivalently. This result is

precisely what Axiom 5 requires.

Both of the above discussions treated J < Ca(i), but to complete our discussion
of Axiom 5 we must allow that J contains non-causes of 7. Axiom 5 states that
once we know the value of all the causes of i, intervening variables that are not
causes of 7 is uninformative about 7. In Figure 5, if an act’s payments are contingent

on z,, and z;, then intervening the value of k to some z;, is uninformative about <.
6 REPRESENTATION

In this section we define the representation we seek for >. Since > will ultimately

be associated with a collection of probability distributions, we proceed in two steps.

22



First define what it means for a DAG to represent a single probability distribution.
Then, we generalize to a family of probability distributions. For a reminder of our

graph theoretic notation see Section 3.1.

Lauritzen et al. [14] provide a definition for when a DAG represents a probability
distribution, say p € A(ILiearX;). The objective of such a definition is to represent
graphically the conditional independence structure of p. Let p € A(ILiearX;), and
let G = ({1,..., N}, E) be a DAG. The chain rule implies the following

(Vo € ien Xy), pu(r) = I, (| ND(i)). (6)

Now consider the DAG in figure 6 below.

b — w

a —— ]

Figure 6: A DAG representing the distribution
pla,byw, j, i, k, z) = pla)p(w)p(blw, a) p(jla)pilw, j)u(kli) p(z|k).

In a DAG as the one above, an arrow between two nodes represents that the
two nodes are never statistically independent. In this way, arrows encode which
variables provide fundamental information about other variables, in the sense that
the information transmitted by the source is not contained in any other variable.
For instance, the DAG in figure 6 conveys that w and j contain fundamental
information about ¢ and thus i is never independent from {w, j}. Likewise, i is
never independent of it’s direct descendant, k. Now, consider a variable that is
an ancestor of ¢; for example, a. Clearly, a and 7 are not independent: a provides
fundamental information about j which provides fundamental information about
i. However, any information a has about i is implicitly encoded in j € Pa(i).

Indeed, if a carried fundamental information about ¢, there should be an arrow
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a — 1, but such arrow is absent. Likewise, b provides information about i: b is
informative about {a,w}, both of which are informative about i. However, any
information b has about ¢ is encoded in {j,w}. What this implies is that, once
we condition on the parents of 7 (in this case, {w, j}), all non-descendants of i are
conditionally independent of i. Therefore, the terms p(z;|ND(7)) in equation 6

simplify to p(x;|Pa(i)). This observation motivates definition 5 below.

Definition 5. Let p € A(IlienX;). A DAG ({1,..., N}, E) represents p if, and
only if, the following hold:
(Va: € HiENXi)7

plx) = I (i Pa(i)
(Y(Tiex(Ti < Pa(i), if p(z) = ILLip(xi|T) = (Vi€ N), T; = Pa(i)

Definition 5 makes two statements. First, a DAG represents a probability
distribution if, and only if, the DAG summarizes the conditional independence
properties of p in the sense discussed previously. Second, the set of parents is
the smallest set that allows for such a decomposition. Indeed, consider a set of
nodes V' = {a,b,c} and a probability distribution p(z,, xp, x.) = p(xe)p(xs)pm(x.).
Since all variables are statistically independent, both DAGs in Figure 7 represent
this pu. Indeed, both p(x,,zy,x.) = plxe)p(ap|rs)p(zelr,) and p(xy, zp, v.) =
p(xg) () ux,) are true statements. However, the first representation includes

irrelevant arrows: the minimality requirement prevents this.

Xa

X

Xe

Xa Xy X

Figure 7: Both DAGs above represent the same probability distribution,
(e, T, xe) = plxe)w(xy)p(ze), but the top one includes irrelevant arrows.

Using definition 5 we can define when a graph represents a standard Savage

preference. Suppose that > was the DM’s Savage preference defined on RX. Under
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Assumption 1 there is a well defined belief representation of >, € A(X). We can
then say that a graph G represents > if GG represents i, in the sense of definition
5.

However, definition 5 is not enough to define when a graph represents a preference
>. Indeed, a preference > is associated with the collection of induced Savage
preferences {>,: p € P}. As such, > is associated to a family of beliefs, rather
than a single belief, as in Savage’s model. Thus, to define when a DAG represents
preferences >, we first define what it means for a DAG to represent a collection

of probability distributions rather than a single probability distribution.

To define when a DAG represents preferences >, we first define the truncation of
a DAG. Let G = (V, E) be a DAG, and let W < V. The W-truncated DAG, Gy,
is the DAG obtained by eliminating all nodes in W, together with their incoming
and outgoing arrows. Formally, Gy = (VAW, EA W' x W'). This DAG is a useful
representation of intervention beliefs. After variables in W are intervened, they no
longer form part of the DM’s statistical model; they are now deterministic objects
that are statistically uninformative about the value of their parents. Thus, we
exclude these variables from the corresponding DAG. For example, if Alex observes
that Mr. Kane obtained a college degree, then his education level is no longer
random, but Alex can still make inference about Mr. Kane’s intellectual ability.
Thus, education remains a legitimate element of Alex’s statistical model. However,
if Mr. Kane’s education is intervened to “college degree”, then his eduction level is
no longer random and, furthermore, is uninformative about his ability level. Thus,

we exclude education level from the DM’s post-intervention model.
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A A

Figure 8: Right: the full econometric model; knowing F is informative about L
because knowing F is informative of it’s cause, A.
Left: once E is intervened it is no longer part of the econometric DAG since FE is
uninformative about it’s causes.

We can now define when a DAG, G, represents a preference >. We then say a
graph represents a preference if the appropriately truncated subgraph represents
the corresponding intervention preference and the arrows are consistent with the

direction of causality. This is formally presented in definition 6 below.

Definition 6. Let G = (N, E) be a DAG and > be a DM’s preference. Assume
that for each T < N and each v € X7, >, has a well defined belief representa-
tion; let pi,.. be the corresponding belief representation. We say that G represents

> if the following are true for each T < N and each v € X :
i G represents .,
w If (Z,j) € I then Fa, o ($]|ZL‘1) = Ha e (LE])

Notice that nothing in this section is related to causality. Indeed, the statement
that a graph represents a probability distribution is purely a statement about
statistical independence. As such, the representation of a probability by a DAG
is a statement about correlation, not causation. At this point in the exposition,
DAGs used to represent probability distributions and DAGs used to represent
causal statements are completely unrelated. It is precisely the job of Theorems
1 and 2 to show the exact conditions under which a DAG can simultaneously

represent the DMs beliefs as well as the DMs causal model.
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7 RESULTS
Our first theorem is Theorem 1, stated below.
Theorem 1. Let > satisfy Assumption 1. The following are equivalent:
i Axioms 1 through 4 hold,
i (3G) such that G is a DAG and represents > in the sense of Definition 6.
Furthermore, if G represents >, then G = G(>).

As mentioned in section 2, the literature of Bayesian graphs assumes that
causal DAGs fulfill a dual role: they represent both causal assumptions and as-
sumptions on conditional independence. This is clearly a joint assumption about
how the analyst defines causality, and how the analyst’s definition of causality in-
teracts with statements of conditional independence. Theorem 1 states the exact
conditions under which a DAG can fulfill this dual role.

In particular, the uniqueness result implies that Definition 2 is the only definition
of causality that satisfies our axioms. Suppose a researcher has a definition of
causality in mind (say, C') so that statements of the form “i causes j according to
criterion C” are well defined. If C' satisfies our axioms then C' can be represented
via a DAG, G, such that ¢ — j holds if, and only if, “ causes j according to
criterion C”. The uniqueness claim in Theorem 1 says that G = G(>). Therefore,
1 — j also holds if, and only if, 7 causes j in the sense of definition 2. Thus, C

must coincide with Definition 2.

Theorem 1 also provides a foundation for unifying and structuring our under-
standing of causation. The theorem states that any formal discussion of causality
(as understood by Definition 2) begins with two items: a collection of probability
laws, {11, € A(X @) : p € P}, and a DAG, G, that represents those laws. Models
that include these components can legitimately be called models of “causation”
regardless of any other details the model might include. However, models that can-
not be phrased in terms of intervention beliefs and their representing DAG are not
models of causality (again, as understood by Definition 2). In short, researchers

that find our axioms normatively appealing, and that agree that definition 2 is a
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sensible definition of causal effect, are encouraged to use DAG-based models for
conducting causal inference. Researchers who find our axioms normatively unap-
pealing, or disagree with definition 2 as a sensible definition of causal effect, are
encourage to stay away from DAG-based models. In this way, Theorem 1 provides
a foundation for selecting among models with which to empirically study causal ef-
fects. As usual, whether the axioms are normatively appealing or not is something

each reader has to decide for themselves.

7.1 Identification of intervention beliefs

In this section, we consider the following question. Let u € A(X) be the DM’s
beliefs elicited from his Savage preference and p, be the DM’s beliefs elicited
from an intervention preference >,. When can we express p, as a function of pu?

Proposition 1 and Theorem 2 in this section answer this question.

Answering the question above is useful to make the model applicable to empirical
research. When p, is expressed in terms of p (henceforth, when g, is identified),
any information that allows a DM to update his Savage beliefs, p, also allows the
DM to update his intervention beliefs, p,. If an analyst had access to a perfectly
controlled setting, the analyst could estimate each p,, directly and models of causal
inference would be unnecessary. However, most empirical work in economics is
observational, in the sense that direct policy interventions are unavailable to the
researcher. Proposition 1 and Theorem 2 bridge the gap between intervention
beliefs —what the econometrician wants to estimate— and standard conditional

probabilities —~what the econometrician can estimate.

When added to Axioms 1 through 4, Axiom 5 yields a model in which different
intervention beliefs, y,, can be expressed in terms of p. In what follows, we remind
the reader of Axiom 5 and illustrate Theorem 2 by means of two simple examples.

Then, we state and discuss the general form of Theorem 2.

Axiom 5. (Vi € N), (Vj C {Z}E) (Vf,g € RXi), (VICa(i)uj € XCQ(Z')U‘_']),
l{xcm)}f > ﬂ{xCa(i)}g e ﬂxCa(i)\Jf >ag GCa(i)\Jg'
Example 2. Blake is an econometrician who believes that ability causes both
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education and lifetime earnings and also that education causes lifetime earnings.
This model is graphically depicted in Figure 9. To understand the direct effect
of education on lifetime earnings, Blake has to understand how pi,.(-) changes
with e € E, for each fixed a € A. However, Blake cannot access a controlled
environment, so Blake has no data on jiq.ey. However, under Azxiom 5 data from
controlled environments is unnecessary. When J = {A, E}, Axiom 5 implies
Wae)(-) = p(-|a,e). Thus, the direct causal effect of education on lifetime earnings
is calculated by computing how u(-|a,e) varies with e for each value of a. Note
that pu(-|a, e) is a standard conditional probability, and data on this quantity can be
estimated with access to observational datasets. Blake can therefore use data from

outside a controlled environment to form his intervention beliefs.

E

A

Figure 9: Causal effects are identified: 14 e)(1)=p(l]a.e)-

Example 3. Charlie is a colleague of Blake. However, Charlie belicves that
people are not born with intrinsic ability. By the contrary, it is education that
causes ability, and this ability is the sole cause of lifetime earnings. Charlie’s causal
DAG is depicted in Figure 10. Charlie is interested in studying the indirect effect
that education policies have on lifetime earnings, which can be done by applying
Aziom 5 twice. First, set J = {E}, i = A to obtain p.(e) = ulela) for each
(a,e) € A x E. Second, set J = {E}, i = L to obtain p.(lla) = p(lla) for each
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(e,a,l) € E x A x L. Finally, we obtain the following derivation.

pe(l) = Y pe(l,a)
= Zﬂe(”a),ue(a)
= Y ulllayu(ale).

Thus, calculating the indirect effects of E and L requires computing u(l|a) and
w(ale), both of which can be computed with data from observational studies. Even
if access to a controlled environment is unavailable, the identification of . implies

that such data is unnecessary.

E

A

Figure 10: Indirect causal effect of E on L is identified: p.(l) = >, p(l]a)p(ale).

The examples highlight two simple cases in which intervention beliefs are iden-
tified. First, if 7 is a cause of i, then the direct causal effect that ;7 has on i is
identified via the formula Hay, s c.a; (w;) = (|75, Teagngy). Thus, one can obtain
the direct causal effect of 7 on ¢ by conditioning on all causes of ¢ and analyzing
how that conditional probability varies with z;. Similarly, if j causes k, k causes
7, and this is the only connection between j and ¢, the indirect causal effect of
j on i is calculated by following the chain rule: ., (2;) = >, p(@i|wr)p(ze|z)).
However, other intervention beliefs may also be identified. The rest of this section

is devoted to understanding the exact conditions under which intervention beliefs
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are identified.

Given a family of intervention beliefs and a DAG that represents these beliefs,
what is the set of all intervention beliefs that are identified, and how are they
identified? Answering this question requires two definitions : we need to define
specific truncations of a DAG and we need the definition of a blocked path. We
provide these definitions and then formally state the result. Appendix B discusses

the intuition behind why we need these definitions.

Definition 7. Given G and three disjoint sets of variables Z,J,K < N, the
truncated DAGs Gzin, G gout, and Ggin g(xcyou are defined as follows:

1 Gzin is obtained from G by eliminating all arrows pointing to nodes in Z,

2 Grin gour 18 obtained from G by eliminating all arrows emerging from nodes

m J and all arrows pointing to nodes in L,

8 Gzin g(cyn is obtained by eliminating all arrows pointing to nodes in J (K)
and Z, where J(K) is the set of J nodes that are not ancestors of any K

nodes in Grin.

The following figures show the base DAG, G, and its corresponding trunca-
tions. In all cases, J = {Jo, 1}, Z = {1}, K = {K}.
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7 S

7N /

K JO _[ K JO I

(a) The base DAG, G.

arrows into I.

Ji
Jp /
K Jo 1
K —— Jy 1
(d) DAG GI“",J(’CV" Obtained by:
(c) DAG Gzin gour obtained by: (i) eliminating all arrows into Z, and (ii)
(i) eliminating arrows into I, and (ii) eliminating all arrows into Jy since Jy is the
eliminating all arrows emerging from Jy and J;. only J node that is not an ancestor of a K

node.

Figure 11: Different truncations of a DAG.

For the following definition, suppose @ is an undirected path between two
nodes, i.e. a collection of nodes, regardless of directionality, and that ¢ is a node
on ). For example, Figure 11 shows an undirected path @ = (J;, I, Jo, K) from J;
to K. We say that ) has converging arrows at q if there exist nodes gy and ¢; that
are adjacent to ¢ in @ such that gg — ¢ < ¢;. For example, path Q = (J1, I, Jo, K)
has converging arrows at I. We say that () does not have converging arrows at
q if for all nodes ¢y and ¢; that are adjacent to ¢ in @), either g9 — ¢ — ¢ or
go < q¢ — ¢ holds. For example, Q = (Ji, I, Jy, K) does not have converging

arrows at Jy.

Definition 8. Let Z,7,K be three disjoint sets of wvariables, and let ) be an
undirected path between a node in L and a node in J. We say K blocks Q) if there

exists a node q on ) such that one of the following conditions holds:

e () has converging arrows at q, and neither q¢ nor any of its descendants is in

K,
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e () does not have converging arrows at q and q € K.

Below, we state the two rules of causal calculus and Proposition 1. Versions
of these rules are well known in causal statistics (see Pearl [16] and Huang and

Valtorta [11]), and we comment on the connections in the next section.

Rule 1. (Ezchanging intervention and observation.) Let Ly, Iy,Zy, T3 be disjoint
sets of variables. If Iy v Iy block all paths from Lo to Iy in graph Grin ggue, then

Koz 2z, (:EIO |$13) = Hag, (on |ZL‘12, II3)' (7)

Rule 2. (Eliminating interventions.) Let Ty, Ty, Zs, I3 be disjoint sets of variables.
If T, U I3 block all paths from Ly to Iy in graph GI{n,IQ(IS)m, then

Koz xz, (xIO |x13) = Hag, (l‘Io |x13)' (8)

Proposition 1. Let > satisfy Azxioms 1 through /4, let G represent >, and let
{1, : p € P} be the DM’s intervention beliefs. Then, the following statements are

equivalent.
e > satisfies Aziom 5.

o Rules 1 and 2. Furthermore, if u, is identified for some p € P, then the

wdentification is obtained by iterative application of these two rules.

With Proposition 1, we can refer to Example 3 and obtain the identification
result by applying Rules 1 and 2. In Rule 2, set Zy = {L}, 7, = &, Z, = {E}, and
Z3 = {A}. The corresponding truncated DAG is G itself. In G, A blocks the unique
path from E to L since no converging arrows exist at A. Thus, u.(l|a) = u(l]a).
Likewise, in Rule 1, set Zy = {A}, 71 = &, I, = {F}, and Z3 = . In the
truncated graph that results, F is isolated from all other variables, so any path
from F to A is blocked; thus, p.(a) = p(ale). These two conclusions yield the
identification of p.(1) = Y., p(l|a)p(ale).
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7.2 Markov representations and do-probabilities

Proposition 1 is obtained purely from adding Axiom 5 to the list of Axioms
imposed on >. As such, Rules 1 and 2 depend only on the Axioms. However, Pearl
[16] and Huang and Valtorta [11] obtain similar results using a formalism called
do-probability. In this section we define what do-probabilities, and we explore the
connections between do-probabilities and intervention beliefs. We also explore the

contribution of our results to the do-probability framework.

Definition 9. Let 1€ A(X). For each i€ N, let p; be the marginal over X;. For
each i € N, let &; be a random variable with range &;, let G be the DAG defined by a
family of sets of parents (Pa(i))ienr, and let h; be a function h; : Xpagy x & — X;.
Let ¢ be the joint distribution of the vector (e1,...,en). A Markov representation
of pis a tuple (G, (hy,...,hn), (€1, ...,eN)) that satisfies the following:

o (Vi,j), g is independent of ¢;,

e 1 can be recovered implicitly as a solution to the following system of equa-

tions:
pizi) = o({e : hi(xpagiy. &) = x:}), (1€ {l,...,N}). (9)

Markov representations are used in statistical causality to numerically repre-
sent causal effects (see Pearl [16]). The interpretation is as follows. Each variable
i is a deterministic function of a set of variables, Pa(), and idiosyncratic noise,
g;. Each h; is interpreted as a random production function for variable ¢, with
Pa(i) as the set of inputs and ¢; as the random component. The causal effect of
a variable j on i is (loosely speaking) calculated by observing how h;(-) changes
as we change the value of variable j. For a more precise statement, we need the
definition of do-probability, which we take from Pearl [16]. See examples 4 and 5
in Appendix C for a concrete illustration of how to calculate do-probabilities and

how they differ from standard conditional probabilities.

Definition 10. Let n € A(X) be a probability distribution, and let ((hq, ..., hx), (€1, ...

be a Markov representation of p. Given two disjoint sets of variables, Z and [T,

the do-probability p(xz|do(x 7)) is calculated as follows:
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1 For all j € T, eliminate from system (9) in Definition 9 all the formulas
pj(x;) = o(f{e « hj(zpag), €1) = 25}
2 For each i ¢ J and for each j € Pa(i) n J, input value x; into the corre-

sponding formula in system (9) of Definition 9.

3 Calculate the probability of realization x7 in the model resulting from applying

steps 1 and 2 above.

While do-probabilities are commonly referred to as the causal effect of one vari-
able on another, it is important to be cautious with the language. Do-probabilities
reflect the effect that an intervention on a set of variables has on the whole system
of equations; that is, do-probabilities capture both the direct and indirect effects of
interventions. For example, consider the DAG in Figure 12. This DAG states that
there is no direct causal effect of A on C; however, Pr(z¢|do(xa)) = Pr(zc|xa),
which is a non-trivial function of x4. Indeed, intervening A has an effect on B,
which in turn, affects C. In this example, Pr(z¢|do(z4)) captures this indirect
effect. In line with our definition of causal effect, the causal effect of A on C' is
given by how Pr(z¢|do(za,zp)) changes with x 4. In this case, Pr(X.|do(z4,zp))
is a constant function of x4, which is consistent with A having no direct causal

impact on z¢.

A B C

Figure 12: A has no direct causal effect on C, but pr(zc|do(z4)) is a non-trivial
function of x 4.

Having defined Markov representations and do-probabilities, we can now state

Theorem 2.

Theorem 2. Let > satisfy Assumption 1, and let (j,,)zen be the subjective beliefs

elicited from >. The following statements are equivalent:
o Axioms 1, 2, and 5 hold,

e There exists a Markov representation of u, (G, (hi,...,An), (€1,...,€N)), Such
that
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- (VT e N), (Vog € Xg); po, = p(-|do(z7)) € A(X 5c),
— G represents >.
Furthermore, if G represents >, then G = G(>).

The crucial contribution of Theorem 2 is that it clarifies the role of do-probabilities
in the understanding of causal effects. Do-probabilities are often presented as
the definition of a causal effect. As Pearl writes in [17]:  the definition of a
“cause” is clear and crisp; variable X 1is a probabilistic-cause of variable Y if
P(y|do(x)) # P(y) for some values x and y.” Theorem 1 states that one can legit-
imately represent causal effects based on interventions via a DAG which, nonethe-
less, is incompatible with any system of do-probabilities. The causal DAG will be
compatible with a set of do-probabilities only when adding Axiom 5 to the list
of basic axioms. This result is analogous to the exercise conducted by Machina-
Schmeidler [15]: just as expected utility and probabilistic sophistication can be be-
haviorally separated, we show that the graph theoretic aspects of Pearl-like models
can be separated from the do-probability formalism. The substantive assumptions
about causality are conveyed by the DAG, while do-probabilities represent an ad-
ditional assumption about when interventions and simple observations can be used
interchangeably. In short, the notion of causality represented by a do-probability
is strictly stronger that the notion of causality represented by a DAG.

Theorem 2 further clarifies that Axiom 5 is the fundamental property that links
do-probabilities with intervention beliefs. When defining Markov representations,
the functions h(-) are not indexed by whether their arguments have been observed
or intervened. The functions h(-) only care about the numerical values of their
arguments and not the method through which these numerical values are obtained.

This is an implicit assumption of the Pearl model and it is delivered by Axiom 5.

Jointly, Proposition 1 and Theorem 2 imply that Pearl’s rules of causal calculus
serve as an axiomatization of do-probability. Indeed, Huang and Valtorta [11]
show that, in a do-probability model, Rules 1 and 2 summarize all obtainable
identification results. To the best of our knowledge, whether other probabilistic
models are consistent with the aforementioned result is unknown. We show that

when Rules 1 and 2 summarize all obtainable identification results, Axiom 5 must
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hold so that intervention beliefs are do-probabilities. Therefore, the rules of causal
calculus are a complete description of all obtainable identification results if, and

only if, the intervention probabilities are do-probabilities.

As a final remark on Theorem 2, notice that Definition 9 implicitly requires
that the Markov representation that defines do-probabilities has a unique solution.
While this characteristic has sometimes been pointed to as a limitation of the

theory (see Halpern [6]), under Axiom 5, this result is without loss of generality.
8 LITERATURE REVIEW

In economic theory, the work most closely related to ours is a series of papers by
Spiegler ([20], [21], [22]). The main difference is the focus of the papers. Spiegler’s
work does not provide a definition of the term “causal effect”, except that it can
be represented via a DAG that satisfies two properties. First, the DAG factorizes
the correlation structure in the DM’s beliefs; second, the arrows in the DAG are
interpreted as pointing from cause to effect. Given these assumptions, Spiegler asks
what types of mistake a DM with a misspecified causal model might make. In our
paper, we first define what a causal relation is and then seek to understand which
axioms on behavior allow us to represent causal effects in the language of DAGs
that factorize the DM’s beliefs. The uniqueness claim in Theorem 1 provides the
point of contact between both papers. Under our definition of causality, a DAG can
simultaneously factorize the DM’s beliefs while retaining a causal interpretation
only if Axioms 1 through 4 hold. Furthermore, under the axioms, a graph G both
represents a DM’s correlation structure and is interpreted causally (in the sense
that arrows point from cause to effect) only is the definition of causal effect is as

in Definition 2.

In decision theory, Karni ([12], [13]) explores models where a DM can affect the
states that are realized. In those papers, the primitive objects are a set of actions
and a set of consequences. States of nature are defined as a mappings from actions
a DM might take to consequences that arise from those actions; that the mapping
Action — Outcome is stochastic reflects that states are stochastically realized. A
DM can affect the states that occur by making an appropriate choice of action.

This idea is similar to our idea of a policy intervention, since a policy p can be
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seen as an action the DM takes that affects the realization of states. Indeed,
we can set Karni’s set of action to our set P, Karni’s outcomes to realizations
of our state space, X, and a Karni state is a mapping s : P — X. The main
difference arises in that we impose —objectively— a consistency condition: if a
policy p intervenes variable j to value z;, a state s cannot map this policy to
a realization x; # x;. Karni has a version of this condition but it is imposed
subjectively in the preferences. Moreover, the focus of Karni’s paper is not to use
these ideas to talk about causal effects, or understand what types of models reflect
normative definitions of causality. Rather, Karni focuses on obtaining subjective
expected utility representations of his preferences. For this reason, while a strong

formal connection exists, the substance of the research agenda is different.

The statistics and computer science literature includes research that uses graphi-
cal methods to represent the conditional independence structure of any given joint
probability law (see Dawid [1], Geiger et al. [4], Lauritzen et al. [14]). Specifically,
Dawid [1] and Geiger et al. [4] show that, given a probability distribution over a set
of variables, p(+), and given a graph G that represents p, the D-separation criterion
for graphs (see Definitions 8 and 11) summarizes the independence structure of p.
Our proofs rely on the one-to-one correspondence between variables that satisfy
the D-separation criterion and variables that are conditionally independent. This
is the main point of contact between our paper and that body of work. Lauritzen
et al. [14] provide alternative graphical tests for D-separation which may be used

to obtain alternative proofs for our results.

In causal statistics, the most closely related papers are those in the Bayesian
networks literature (see Spirtes [23], Pearl [16], and follow-up work). Two main
points of contact between that literature and our paper exist. First, the statistical
causality literature offers no formal definition of the term “causal relation”, and
the exact meaning of this phrase is left to the researcher’s common sense. As Pearl
states “The first step in this analysis is to construct a causal diagram such as the
one given in Fig. [1] (sic.), which represents the investigator’s understanding of
the major causal influences among measurable quantities in the domain” and later
“ The purpose of the paper is not to validate or repudiate such domain-specific

assumptions but, rather, to test whether a given set of assumptions is sufficient for
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quantifying causal effects from non-experimental data, for example, estimating the
total effect of fumigants on yields”. Second, the numerical value of the causal effect
of one variable on another (say, Education on Lifetime earnings) is given by the do-
probability formalism. As Pearl writes in [17]: “ the definition of a “cause” is clear
and crisp; variable X is a probabilistic-cause of variable Y if P(yldo(x)) # P(y) for
some values x and y.” By contrast, we show that, under Axioms 1 through 5, there
exists a unique definition of causal effect that is both representable via a DAG and
consistent with an interventionist perspective of causality. Thus, we show that
causal models based on causal diagrams implicitly impose a specific definition
of causality. Moreover, Axioms 1 through 5 neither imply, nor are implied by,
a representation of causality in terms of do-probabilities. Contrary to Pearl’s
quote, do-probabilities neither define nor are defined by the definition of causality
embodied by the causal diagram. Theorem 2 shows that under Axioms 1 through
5, causal effects are representable via a DAG that is compatible with the do-
probability formulas. This makes explicit the fundamental restrictions imposed by

using do-probabilities to numerically quantify causal effects.

In terms of axiomatic definitions for causal effects, Galles and Pearl [3], Halpern
6], and Halpern and Pearl ([7], [8]) provide an alternative approach. Specifically,
Halpern [6] expands on Galles and Pearl [3] and axiomatizes a more general model.
Rather than a decision theoretic approach, Halpern [6] axiomatizes causal effects
through a syntactic logic approach; that is, rather than using a DM’s preferences
over a suitably defined choice domain as a primitive, Halpern’s axiomatization is
in terms of the syntactic structure of a base language. The main results show that
different axioms on the languages considered axiomatize various classes of causal
models. Those papers axiomatize not only the basic Pearl [16] model, which is the
model we axiomatize here, but also more general models that cannot be captured in
our framework. However, the primitives in those models are not directly associated
with objects that economists use to reason about causality. In particular, whether
the Pearl model is a suitable model for causal analysis in economics is unclear
from the axiomatization. By providing an axiomatic foundation of the same model
based on the choice of Savage acts and policy interventions, we show that the Pearl

model is indeed a suitable choice for reasoning about causality in economics.
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PROOFS

Proposition 2. Let > = (>7)7cn be a DM’s preferences, and let G(>) = (N, E)
be the directed graph defined by setting Pa(i) = Ca(i) for each i€ I. If > satisfies

Assumption 1, then the following are true:

o If G = (N,F) is a directed graph that represents >, then (j,i) € F = j €
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Ca(i).

o [fG = (N,F) is a directed graph that represents >, then j € Ca(i) = (j,i) €
F orie Ca(y).

Proof. Let > be as in the statement of the proposition, G(>) be the directed graph
defined by setting Pa(i) = Ca(i) for each i € N, and G = (N, F) be any other
directed graph that represents >. For each Z < N and each realization z7 € Xz,
let p1., € A(X1c) represent beliefs obtained from >, .

We first show j € Ca(i) = (j,i) € F or i € Ca(j). If j € Ca(z) then the function
T : X; — R defined as T(x;) = pa, , ca,

Assumption 1%, pg o (2ilx;) = T'(x;). Thus, i and j are not independent after

(x;) is not constant in z;. Also, by

intervening {7, j}*. Because G represents > then Gy jye represents >y ac. Thus,
either (i,j) € F or (j,i) € F (if not, Gy; j;c would treat i and j as independent,
which is a contradiction). If (j,7) € F' the proof concludes. Therefore, let (j,1) ¢
F so that (i,j) € F. Because G represents > this means that ,uw{i’j}c(xﬂxi) =
Hha,c (z;). By definition, the above equation says ¢ € Ca(j), as desired.

We now show (j,7) € F = j € Ca(i). First, note that for all z € X, Hay, o (i, ;) =
fag, o (@), o (Ti|2;). Because G represents >, (j,4) € F' and the minimality
condition in Definition 5, jointly imply that ¢ and j are not independent after
intervening {4, j}*. That is, Hay, o (z;|x;) is not constant in x;. Moreover, because
G represents > and (j,7) € F', we get that Hay, e (xi|x;) = g it (x;). Therefore,
there is a value of xy;;c for which T'(z;) = Harg e o, (x;) is not constant in x;.
Therefore, j € Ca(i). O

Remark 1. Without axiom 2, any representing graph must include the causal links
in the sense of Definition 2 (i.e., (j,i) € F = j € Ca(i)) but F could omit some

arrows. However, only arrows involved in 2-cycles are omitted.

Before proving Theorem 1, we need two Lemmas. Let ¢ be a variable and Z, J
be two disjoint set of variables that do not contain 4. It is known from Dawid ([1])
and Pearl ([16]) that ¢ is independent to Z conditional on J if, and only if, J
D-separates {i} from Z (see below for a definition of D-separation). The next two

lemmas prove that, for each variable i, Ca(i) D-separates {i} from all sets J that
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satisfy J < ND(i), where ND(7) is the set of non-descendants of i. Furthermore,
Ca(i) is the smallest set that has this property.

Definition 11. Let 7, 7,K < N be three disjoint set of variables. We say K
D- separates T from J if for each undirected path between a variable in T and a

variable in J, one of the following properties holds:

e There is a node w along the path such that w is a collider (that is, there are
nodes wo, w1 in the path such that wy — w <« wy ), and such that w ¢ K and
K < ND(w).

e There is a node w along the path such that w is not a collider, and such that

we K.

Lemma 1. Fiz K ¢ N and zx € Xx. Let G represent >,,.. For each i € N,
Ca(i)\K D-separates {i} from ND(i)\K = {j € K' : i is not an indirect cause of j.

Proof. Pick j € {3 e K' : iisnot an indirect cause of ;. } Pick an undirected
trail ¢ from j to i. That is, t = (ig,...,inx) where iy = j, iy=i, and, for each
n € {l,..., N}, either (i,_1,i,) € E or (in,i,_1) € E. First, since i is not an
indirect cause of 7, then ¢ cannot be a directed path from ¢ to j. That is, ¢ cannot
be such that (iy,i, 1) € F for each n. Second, if ¢ is a directed path from j to i
(that is, (in_1,i,) € F for each n), then ¢ is blocked by iy_; € Ca(i)\K. Third,
assume that ¢ is not directed in any direction. Then, ¢ has colliders and/or tail-to-
tail nodes. Let 7,, be the last node that is either a collider or a tail-to-tail node. Let
q = (in,...,in) be the trail starting at i,. By definition of 4,, ¢ must be directed.
Assume that ¢ is directed from 4, to 7. Then, i, is tail-to tail. Then, ¢, is blocked
by iny_1. Finally, assume that ¢ is directed from ¢ to ¢,. Then, i, is a collider. If
in € Ca(i)\K then (i,,1,q) is a cycle. Thus, i, ¢ Ca(i)\K. By a similar argument,
no descendants of i, can be in Ca(i)\K. Therefore, i,, blocks ¢. Since each trail

joining j to 7 is blocked, this concludes the proof. O]

Lemma 2. Fit K ¢ N, zx € Xx, and i € K*. Let G represent >,,.. If T < Kt
satisfies that T D-separates {i} from ND(i), then Ca(i)\}C < T

Proof. Let IC, i, and T be as in the statement of the Lemma. Assume w € Ca(7)\K.
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Then, w € ND(i) because otherwise G would not be acyclic. Consider the path
w — 4. Then, T can D-separate this path only if w € 7. Thus, Ca(i\ < T. O

Theorem 1. Let > satisfy Assumption 1. The following are equivalent:
e Axioms 1 and 4 hold,
e (3G) such that G is a DAG, and represents >.

Furthermore, if G represents >, then G = G(>).

Proof. The uniqueness claim is proved in Proposition 2.

We now prove that the axioms imply the existence of a representation. Without
loss of generality, label the variables so that i < j implies j € ND(i). Construct
G by setting Pa(i) = Ca(i). By axiom 1, G is acyclic. Indeed, if for some length
k € N there was a cycle e = ((i1,42), (i2,13), ..., (ix, 1)), then i; would be an in-
direct cause of itself. Pick any set K < N and any realization zx € Xx. Let
K = #K. We need to show that ji,, (zxc) = Wiexepia (7;/Ca(i) N K). By our
enumeration, {j ¢ K : j < i} < {j € N : iis not an indirect cause of j}. Let
Z=Ca(i),T={j¢K:j<iandj¢ Ca(i)}, and pick j € J. Axiom 3 implies
that piey (2i|7(cayocagyoinake) = Hax (TilT(cagyocay~ke)- Axiom 4 implies that
Py (3| T (Cagiyocati))nkt) = Hax (T3] Z(cagiy)nke). By the intersection property of con-
ditional probability this implies that ji., (2i|T(ca@)otinnce) = Hae (TilToainie)
By the chain rule, we know pig, (zxc) = I, i thay (zi|{j ¢ K : j < i}). Combin-
ing the last two claims, fig, (2xc) = I gcptae (2:]Ca(i) n KF), which is what we
wanted to prove. We now prove minimality of Ca(i). Assume D & Ca(i). Then
there is j € Ca(i)\D. Because G is acyclic, j € ND(i). Because j € Ca(i), axiom
2 states that for all sets H, ¢ £ j|H. Hence, there exists j € ND(i) such that
i £ j|D, completing the proof.

Now, suppose G is a DAG that represents >. By our uniqueness claim, without
loss of generality G is such that Pa(i) = Ca(i). By contrapositive, that G is acyclic
implies Axiom 1 holds. If Axiom 1 did not hold, there exists ¢ and there exists a
sequence (i,1y, ..., i, 1) such that i € Ca(iy), for all t € {1,...,T — 1}, i, € Caliz41),
and iy € Ca(i). Thus, ((i,41), ..., (it_1, 1), ..., (i7,7)) is a cycle in G. Axiom 2 holds
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by definition of representation. Indeed, if ¢ — 7, then this constitutes a path that
can never be blocked. Thus, i £y j|H for all variables 4, j and all disjoint sets
H, K, with i, ¢ K, H. To see that Axiom 3 holds, notice that Ca(i) U Ca(j) N K
block all paths from 7 to j in Gx. Indeed, assume p is an undirected path from
i to j that is not blocked, and enumerate p = (4,1, ...,ir,j). Because p is not
blocked, i ¢ Ca(i) and ir ¢ Ca(j). Indeed, if either ig € Ca(i) or ir € Ca(y), then
either 7y is not a collider or ¢7 is not a collider, thus implying that p is blocked by
Ca(i) uCa(j). Therefore, p has a collider. Let n be the smallest number such that
in is a collider and m be the largest number such that i,, is a collider (possibly
n = m). Note that, because G is acyclic, i, ¢ Ca(i) and i, ¢ Ca(j). Because of

this, and because p is not blocked, the following must be true:
o (i) i, € Ca(j),
e (ii) i,y € Ca(i).

Then, the directed path that goes from ¢ to i,, jumps to j, comes back to i,,, and
skips back to i, is a cycle. 3 This constitutes a contradiction. Thus, there every
path p from i to j is blocked by Ca(i) U Ca(j). Thus, axiom 3 holds. Similarly,
Ca(i) U {j} n K* blocks all paths from i to Ca(j) n K* in Gx. Indeed, let p be
an undirected path from i to C'a(j), and assume p is not blocked by Ca(i) U {j}.
Enumerate p = (i, i, ..., ir, k) where k € Ca(j). Because j € ND(i) then p cannot
be directed from i to k. If iy € Ca(i) then i blocks p. If ig ¢ Ca(i), since p is not
directed, p has a collider. Let n be the smallest number such that 7, is a collider.
First, note that i, ¢ Ca(i) because this would constitute a cycle. Second, if i,, = j
then j would be a descendant of ¢, a contradiction. Thus, i, ¢ Ca(i) U {j}, and
hence p is blocked. Thus, axiom 4 holds. ]

Theorem 2. Let > satisfy Assumption 1, and let (f1.,)zcn be the subjective beliefs
elicited from >. The following are equivalent:

e Azioms 1 through 5 hold,

e 3 a Markov representation of p, (G, (h1,...,hn), (€1,...,eN)), such that

3Formally, this is the path ¢ = (4,90, ...in, 7, 175971, v Irn, 1)
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- (VT e N), (Vog € Xg); po, = p(-|do(z7)) € A(X 5c),
— G represents >.

Furthermore, if G represents >, then G = G(>).

Proof. The uniqueness claim was proven in 2.

We first show the axioms imply the representation. By Theorem 1, Axioms 1
and 2 imply there exists a DAG G such that G represents >. For each i € N
let Pa(i) be the set of parents of ¢ in G. Note Pa(i) = Ca(i) by the uniqueness
claim. For each i € N, let ¢; ~ U[0,1]. For each realization z; € X; and each
T pa(iy € Xpagi), et 1(zi, Tpaiy) < [0, 1] be an interval of length y,,, , (). Because
ineXi M gy (7;) = 1 for each xpq;), then I(-, xp,;) can be chosen to form a par-
tition of [0, 1]. Fix any variable i € N, let hi(Tpa(i), €i) = 2, ex, Tili(e; wpag) (Ei)-
By construction, (G, (hy, ..., hx), (€1, ...,€x)) is & Markov representation of the be-
liefs elicited from >. Pick any J < N and any i € J°. By Axiom 5, for each

z; € X;, and each Too)ug7 € Xca(iyug, We obtain

Py (T3 |Teaiing) = 1(TilTca))- (10)

Our Markov representation implies

M($i|x0a(i)) = ¢({e: hz‘(l’Ca(i)’gi) = zi})
= p(zildo(x7), Tang)- (11)

By 10 and 11, piy, (zi|zca@ng) = (zildo(zs), Tca@ng)- Because G represents >,

for each z € X,

,ij(l’ﬂ) = Hi]\il,ﬁjﬂw(%u@(i)\f)

Hi]\il,i¢jﬂ(xi|d0(xj)a Toaing) = H(Tgcldo(z7)).

Thus, pa,(-) = p(-|do(xz)) € A(X 7).
We now show the representation implies the axioms. If there exists a DAG G that
represents > then axioms 1 and 2 hold is proven in Theorem 1. Leti e N, J < {i}’,

frgeRY 257 € X7 and zcqupg € Xca@)\s be arbitrarily selected. We know form
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the Markov representation that for each z; € X, ,uéj (zilzcaing) = W (i Tcan)),
where ! denotes the marginal of 1 on X;. Thus, Axiom 5 holds. O]

Proposition 1 is a direct consequence of Theorem 2 and Theorem 3, which is

stated and proven below.

Theorem 3. Let i = {u, : p € P} be a collection of intervention beliefs, and let
G be a DAG that represent ji. If equations 7 and 8 hold, then Axiom 5 holds.

Proof. Let i and G be as in the theorem. Let i € N and J < {i}’. We want
to show that p(w;|Tcau)) = Ma, (@i|Tcang). Let T* = T n Ca(i); that is, J*
are those variables in 7 that are direct causes of i. Thus, we need to show that
(x| Tcagy) = ta, (@i|Tea@pg*); we do this in two steps.

First we show that p(x;|zcqeu) = [ (25|Tcapgx). To so this, notice that
Ca(i)\J* blocks any path from {i} to J* in the graph Gz y#yin (7#yout. Indeed, let
p be any path from 7 to some j € J* in graph G\ g#yin (7#)out. Write p = (io, ..., i7)
where ig = i and i7 = j. Because j € Ca(i), then p cannot be a directed path
from 7 to j, or else G would have a cycle. Likewise, p cannot be a directed path
from j to i since G(p\ g#yin (7%)our has no arrows emerging from j. Therefore,
p has a collider or a tail-to-tail node. Let w be the first node that is either a
collider or a tail-to-tail node. First, assume w is tail-to-tail. Then p is of the form
i «— i1(...) < w — (...)j. Then iy € Ca(i)\J*: indeed, i; € Ca(i) and i; ¢ J*
(since there are no arrows emerging from nodes in J*). Furthermore, i; is not a
collider. Then, ¢; blocks p. Now, assume w is a collider rather than tail-to-tail.
Then p is of the form i — i1(...) - w < (...)j. Then, w is a descendant of
i, so neither w nor any w descendant is in Ca(i). A fortori, neither w nor any
descendant of w is in Ca(i)\J*. Thus, w blocks p. Therefore, by formula 7 we
have p(xi|Tcap) = Ho e (TilToa@ng=)-

Second, we show i, _, (T3] Tcang*) (#5|Tcagipg+). This is because

= Mg ga)
Ca(i) blocks all paths between i and J\J™* in graph G, 7x(cagip 7ym- 1o see
this, notice that if J\J* contains only non-descendants of i, then the result is a
direct consequence of lemma 1. Let p be a path (not necessarily directed) between
i and j € J\J*. By contradiction, assume that j € J\J* is a descendant of

i. Then, j ¢ Ca(i) and j is not an ancestor of any node in Ca(i). Therefore,
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Jje I\T*(Ca(i)\JT*), so there are no arrows into j. Therefore, no path from i to
7 can be directed in any direction, so there is at least one collider or tail-to-tail
node. Let w be the first such node, and assume w is a collider. Then, p is of the
form ¢ — (...) > w < (...) < j. Then, neither w nor any descendant of w can
be in Ca(i), so p is blocked by Ca(i). Alternatively, say w is a tail-to-tail node.
Then, p is of the form i « i;(...) < w — (...) « j (with possibly w = i;). Then,
i1 € Ca(i) and 4, is not a collider. Thus, Ca(i) = J*u (Ca(i)\J*) blocks p. Thus,
by formula 8, p1y . (ZilZcaing+) = Ha yu 5 o (TilTCang*) = by (TilTcaing)-

Combining this with the first step, we conclude p(x;|Tca)) = o, (TilTca@ng)

as desired.

B THE RULES OF CAUSAL CALCULUS

In this appendix we give some intuition behind why the notion of a block i
relevant for analyzing conditional independence. Furthermore, we give intuition
as to why the truncations in Figure 13a are the relevant truncations for identifying

intervention beliefs. We begin by reminding the reader of the definition of a block.

Definition 12. Let Z,J,K be three disjoint sets of variables, and let p be any
path (not necessarily directed) between a node in T and a node in J. We say K

blocks p if there is a node K on p such that one of the following conditions holds:

e K has converging arrows along p, and neither K nor any of its descendants

s in IC, or
e K does not have converging arrows in p, and K is in K.

To illustrate the notion of a block, see Figure 11, replicated below for conve-
nience. In that case, the singleton { K} blocks all paths from J; to Jy. Indeed, one
such path is J; — K — J;. This path is blocked by {/K} because (i) the path has
no converging arrows at K, and (ii) K € {K}. The other path from J; to Jp is
J1 — I < Jy. This path is blocked by {K} because [ is a node along the path such
that there are converging arrows at I, but neither I nor any of its descendants are
in {K}.
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7 S

7N /

K JO _[ K JO I

(b) DAG Gzin obtained by eliminating all

arrows into I.

(a) A base DAG, G.

Ji
Jp /
K Jo 1
K —— Jy 1
(d) DAG GI“",J(’CV" Obtained by:

(c) DAG Gzin gour obtained by: (i) eliminating all arrows into Z, and (ii) then

(i) eliminating arrows into I, and (ii) all arrows eliminating all arrows into Jy since Jy is the
emerging from Jy and Ji. only J node which is not an ancestor of a IC

node.

Figure 13: Different truncations of a DAG.

The notion of a block is a graphical depiction of conditional independence. In-
deed, that a path exists between two sets of variables, Z and J, implies Z and J
are (a priori) statistically dependent: any variable w present in a path from Z to

J may potentially act as a correlating device between Z and J.

In particular, the position of a variable w in a path between Z and 7 is relevant
to the way in which w correlates these variables. Say that there is a path ¢ —
w <« 7, where ¢ € Z and j € J; i.e. there is a path joining Z and J that has
converging arrows at w. This implies that observations of w (and its descendants)
are informative about ¢ and j simultaneously. However, interventions of w are
useless for the purposes of predicting the value of either ¢ or j, since neither w
nor any of its descendants are a cause of either ¢ nor j. By contrast, if there is
a path of the from ¢ - w — j or i < w — j (i.e. a path with non-converging
arrows) then we know that both observations and interventions of w are useful

for predicting the values of ¢« and j, though in different ways. In the case where
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1 «<— w — j, observing or intervening w provides the same joint information about
7 and j, since w is a common direct cause of 7 and i. However, if i > w — 7,
intervening w provides information about j (since w is a direct cause of j) but
provides no information about i (since w is neither a direct nor an indirect a
cause of 7). In this case, intervening w breaks down the statistical dependence
of i and 7 in a way that is different to simply conditioning on observations of w.
This sparks a natural question: can the structure of the graph tell us something
about the conditional independence properties of the underlying conditional and
do-probability distributions? This is the object of study in Dawid ([1]), Geiger,
Pearl, and Verma ([4]), Lauritzen et. al ([14]) and others. The rules of causal
calculus are a particular way in which the structure of the graph is informative

about intervention beliefs.
C TWwO EXAMPLES OF DO-PROBABILITY
Example 4. Consider a set N = {1,2,3}, and a distribution p € A(X; x Xox X3).

Suppose p has the following Markov Representation:

Pa(l) = @, hl(El) = &1,
PCL(2) = {1}, hg(l’l,€2) =1 + &9,
Pa(3) = {1}, hs(x1,29,63) = 11 —€3.

Then, p can be represented as follows:

plz1) = o({e: e =m}),
p([L‘g) = gb({{-f X1+ Eg = 1’2}) = gb({E 1E1t+ E9 = JZQ}),
p(l’g) = ¢({E X1 —E3 = (L’g}) = ¢({€ €1 —€&3 = 1'3})

Therefore, we can calculate p(xs|do(zs)), and p(x3|xs) as follows:

plzs|do(xs)) = o({e:e1 —e3 = x3}), (12)
plslze) = o({e:e1 —e3=ax3}[{e 1 +e2 = x2}). (13)

20



In 12, the equation determining the value x4 is eliminated from the Markov repre-
sentation. This makes the value xo uninformative about the value of e1. In (13),
we recognize that variable 2 depends on €1, so the value xo gives information about
the value of 1. Therefore, the do-probability in (12) is independent of the value x4,
whereas the conditional probability in (13) does depend on xo. That p(xe|do(xs))
is a constant function (when viewed as a function of x5) is intended to reflect that
variable 2 is not a cause of variable 3. That x5 does affect p(xs|zs) captures that
there is a correlation between these two wvariables (in this example, mediated by
variable 1). The difference between these two calculations highlights the difference

between causation and correlation.

Example 5 below illustrates how to use do-probabilities to identify causal ef-
fects in terms of conditional probabilities only. By connecting intervention beliefs
to do-probabilities, Theorem 2 effectively provides all tools for identifying causal

effects from conditional probabilities. For more detail on this see section 7.1.

Example 5. Assume a DM’s preferences can be represented by the DAG below.

FEducation Level
Lifetime FEarnings

Ability

If this DAG represents a probability distribution that admits a Markov representa-

tion then there exist functions ha, hg, hy such that the following holds:

p(L = Z|E = 6) = PT’({€ . hL(hA(éA),}LE(hA(éA)7€E),6L) = l}|hE<hA(€A),€E) = 6),
p(L =lldo(E =¢)) = p({e:hp(ha(ca), e cr) =1}).

Suppose we are interested in quantifying the direct effect that education has on
earnings (graphically represented by the red arrow). However, as the graph shows,

E provides information about L in two ways. The first, is the direct effect (in-
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dicated by the red path). The second is through the effect that A has on both E
and L: observing the value of E provides information about A, and A provides di-
rect information on L (as indicated by the blue path). In the first equation, which
corresponds to a conditional probability, we explicitly see that hy depends on A
through hg. In the second line, we eliminate the equation determining education,
and instead directly impute a value of E = e. In this way we block the dependence

of L on A via E, and only the red effect remains.
As far as quantifying this effect, algebraically manipulating the equations above
yields the following:

p(L =lldo(E =¢)) = Zp(A =a,L =l|do(E = ¢)),

— Zp(A = aldo(E = e))p(L = l|do(E =¢), A

a

= YpA=ap(L=1A=a,E=e), (14)

I
S
e

Therefore, if we wish to elicit the direct effect that E has on L, all we need data on
p(A=a), p(L=IA=a,E =c¢e), and to apply equation (15). Notice also that the
above equation array can be replicated in terms of intervention beliefs and Axiom

b:

= Y pA=ap(L=1|A=aE=e), (15)

where the last line applies after applying Aziom 5 noting that (i) the marginal of
A is the same regardless of whether we intervene E or not because Ca(A) = &
and (ii) since Ca(L) = {A, E}, then conditioning on A and E or conditioning on

A and intervening E yield the same marginal over L.
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