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1 Introduction

In economics and finance, forecasting a time series variable through factor models has
been widely used as a method of dimension reduction under the presence of a very large
set of predictors, which may be highly correlated. Some relevant works include Stock and
Watson, 20024, Stock and Watson, 2002bl Bai and Ng, 2002], Bai, [2003, and Bai and Ng,
2006, among many others. However, this approach has usually been applied in a setup
where in the first step a set of NV covariates is decomposed into K orthogonal factors using
Principal Components Analysis (PCA); and then, the researcher runs a linear regression
of the target variable on the set of the K factor estimates. This two steps conform
the method Principal Components Regression (PCR, Stock and Watson, 2002a)), and
although the forecasts resulting from using PCR are shown to be consistent, in finite
samples and under high levels of serial and cross sectional correlation in the idiosyncratic
component of the predictors, the estimates can bring poor and/or inefficient results as the
target variable may depend only on a subset of factors out of those factors selected in the
first step. For this reason, it is important to consider a method where we can determine
only the relevant factors before the forecasting step. This can be done by considering the
forecast target in steps of computing the factors, for example, the target-PCA of Bai and
Ng, [2008] the Three Pass Regression Filter (3PRF) of Kelly and Pruitt, 2015, the Partial
Least Squares (PLS, as a special case of 3PRF) of Wold, 1966, and the scaled-PCA of
Huang et al., 2022, among others.

Specifically, in 3PRF one can obtain the relevant factors to forecast the target variable
for its conditional mean. Applications found in Kelly and Pruitt, 2013, Huang et al., 2015,
Lyle and Wang, 2015, Light et al., 2017, Gu et al., 2020, and Huang et al., 2021, among
others, show that 3PRF is successful at extracting factors for predicting stock returns
and economic activities using time series and cross-sectional data. On the other hand,

methods involving factor models regarding the prediction of other functionals are much



more scarce. In particular, for conditional quantile prediction of the target some examples
are the Principal Components Quantile Regression (PCQR, Ando and Tsay, 2011 and
Giglio et al., 2016) and the Partial Quantile Regression (PQR, Giglio et al., 2016).

The method 3PRF assumes the researcher has K; proxy variables that contain infor-
mation of the relevant factors such that, through simple cross sectional and time series
linear regressions, one can obtain the K relevant factors. PQR shares some similarities
with 3PRF when a proxy is the target itself, however, as PQR only deals with one proxy,
it only obtains one relevant factor for each quantile. This limitation happens as extend-
ing 3PRF to the PQR approach, in the step that concerns the estimation of relevant
factors loadings, would rely on running time series quantile regressions of each predictor
on the proxies, but this refers to the conditional quantile of the predictor and not the one
corresponding to the target/proxies. Because of this issue, PQR runs instead a quantile
regression of the target/proxy on each predictor but one can only include one proxy in
that step by construction. Then, as a consequence, only one factor is recovered with
PQR.

Motivated by this limitation, we propose a new supervised method to forecast the
conditional quantile of a target variable that depends on the latent factors obtained from
a high dimension set of covariates. We call the new method the Quantile Three Pass
Regression Filter (Qcov3PRF). This method is similar in nature to PLS and 3PRF as
these methods exploit the covariance between the target variable and the predictors when
forecasting the conditional mean of a target variable. However, when the goal is to obtain
the conditional 7-quantile forecasts of the target variable, a linear relationship between
the target variable and the predictors indexed by the 7-quantile has to be considered.
Therefore, in Qcov3PRF we instead incorporate the 7-quantile-covariance (qcov) defi-
nition of Li et al., 2015, This measure is implied by the first order condition from a

univariate linear quantile regression. In contrast to PQR, our method can successfully



estimate more than one relevant factor. Our algorithm is easy to implement and only
requires least square regressions to extract the relevant factors.

We are not the first to incorporate quantile-covariance measure in a conditional quan-
tile forecast factor model focusing on the estimation of the factors which are relevant for
the target. Dodge and Whittaker, 2009 and Méndez-Civieta et al., 2022 proposed PLS
modifications for quantile regression based on different definitions of quantile-covariance.
However, there are some shortcomings compared to Qcov3PRF. The method of Dodge
and Whittaker, 2009 provides no background on what is the optimization problem that
their PQR algorithm is solving, the quantile-covariance they use does not have properties
that theoretically justify the estimation of more than one factor, and its implementation
can be computationally expensive. Regarding the method of Méndez-Civieta et al., 2022,
the authors only show the effectiveness of their method in the median. Neither of both
methods provide asymptotic properties of the forecasts generated.

In this paper, asymptotic properties for the estimated factors and quantile forecasts
obtained through Qcov3PRF are studied. We show the consistency of the estimated
forecasts towards the infeasible best forecasts, i.e., the population conditional quantile
forecasts. We also show the asymptotic normality of the forecasts and provide a feasible
estimate for their asymptotic variance. In particular, the consistency and asymptotic nor-
mality hold under the use of automatic-prozies, which are proxies generated by Qcov3PRF
that are always available and constructed only with the target and the set of predictors.
In addition, the finite sample performance of Qcov3PRF through simulations is verified.
We show how poorly PCQR performs under the presence of irrelevant factors and a high
degree of cross sectional and serial correlation in the idiosyncratic component.

Finally, we provide an empirical application that involves the real growth vulnerabil-
ity from a set of financial variables related to forecasting Growth-at-Risk (Adrian et al.,

2019). Ouwur results suggest that our method surpasses PCQR, PQR and other similar



alternatives in in-sample prediction and forecasting accuracy. In addition, similar con-
clusions are found when comparing the performance using functionals constructed with
the predicted conditional quantiles such as the target’s expected shortfall.

The rest of the paper is organized as follows. Section [2| presents the related literature
by introducing the 3PRF and some other related methods focused on quantile prediction.
In Section [3| we present the methodology for quantile-covariance and Qcov3PRF. Section
establishes the consistency and asymptotic normality of the estimated infeasible condi-
tional quantile forecasts. Section [5| presents a study of the finite sample performance of
our method through simulations. Section [f] provides an empirical application study, and

Section [7] concludes the paper. All mathematical proofs are included in the Appendix.

2 Related literature

2.1 The Three Pass Regression Filter

Proposed by Kelly and Pruitt, 2015 the 3PRF is a forecasting method that focuses on
predicting a target variable in conditional mean by extracting the relevant factors from
a set of predictors. This is a supervised method in the sense that the method only
determines the relevant factors for the target and not all the factors driven by the set of

predictors. Specifically, 3PRF considers the following data generating process (DGP):

ry = ¢0+(I)Ft+€t, (1)
Yir1 = Bo+ B'F;+up, (2)
zi = XN+AF, 4w, (3)

where x; is a vector of predictors with a large dimension N. These predictors are approx-
imated through a factor model such that we can obtain K latent unobservable factors F';

that predict a target variable y;,1. The error components €;, u;11 and w; follow stan-



dard assumptions in the factor models literature, with €; and w; allowing some degree of
cross-sectional and serial correlation, and u;,; being uncorrelated over time.

Without Eq., forecasts for 1,41 can be obtained through PCR applying PCA in the
set of predictors (based on Eq.) to obtain estimates for the latent factors Ff CA, and
the prediction stage (based on Eq.) involves running a least squares regression of ;1
on Ff “4 and a constant.

Suppose that y,;; is only affected by K; < K factors, denoted by f, such that
F, = (f},g;) with their corresponding loadings ® = (®, ®,). The factors f, (g,) are
relevant (irrelevant) for the target in the sense that 8 = (8},0')" with 8, # 0. These
factors are also the only relevant factors to proxies z; such that A = [A; 0]. In 3PRF,
relevant factors are recovered through Eq. by using z;.

A relevant factor of ;11 can be potentially omitted from the factors estimated via PCA
since the relevant factors do not necessarily have to come from the eigenvectors associated
to the largest eigenvalues. In contrast, 3PRF has an advantage of only estimating the
factors that affect the target. This nice feature comes from the fact that the factor
loadings in Eq. depend on the proxies such that after applying SPRF Eq. can be
written as @, = ¢, + ®(2;)f, + & where the factor loadings ®(z;) = ®; are identified
by Eq. where ‘i)f]:t ;j—i;;) ®:f, and &, E,T%;? ®,g, + €;. The method 3PRF is
presented in Algorithm

Pass 1 and Pass 2, through time series and cross sectional linear regressions, respec-
tively, determine the relevant factors with z,ﬂ Once the relevant factors are estimated, in
Pass 3 the conditional mean target’s forecast is determined. Pass 3 is the same prediction

stage compared to PCR. In general, the proxies can be difficult to get since they require

a justified economic/financial theory and/or additional data. To remediate this, Kelly

!The idiosyncratic component w; in Eq. is crucial for 3PRF in the sense that, without it, the
proxies are perfect determinants of the unobservable factors, i.e., z; = Ag + AF;, then Eq. becomes
irrelevant. Hence, the forecasts for y;,1 are given by simply running a linear regression of y;11 on z;.
Otherwise, when wy is present, running a linear regression of y;41 on z; would result in biased coefficients.



Algorithm 1 Three-Pass Regression Filter (3PRF)

Pass 1: Run a time series least squares regression of x; = (z;,...,2;7) on z =
!/ ! \/ _ _ ) —
(24, 27) (e = (216, y 2500), t=1,...,T) fori=1,..., N,

Tip = Qoi + Pize + €t

and retain the estimate qgl

Pass 2: Run a cross section least squares regression of ®; = (zy4,...,2n¢) On ¢ =

A~/ A/ ~ ~ A~ i
(¢17""¢N)/ (Q')i:(ﬁblu---,ﬁbl(fz‘),@:1,-~,N) fOI"tzl,...,T,
Tip = ¢0,t+f;$i+5it>

and retain the estimate ft.

Pass 3: Run a time series least squares regression of y = (4o, ...,y7r+1) on the estimated

factors F = (.. P2 (Fo = (oo i) fort = 1,....T),

Y1 = Po + ﬁ}ft + Uty

This gives the forecast for the conditional mean of y;, ;.

and Pruitt, 2015 proposed an algorithm (Table 2 in Kelly and Pruitt, 2015) to determine
automatic-proxies by only using the data for x; and yt+1E] The authors showed that these

proxies are linearly independent and uncorrelated with the irrelevant factors.

2.2 Related methods that forecast the conditional quantile of
the target

Giglio et al., 2016, extend 3PRF to predict conditional quantiles of the target variable

developing method known as Partial Quantile Regression (PQR). However, PQR only

extracts one relevant factor. Specifically, when 3PRF is compared to PQR, the latter

method replaces the prediction stage (Pass 3 in 3PRF) with 7-quantile regression. More

importantly, PQR replaces Pass 1 in 3PRF by running a time series 7-quantile regression

of y;11 on x; and a constant, and keep the factor loadings estimates, say, 45”, for i =

2Then, after applying 3PRF Eq. can be written as x; = <Ab0 + @(ytﬂ)ft + &, which highlights the
role of the target when estimating relevant factors. Note that PLS is a particular case of 3PRF when
the proxies are automatic and the set of predictors x; are standardized over time.



1,..., N for the relevant factor estimation in the next Passﬁ Pass 1 in PQR is associated
to a quantile-covariance concept considered by Dodge and Whittaker, 2009 for a PLS
extension with conditional quantile prediction. The reason why this method only captures
one relevant factor is because a quantile regression can not be switched as it can be for
the least squares case. This is, ommiting a constant term, a linear coefficient equal to
zero by running a quantile regression of y on @ is not necessarily zero if we run a quantile
regression of @ on y, whereas for the conditional mean case running a least squares
regression y on x leads to a coefficient equal to zero if and only if the coefficient is zero
when running a least squares regression of  on y. Comparing Pass 1 in Algorithm [1] for
the conditional mean with z; = y;4+1 and Ky = 1, we should run a quantile regression of y
on x; for the conditional quantile forecasts of y but we cannot run a quantile regression
of x; on y. Extending Pass 1 for the quantile forecast with K; > 1 is not even possible
as it involves simultaneous linear relationships between @; and the 7-quantile of z.

Moreover, Giglio et al., [2016 present the Principal Components Quantile Regression
(PCQR). This method uses all the factors estimated by PCA to predict the conditional
quantile of a target, i.e., it simply substitutes the prediction stage of PCR with quantile
regression. The authors show that both PQR (for the one relevant factor case) and PCQR
give consistent forecasts. As in the case of PCR when forecasting the conditional mean,
PCQR is consistent for any number of relevant factors when forecasting conditional quan-
tiles as the estimated loadings for the irrelevant factors will converge to zero. However,
PCQR shares the same limitation as PCR given that both methods use all factors. As
a consequence, this method may deliver poor forecasts in the presence of high serial and
cross sectional correlations in finite samples.

Another supervised method for quantile prediction involving factor models is the fast

3In addition, they omitted the constant in Pass 2. Adding a constant is an important forecast
improvement in 3PRF (with automatic-proxies) compared to PLS when forecasting the conditional mean.
See Kelly and Pruitt, [2015| for details.



PQR (fPQR) developed by Méndez-Civieta et al., 2022, In this model the authors follow a
similar approach to PQR but instead of the quantile covariance of Dodge and Whittaker,
2009, they maximized the gcov (Li et al., 2015) between the target and the predictors
in a PLS framework for the median case. Méndez-Civieta et al., [2022 do not provide
asymptotic properties for fPQR. Refinements and extensions for PQR and fPQR are
presented in Beyaztas et al., [2024] and Mutis et al., 2025 without showing asymptotic
properties. The method fPQR is similar in nature to ours but Qcov3PRF is applied for
any conditional quantile prediction of the target and we provide its asymptotic properties.
Table [1] shows a comparison between our method and the factor models listed above.
Additional methods that involve the use of gcov when forecasting the conditional variable
of a target with a large a set of predictors include the variable screening approaches of
Ma et al.; 2017 and Chen and Lee, 2024

Lastly, it is worth mentioning that the components estimated by Qcov3PRF are consis-

~ 'Qcov3PRF +,Qcov3PRF

tent to the corresponding relevant components for any quantile, thisis @ ¢

#) ®,f,. Then, the components estimated via Qcov3PRF have the same asymp-
,4 —00

~ PCA
totic limit as the ones corresponding to the same factors f, estimated by PCA (f, ).

Therefore, the factors estimated by Qcov3PRF are different from the quantile factors
estimated by Quantile Factor Model (QFM, Chen et al., [2021)) or similar (Ando and Bai,
2020, Clark et al., 2024 and Korobilis and Schroder, 2025)), where the corresponding esti-
mated components are such that @;Fﬂt Mﬁ) ®_F.,. These factor models take into

account the quantile component of predictors x;, whereas in Qcov3PRF we only work on

the quantile component in ;.1 (which is the same quantile in z;).

3 Quantile-covariance Three Pass Regression Filter

In this Section we introduce our estimation method to forecast the 7-conditional quantile

of a target variable. We first present the 7-quantile covariance used in our method, and



Table 1: Comparison between factor models that forecast conditional quantiles.

Qcov3PRF PCQR PQR fPQR

Supervised for target prediction yes no yes yes
Can K7 be larger than 17 yes yes no yes
Consistency is shown yes yes yes no
Asymptotic normality is shown yes yes no no
T any any any 0.5

Note: K} denotes the number of relevant factors that predict target’s 7-conditional
quantile.

then go over the general factor structure in our framework. We approach that factor
structure by estimating target’s relevant factors through proxies generated using the 7-

quantile covariance with information of the target and predictors.

3.1 Quantile-covariance (gcov)

The quantile-covariance used in our forecasting method is the qcov presented in Li et al.,
2015, Specifically, for two random variables f and y, let @ be the Tth unconditional
quantile of y and @, be the 7th conditional quantile of y given f. The first order
condition of quantile regression implies that QZ/I s independent of f with probability 1
if and only if the random variables I(y — @7 > 0) and f are independent, where I(-) is

the indicator function. From this result, the qcov for 0 < 7 < 1 is defined as follows:

qeov. (y, f) = cov(l(y —Qy >0),f)

= Els:(y — Q) (f —E()], (4)

where k,(v) = 7—1I(v < 0). It is worth to mention that gcov does not possess a symmetry
property, i.e., acov, (y, f) # acov, (f,y). However, cov(I(y — Q) > 0), f) = cov(f, I(y —
Q7 > 0)). We note that this is different from the quantile-covariance considered implicitly

in PQR of Giglio et al., 2016

Now, let us refer to the quantile regression y = by, + b;-f; + u”, where j =1,..., Ky

4Specifically, the quantile-covariance considered in PQR is equal to the linear coefficient obtained
after running a quantile regression of y on f and a constant, where f has mean 0 and variance 1.

10



and look for the following minimizers:

(b5r, bj-) = argminE [p- (y — bor — bjrf;)] (5)

bOTybjT
where p,(v) = v[r — I(v < 0)] is the check loss function. Li et al., 2015| found a nice

result such that qcov_(y, f;) = v(b%,) where v(-) is a continuous and increasing function,

i
and, more importantly, v(b3,) = 0 if and only if b7 = 0. In our framework we also
need to invoke the result for the quantile-covariance between y and u”. We show in
Lemma 1 in the online Appendix that qcov, (y,u) = v,(b},) where v,(-) is a continuous
function and 1,(b},) # 0. The previous results only hold for the case of one regressor at
a time. However, in order to recover more than one relevant factor, Qcov3PRFE exploits
the linear relationship in the 7-quantile of the target between the target and the set of
multiple predictors (not only one) in its first stage. We will see in the next section that,
indeed, 7-gcov is enough to generate automatic-proxies in QQcov3PRF that span the set

of relevant factors and these are linearly independent, allowing a correct estimation of

the conditional T-quantile forecasts.

3.2 Quantile-covariance Three Pass Regression Filter

Based on the work of Kelly and Pruitt, 2015/and Giglio et al.,[2016 we develop a new factor
model called Qcov3PRF. This forecasting method relies on the quantile-covariance gcov
defined in the previous subsection. The crucial difference between Qcov3PRF and PQR
is the implementation of gcov via multivariate least squares regressions associated with
a specific 7-quantile in order to estimate the factor loadings in a setup with automatic-
proxies, compared to the univariate 7-quantile regressions implemented in the first step
of PQR. This change allows us to recover more than one relevant factor in Qcov3PRF,
in contrast to PQR.

For more detail, we first establish the environment considered for this method. There

11



is a target variable that we wish to forecast its conditional 7-quantile. There are many
highly correlated predictors that can contain useful information to predict the conditional
quantile. The number of predictors N can be large and its magnitude can be greater
than or equal to the time series observations 7T, this is N > T. This complicates the
estimation using quantile regression (Koenker and Bassett Jr, [1978). Then, we look to
reduce the dimension of the covariates assuming that the covariates can be approximated
using a (linear) factor model. The proxies that we consider in our method have a similar
interpretation than for 3PRF, but now the difference is that the proxies are driven by
the relevant factors that affect the target variable in the 7th quantile and by the factors
relevant factors to any other 7th quantile. This is a consequence of the target’s DGP
(Eqs. and @D) The target variable depends on those factors, but given that these
factors are unobserved, the predictions obtained from the true factors are known as the
infeasible best forecasts. For the DGP we first present the following models presented in

Assumption [I]
Assumption 1 (Data Generating Process)

1. The data for a fized level T € (0, 1) is generated as follows:

x = ¢+ PF;+ ey, (6)
zir = Ao+ VAF, +w, (7)
Y1 = Bor+BrF+up,, (8)
U = (0w + Y F)E (9)

where y;1 denotes the target time series variable, x; is an N X 1 vector of predictors
which are standardized to have unit time series variance, Fy is a K x 1 vector of
latent factors, and ® is an N x K matriz with K < min(N,T). In addition, B, is
a K x 1 vector, whose dependence on T is because the conditional quantile of y;11
is Q;t+l|Ft = Bro+ B F where B[t — I(u],, < 0)|ys, Fy,yp—1, F1_1,...] = 0. Also,

12



B, = (5},770/)/ with B¢, # 0 is a vector of dimension Ky x 1, and v = (7},0')’
with v is a vector of dimension f(f X 1 and v¢ # 0. It is also assumed that
ou+Y'Fi > 0. Let K} equal to the cardinality of the union set of those factors
corresponding to By, and ;. The term z¢ - is a K} x 1 vector of proxy data, where
Fy=(f,9)), and Ay = [As, Ay.]is a Kj x K matriz. Let K7 >0 and K, >0
the dimension of f, and g,, respectively, such that K} + Ky = K. The term W, is

a K} X K} random matriz with elements ¥, 7,k =1, ..., K}.

2. The vector of proxies z., 1s only spanned by the set of relevant factors, i.e., A, =

[As. O], and Ay, is nonsingular.

3. E(vp,) #0, E(@b?kt) < 00 and independent of F.

Eq.@ assumes a standard factor structure for a large set of predictors (Bai and Ng,
2002), Eq. is the prediction stage which focuses on estimating the conditional quantile
of the target. By only considering these models, there is no need to make a distinction
between irrelevant or relevant factors. We know by Ando and Tsay, 2011 and Giglio
et al., 2016/ that PCQR provides consistent conditional quantile forecasts, however, in
finite sample cases, under the presence of high cross section and/or serial correlation in
g, and the existence of several irrelevant factors with high variance, the estimation can
result in forecasts with poor performance.

Based on Assumption [I] the variable y,+; depends only on a subset of factors f,,
called the relevant factors. In the 3PRF for the conditional mean K} = K; and Eq.([7)
with ¥, equal to identity matrix gives a link to extract the relevant factors. However, for
the conditional quantile case, the implementation needs to account additional K} — Ky
factors which are relevant for some target’s conditional 7-quantile where 7 # 7. The
reason for this is that the automatic-proxies generated with the Qcov3PRF are spanned

by K7 factors. Additionally, in Eq.(7]) the factors may be multiplied by a random variable

13



with mean different from zero and independent of the factors. Compared to Eq., Eq.
is a generalization with further relatively weak assumptions. This DGP is required as the
automatic proxies obtained with Qcov3PRF follow this structure.

As we have noticed in the methods described in Section [2] a key point to successfully
extend 3PRF to conditional 7-quantile prediction relies on obtaining suitable proxies that
are spanned only by relevant factors of the target’s conditional 7-quantile. In Qcov3PRF
we generate those proxies with only data from y,.; and a; by applying qcov relationship
between the target and the predictors. This quantile covariance is used to allow a kind of
“inverse” form for the quantile regression, such that Pass 1 in Algorithm [I]is implemented
to estimate the relevant factor loadings indexed to the T-quantile.

Qcov3PRF is implemented through Algorithm . In this algorithm the variables 2, ,,
¢ =1,.., K} are called automatic-proxies and act as the proxies z, in Eq. 1) As an
initial step, the unconditional quantile for the target is estimated and we set the first
proxy as I(y — Q; > (), which is the same transformation used in gcov (Eq) Then,
if K7 = 1 there is only one relevant factor and Eq. is a univariate model implying that
zZ1,=1(y— Q; > 0) is only required for the estimation of the relevant factor loadings.
Otherwise, if K7 > 1 we need to construct K} proxies. Following step 1(a) in Algorithm
we use the first two passes of 3PRF to obtain ¢ relevant factor estimates in the (th
iteration and construct the corresponding (¢+1)th proxy for ¢ = 2, ..., K3. We repeat step
1(a) until we obtain K7} proxies. Once all the K7} factors are estimated, we simply run a
quantile regression of the target on these factors (and a constant) in Step 2. In that way

we construct the forecasts one period aheadlﬂ for the observation y7,o with the updated

~(K* ~ ~ ~(K*
set of predictors @y, t = 1,...,T+1 to obtain f(TJrfl) and compute g0 = By, —i—ﬁ}ﬁf(TJrfl).

Ounly for the case K} = 1 we explicitly implement gcov in the estimation of the cor-

5For simplicity we have considered one-period ahead forecasts, however, the algorithm can be perfectly
implemented for h-periods ahead forecasts. For instance, in our first empirical application with monthly
data, we consider 3-periods and 12-periods ahead.
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Algorithm 2 Quantile-Covariance Three Pass Regression Filter(Qcov3PRF)

Step 0: For a quantile value 7 € (0,1) initialize 21, = I(y — Q; > 0), where Q; is the
estimate after running a time series quantile regression of y on a constant, and
<(1
apply the first two passes of 3PRF with {y, X, 2.} to get fi ).

Step 1: If K} =1 then go to Step 2. Otherwise, for £ =2,..., K}:

o S 1) A (= ~(0—1) Wl
(a) Let 20, = Iy — A0 — BV — - 23075 > 0), where

—1,7

(B(()ZT_ 1),53; Do ,Bﬁ‘llj) are the linear estimates after running a time se-

(=1 (-1
ries quantile regression of y on a constant and ( fi ), cey féfl )), and ap-
ply the first two passes of 3PRF with {y, X, 21 .,...,20-1,,20,} to get

20 20
(fy - Fo).

~(K* ~ (K%
Step 2: Run a time series 7-quantile regression of y on (fi f), ey f%;f)).

responding factor loadings in the Pass 1 of 3PRF and then estimate the relevant factor
(1

fi) in Pass 2 of 3PRF. For the case where K} > 1, we are based on the transfor-
mation /(- > 0) to sequentially generate the subsequent automatic-proxies but now we

(L (K%
substract the conditional 7-quantile of y considering the factors ( fi ), cee fé 2

) gen-
erated in the fth iteration such that the (th proxy in the /(th iteration is equal to
Iy — Bf;l)jciz_l) = Bél:lj}’f__ll) > 0). The resulting proxies are associated to
the corresponding 7-quantile through the estimated BJ(ET* Y for 7 =2,...,£—1 while we can
still run OLS regressions. In particular, the first two passes of 3PRF can be implemented
to estimate ( f iz), ey ff)). This is not possible if we instead use quantile regressions, be-
cause regressing each predictor on the proxies, which is Pass 1 in 3PRF, would provide the
predictor’s conditional quantile estimate and not the target’s conditional quantile. It can
be shown that the K} automatic-proxies generated are linearly independent, spanned by
the K7} factors and uncorrelated with the irrelevant factors g. This is shown in Theorem
in next section. The similarity of our algorithm to the automatic-proxy procedure imple-
mented in 3PRF is very clear as in that method the proxies are equal to the subsequent

(¢ (L
residuals of regressing a time series OLS regression of y on ( fg ), e f; )) (see Table 2

15



in Kelly and Pruitt, [2015]), while in our method the proxies are equal to the subsequent
residuals of regressing a time series quantile regression of y on f f) and additionally these
residuals are transformed through the function I(- > 0)Jff

In general K7} proxies have to be considered and not only K proxies using Algorithm
as it can be shown that the first K; proxies are linearly independent, but not necessarily
uncorrelated with the remaining factors f, for j = K;+1,..., K}. This is a consequence
of the fact that f, does not affect the conditional 7-quantile of y but it can affect some
other part of the conditional distribution of y. For example, consider y,41 = 1+ f1, +
(0.5f1¢ + for)€t1, where Q7 = 0, and g3, is some other factor independent of y; 1.
Then, Q7 1 = Bor + Birfie + Borfor + Bar93e with (Bor, Birs Bor, B5r) = (1,1,0,0).
However, if we run, say, a least squares regression of the first automatic proxy generated
I(y — Q; > 0) on f, = (fis, far, 93¢) and a constant, we get the estimated coefficients
&, = (Gor, Q1,0 Qo r, Gg,) Where &g, # 0, &1+ # 0, G3, =0, but do, # 0, statistically.

To see more clearly why our setup focuses on estimating K7 relevant factors instead
of K; factors we provide a sketch of the proof which shows that the resulting automatic-
proxies in Algorithm 2l are only spawn by the K7 relevant factors making use of quantile-
covariance. The formal proof is in the online Appendix as part of the proof of Theorem
. For ease of presentation let K} =3 and Y1 = Bor + Bifie + Porfor + upy, with
uiy = (0w + Y2 for + v3f34)& - This prediction equation is not a univariate regression,

however, after some rearrangements we obtain:

Y41 = /80,7' + BT.]Et + u;-h

where 3, £ 0, f, = ﬂé’ fie+ Bg—”fz,t. Since qcov, (41, fi) = v(8;) # 0 by Lemma 1 in Li

et al., 2015, and qcov, (Yeq1,ui, ) = Vu(BT) # 0 by Lemma 4 in the online Appendix we

6Similar to the fact that 3PRF is a generalization of PLS, in the online Appendix we explore how
PLS for conditional quantile prediction and Qcov3PRF are related.
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have:

.= Iy > Q7)) = aor + 7(B:) fi + Du(Br)uly + s,

)

= o, + Bl,Tfl,t + (52,7 + Vo r &l 1) for + V32E 1 far + Wi

where 3;, = D(BT)ﬁf—’T for j = 1,2, , = DU(BT)% for k = 2,3, and %, is uncorrelated
fie fae) =

Bor + Yo E(E7, 1), cov(2] 4, faulfre, for) = 3-E(&],,) and 2, is uncorrelated with fj;,

with f; and uf,,. Hence, we have: cov(Z],, fi|fas, f31) = Bir, cov(2] 4, fau

J=Kj;+1,..,K. We can show that the proxies zJ, and z3, are also only spanned by
(fits for, and fs5:) using a similar approach. Moreover, it is not difficult to show that
these proxies are linearly independent.

In contrast to 3PRF, the Qcov3PRF method does not provide a complete closed form
estimator for the linear coefficients 3. because the linear quantile regression estimator
does not have a closed form solution. However, we can obtain a closed form expression
for the relevant factor estimates ft and their corresponding loadings by combining Pass

1 and Pass 2. These are given by:

&, = W..)'w/

xz)

(10)

Al

= W_ (W _JyW,.)'W'_JyX', (11)

where ®., j" and X are the matrices resulting from stacking é’)w over 7, and j"t and x;

1

over t, respectively. Also, Jy = Iy — ¥

tytly, In is the identity matrix of dimension
N, ty is a vector of ones of dimension N, W, = Z;JTZT, W,, = X'JrZ,, and
WwW,, = ZITJTZT (J7 is analogous to Jy). This closed form expression is particularly

useful to show the consistency and asymptotic normality of the relevant factors and their

corresponding loadings (as it is shown in Lemmas 2 and 3 in the online Appendix).

Remark 1 So far, we have assumed that the number of relevant factors K} is known.

In practice, an information criterion (IC) can be used to select the correct number of
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Qcov3PREF factors. If the researcher counts with theoretically-motivated prozies, then the
appropriate number of factors should be justified, in principle, by some economic/finance
theory. Otherwise, the use of an IC is important when the researcher needs to produce
automatic-proxies. For 3PRF, Kelly and Pruitt, 2015 apply a modified BIC with the
degrees of freedom for PLS proposed by Kramer and Sugiyama, 2011. That approach
does not extend directly to our method, so we consider Cross-Validation (CV) (Ahn and
Bae, 2021). The procedure is as follows: we divide the entire available data (with T
observations) into two parts, training and test data. The training data covers the first
70% of the sample, that is, the observations from t = 2 tot = T* + 1, and the remaining
observations are the test data, i.e., the observations fromt = T* 4+ 2 tot = T + 1.
Then, for a given time s € [T* 4+ 2,T + 1], we forecast ys using a given number of
relevant factors and the latent factors estimated from the training data from t = 2 to
t=s—1. Let MCLE(K;Z) be the Mean Check Loss Error of the forecasts for ys obtained
using K} automatic-prozies. Then, the cross-validation estimate of the optimal number

of QcovSPRF factors, denoted by RCV, is the value of K3} that minimizes MC'LE(K;Z).

4 Asymptotic results

This section describes the main asymptotic properties of Qcov3PRF forecasts. The re-
maining required assumptions (Assumptions 2-5) are stated in the online Appendix and
are based on those required in Kelly and Pruitt, 2015 and Giglio et al., 2016 following
standard factor models and quantile regression. First, we obtain that as N and T be-
come large, the conditional quantile forecasts converge to the infeasible best forecasts.
This result is presented in Theorem [I, whose proof makes use of the convergence rates
from Lemma 2 (see online Appendix), quasi-maximum likelihood results, the equivariance
properties of the quantile regression, and the weighted (quantile) regression of Angrist

et al., 20006
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Theorem 1 Let Assumptions[i-5 hold. Then, the forecast using Pass 1 and Pass 2 from

Algom'thm and runnig a T-quantile regression of yi11 on ft satisfies

N ~ Al A~
QT = 50,7' + /Bq-ft # 50,7‘ + B;Fta
N, T—o0

yt+1|ft

where Q;m 1s the conditional T-quantile forecast of ;41 given the unobserved factors.

e
Proof: See Appendix. O

To show the asymptotic normality of the infeasible quantile forecasts we need to make

use of Lemma 3 (see online Appendix).

Theorem 2 Let Assumptions —5 hold and \/N/T — 0. Then, the forecast using Pass

1 and Pass 2 from Algom'thm and runnig a T-quantile regression of y;11 on }'t satisfies

V;1/2 <BO,T + B;}-t - 50,7 - ﬁ;Ft> # N<Oa 1)7 (12)

, L —00

where V, = 18.(8)8, + 4 F1(£5) .

Proof: See Appendix. O
Theorem [2| guarantees that the estimates for the infeasible forecasts are asymptoti-

cally normal. Under the independence between f, and g;, for j = K7 +1,... | K (see

Assumption 5.3 in the online Appendix) an estimate for the asymptotic covariance of ft

is given by:

’

~ a— N A1 A

S = FuF, FpSe.F F F, (13)

where Fo = T1Z . JrZ. Fo = N\T2Z JrF &, Jxy®_fIrZ, and Fp =T Z.Jr¥ .
Also 3. can be calculated by Heteroskedasticity and Autocorrelation Consistent (HAC)
covariance matrix estimators given the vector series i)iéi, where €, = X, — <i>1 }’ )

For a feasible estimator of 3 5. we consider the more general estimator that allows
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misspecification:

T -1 T T -1
5= (s o pdan <o) (33 adi) (o hdaa <)

t=1 t=1 t=1 (14)
where Ay = 7 — 141 < for + B;ft), Uy = Yep1 — Bor + B;}'t, and ¢ is a bandwidth
hyperparameter whose optimal value can be determined by cross-validation.

Next, we state formally that Algorithm [2| provides automatic-proxies consistent for the
conditional quantile forecasts. To show Theorem [3] we make use of Lemmas 4 and 5, which
are stated in the online Appendix. Note that all of our simulations and the empirical
application described in the next sections consider that the only available information
is the set of predictors x; and the target 1,1, then we can only generate forecasts with

automatic-proxies.

Theorem 3 Let Assumptions [1-5 hold with the exception of Assumptions [1.2]1.3, 3.4,
4.8, 4.4 and 4.5. Then, the K} automatic-prozies obtained in Algorithm [J satisfy As-
sumptions .2, .5’, 3.4, 4.3, 4.4 and 4.5 when the number of relevant factors is K3.
As a result, the K}-automatic-proxy forecast is consistent according to Theorem |1 and

asymptotically normal according to Theorem[3,

Proof: See Appendix. O

5 Monte Carlo simulations

In this section we present the forecasting power of Qcov3PRF and the asymptotic nor-
mality of the forecasts in finite samples through Monte Carlo simulations. Additional
simulations to show the in-sample consistency of the predictions in finite samples are

included in the online Appendix.
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The general prediction equation of the DGP is as follows:

Yer1 = Birfie + Borfor + (0w +fre + 73306000, (15)

such that &, = &1 — Q¢ ,» with e ~ N(0,1). Tf By - + NQ%,, # 0, Bor # 0 and
73Q2t+ , 7 0 for some 7 # 7 there are three relevant factors, i.e., K7 = 3, but for a given
7 there are two relevant factors, i.e., Ky = 2. This DGP is particularly interesting since
in real life applications the same factors are not necessarily relevant/irrelevant for all the
quantiles across the target’s conditional distribution.

We work with Eq. in the simulations presented below with different values on
the parameters {0i.r, B2, 0u, 71,73} and a different number of irrelevant factors, i.e.,
different values for K,. The structure of the predictors is ; = ®F; + €, with all factor
loadings standard normally distributed and the noise term may contain some degree
of serial or cross-sectional correlation. The relevant factors are distributed as follows,
fie ~U[=1/5,1.5], for ~N(0,1), and f5, ~ U[—2,2]. We focus on the quantile 7 = 0.1
as with other values of 7 we obtain similar results and conclusions in the experiments

studied in this section.

5.1 Asymptotic normality in finite samples

We evaluate the accuracy of finite sample approximations based on the asymptotic dis-
tribution we have derived in Theorem 2. We examine the distributions of the conditional
quantile forecasts. For each Monte Carlo draw, we first compute the estimates Q;Hl' X
Then, we standardize each estimate based on Theorem [2| by subtracting the true con-
ditional quantile of the target and dividing by the respective asymptotic standard error
estimate. We consider the predictions obtained by Qcov3PRF which should follow a

standard normal distribution for large N and 7" based on Theorem [3] We plot the distri-

bution of standardized forecasts across simulations (histogram part) versus the standard
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normal pdf (solid line).

We work on Eq. with two different groups of settings and present three panels for
each illustrating asymptotic convergence towards a standard normal distribution as N
and T increase. In particular, the first DGP(A) consists on two relevant factors and there
are no irrelevant factors so K = K}‘ =2, with 81, =2, B2, =0, 1 =7 =0.5, 0, = 2.0,
Also, the noise term ¢;; are i.i.d. standard normal. The second DGP(B) consists of three
relevant factors and there are no irrelevant factors, i.e. K = Kj = 3 with the same
parameters and distributions as in DGP(A) except (s, = 2. We simulate 5000 samples
in each experiment. The figures show that the standard normal distribution successfully

describes the finite sample behavior of these predictions, consistent with Theorem [3]
[Figure 1 about here.]

Regarding the first model (first row), in all cases we fail to reject the standard nor-
mal null hypothesis for standardized estimates. For the second model (second row), we
reject the standard normal null hypothesis for the standardized predictions in all cases
but when N = 2500 and 7" = 5000. There is a clear presence of significant bias for
N = 100,T7 = 200 and N = 500, T = 1000, but this bias vanishes as N and T increase.
Altogether, simulations provide evidence that the Qcov3PRF accurately estimates the
infeasible best quantile forecasts, and that its theoretical asymptotic distributions suc-

cessfully approximate the finite sample distributions for Qcov3PRF predictions.

5.2 Out of sample forecasting performance

For the forecasting accuracy we consider Eq. and the idiosyncratic errors of the pre-

dictors allow the presence of cross sectional and serial correlation following the expression:

g = ENéET,
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where € = (ey,...,ep) with e, t = 1,...,T a column vector of size N. Also, € is a

N x T matrix where each row &;, ¢ = 1,..., N is standard normally distributed, and X
is an N x N matrix whose entries are given by Jj\’,j = p'ﬁ,—j I/ 2, forall i = 1,..., N and

7 =1,...,N. We determine X7 similarly such that U;’S = pg—s\/z’ forallt =1,...,T

and s = 1,...,T. Then, higher values of py and pr indicate high levels of cross sectional
and serial correlation in the idiosyncratic component, respectively.
We report the out-of-sample R? (Koenker and Machado, 1999) evaluating forecasts

one period ahead for the next 50 observations which is defined as:

T+50 < Ar Ar
—T41 Z/t+1—@t A)<T—[(yt+1—Q lAt<0)>
R2=1- i T;O yjl‘Ft it | ’ (16)
=T1 (yt+1 - Q;m) (T — (Y1 — Qy,,, < 0))

where Q;M is an estimate for the 7 unconditional quantile of y; considering {1, ..., v},
and Q;tm P is a conditional quantile estimate for y; ;1 given F, using the DGPs presented
below.

Specifically, DGP(C) consists on Eq.(15) with 8, = 2, o, = 2, 11 = 72 = 0.5,
o, = 2.0. In DGP(C) we assume the predictors are determined by seven factors, three
of which are relevant (fi;, for and fs;) and the other four are irrelevant (g, go.t, gss
and gs4¢). Then, K; = 3 and K, = 4. The irrelevant factors, g1, g2, g3+ and gs, are
independent distributed as U[—2.5,2.5], N(0,1.5), N'(0,1.75) and N(0,2), respectively.
We report the R? measuring the out-of-sample performance of the next 50 observations
using three methods: Qcov3PRF with one, two and three factors (denoted as Qcov3PRF1,
Qcov3PRF2, Qcov3PRF3, respectively), PQR (Giglio et al., 2016|) (that only estimates
one relevant factor), and PCQR (Giglio et al., [2016]) with seven PCA factors. We run
1000 simulations in each case when (N, T') = {(100, 100), (100, 200), (200, 100), (200, 200),
(200, 500), (500, 200)}.

Table[2]shows that Qcov3PRF3 provides the highest predictive power over many cases.

The advantage of using Qcov3PRF is more evident when py and pr are high. The reason
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is that as serial and cross-sectional correlations increase, the idiosyncratic component is
mistakenly seen as an additional factor(s), so considering only seven factors for PCQR
is not enough to capture fi, far, fs+ (and g1+, Got, g3y gar). In contrast, Qcov3PRF
performs well even when px and pr are high as it focuses on only estimating the relevant
factors.

We can see that Qcov3PRF1 and PQR report similar R? values to each other and
always lower than those of Qcov3PRF2 and Qcov3PRF3. These results suggest that
both methods, PQR and Qcov3PRF1, estimate the same relevant factor, and the clear
advantage of Qcov3PRF over PQR would appear when more than one relevant factor is
estimated. As expected, Qcov3PRF1 provides slightly lower performance than PQR as
Step 1(a) in Algorithm [2| requires the dummy corresponding to the first automatic-proxy,
whereas PQR does not consider an indicator function. In addition, as a result of the use
of the indicator function, PCQR7 performs slightly better for the cases where py and pr
are low. All these differences between methods decrease as N and T augment.

In general, the out-of-sample R? obtained with Qcov3PRF3 is only marginally differ-
ent compared to Qcov3PRF2. The reason is possibly related to the results obtained in
Ahn and Bae, 2021} These authors found that there is only one relevant factor using PLS
in cases where the variance for the relevant factors is the same, and even in cases where
the variances of the relevant factors are different, the additional relevant factors provide

only marginal increments in the forecasting power.

6 Application to forecasting monthly Growth-at-Risk
using the NFCI components

In this section we show that Qcov3PRF outperforms competitive alternatives in taking
into account the relationship between financial indicators (e.g., the variables that con-

struct the National Finance Condition Index (NFCI, Federal Reserve Bank of Chicago))
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Table 2: Out-of-sample R2(%) for DGP(C) with 7 = 0.10 and h = 1.

pr=pn Qcov3PRF3 Qcov3PRF2 Qcov3PRF1 PQR PCQR7 Qcov3PRF3  Qcov3PRF2  Qcov3PRF1 PQR PCQR7
N =100, T =100 N =200, T =200
0.0 48.0 444 33.2 36.1 48.8 50.3 48.4 384 40.7 51.0
0.2 46.4 43.2 33.2 35.2 47.2 49.4 47.7 38.6 40.3 50.6
0.4 44.4 40.8 31.7 33.8 327 48.7 46.2 37.3 39.2 470
0.6 39.0 344 274 28.6 16.1 44.8 41.6 32.8 35.0 19.4
0.8 30.2 24.5 19.5 194 11.6 33.7 27.3 20.9 21.7 15.3
N =200, T =100 N =100, T =200
0.0 47.8 44.0 33.7 36.9 489 50.6 48.3 38.0 40.6 513
0.2 47.5 44.0 33.8 36.3 48.6 49.7 47.5 37.2 39.6 49.7
0.4 44.6 41.8 31.5 33.8 409 47.5 45.5 36.2 379 388
0.6 39.0 34.7 274 203 157 45.1 40.3 31.5 335 188
0.8 26.9 21.3 17.7 18.3 9.4 36.5 28.4 21.4 21.6 15.5
N =500, T = 200 N =200, T = 500
0.0 514 49.8 39.5 42.3 51.7 52.8 51.6 44.6 46.0 53.1
0.2 50.5 48.4 39.5 41.6 51.0 53.2 51.9 44.5 45.9 53.5
0.4 49.6 47.5 38.5 402 49.8 52.3 50.5 43.2 446 513
0.6 46.3 43.2 35.0 36.5  20.3 51.0 48.0 39.6 411 215
0.8 32.5 27.0 21.6 21.8 14.5 42.9 34.9 24.8 25.6 184

o i i e e o of oo oo T i om0 s v oo e e ot Qo ToR Qo
Qeov3PRE implementation with # number of factors, similarly for PCQR#.
and the conditional distribution of the economic activity (e.g., Gross Domestic Product
growth). The connection between the financial and economic sector focused on the left
tail conditional quantiles of the latter is often referred to as Growth-at-Risk (GaR, Adrian
et al., 2019).

For the empirical application we consider the approach of Adrian et al., 2019, Adams
et al., 2021 and Adrian et al., 2022. In these works the authors obtained significant
relationships between macroeconomic indicators (Real GDP growth, the consensus fore-
casts of Real GDP growth, Unemployment rate and Inflation) and the financial sector.
Specifically, there is a significant effect of the financial variables represented by the NFCI
on predicting macroeconomic variables in the left tail of the distribution. The NFCI is a
weighted index constructed with 107 financial variables and is published monthly by the
Federal Reserve Bank of Chicago. Instead of considering a simple quantile regression of

the Real GDP annual growth on its lags and the NFCI (as done in Adrian et al., 2019), we

run a quantile regression with the relevant factors obtained from the set of indicators that
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construct the NFCI. This is motivated by the fact that the relevant factor(s) required to
predict the left tail of the distribution for the macroeconomic indicator can be different
than the ones that best predict the right tail. In this application we study in-sample and
out-of-sample prediction. The forecast horizons considered are three months and twelve
months ahead. Additional results regarding forecasting prediction using rolling windows
are reported in the online Appendix.

The NFCI index and the indicators used to construct it can be downloaded from the
webpage https://www.chicagofed.org/publications/nfci/index. We also make use of the
Risk, Credit, Leverage and Nonfinancial Leverage subindexes of the NFCI, which consider
subsets of the 107 variables. We use the Index for Industrial Production (IP) activity,
which can be downloaded from the FRED database of the Federal Reserve Bank of St.
Louis, as a monthly approximation of the Real GDP. The IP growth is computed as the
natural logarithm of the IP in the current period minus the natural logarithm of the IP A
months before for h € {3,12}. Our sample period is from 2007M06 to 2023M12 resulting

in 199 months.

6.1 In-sample prediction of the conditional quantiles (GaR) and
risk measures (Expected Shortfalls)

The use of Qcov3PRF can be relevant not only for forecasting but for in-sample prediction
as the estimated relevant factors (being referred as indices) may condense important
information of the economic/financial activity for an specific forecast target (e.g., Real
GDP growth).

In our GaR application, Figure [2|illustrates the in-sample prediction for various con-
ditional quantiles of IP growth three and twelve months ahead. From the methods con-
sidered, Qcov3PRF (with the number of factors selected by cross-validation whose setup

is described in Section shows better performance as the region covered by 5% and
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95% quantile predictions captures the downfall and then the immediate peak in the fol-
lowing months of the realized IP growth during the COVID period in both horizons, the
other three methods perform very poorly in capturing the extreme values in the COVID
period while all the methods are successful in capturing the 2008 financial crisis event.
Additionally, the estimates obtained after applying Qcov3PRF are consistent with
Adrian et al., 2019 findings. The indicators of financial conditions have a stronger effect
on predicting the left tail of the economic activity conditional distribution. Specifically,
5% quantile prediction exhibits more variability compared to 95% quantile estimation in
both forecast horizons. This pattern is also found using the quantile regression with NFCI
5% quantile and 95% quantile predictions, but the red and blue lines only show significant
variability in the financial crisis of 2008 and COVID-pandemic episodes. Regarding the
methods PCQR-IC and PQR, we can also notice significant differences in variability
between the 5% quantile and 95% quantile predictions, but lower compared to those
from Qcov3PRF-CV. Table |3 indicates the greater accuracy using our method compared

to the alternatives giving the lowest value in the check loss, most apparently in both tails.

[Figure 2 about here.]

Next, we calculate the conditional expected shortfall, a popular risk measure, and
the expected longrise as in Adrian et al., 2019. Both measures can be calculated with
the conditional quantiles from the estimated conditional parametric distribution of the
target determined by the two-step procedure proposed by Adrian et al., 2019 In the first
step, the conditional quantiles of the target variable are estimated, and in the second
step the parameters that describe the conditional distribution are estimated by fitting
the conditional quantiles according to a quadratic loss function. This step requires to

assume an specific parametric form of the conditional distribution for the target variable.
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Table 3: Check Loss for IP growth in-sample prediction.

Method 7=0.05 7=0.25 7=0.50 7=0.75 7=0.95
h = 3 months
QR with NFCI 0.32 0.55 0.61 0.51 0.23
Qcov3PRF1 0.29 0.49 0.56 0.44 0.14
Qcov3PRF2 0.21 0.43 0.47 0.38 0.11
Qcov3PRF3 0.17 0.40 0.45 0.36 0.09
Qcov3PRF-CV  0.16(4) 0.40(3) 0.45(3) 0.36(3) 0.14(1)
PQR 0.29 0.50 0.55 0.43 0.14
PCQR1 0.31 0.54 0.60 0.50 0.23
PCQR2 0.30 0.53 0.60 0.48 0.22
PCQR3 0.29 0.53 0.60 0.47 0.19
PCQR-IC 0.29(3) 0.49(5) 0.60(3) 0.46(5) 0.19(4)
h = 12 months
QR with NFCI 0.61 1.70 1.76 1.21 0.38
Qcov3PRF1 0.52 1.17 1.35 0.85 0.27
Qcov3PRF2 0.38 0.86 1.03 0.75 0.19
Qcov3PRF3 0.33 0.75 0.95 0.63 0.18
Qcov3PRF-CV  0.33(3) 0.75(3) 0.85(4) 0.63(3) 0.18(3)
PQR 0.50 1.20 1.30 0.80 0.27
PCQR1 0.59 1.56 1.66 1.20 0.40
PCQR2 0.46 1.23 1.33 0.94 0.34
PCQR3 0.44 1.18 1.28 0.92 0.34
PCQR-IC 0.43(5) 1.13(5) 1.25(4) 0.83(4) 0.20(5)

Note: IP growth is equal to the log difference of the current IP and
IP h months before. The sample period is from 2007MO06 to 2023M12.
Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR implementation
with # number of factors, respectively. Qcov3PRF-CV and PCQR-IC takes
into account a maximum of 5 factors selecting the number of factors using
cross-validation and Akaike information criteria, respectively. The number
in parenthesis shows the estimated number of factors determined by these
criteria. The predictors are standardized.

Specifically, this method considers the following optimization problem:

meinz (Q;t+;L\Ft — G (7| Fy; 0))2 , (17)

where G7!(7|F;) are the quantiles corresponding to the the conditional distribution of
Yern given Fy) denoted as G(yiopn|Fy). Adrian et al., |2019 assumed that the conditional

density of v, has the form of a skewed ¢-distribution :

2 (y—p y— U v+1
: i T : 1 18
g(y7u7o-7a71/) o ( o 7”) (Oé o V—|— (y;M)QJV—i_ 9 ( )

where ¢(-) and T'(-) denote the PDF and CDF of the Student ¢-distribution, respectively.
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Then, the estimates 0 = (fitshy Oty Qrny Vesn), Wwhere «v is the skewness parameter and v
is the degrees of freedom parameter determining the kurtosis, are obtained by solving the
problem with the distribution , where the subscripts in the estimated parameters
indicate dependence on Fy, and [i;1n € R, 644 € RY, 444 € R, and 044y € Z1. The
predictions correspond to the quantiles 7 € {0.05,0.25,0.75,0.95} to exactly identify 6.
Once we have estimated a skew-t conditional distribution for the IP growth for each
period, we calculate the expected shortfall (ES) and expected longrise (EL). Specifically,

for a chosen 7 probability the ES and EL are defined as:

EST(Fy) = Elyn|vern <@y, p,)] /G (a|Fy; 0)do,

BLIT(F) = Elanlyeon > Q) un)] =+ / “(a|F,; 6)da
1—7

We estimate the ES and the EL via the numerical integrals of the estimated skewed-
t distributions over o € [0,7] and o € [1 — 7, 1], respectively. Figure [3| presents the
in-sample IP growth ES at 7 = 5% level and the EL at 1 — 7 = 95% level, estimated
with QR with NFCI, PCQR, PCQR and Qcov3PRF. We see that the results from using
Qcov3PRF, again, show the highest heterogeneity between the expected shortfall and the
expected longrise. In particular, the expected longrise is flatter and shows less variation

than the expected shortfall.

[Figure 3 about here.]

For the in-sample evaluation of the expected shortfall and longrise we make use of the
FZ loss function proposed by Fissler and Ziegel, 2016|for the case where the loss function
is homogeneous of degree zero (denoted as FZ0) as in Patton et al., 2019, This is defined

as:
T T 1 T T y | Fe T
Lrzo(Wesn: Qy, 17, EStpn; T) = T I(yen < Qyt+h|pt)(Qyt+h\Ft*yt+h)+}§ts+7’+10g(*Est+h)*1v
t+h t+h
(19)

where ES7,, is the 7-conditional expected shortfall. Since this loss function is only
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valid for positive values of the expected shortfall, we rescale y;p, @ and ES;,

desnl P
by a constant.[] Table 4| reports the in-sample mean of the loss given in Eq. across
alternatives. The results indicate better prediction in both, the expected shortfall and
longrise, when using the conditional quantiles obtained by Qcov3PRF. This suggests
that the larger effects of the financial indicators towards downside economic risks, as can
be seen in Figure [3| are consistent with the financial conditions indices (factors) that
best predict the conditional distribution of the real activity growth (i.e., the correlation
between ES,, and the relevant factors and the NFCI is higher in absolute terms compared

to the correlation between EL, and the indices/factors).

Table 4: In-sample average FZO0 loss for IP growth prediction.

QR with NFCI  Qcov3PRF3  Qcov3PRF-CV  PCQR3 PCQR-IC PQR

h = 3 months
expected shortfall (5%) 2.43 0.95 1.00 1.68 1.63 1.75
expected longrise (95%) 1.70 0.99 1.32 1.46 1.36 1.53
h =12 months
expected shortfall (5%) 2.61 1.56 1.56 1.96 1.99 2.31
expected longrise (95%) 2.13 1.40 1.40 2.04 1.75 1.81

Note: For the expected longrise we consider the FZ0 loss function but evaluated with the negative quantile and expected
longrise of the target. Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR implementation with # number of factors,
respectively. Qcov3PRF-CV and PCQR-IC takes into account a maximum of 5 factors selecting the number of factors using
cross-validation and Akaike information criteria, respectively.

6.2 Out-of-sample prediction of the conditional quantiles (GaR)

and risk measures (Expected Shortfalls)

Table [5| contains the out-of-sample R? with IP growth as the dependent variable for
three months ahead and twelve months ahead, respectively. We present the results for
Qcov3PRF and PCQR for up to three factors, Qcov3PRF with the number of factors
determined by cross-validation for each forecast, PCQR with the number of factors de-

termined by the Akaike information criteria (Bai and Ng, 2002) for each forecast and

"For the case of expected longrise we use Eq. l) evaluated in —y¢yp, —Q;thFt
mirror the conditional distribution of y;4p such that the 1 — 7 expected longrise of y;4, is the T expected
shortfall of —y;yp.

and —ES7,,,, i.e., we
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PQR. We also report the R? from using QR when the predictors are the NFCI, the Risk,
Credit, Leverage and Nonfinancial Leverage, respectively. We consider an expanding
window scheme evaluating the out-of-sample samples 2011M08-2023M12 and 2015M10-
2023M12. Quantiles in the tails are considered with 7 € {0.05,0.10,0.90,0.95} as well as
quantiles near the center of the distribution with 7 € {0.25,0.50,0.75} following Adrian
et al., [2019L

Overall, we can see greater forecasting power of Qcov3PRF compared to other al-
ternative methods. The predetermined indexes perform poorly, with significant power
concentrated in the left tail. Qcov3PRFE exhibits a robust performance across different
quantiles, forecast horizons, and estimation window schemes. In contrast, PCQR results
in several negative R? in the center and right tail of the distribution. This comparison
between Qcov3PRF and PCQR holds in general although we see a drop in performance
in the right tail using cross-validation in Qcov3PRF compared to PCQR using the Akaike
information criteria. This finding can be attributed to the focus of cross-validation in
in-sample estimation rather than out-of-sample prediction. In general, the values ob-
tained by using PQR are lower suggesting the existence of more than one relevant factor
to forecast the target over different horizons and quantiles. All these findings also hold
using a rolling window scheme as can be seen in an additional table shown in the online
Appendix.

Lastly, Table @ presents results for the out-of-sample mean of the loss given in Eq.
across alternatives. While the values presented indicate mixed results and none method
gives the lowest prediction in all cases, Qcov3PRF3 and Qcov3PRF-CV result in more
stable and relative low values in both expected shortfall and expected longrise, with
different forecast horizons and different validating windows. For example, PCQR3 and
PCQR-IC provide good prediction when h = 12, but show very poor performance for the

expected longrise when h = 3.
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Table 5: Out-of-sample R2(%) IP growth with expanding window.

7=0.06 7=0.1 7=0.25 7=0.5 7=0.75 7=0.9 7=0.95
h = 3 months and evaluating over the OOS sample 2011M08-2023M12.

NFCI 15.8 12.2 0.3 -4.9 -5.2 0.5 1.0
Risk 13.2 10.1 -6.4 -11.1 -7.0 0.1 -0.5
Credit 18.9 14.5 6.0 -0.3 -3.0 1.1 3.0
Leverage 18.1 14.2 1.3 -4.5 -8.2 -5.4 -0.8
Nonfin. Lev. 17.2 11.2 4.6 0.7 -1.7 -2.2 -2.1
Qcov3PRF1 19.1 14.9 8.2 2.9 4.1 6.4 10.4
Qcov3PRF2 28.9 23.9 13.6 6.4 2.1 10.2 19.9
Qcov3PRF3 27.2 26.8 14.2 8.8 6.1 14.7 20.0
Qcov3PRF-CV 239 17.3 15.3 7.5 7.0 4.4 10.6
PQR 19.9 14.9 7.8 0.2 2.0 6.6 14.3
PCQR1 17.0 12.8 2.0 -4.8 -7.8 -3.5 -24
PCQR2 20.6 14.0 4.0 -3.9 -2.0 1.8 0.4
PCQR3 20.8 14.0 1.8 -10.6 -14.8 -6.1 9.3
PCQR-IC 20.0 14.9 4.2 -8.5 -6.1 6.7 5.9
h = 3 months and evaluating over the OOS sample 2015M10-2023M12.
NFCI 7.5 6.1 -2.1 -0.1 0.1 0.1 0.4
Risk 6.4 5.8 -6.7 -3.0 -0.2 -0.3 -14
Credit 7.5 4.6 14 1.9 0.1 0.5 2.7
Leverage 9.8 10.1 0.4 1.2 -0.1 -1.7 0.9
Nonfin. Lev. 7.0 1.3 0.7 2.6 1.0 -1.6 -2.7
Qcov3PRF1 11.3 8.2 3.8 4.2 4.9 3.0 8.7
Qcov3PRF2 18.0 11.7 5.8 7.0 3.1 9.7 20.0
Qcov3PRF3 14.4 15.0 6.3 8.3 6.8 13.6 21.6
Qcov3PRF-CV 10.4 3.4 6.2 4.7 7.1 1.9 8.5
PQR 13.1 8.5 3.3 3.6 3.9 4.4 14.1
PCQR1 8.1 6.6 -0.5 0.5 -0.2 -0.3 -0.8
PCQR2 9.0 2.7 -1.3 0.8 2.7 0.5 -1.2
PCQRS3 9.2 2.4 -3.6 -8.1 -10.4 -6.7 11.2
PCQR-IC 8.8 2.3 -3.4 -5.6 -3.0 7.9 9.6
h = 12 months and evaluating over the OOS sample 2011M08-2023M12.
NFCI 24.8 20.4 -4.1 -2.6 0.1 7.1 13.3
Risk 17.2 13.7 -1.9 -6.1 0.1 3.9 8.8
Credit 30.9 24.5 -4.5 0.9 0.3 8.3 15.8
Leverage 26.6 25.7 2.5 -2.6 -1.4 -0.2 10.4
Nonfin. Lev. 33.8 33.0 13.8 3.1 -1.2 2.3 7.3
Qcov3PRF1 30.7 24.9 12.7 7.7 13.0 17.4 20.4
Qcov3PRF2 40.1 40.8 21.9 14.4 23.6 23.7 28.7
Qcov3PRF3 37.5 46.1 26.3 21.6 24.0 28.3 28.8
Qcov3PRF-CV  41.2 39.9 21.4 17.5 17.0 17.4 23.5
PQR 35.5 29.8 6.6 5.3 10.1 15.3 17.6
PCQR1 24.1 20.9 -7.3 0.8 -0.1 0.1 8.7
PCQR2 36.6 31.9 5.3 4.0 4.9 9.2 3.2
PCQR3 38.4 32.8 8.4 7.5 11.0 26.0 27.7
PCQR-IC 37.4 32.2 6.7 4.8 14.8 29.5 31.0
h = 12 months and evaluating over the OOS sample 2015M10-2023M12.
NFCI 7.9 -2.7 -4.9 1.1 0.1 1.0 5.4
Risk -0.3 -9.5 -2.1 -1.0 -0.1 -4.7 -1.6
Credit 14.8 2.2 -10.6 3.3 0.5 3.4 10.1
Leverage 14.8 10.2 9.8 0.2 -0.3 -0.1 7.3
Nonfin. Lev. 24.9 19.7 18.3 11.8 2.9 -6.5 -3.7
Qcov3PRF1 17.1 7.3 7.5 3.9 10.2 9.4 12.1
Qcov3PRF2 18.9 18.4 6.9 10.2 21.8 14.8 20.6
Qcov3PRF3 19.6 23.9 14.7 18.3 20.9 19.9 20.5
Qcov3PRF-CV  20.8 16.8 8.0 12.1 10.5 4.6 13.7
PQR 18.4 8.7 3.5 5.7 7.0 8.3 9.3
PCQR1 10.0 0.7 -2.8 6.6 1.1 -0.4 6.1
PCQR2 19.2 6.5 -9.2 -0.2 0.7 -2.4 -10.9
PCQR3 21.9 8.3 -4.5 5.0 9.0 21.4 21.6
PCQR-IC 21.8 9.8 -4.3 4.9 13.7 25.4 29.1

Note: The out-of-sample R2 is reported. It evaluates the performance using the samples
2011M08-2023M12 and 2015M08-2023M12. The variables Risk, Credit, Leverage and Nonfi.
Lev. consider a subgroup of indicators that construct the NFCI that do not overlap. The IP
growth is equal to the log difference of the current IP and the IP A months before. Qcov3PRF#
and PCQR# denote Qcov3PRF and PCQR implementation with # number of factors, re-
spectively. Qcov3PRF-CV and PCQR-IC takes into account a maximum of 5 factors selecting
the number of factors using cross-validation and Akaike information criteria, respectively. The
predictors are standardized.
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Table 6: Out-of-sample average FZ0 loss for IP growth prediction.

QR with NFCI  Qcov3PRFEF3  Qcov3PRF-CV  PCQR3 PCQR-IC PQR

h = 3 months and evaluating over the OOS sample 2011M08-2023M12.

expected shortfall (5%) 2.71 2.48 2.53 2.44 243 2.53
expected longrise (95%) 2.36 2.31 2.29 2.94 4.10 2.23
h = 3 months and evaluating over the OOS sample 2015M10-2023M12.
expected shortfall (5%) 3.04 2.83 2.90 2.73 2.69 2.75
expected longrise (95%) 2.58 2.51 2.50 3.45 5.18 2.34
h =12 months and evaluating over the OOS sample 2011M08-2023M12.
expected shortfall (5%) 3.00 2.64 2.60 2.68 2.68 2.73
expected longrise (95%) 2.56 2.49 2.49 2.49 2.45 2.73
h =12 months and evaluating over the OOS sample 2015M10-2023M12.
expected shortfall (5%) 3.27 2.85 2.93 2.91 2.86 2.99
expected longrise (95%) 2.74 2.70 2.69 2.66 2.55 3.03

Note: For the expected longrise we consider the FZ0 loss function but evaluated with the negative quantile and expected lon-
grise of the target. It evaluates the performance using the samples 2011M08-2023M12 and 2015M08-2023M12. Qcov3PRF#
and PCQR# denote Qcov3PRF and PCQR implementation with # number of factors, respectively. Qcov3PRF-CV and
PCQR-IC takes into account a maximum of 5 factors selecting the number of factors using cross-validation and Akaike
information criteria, respectively.
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7 Conclusions

We have proposed a new method called Qcov3PRF that estimates the conditional quantile
of a target variable with a large set of predictors by incorporating a quantile-covariance
concept. Qcov3PRF exploits the quantile-covariance (gcov) between the target and the
predictors in a similar way as 3PRF (or PLS) exploits the covariance between the tar-
get and predictors to obtain the conditional mean forecast of the target. In particular,
gcov permits us to run time series least squares regressions of each regressor on a set
of proxies indexed to a specific quantile of the target that only depend on the target’s
relevant factors. These proxies are automatic in the sense that always can be constructed
with only the target and predictors. Without qcov, running quantile regressions of each
predictor on proxies is not appropriate because regressing each predictor on the proxies
would give the predictor’s conditional quantile and not the target’s quantiles. Then, as
a consequence of running a quantile regression of the target on each predictor, only one
factor is recovered with PQR. Our approach differs from PQR as Qcov3PREF successfully
allows the estimation of more than one relevant factor.

Qcov3PRF demonstrates strong forecasting performance, often superior to alterna-
tives, across simulation specifications. Moreover, Qcov3PRF results in superior per-
formance in an empirical application consistent with the the recent literature on GaR
(Adrian et al., [2019| and Giglio et al., [2016)) when exploring in-sample and out-of-sample
evaluation in different forecast horizons using the target’s predicted conditional quantiles
and some risk tail measures constructed with these conditional quantiles. We also showed

asymptotic properties of the resulting forecasts.
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number of factors determined by AIC, (¢) Quantile Regression with NFCT as a regressor, and (d) PQR.
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In this appendix in Section we list the required Assumptions for Qcov3PRF not
presented in the main text. Section contains the mathematical proofs of the main
results and auxiliary lemmas. In Section we go into detail about how Qcov3PRF
and PLS are related. Just like Kelly and Pruitt, 2015/ showed that PLS is a particular
case of 3PRF, we justify that Qcov3PRF contains a suitable extension of PLS designed
for conditional quantile forecasting which maximizes the gcov between the target and the
predictors. Section shows additional simulations concerning the consistency of the
forecasts using Qcov3PRF, and Section shows further results from the the empirical

application presented in the main text.

A.1 Assumptions

In addition to Assumption 1, in this section we state the following Assumptions needed
for the estimation of Qcov3PRF. These Assumptions come from standard factor models

estimation, the method 3PRF and quantile regression.
Assumption 2. (Prediction Stage)

1. Let 0 <m < M < co. The conditional density of uiy1 given Fy denoted as hr(uiy1|Fy):

*Economics Research Division, Bank of Mexico, pedro.chavez@banxico.org.mx
"Department of Economics, University of California-Riverside, taelee@Qucr.edu



(a) is continuous.
(b) m < h:(uy1|Fy) < M for all t.
(c) hr(uit1|F¢) is Lipchitz continuous, i.e.,
[P (1| Fe) = hr (g [Fe)| < Mlugpr — gy | for all .

2. Elur1) < M and T F'TrFh, (0[F) —— Ay > 0.
—00

Assumption 21 allows for a bias representation of the quantile regression in the pre-
diction stage following Angrist et al., 2006, along with Assumption [2}2, we can show the

consistency of the conditional quantile forecasts if F'; were known.
Assumption 3. (Factors, Loadings and Residuals). Let M < oo. For any i,s,t
1L E|F* <M, TS Fy—"— pp, T'FJIpF L Ap,
T—o0 T—o00

2 Elpllt <M, NN ¢ L pg, NTI@InE T Ag,
N—o0 N—o0

N7'®' Tndy —— Ay,
N—o00
3. E(ey) =0, Elex|® < M, and ey is independent of Fy(m).

4. EBllag|[* <M, T2V w,=0,01), T 'wJrw —L— A,

T—o00

-1 T p —1ay/ p
T zszl‘l’sm uw#O, T ‘I"I’mAw,
5. &1 1s independent of ¢i(m), Fy(m) and e;.

6. (Yi+1,€t, Ft) are strictly stationary, ergodic, for somer > 4, E|ly1|" < oo, E||Fy||” < oo,
and E||e||” < oo, and the mizing coefficients for (yii1,€t, Fi) satisfy S oo, a(0)' =" <

Q.

Assumptions[3] 143]3 are the same considered by Bai and Ng, [2002], Bai, 2003 and Stock
and Watson, 2002, Assumption [3l4 is required in 3PRF for conditional mean forecasts,
and it is also required in Qcov3PRF because this method uses proxies to extract the
factors following a similar equation but now assuming additionally finite first and second

moments for the random matrix ¥,. The moments of the proxies noise w; are bounded



in the same manner as the bounds in factor moments. Assumption [3|5 is required to
show consistency of estimators of factors and loadings, and asymptotic normality of the
forecasts. Assumption [3/6 is required for the central limit theorems of the vector series

Fe;; and Ft¢r(ut+1)-
Assumption 4. (Dependence) There exists a constant M < oo and for any i, j,t, s,my, ma, M3

1. E(enejs) = Oijus, |oijis| < Fijy  |oijus| < Grs, N1 Zf,vjzl gij <M,

T Y 100 <M, and  N7VY, ol < M,
2. BINTVATV2 5 Sk [eisein — Blsisca)]l® < M,
3. wy is independenﬂ of Fy(my),
4. E]T‘1/2 Zg‘rzl wi(my)ex]? < M,
5. BTV S0 w3 (my, ma)wd(ms)| < M and BT~ Y 97 (ma,mo)&2, | < M.

As in 3PRF, we allow some degree of cross sectional correlation and serial depen-
dence in the factor structure through Assumptions [1442. This follows the work of
Chamberlain and Rothschild, 1982 and Stock and Watson, 2002. Assumption 43 is
stronger than what is required in Kelly and Pruitt, 2015 we can relax it with the as-
supmtion E|F?(my)w?(ms)| = E|FZ(m)|E|w?(m2)|. In Assumptions 445 some proxy

noise dependence with idiosyncratic errors and the error term is allowed.
Assumption 5. (Normalization and orthogonalization). For any mq, my:
1. Apg =1, A1 =0,
2. Ar is diagonal, positive definite, and each diagonal element is unique.

3. [y is independent of g;, for j = Kj+1,..., K.

1Tt can be shown that E|T~/2 37 F,(my)wi(ms)[> < M for all my and mg, by this independence
assumption and by Assumptions 1 and 4.



Assumptions 5] 1 and [5}2 give a unique representation of the latent factor and factor
loadings in the same way as in Kelly and Pruitt, 2015, They select a normalization
such that the covariance of predictor loadings is the identity matrix, and the factors
are orthogonal to one another. In addition, we require independence between relevant
and irrelevant factors as it allows the estimation of feasible covariance matrix estimate
regarding asymptotic normality of the forecasts.

It is worth to mention that Assumption 4 in Kelly and Pruitt, 2015, which contains
the central limit theorems, is not explicitly assumed in this article although it is required
in almost all proofs for the main results in 3PRF. The reason is that that Assumptions
2L Bl1 and 316 imply Assumptions 4.2 and 4.3 in Kelly and Pruitt, 2015/ under prediction
equation (8). Assumption 4.1 in Kelly and Pruitt, [2015| is implied by Assumptions [3|2,

Bl3 and [ 1.

A.2 Proofs and additional lemmas

In this section we provide the proofs of the main results of the paper and auxiliary
lemmas. Lemma [I| provides additional results to Lemma 2 in Kelly and Pruitt, 2015
required to show consistency and asymptotic normality of the estimates by considering
the proxy equation (7). Lemma 2/ and Lemma [3| are similar to Lemma 3 and Theorem
6 (with the corresponding normalization Assumption) in Kelly and Pruitt, |2015. The
proof of Theorem 1 is very similar to Theorem 1 in Giglio et al., 2016l Lemma[d] Lemma
[, Theorem 2 and Theorem 3 are new.

The following lemma gives asymptotic orders, additional to Lemmas 1 and 2 in Kelly
and Pruitt, 2015, used to show the asymptotic limits of the factors and factor loadings.
They are a generalization of some results in Lemma 2 of Kelly and Pruitt, 2015/ using

F ;- instead of F' under Eq.(7).



Lemma 1. Let Assumptions 1,[3 and[f] hold. Then, for any m, m, ms as N,T — oo
1. T7'V2F. (m)Jrw = O,(1)
2. T7V2F . (m)Jr€ = O,(1)
8. N7'T71®' Jne' JrFy(m) = O,(dny)
4. NTIT32F) (my)Jred ye' JpF g (s) = O, (657
5. N30 Jred ye' T F oy (M) = O,(05)
6. N'T7'PF,.(m)Jred ve, = Op(0nr)
7. NTIT=32¢ Jred ne' JpF g () = O, (6x1)

where oy = min(v/N,VT) and Fy-(m) = [Fiabi(m), ..., Fabi(m)], i (m) denotes
the mth row of matriz ¥y,

P; = [1/% OK;X(K—K;)QO(K_K;)xK; O(K—K;)x(K—K*)], t=1,...,T.

Proof. Item 1: The object of interest is a K x K} matrix, for each entry (my,mg) we

have:

E [TV F). (m,my)Jrw(ms)’] = T71Y R [0 (m, mi)F} (ma)w; (ms)]

T E[F(m)*g(m,ma)] | | T ZE[wE(mz)]]

= TS B[R (m)|E[;2 (1, my)w? (ms)]

T ELF (ma) B[ (m, my)]

= Op(1)7

o ZMw?(mz)]]

by Assumptions [31, 3|4, []3, 415 and since the second moment of 1), is bounded from

above.



Item 2: The object of interest is a vector of size K, for each element m; we have:

E ([T 2F,.(m,m)Jr€)’] = T~ ZJE m,ma) 7 (ma)&7, ]

Z]EFt m1 mm1

Y B

— 7! Z]E [E7 (m)|E[Wr? (m, my &7 ]

ST EIF2 (m) B[ (0, my

= Op(l)a

Y El¢]

by Assumptions [3|1, 85, 3|6, [45 and since the second moment of 1), is bounded from
above.

Item 3: The object of interest is a K x K} matrix, for each entry (my,my) we have:

N Z ¢i(ma) Fyey(myma)ey — N2T7! Z ¢i(ma) Fy- 1 (M, ma)ej

it 1,5t

—N~'T? Z ¢ (m1) Fye (M, ma)ej + N 72T 2 Z Gi(my) Fye (M, ma)ejy
j757t i,j,s,t

=31+311+3111+3.1V,

3.1 = N_IT_IZ¢i(m1)Ft(m2)¢f(m,m2)5it

it

1/2
< 772 (N_IZ@(ml)z) N_lz

7

T2 " cuFy(mo) gy (m, mo)
t

= OP(T71/2)7

where the inequality holds by the Cauchy-Schwartz inequality, and the second equality

holds by Assumption 2 and by invoking the central limit theorem between €; and F'y-



given Assumptions 3|1, 3|3 and [3]6.

311 = T (Nl Z ¢i(m1>) (Nl Z T Z ey (ma)f (m, m2)>

= OP (T71/2)7

by Assumption .2 and by invoking the central limit theorem between e; and F'y«(m).

311 < N7'/2 <T1 Z vy (m, mg)Fs(m2)> (Tl Z N2 Z 5jt¢i(m1)>

= OP<N_1/2>7

by the Cauchy-Schwartz inequality, Assumptions 1 and [3]1 and by invoking the central

limit theorem between e; and ¢ given Assumptions [3|2 and [3]3.

3.0V < T7YANTU2 (N_lqui(m1)> (T_lzw:(m,mg)Fs(m2)> (T—l/QN—l/zzgjt>
i s Jit

_ Op(Tfl/szl/z)’

by the Cauchy-Schwartz inequality, Assumptions 1, [3}1 and [3]2 and Lemma 1.3 in Kelly
and Pruitt, 2015. Summing these terms we get that Item 3 is O,(dy%).

Item 4: The object of interest is a K x K matrix, for each entry (my, ma, mg, my) we



have:

N-IT=3/2 Z sz*,s(ml)gi,sgi,tFw*,t<ml7 ms)

1,8,t
_N71T75/22 Z Fw*,s(m% ml)gi,sgi,tpw*,u(ma mZ)
2,8,t,u
+ N2 Z Fyr (M1, ma)ei1€i 0 F oy o (Mo, mo)
2,8,t,u,v
+N72T73/2 Z Fw*7s(m1, m1)81738j7tp¢*7t (mg, mg)
9,7,8,t
—N72T75/22 Z Fw*,s (ml, m1)€i758j’tF¢*7u(m2, mg)
2,7,8,t,u
—N72777/2 Z Fyr (M1, mq) €546 0 Fyr o (M2, M)

l’y’s?t7u’v

=40 — - —4VI,

4] = T2

N1 Z (T_1/2 Z Ys(ma, ml)Fs(m1)5z‘,s) (T_1/2 Z Yy (Mo, m2)Ft(m2)5i7t>]

(2

= OP(T_1/2)7

by invoking the central limit theorem between e; and F'y«(m).

411 = (T_lsz(mg,mQ)Fu(mg)) Ty (N—IT—V?Zw;(ml,ml)Fs(ml)gi,sgi,t>

t
= Op(aﬁé“)a

by Assumptions 1, [3}1 and a slight modification of the result of Lemma 1.12 in Kelly and
Pruitt, 2015, This modification involves the use of the Cauchy-Schwartz inequality and

the fact that the first moments of the variable 1), are bounded and it is independent of



F,, which leads that the term N~'7~1/2 > i Ui(my, my)Fo(my)ei g€t is O ()

4111 = ( Zw my, my)F. ) ( ZN L= 1/22817&8@11)
(T_l > i (ma, m2)Fv(m2)>

= Op(51:f%r)>
by Assumptions 1, [3]1 and Lemma 1.10 in Kelly and Pruitt, 2015,

4]V = T2

Nt Z (T_1/2 Z Yi(my, m1)Fs(m1)€i,s>
N7 (T1/22¢5(m2,m2)ﬂ(m2)€j,t>]

J

= OP<T_1/2)7
by invoking the central limit theorem between e; and F'y«(m).

4V = NV

N~ Z (T_1/2 Z Vi (ma, ml)Fs(ml)ﬁz‘,s> (N_I/ZT_1/2 Z 5j,t>
s 75t

i

(Tl Z v (ma, m2)Fu(m2>>]

_ Op(]\ffl/ZTfl/Z)7

by invoking the central limit theorem between e; and Fy-(m), Assumptions 1 and .1,

and Lemma 1.3 in Kelly and Pruitt, [2015]

4VI = N-'p-1/2

(T_l > i (m, ml)Fs(m1)> (N_I/QT_I/Z > 5“)
<N1/2T1/2 Z €j,u> ( Z (Mg, my) (m2)>]

= OP(N_IT_1/2)7



by invoking the central limit theorem between e; and F-(m), and Lemma 1.3 in Kelly

and Pruitt, 2015. Summing these terms we get that Item 4 is O,(0yr).

The proof of Item 5 follows the same argument as Item 4 but replace where appropriate
ws(m) for Fy« s(m,m), Lemma 1.13 in Kelly and Pruitt, 2015 for Lemma 1.12 in Kelly
and Pruitt, 2015, and changing the use of central limit theorem between e; and Fy-(m)
by Assumption .4. Then, Item 5 is O, (5y7).

Item 6: The object of interest is a vector of size K, for each entry mth we have:

NPV (i, m) Fy(m)e seip — N72T7Y2Y " i(m, m) Fy(m)e; 25

%,8 4,7,
NNy (m, m) Fy(m)eiueie + N2 b (im, m) Fy(m)e s
©,8,U 1,7,S,U

=61+611+611]+6.1V,

6.1 = Op(ég,%p) by Assumptions 1, .1 and a slight modification of the result of Lemma

1.12 in Kelly and Pruitt, 2015

6.1 = N2 [N‘lz (T—WZ@b;(m,m)Fs(m)%H (N—1/225j7t>

= OP(N_l/Q)a

by invoking the central limit theorem between €; and F'y« and Lemma 1.3 in Kelly and

Pruitt, 2013,

6.111 = (lezp;(m,m)Fs(m)) <N1T1/2Zgi,uai,t)

= Op((SJ:/lT)v

10



by Assumption 1 and [3]1, and Lemma 1.10 in Kelly and Pruitt, [2015.

61V = N (lew;‘(m,m)Fs(m)> (Nl/ R ZZ%> (N WZ%)
s (A J

= OP(N_1)7

by Assumption 1 and [3]1, and Lemma 1.3 in Kelly and Pruitt, 2015/ Summing all the

terms we obtain that Item 6 is O, (5y}).

Item 7: The object of interest is a vector of size K, for each entry mth we have:

N-IT—3/2 Z Fy« s(m,m)e; s€i €41 — NIT=3/2 Z Fye s(m,m)e; s€i1&ut1

’l:,S,t i,s,t,u

+N71T75/2 Z Fw*’s(m, m)si,tgi,ufqul + N71T77/2 Z Fw*7s (m, m)€i7t€i,u£v+1
1,8,t,u 2,8,t,u,v

—NTTPN " Fpe o(mym)eisejaben + N2T2 N ° Fye (M, m)e; o&50€us
i,j,s,t i,j,S,t,u

+ N2 Z Fye s(m,m)ei € ubusr — N2 Z Fye s(m, m)ei € ubor
i,j,s,t,u i,j,s,t,u,v

=71—---—=7TVIII,

70 = T2

N Z (T_1/2 Z v (m, m)Fs(m)5i15> (T_1/2 Z §t+1€z’,t>]

i

= Op(Til/ZL

by invoking the central limit theorem between €; and F'y-, and Lemma 1.5 in Kelly and

Pruitt, 2015,

T o= T (N*T‘”QZw;‘(m,m)Fs(m)si,ssi,t) (T‘”Z&m)

= O,(T™"55y),

11



by a slight modification of the result of Lemma 1.12 in Kelly and Pruitt, 2015/ and Lemma

1.4 in Kelly and Pruitt, 2015.

TIII = (T—lzw;‘(m,m)Fs(m)) (N‘IT—?’/QZ@HsZ-,uai,t)

2t
= Op(éxé“)a
by Assumption 1 and [3]1, and Lemma 1.11 in Kelly and Pruitt, [2015.

71V = T2 <T1 > wi(m, m)Fs(m)>

= O,(T2yy),

71 Z <N1T1/2 Z 5i,t5i,u>

t

<T1/2 Z §v+1>

by Assumption 1, [3}1, Lemma 1.10 and Lemma 1.4 in Kelly and Pruitt, [2015.

TV o= NPT

N7 Z <T_1/2 Z Vi (m, m)Fs(m>5z‘,s>] (N_I/QT_I/Q Z €j,t§t+1>

i

— Op<N_1/2T_1/2),

by invoking the central limit theorem between e; and F'-(m), and Lemma 1.6 in Kelly

and Pruitt, 2015.

TVI = N-V2p-t

N1 Z (T”Q Z v (m, m)FS(m)ei,s>]

% s

(N—1/2T—1/2 Z €j,t> (T—l/z Z §U+1>
It v

= OP(N_I/QT_I)a

by invoking the central limit theorem between €; and Fy«(m), Lemma 1.3 and Lemma

12



1.4 in Kelly and Pruitt, 2015|

TVII = N'T7\/? (lew:(m,m)Fs(m)> (N1/2T1/2Zei,t>
s it
(N_1/2T_1/2 Z €u+15j,u>
Ju

= OP(N71T71/2)7

by Assumption 1, [3}1, Lemma 1.3 and Lemma 1.6 in Kelly and Pruitt, [2015.

TVIII = N7'T7! <T1 > wi(m, m)Fs(m)) (N1/2T1/2 > gi,t>
s it
<N1/2T1/2 Z 5j,u> <T1/2 Z fvﬂ)
Ju v

= Op(N_lT_1)7

by Assumption 1, [3]1, Lemma 1.3 and Lemma 1.4 in Kelly and Pruitt, 2015. Summing

all the terms we obtain that Item 7 is O,(6yr)- O

Lemma 2] provides asymptotic limits of the estimates for the relevant factors and their

corresponding factor loadings.

Lemma 2. Let Assumptions 1@ hold. Then, the probability limits of &, and F, are:

B, —L— (ApAp A+ ATA) Ay ®) and

T,N—o0

Fo =2 (AuALA +ATA) (myApAL) AL = HLF,

T,N—o0

where f, is the part of F; corresponding to Aj. such that A;F, = [As;, O|F; =
As-f, 0], <i>f77 are the corresponding loadings of f,, and Ay is the covariance ma-
triz of f,.

Proof. The proof makes use of the closed form expression of ®, and f (Eq.(16)), and

13



Assumptions[dland o] It is similar to Lemma 3 in Kelly and Pruitt, 2015, and it is further

simplified by Assumptions 1 and [5] Specifically,

1

F, = T7'ZJrZ,. (N'T?Z,Jr XINX'JrZ,) N'T7'Z JrXJyw,

- FAFglﬁ’C’t.

Handling each of the three terms separately we obtain the following.

A

F, = T'ZJ;Z,
= A (T'FyJoFy ) A+ A (T7'F . Jpw) + (T JpFy ) AL+ T Jrw

—— A Var(Fy )AL+ A, = A ApAp AL+ Ay = [ApApAyA,  + A, 0].

T,N—oo

14



N 'T2Z Jr XInX'JrZ.,

_l’_
>
ﬂ
8
3
!
i
S
!
L]
<
P4
m\
S
S~
£

(
(
(

+ (T7'W'JrF) (NT'T'® T yed rw)
(NT'T'w' T redy®) (T F'JrF ) A
(NT'T7'w'Iredy®) (T7'F'Jrw)
(NT'T2W' Jred yed rFy) AL
(

+ N_IT_Qw’JTeJNeJTw)

— 5 A E(F JrF)° A = A ATl AL = [Ap, A% pi A

T,N—oo

15



Fo, = N'T7'Z Jr X Jyz,

= A, (T'F).JrF) (N'®'Jney) + A, (T7'F.JrF) (N'®'Jy®) F,
+A. (T7'F.JoF) (N7'®' Jye,)
+A. (NT'T'F.Jredngy) + A (NT'TFy. Jredno) Fy
+A, (NT'T'F). Jred yey)

+(T7'W I F) (N7'®' T ygy) + (T JrF) (N7'®' T y®) F,

+

(

+ (T 'w'JrF) (N'®'J yey)
(N'T'w'Iredney) + (N 'T'w' JreJ v @) F,
(

N
-+ N_lT_lw’JTsJNet)

ﬁ} AE(FyJrF)Fy=ApyApF = [AppyAp f, 0]

Each convergence result follows from Lemma [, Lemma 2 in Kelly and Pruitt, 2015
and Assumptions 1 The convergence of F, is obtained after applying the continu-
ous mapping theorem. As &, = F, (T~'Z’.J;X) and since plimy o T7'Z I X =
Arpry Ap® = [Af pyAp, @, 0], we obtain the convergence result for @, by the

above results and lemmas mentioned, and the continuous mapping theorem. O

Proof of Theorem 1. Following Lemmal[2], the relevant factors estimated in Pass 1 and
Pass 2 are asymptotically relevant for the quantile linear model in Pass 3. Let us now
consider the prediction stage of Qcov3PRF such that the optimal coefficients are given
by:

1

T
(Bo.r, B;) = arg min T Z pr(Yer1 — Bor — 5},Tft)'
BO,T:ﬁf,q— t=1

Since f, linearly depends on the vector ( ft, }'t — H . f,), a regression that considers this

vector nests the correctly specified quantile forecast regression. Using Corollary 5.12

16



in White, 1994] and the equivariance properties of quantile regression we have that the

regression coefficients which solves:

T

. . . 1 N N

(BO,T?ﬁT?ﬁl,T) - aggﬁn,[;ln ? § Pr (yt—i-l - /60,7' - ﬁ/fﬂ—ft - ﬁll,r(ft - HTft)) )
0,221 t=1

are such that,

VI(B, = By H) 7 N(0,3p). (A.21)

Now, from Theorem 1 in Angrist et al., 2006 we have that,

T -1 /7
B, =B+ (Z ff) (Z af B, (fi - HTm) , (A.22)

t=1 t=1

where ¢; = 5 fol h, (u(BT f,— B 1)l ft> du. Also, we can rewrite the forecast error as

follows:

Al A Al A

B.f,— B fi=B.(f,— H.f) + (B, - 8, H,YH., f,.

What remains to find is the convergence order of (B/T — B}, H."). From Eq.(A.22) we

get:

T -1 T
B, B = (F )+ (% 3 ff) (% S B, Hff») |

t=1 t=1

Now, let us focus on the numerator of the second term in the previous expression and

17



use }'t = }'t —H.f,+ H.,f, then we get:

T

Z t-ftﬁl‘r HTft) = 5N2TTZCt5NTf HTft)IB/l,T(;NT(}t_HT.ft)

t=1 t=1

1 & y .
+5;7;? th(HTft)lgl,TéNT(ft - H‘f'ft)
t=1

T
= W vty - HefOVT (B, 8 Jowe(, ~ Hef)

T
—HSJTfTT ZCt(SNT f Hfft)ﬁi,ffsNT(}'t - H.f,)

S 2 e H FOVT (B, = B e (F — H£)
t=1

T
o S0 e H£)B conr (o~ H£,)

t=1

= 70T 12) + 6370, (1) + 05 70p(T /%) + 6570,(1)

+0

= OP@XT%’)?

where dyp = min(v/N, T). The above result implies that (B,T —B) H ') =0,(T ')+
Op(l)op(5]:f17’) = Op((sxf%F)' Therefore, Bfft_ﬁ/f,rft = Op(l)op((sgf%ﬁ+Op(5]:fé“)0p(1) =

O, (Sy7)- O

To show the asymptotic normality of the infeasible quantile forecasts we need to make

use of the following lemma, whose proof is similar to Theorem 6 in Kelly and Pruitt, [2015.
Lemma 3. Let Assumptions 1{9 hold. We have for all t,

(i). If VN = o(T) or N = O(T) then:
\/N[ft—ﬁrft] ﬁN(O,pIimEf).

(ii). If T = o(/N) then:

Where

-1
phmE (AwAfAf TAfT + A ) (uprTA?A;) H¢ATAfE¢EAf-A;u¢

18



(n2A,8207) " (AA AL+ AL and H, = FuF ) NTT' 2T X Ty @,
with By =TZ JrZ, and Fg = N'T2Z J: XJINX'JrZ., and a feasible estima-

tor for the covariance matriz X is given by:

Sy = (T7'Z,J7Z.) (N'T2Z.Ir XINX'JrZ,) (N—2TQZ;JT}Z&;T,ié?t}'JTZT>
i

(NT'T2Z I XINX'IrZ,.) (T7'Z.JrZ,),

where f and qAbf,T are the relevant factors and loadings estimates obtained by QQcov3PPRF

and &y =y — Py .

Proof. By Eq.(16), we obtain that (omitting the constant term):
F,— H.F,=F, b, N'T7'Z' J: X J ye,.

Then, to find the asymptotic distribution of the term F, — H,F; we can focus on the

term N~'T1Z' J; X J ye; which results in the following:

NIT'Z JrXJIye, = A(T'F.JrF)(N7'®' Jyey)
+ AT(N_lT_lF&,*JTsJNet)
+ (T7'WJrF)(N '@ Jye;)
+ (N YW Tred yey)
= O,(N"V2) + O, (35T + O, (NTV2T712) 1+ 0, (5357712

= O,(N"2) + 0, (63T 1?),

where the third equality follows from Lemma [l|and Lemma 2 in Kelly and Pruitt, 2015.
Case (i) follows if the first term is the dominant, i.e., v/N/T — 0 and applying the contin-
uous mapping theorem. When liminf v N/T > x > 0, we have N'T~1Z" J; X J ye, =

O,(1) by the continuous mapping theorem. The expression for the asymptotic covariance
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matrix plim X is the asymptotic limit of the covariance estimator ) # whose consistency
can be verified by Lemma [I] Lemma 2 in Kelly and Pruitt, 2015/ and the asymptotic

limits derived in Lemma 2l m

Proof of Theorem 2. Without loss of generality, let us assume that the target variable

does not have an intercept. We can rewrite the forecast error as follows:

Al oA AR ~ ~
IBTft_/g,fﬂ'ft = /67—ft_BIf,TH;lft—i_/B},TH;lft_IBIf,T-ft

_ Y, -1 }t ﬁ;‘,rH;l _
- ﬁ(BT Bf,THT )ﬁ+ \/N \/N(ft HTft)'

Since,

T -1 T
(B; — B}TH;l) = (IB/T - ﬁ/fTH;l) + (% Z Ct.;ct}‘;) (% Z Ct}tB/LT(ft - HTft))

t=1 t=1

= (B, - B H)+T" 1L

We have that:

1/2

IN

1/2 T
‘ ’ — Tzct T2 ZH-ft”
t=1
O
O

where the second inequality is due to Cauchy-Schwartz inequality and the last inequality
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holds by Assumption [3}1 and Lemma [2] For the numerator term we get that:

m < TQZ thtf T(3,, — 81, VN (F.H, - Tgﬂhzctftf Fo—H.f)

IN

T 1/2 ) 1/2 LT 1/2
VB, — 81l (Tch) (T;um) ( SN Hfm)

t=1 t=1

1/2 1 T 1/2 T 1/2
Nl/QTl/Quﬁhu( zct) ( zw) ( SN Hft»z)
1

t= t=1
_ Op(Nfl/ZTfl/Z)

Nl =

= oy(1),

by Cauchy-Schwartz inequality, Assumption 2] Assumption[31, Lemma[3]and the asymp-
totic normality of linear estimates in quantile regression. Then, by the continuous map-

ping theorem, we have:

o ., 1 H! .
Bb Bt = VT, — 8, T g VN~ Hof) +0,(1).

Since

VT(B, - B;.H;') —~— N(0,plim3),
d N, T—00

by Lemma .i and Eq. 1) where X j 18 defined in Lemma |3| and

plim 23 = E[h7(0|ft)ftf;t]ilE[’fT(U%-H)ftfé] [r (O ) e f) f hE[HT(u%ﬂ-l)ftf;]Af_'}L which
is feasible by Assumptions , .1, .5 and .6. Since v/ N ( ft — H . f,) depend on €;,, and
VT (BT —B;.) depend on w1, both terms are independent. It follows that ,@; }'t — ,8}7 e

is asymptotically normal with estimated variance V, = %B;(E 7) B, + + f;(E 5.) f, given

that B8, = B, + 0,(1). O
The following lemmma states that, in a univariate quantile regression, the gcov be-
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tween the target variable and the error term is never zero and it is a function of the
optimal linear coefficient. This lemma is a key result to justify the necessity of generat-
ing exactly K} automatic-proxies in Qcov3PRF instead of only Ky proxies as we show in

the proof of Theorem 3.

Lemma 4. Consider the quantile regression y = by, + b, f + u™ and let (b, ,b%) =
argming, 4, E[p(y — bor — b-f)]. Suppose that f and u have a joint density and E[f?] <
0o. Then, qcov.(y,u) = v, (b%) where v,(+) is a continuous function and v, (b%) # 0. If

bor = 0 and b, > 0, then v,(+) is a decreasing function. If by, = 0 and b, < 0, then v,(-)

s an increasing function.

Proof. For a,b,c € R, denote the function h(a, b, c) as follows:

h(a,b,c) = Elp.(cu— by, — b, f)]
= E[(cu—boy — b f) (T — I(cu < byr + b-f))]

0 bor+by f
= 7/ (cu — byr — by f)h(u)du — / . (cu — byr — b f)h(u)du

bor+br f
= (r—-1) / (cu — bor — by f)h(u)du + 7'/ (cu — bor — by f)h(u)du.

o bOT +b‘rf

It is known that (Do, br, ¢) is a convex function in by, and b with limgp 2,0 h(bor, b, ¢) =
+0o. Applying the Leibniz rule we obtain the first order derivatives of h(bg,, b,,c) with

respect to by, b, and ¢, respectively as follows:

h(bor, b bortbrd -
Oh(bor, b, c) = —(r-— 1)/ h(cu)du —7-/ h(cu)du
abOT b07+b7'f

—00

= —E[r — I(cu < by, + b, f)]

= _E[K'T(C - bOT - be)]a (A23)

22



ah’(bOT7 b’T‘? C) = _(r— rortted . culdu — T - . cu)au
ot — e [ b - [ 4w

= —E[(r — I(cu < bor +b-f)) f]

- _E["i‘r(c - bOT - b‘rf)f]a (A24)

bor+br f o0
Oh(bor, br, c) — (r— 1)/ u - h(cu)du + 7‘/ u - h(cu)du

dc —0 bor+br f
= E[(7 — I(cu < by, + b, f)) u]
= Elk,(cu — by, — b, f)u] = he(bor, br, €). (A.25)

All these expressions are continuous functions by the Cauchy-Schwartz inequality and
the continuity of f and u.Let ¢ = 1. By setting Eqgs.(A.23)) and (A.24)) to zero we obtain

the optimal values of by, and b, denoted by ()_;., and b7, respectively. Then, we have:

he( Z—b;fa 7 1) =Elr.(u - QZ—bif — b7 f)u] = v (b7),

which is a continuous function by the convexity of h(Q_:;, 07, 1) (as h(bor,br,1) is a

convex function with respect to by, and ,b.), and it is never zero unless 7 [ c(; U
u—bys 0T
Q_yx ;07 f D . ..
h(u)du = (1 —7) [ " w - h(u)du, which is impossible by the continuity of u and

Assumption 2 On the other hand, taking the derivative of h. with respect to b, we get:

ahc(b07'7 bTa ]-)

(%T = _f(bOT + be)h(bOT + be)7

this derivative is negative when by, = 0 and b, < 0, implying that v,(b,) is a decreasing
function, and it is positive when by, = 0 and b, < 0, implying that v,(b,) is an increasing

function. O

The next lemma is useful to show that the automatic-proxies obtained by Qcov3PRF
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do not depend on irrelevant factors and, therefore, these proxies are only spanned by the

set, of K; relevant factors.

Lemma 5. Consider the quantile model y = 5. + 1. fi + - + Br.fx + uj, and
E[r — I(u™ < 0)|y, f1, ..., fx] = 0. Assume that the conditional density h,(u|f) exists.
Also, consider a quantile regression of y on fy,,-- -, fr,, where ky,--- ks € {1,...,K}
and f < K, i.e.,

let (bGr, b,y 7 - vb;;f,r) = arg min(boﬁbw ..... bij ) E [Pr(y —bor = bpyr fry — - — bkf,rfkf)] .
If B5, = 0 and f; is independent of f_; = (fuy, -5 fi—1, fiv1, - fry) » then b5 = 0.
Moreover, if 87 # 0 then b; . = 87 +d; ., where d;, does not depend on those predictors

fr’s such that Bj . = 0.

Proof. Without loss of generality, we assume that E(f;) = 0 and Var(f;) = 1 for j =
1,---, K. Following the procedure presented in Theorem 2 of Angrist et al., 2006, we

obtain the coefficients (b, b

[ bsz) which solve the following optimization problem:

* * * . T 2
(bO-m bkl,ﬂ SR 7bkf,7—) = (b %fgmlil* )E |:C<f> ’ (Qy|f — bor — bklﬂ'fkl - bkfﬂ'fkf) i| )
0T7ky, 70" k:f,'r

where Q;‘f - 6(3«7_ + ﬂik,rfl +oeee ﬁ}k(,TfKa C(.f) = %fol hT<€ ’ AT|f)d€7 with AT - bOT +

Oky o fi + -+ + biy o frey — Qg As avesult, for j = ky, ..., kg we have:
b = {B(c(f) [, M ;) E(e(F) ;M Q5 ) = B, + dir, (A.26)
where M_; =1 — f' .(f_;f";)f_;, and
div =Y B AB((F) ;M i f3)} E(e(f) ;M- f). (A.27)

ki
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If B5, = 0 for some f; independent of f_; we have that:

b= B AB(c(£) f;M_if;)} " E(c(£) f;M_;f),

K

by Egs.(A.26) and (A.27). The solution of this equation is b7, = 0 as in that case the
term c(f) = c¢(f_;) and since f; is independent of f_; each term E(c(f;)f;M _;fx) =
E(f;)E(c(f_;)M _;fx) is equal to zero. Moreover, for any 8 # 0 we have by =

B - + dir with di - independent of those predictors fs such that 87 = 0 given that

o(f) = elf ). =

Proof of Theorem 3. We begin by showing that Assumption 1.2 is generally satisfied,
this is that the loadings of the automatic proxies are uncorrelated with irrelevant factors
and are linearly independent (full rank matrix). If K7 = 1, it is clearly seen that 2, , =
I(y > Q;) is not correlated with irrelevant factors as qcov(y, f,) = v(f1,) # 0 and
qcov(y,g;) = v(0) = 0 by Lemma 1in Li et al., 2015, For K} > 1, let y = Sy ,t+ b1 - f1 +
cee 51(;,er; + u”, with ™ = diag(&")(out + 1 f; + -+ + VK;fK;)‘ Without loss of
generality we rule out the case where §;, = 0 but ~; # 0 for some j = 1,..., K7} as we can
always sum and extract some term Sy;, f; with 5y;, # 0 and redefine the corresponding
random term as £ = & — %L Nevertheless, we allow the case where ;. # 0 but
v; = 0. The prediction equation presented above is not a univariate regression, however,

after some rearrangements we obtain:

Y=o+ 5 F+u, (A.28)

5 y B~ : .
where 3, # 0, f = & 61: fi+--+ I;—i f K3 For the first automatic-proxy, k = 1, since

qcov, (y, f) = v1(B;) # 0 by Lemma 1 in Li et al., 2015, and qcov_(y,u™) = v1,,(5;) # 0
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by Lemma [ we have:

I(y > Q;) = oot + ’71(57)} + ﬂl,u(BT)uT + ﬁ(l)’

= a0+ (Bt T1rdiag(€0)) f1 4+ (Brcg et + iy - diag(€7)) Frey + @, (A.29)

where B3,, = i (BT)%—:, Nir = DLU(BT)% for j=1,..., K}, and aM is uncorrelated with
f and u. Hence, we have: cov(zi., Filf ;) = Bir + - E(€7) and 2, , is uncorrelated
with fy, k= K} +1,..., K. Let the superscript (k) denotes the forecast using k proxies.
When k£ = 2 we have that:

)

- <) (1
= I(Bort+FB,+u" > ﬁé}_)l/ + ﬁng;(l ))

22, = I(y> Q P

= I(Bo-t+FB,+u" > B(l)L + XQ(I) (1))
= I(forut+ FB, +u” > G+ XM (T B 4 0,(1))
= 1 (Bore+ FB, +u > G+ X0O ((H78,)D + ) +0,(1)) )
- <ﬂo 4 FB T > B PO (H'8,) M +d) +0,(1)

+el) ((H; 89 + i +0,(1)
- z(ﬁo,TL — B+ F (8, — @70l (H7'8,)D + ) +0,(1)))

+u” — eV ((H;lﬁT)(l) +dV + op(l)) > O)
= I8+ FB? +ul? >0) (A.30)
= I8P+ 7Y +ul > 0)

= et @Y + (B2 +u,

= aghe+ (B + A0 ding(60) f1 + -+ + (BRI + i) diag(€7)) f 1 + @), (A31)

(2 2 _ 5(2 . « 22 -
where /B(T) V( T )V2? ](,) _V2u<57('))7j fOI'] = 17"'7Kf7 f - g}Q)fl
5

,3<2) _f K3 and @® is uncorrelated with f and . In the third equality, Qf) =

INWO W T W Wh Wl = X'Jrz,,, W) = 2] _Jrz,. The fourth

7‘7‘ ) rr

1
inequality holds as [31 e ————> H (= 61717), where the asymptotic limit is the one obtained

7

by running a 7-quantile regresssion of y on f(l), where f1 —> fll) H (1) The
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fifth inequality holds by Eq.(A.26)), a result obtained in Angrist et al., [2006. Also, the
superscript (1) in (H;'3.)") indicates one element of the corresponding vector. In
Bq.(A.30), 8% = 8, — @700 (8. H; ) +dV +0,(1)), B = o — B and ul =

u” —eQW ((,BTH;l)(l) +d + op(1)>. Also, from Eq.(A.30) we can verify that 3* and

u? only concern the relevant factors as Q(Tl) is constructed using 2z; , automatic-proxy

and d% only depends on the relevant factors by Lemma . In the ninth equality we have
f(2) 6%23 1+ + (2) fK*. In the tenth equality we use qcov_(y, f ) = 1/2( ) #0
by Lemma 1 in Li et al., 2015, and qcov, (y, u (2 )) Vg,u( N ) # 0 by Lemma . Threfore,
based on Eq., it is clear that the loadings of z,, corresponding to the irrelevant
factors are equal to zero.

The induction step proceeds as follows. By hypothesis, suppose we have k < K7

automatic-proxies with factor loadings [A% , 0], where A} is a k x K} matrix and full

\T

row rank. The k-automatic-proxy obtained with Qcov3PRF is 25, = I(y — Bgfl)b —
Cio

evant factors by the same argument given in the k = 2 case.

k—1) -1
( cee— — Bkk_llT fi1_1 > 0), which has zero population covariance with irrel-

The second thing to show is that the proxy zj . vector of loadings on relevant factors is

linearly independent of the rows of A;’? First, note that following similar steps to those

used to obtain Eq.(A.31]) we get that z[, = oz((]T ‘IJUC ,B(k fi+ wt , where \Il k) =(1+

(k)

(k) 75

ML K%, . . k e

Btk) SIETR @f;ﬂ), the relevant-factor loadings are given by A} = = ,vaT = B
1,7 f,T

sT

o1k <(H£iﬁf77)(k) +d% + op(1)>, and the superscript (k) in (H;’iﬁfﬁ)(’“) indicates
some k elements of the corresponding vector. Note that (FH,)® = [(fH;,)® 0] and
(H'B,)® = [(HJT;,BM)(’“), 0]. Also note that as part of the induction hypothesis, Q)
is constructed based on (21,,...,2k).

Now, using a similar argument done in the proof for Theorem 7 in the Appendix in
Kelly and Pruitt, 2015, project ZJ ,’s relevant-factor loadings onto the column space of

Agck; Y. The residual’s loading vectors are linearly independent of A(k Y™ if the differ-

27



)

ence between it and its projection on A;k’: V" is non-zero. This difference is then equal to

<I — Agff;l)/(A;IT;I)A%;I)/)*A%;U) B;kT) Because B;kT) # 0 with probability one (as Bik)

is different from zero), this difference is zero only when Agfk; I)I(Agff; I)Agc]f;l),)*l Ayf;l) =

I. But the induction hypothesis ensures that this is not the case as long as k < K7.
Therefore, the difference between the kth automatic proxy’s loading vector and its pro-
jection onto the column space of A;k; Vs nonzero, which implies that its loading vector is
linearly independent of the rows of Agek; b, Therefore, we have shown that the automatic-
proxies obtained by Qcov3PRF satisfy Assumption 1.2.

Finally, it is left to check that the automatic proxies satisfy Assumptions 1.3, [3]4,

.3, .4 and 5 when the remaining parts of Assumptions 1 hold. Recall that [, =

_(K)
*(K) Y je
k k) 7(k _(k k Y er K oo _(k _(k
og) + UEB fi+ @ where W) = (14 S5 1+ gl €ln), @ = @+
5T K;,T

i (B) (—e 0 ((H78,)® +d + 0,(1)) + 0utiin )

Q) = WO W L T W)W, «

k s k 5! 2
W:m“) = XJTzltkﬂ'? W() = z15k77'JTz1:k’T'

= (k)

Assumption 1.3 is satisfied as E[wjfk])t] =1+ %E[gﬂ] # 0 and E[|¢§ck])t|2] =1+

k _(k)2

2|%|E[£Z+1] + %E[S{fﬂ < o0, j=1,..., K} Fourth and fifth expressions in Assump-
tion [3]4 are satisfied by Assumption 1.3 and Assumption [3|6 concerning the stationarity
and ergodicity of y;,1 (and then of &,1).

By similar limiting arguments as those derived in Theorem 1, the error term @Ek) can
be expressed as ai’“) + N7 'a’e; +b&s, 1, where a is an N x 1 vector of order O,(1) and b is
of order O(1). We consider that the term aﬁ’“) is of lower magnitude compared to &; and
&1 so we disregard it and avoid to check whether it satisfies the remaining assumptionsﬂ

Also, by Assumption .5, the &1 and &; components of @t(k) are independent and can be

handled separately. By Assumption[3|6 and Lemma 1.4 in Kelly and Pruitt, [2015| the &4

?Indeed, it must be the case that ﬁgk) satisfies the first three expressions in Assumption 4 by

Assumption 6. Assumptions 4 and 5 are satisfied as a,ﬁ’“) is uncorrelated with e, and &;,. However,
we only have that €, is uncorrelated with F';, and then, Assumption @3 is not generally satisfied for this
term. However, we do not see unrealistic to consider that this term is independent of F';. Alternatively,

we can relax Assumption 3 by replacing it with E|F2(m)u:™| = E|F2(m)|E|a;*|, in this case.
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component satisfies the first three expressions in Assumption [3l4. By Assumption [3]5,
the &1 term satisfies Assumptions [4]3, /4. By Assumption [3]6, the & term satisfies
the fist expression in Assumption .5 given that w%t = 1+4c¢;j& 1. The second expression
in Assumption [4]5 is satisfied by the same arguments.

By Assumption 3|3, Lemma 1.3 in Kelly and Pruitt, 2015, and the stationarity and
ergodicity of &; in Assumption [3|6, the e, component satisfies the first three expressions in
Assumption [3]4, respectively. By Assumption [3}3, the e, term satisfies Assumption [43.
Assumption .4 holds as the term E[N~'T23". a;eye;* is satisfied by Assumption
[4]2. The first expression in Assumption [4]5 is satisfied by the independence between &
and &;; (Assumption [3]5).

Together these results imply that the K} automatic-proxies generated by Qcov3PRF

satisfy the conditions of Theorems 1 and 2. O]

A.3 How PLS for conditional quantile prediction and
Qcov3PRF are related

As with the Three-Pass Regression Filter and Principal Components, Partial Least Squares
(PLS) constructs forecasting indices, or latent factors, as linear combinations of the un-
derlying predictors. These predictive indices are referred as “directions”. The PLS fore-
cast, based on the first j directions for j = 1,..., K, denoted as @(j ). aims to solve the

following optimization problem:

¢V = argmax{cov(X Ve, y" V) cov(XV Ve, y )}, (A.32)
olloll=1

where y = (ya, ..., yr11)s X = (&}, ..., xp), ¢ an N x1 vector, and cov(X VY, X =D pl)) =
0 for Il =1,...,7 — 1. This restriction is equivalent to normalize the latent factors to be
orthogonal following the standard PCA method. XY~ denotes the deflated underlying

set of predictors, and yU=Y is the deflated target variable. Specifically, X~V is the
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residual of X containing the remaining j — 1 relevant factors, the K irrelevant factors
and the idiosyncratic component. This becomes clear as in each jth iteration in PLS

the predictors X are deflated by the f; factor. The PLS procedure is presented in

Algorithm [A.T]

Algorithm A.1 Partial Least Squares (PLS)

Let X = (xy,...,xy). Standardize each x;, i =1,..., N to have mean zero and variance one.
Set X = X and y© =y,
forj=1,...,Ky do

j—1 j—1 i— j— j—1 ji—1)"
1. Compute ¢! = cov(@!™, yU=1). Then, V) = (4", ™"").
2. Calculate the score vector (latent factor) as f; = X(j_1)¢(j71), the loading vector (factor
G0 ¢ G0 ¢
loading) of X as p; = XTfij, and the loading of y as ¢; = ny?fJ

3. Deflat XU~ and =Y such that X = X0~ _ f;pj and yU) = yU=D — g, f ..

Comparing 3PRF with PLS, it is clear that the former is equivalent to the latter when
three things happen: the underlying predictors are standarized, the proxies for SPRF are
given by y) = y — q; f ;, and the resulting predictors are not deflated, i.e., XU = x0U-b
with j =1,..., K. In other words, 3PRF shows that it is only required to substract the
effect of the relevant factor j on y in order to get consistent forecasts. This is because
it is required to have K deflated target residuals yU) that are linearly independent and
spanned only by the Ky relevant factors.

The particular way of deflating and the use of mean covariance in Step 1 in Algorithm
is what makes possible the implementation of Pass 1 and Pass 2 through linear
regressions in 3PRF. Deflating y but not X implies that the relevant factor estimates
are not equal in both methods. Specifically, the relevant factors estimated in 3PRF are
not orthogonal®] in contrast to the factors estimated via PLS.

With respect to conditional quantile prediction, we can see that Qcov3PRF extends
the fast Partial Quantile Regression (fPQR) of Méndez-Civieta et al., 2022 with one

modification described below. The algorithm for fPQR is obtained by adapting the

3Regarding Qcov3PRF, the non-orthogonality of the estimated factors is clear by looking at Lemma

&
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objective function (A.32) using gcov (Li et al., |2015). The new objective function is

given by:
@0 = argmax{qcon (XU g,y acov, (XU, 50 )
¢7-7 ¢-r =1
= aj%;naf({COV(X(j_l)ﬁbw FJT(ygjfl) - Q;g—m))/COV(X(j_UGbT, f%(yg*l) - Q;g‘—m))}’

where cov( XU Vg XUVpW)y = 0 for I = 1,...,j — 1. Méndez-Civieta et al., [2022
adapt Algorithm by changing the mean covariance with quantile-covariance in Step
1. Note that this procedure can not be extended to Qcov3PRF if the automatic proxies
procedure for 3PRF is kept. To see this, consider the fact that Step 3 in iteration j—1 and

Step 1 in iteration j in PLS are linked through the following partial (mean) covariance:

COv(y(j)7 ml(j)) - F [(y(j—l) _ E(y(j_l)lfjfl))(ng_l) B E(mz('j_l)|fj71>>

= pcov(y(j_l),mgj_1)|fj) for i=1,...,N,

where x; is a T'x 1 vector. By looking at fPQR, the objective in each iteration j is deflating
XV and ij ) by focusing at the measures cov(X Y, f ;) and qcov, (ygj ), £, respectively
The former covariance still needs to be taken with respect to the mean as restriction
cov(X G _1)¢T, X (l_l)(bg)) = 0 continues to hold. However, the latter covariance needs to
consider the quantile component of ygj ) in its relationship with f,. Then, it is required
to consider some partial quantile-covariance measure. In this case, from Li et al., 2015
we consider the partial quantile-covariance (gpcov) defined as follows:

acov, (¥, 2) = E|(m @ - @ )@l —E@ V)]

y£j71)|fj—1

= qpcovT(y(Tj_l),mgj_l)Hj) for ¢=1,...,N.

4In fact, in each iteration in PLS we have COV(X(j), f;) = 0 and cov(y), f;) = 0. However, in

general qcovT(ij ), ;) # 0 even though the factors f; are orthogonal.

31



Then, we deflat XV~ in the same way as in Step 3 in Algorithm . This is by
(G-1)

setting X (7) equal to the residuals obtained by regressing each x; on f; using least

squares. Whereas, regarding qcovT(ij ), f j), we set y(Tj ) equal to the residuals obtained

by regressing ysj ) on J; using quantile regression. Therefore, a PLS extension for
quantile regression incorporates cov(X @ f ;) and qcovT(ygj), f;). Based on gcov, the

deflated targets are given by ij ) = ygj b _ qj-f; where g;, is the estimate of running a

U1 with quantile regression motivates

T-quantile regression of y(Tj on f ;- Deflating y
the automatic proxies generated in Qcov3PRF. Moreover, K7 > K relevant factors need
to be considered by Assumption 1, as it is shown in the main text. In Theorem 3 we
show that the generated K7 transformed deflated target residuals [ (y(Tj ) > 0) are linearly

independent and spanned only by the K7} relevant factors.

To illustrate the relationship between Qcov3PRF and PLS (for quantile prediction)

with y(Tj ) generated by virtue of using qcov we consider the case where a single predictive

index is constructed. Applying PLS (for quantile prediction) we have:
1. Set ¢i,’r = wquw and ¢’T = ((bl,Tv s 7¢N,T)/7 where Yr = I(y - QZ/— > O)
2. Set fi = xy¢,, and f = (f1,..., fr)".

3. The forecast for the conditional 7 quantile of ¥y is obtained from running a quantile

regression of ;41 on fi.

This forecast is the same we obtain with Qcov3PRF when K7 = 1.

A.4 Additional simulation results

Additional simulation experiments focus on checking the consistency of the infeasible
forecast BOJ + B;Ft in finite samples. We report the Mean Absolute Error (MAE),
the Mean Squared Error (MSE) and standard correlation between the true conditional

quantile of Qgtm r, and the estimated conditional quantile Q;—t+l| P We examine the
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following location-scale model:

Y1 = —Jit—0.5f0 + (0.5f21 + f3.0)&41, (A.33)

Ty = ¢;‘ft + (b;gt + &4, (A.34)

where g4 ~ N(0,1), ¢7; ~ N(0,1), ¢4 ~ N(0,1), & ~ N(0,1) i.i.d. We consider
two data generating processes where there are six factors and three are relevant, i.e.,
K =6 and K} = 3. The first alternative .a), where f1; ~ U[0,1], for ~ UJ0,2],
fse ~ U[0,3], and g;y ~ N(0,1), i = 1,2,3. And the second alternative (A.34]b), where
fir ~ U[0,1], for ~ U[0,2], f3: ~ UJ[0,3] and g;; is normally skewed distributed i.i.d.
with location, scale and skewness parameters equal to 0, o; and 100, respectively, with
o; € {1.25,1.5,1.75} for « = 1,2,3. Hence, the conditional quantile of y;y; is given by
vea|Fe = Pt Bafou+ B fse, where By = —1, fp = —0.5+0.5x Q7 and B3 = Q7 .
In Table , for 7 € {0.05,0.10,0.25}, we see that the MAE and the MSE approach

to zero, and the correlation approaches to one as 7" and N increase for both alternatives
in DGP -, regardless of which quantile we focus on. Although the MAE
and MSE when using Qcov3PRF for three relevant factors (denoted as Qcov3PRF3) are
not the highest, they are very close to the highest ones which come from using PCQR
with six factors (denoted as PCQR6). PCQR6 serves as a benchmark since we know by
Ando and Tsay, 2011 and Giglio et al., 2016| that the forecasts obtained with PCQR. are
consistent. By looking at the results obtained from PQR and Qcov3PRF1 in Table [A.T]
we see that both MAE and MSE converge to zero as N and T increase. Similarly, we
notice a convergence of the correlation towards one as N and T increase. However, as
the true number of relevant factors is equal to three, MAE, MSE and correlation provide
better estimates using Qcov3PRF3 and PCQR6, which indicates the inconsistency of

PQR and Qcov3PRF1[]

Indeed, we know from Kelly and Pruitt, 2015| that the forecast estimates with one relevant factor
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Table A.1: In-sample MAE, MSE and correlations with DGP 1)1)

DGP (A:34]a)

DGP (A-34]b)

T=N| 7 | Qcov3PRF3 Qcov3PRF1I PQR PCQR6 | Qcov3PREF3 Qcov3PRF1 PQR PCQR6
MAE 100 | 0.05 0.843 0.880 0.805  0.857 0.459 0.528 0.509  0.394
MSE 1.187 1.285 1.080  1.257 0.336 0.439 0.410  0.257
Correlation 0.844 0.794 0.840  0.819 0.637 0.406 0.460  0.755
MAE 200 | 0.05 0.593 0.873 0.796  0.568 0.340 0.476 0.457  0.269
MSE 0.584 1.223 1.024  0.543 0.184 0.359 0.331  0.118
Correlation 0.914 0.770 0.815 0.923 0.824 0.533 0.576  0.892
MAE 1000 | 0.05 0.272 0.561 0.515  0.240 0.132 0.328 0.303  0.111
MSE 0.120 0.502 0.418  0.095 0.028 0.179 0.154  0.020
Correlation 0.984 0.912 0.929  0.989 0.976 0.789 0.821  0.983
MAE 100 | 0.10 0.685 0.814 0.769  0.667 0.372 0.428 0.419  0.311
MSE 0.786 1.067 0.960  0.756 0.222 0.290 0.281  0.159
Correlation 0.821 0.693 0.736  0.835 0.701 0.473 0.512  0.792
MAE 200 | 0.10 0.483 0.667 0.626  0.451 0.265 0.378 0.365  0.212
MSE 0.388 0.716 0.632  0.339 0.113 0.227 0.213  0.073
Correlation 0.915 0.798 0.829  0.928 0.856 0.593 0.631  0.910
MAE 1000 | 0.10 0.232 0.453 0.426  0.192 0.108 0.242 0.229  0.090
MSE 0.087 0.322 0.283  0.061 0.019 0.099 0.088  0.013
Correlation 0.981 0.912 0.924  0.989 0.976 0.839 0.858  0.985
MAE 100 | 0.25 0.589 0.580 0.573  0.506 0.295 0.317 0.313  0.231
MSE 0.587 0.544 0.534 0.431 0.142 0.160 0.157  0.088
Correlation 0.739 0.629 0.654  0.789 0.726 0.524 0.553  0.801
MAE 200 | 0.25 0.409 0.472 0.461  0.348 0.210 0.269 0.262  0.161
MSE 0.279 0.358 0.342  0.202 0.071 0.116 0.111  0.042
Correlation 0.862 0.743 0.764  0.896 0.859 0.650 0.676  0.909
MAE 1000 | 0.25 0.197 0.331 0.321  0.150 0.095 0.163 0.155  0.068
MSE 0.063 0.170 0.160  0.037 0.015 0.045 0.041  0.007
Correlation 0.963 0.873 0.882  0.982 0.966 0.870 0.884  0.984

Note: MAE and MSE denote the mean absolute error and the mean squared error, respectively. These measures consider the difference between
the true conditional quantile of the target variable and the estimated forecast. Correlation reports the standard linear correlation and considers
the same two time series. We run 1000 simulations. In both DGPs we consider six factors, three are relevant. Qcov3PRF# denotes Qcov3PRF
implementation with # number of factors, similarly for PCQR#.

A.5 Additional empirical results

Complementing the empirical results presented in the main text where the empirical

results are presented using expanding windows, Table contains the out-of-sample

R? with IP growth as the dependent variable for h = {3,12} using rolling windows.

We present the results for Qcov3PRF for one and two factordﬂ and PCQR for up to

three factors. We also report the R? from using QR when the predictors are the NFCI,

when K > 2 are inconsistent albeit they result in in-sample and out-of-sample R2 close to the measures
obtained with the true value of K¢. The only case where one relevant factor forecasts are consistent is
under the knife-edge case. This case is where the variance of the relevant factor and factor loadings are

the same for all the factors.

6We do not consider three factors in Qcov3PRF as it faces problems of multicollinearity in some
estimations as a consequence of using a small number of observations in rolling windows.
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the Risk, Credit, Leverage and Nonfinancial Leverage, respectively. We consider rolling
windows of 50 observations evaluating the out-of-sample samples 2011M08-2023M12 and

2015M10-2023M12.
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Table A.2: Out-of-sample R?(%) IP growth with rolling window.

7=0.05 7=0.1 7=025 7=0.5 7=0.75 7=0.9 7=0.95

h = 3 months and evaluating over the OOS sample 2011M08-2023M12.

QR with NFCI -0.5 1.5 -0.3 -8.1 -15.1 -12.8 -8.7
QR with Risk -39.1 -1.6 -3.0 -6.1 -15.2 -19.6 -7.1
QR with Credit 7.1 2.1 1.9 -5.1 -16.8 -8.2 0.2
QR with Leverage 3.0 94 5.7 0.9 -7.2 -19.8 14.1
QR with Nonfin. Lev. -31.8  -10.7 -5.0 -8.0 -3.9 -15.7  -bl1.7
Qcov3PRF1 34.7 13.9 6.8 4.2 1.4 15.4 16.1
Qcov3PREF2 39.8 26.4 13.2 3.6 7.0 9.4 10.9
PQR 40.5 16.5 -0.5 -1.3 7.1 9.0 10.6
PCQRI1 -6.2 -8.6 -4.1 -10.7  -134  -229 -T.7
PCQR2 6.8 11.6 2.4 -1.7 -10.1 -5.0 -0.3
PCQR3 -7.6 15.5 4.1 -3.4 0.5 -10.1 3.9
h = 3 months and evaluating over the OOS sample 2015M10-2023M12.
QR with NFCI -7.6 -8.6 -4.7 -7.9 -17.0  -138 -8.0
QR with Risk -54.4  -15.2 -6.6 -3.2 -16.6  -22.2 -5.8
QR with Credit 0.1 -11.4 -4.8 -6.0 -20.1 -9.3 1.0
QR with Leverage -3.8 0.5 4.0 3.3 -5.5 -22.7 16.3
QR with Nonfin. Lev. -45.9 -26.5 -129  -10.0 -5.2 -184  -58.2
Qcov3PRF1 31.7 0.0 -1.5 2.0 -1.8 14.5 16.0
Qcov3PREF2 34.7 15.7 4.8 2.0 6.0 10.8 12.7
PQR 36.1 3.4 -13.0 -5.6 5.5 6.9 9.6
PCQRI1 -15.3  -214 -8.2 -9.4 -13.6  -24.3 -5.6
PCQR2 -1.6 -1.1 -7.4 -4.9 -14.5 -8.0 0.4
PCQR3 -20.8 3.1 -4.5 -5.3 -0.5 -11.4 5.4
h = 12 months and evaluating over the OOS sample 2011M08-2023M12.
QR with NFCI 1.0 11.2 5.4 -5.8 -10.6 -6.5 1.1
QR with Risk -5.2 11.3 5.2 -2.1 -11.9 -8.4 -4.4
QR with Credit 6.8 10.2 4.4 -4.5 -10.4 14 7.3
QR with Leverage 5.6 11.5 7.2 -5.1 -2.3 -10.0 12.8
QR with Nonfin. Lev. -13.2 10.7 -8.1 -28.6  -177  -141  -30.5
Qcov3PRF1 32.9 20.0 20.4 5.8 3.7 154 21.7
Qcov3PRF2 39.2 34.6 34.3 10.7 134 214 13.9
PQR 36.2 35.8 25.5 6.0 9.7 10.1 17.1
PCQRI1 21.4 19.5 5.6 =74 =74 -9.8 -9.5
PCQR2 8.3 15.0 -4.8 -19.7 -1.4 6.0 -0.9
PCQR3 19.8 30.2 18.1 -0.4 10.5 14.1 1.0
h = 12 months and evaluating over the OOS sample 2015M08-2023M12.
QR with NFCI -13.3 0.9 3.7 -4.5 -148  -135 -5.9
QR with Risk -22.5 -1.3 1.2 0.5 -16.5  -15.1  -12.0
QR with Credit -14 -0.9 3.1 -3.7 -15.6 -4.3 1.3
QR with Leverage -8.9 -3.3 1.4 -2.4 -1.4 -13.3 13.4
QR with Nonfin. Lev. -36.0 -7.1 -254  -409  -30.1 -269  -48.2
Qcov3PRF1 22.3 0.1 9.2 3.0 -1.9 8.6 16.9
Qcov3PRF2 30.8 19.8 28.4 2.6 4.7 16.4 5.6
PQR 27.8 24.1 16.3 2.5 4.5 1.2 10.3
PCQRI1 13.9 9.5 0.0 -4.4 -10.3  -164  -17.1
PCQR2 -74 -2.3 -22.3 -32.6 -11.9 -2.6 -11.4
PCQR3 9.2 19.5 104 -5.6 3.1 6.4 -7.3

Note: The out-of-sample R2 is reported. It evaluates the performance using the samples 2011MO08-
2023M12 and 2015M08-2023M12. The size of the rolling window is 50. The variables Risk, Credit,
Leverage and Nonfi. Lev. consider a subgroup of indicators that construct the NFCI that do not
overlap. The IP growth is equal to the log difference of the current IP and the IP h months before.
Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR implementation with # number of factors,
respectively. The predictors are standardized.

36



References

Ando, T., & Tsay, R. S. (2011). Quantile regression models with factor-augmented pre-
dictors and information criterion. The Econometrics Journal, 14 (1), 1-24.
Angrist, J., Chernozhukov, V., & Ferndndez-Val, I. (2006). Quantile regression under mis-
specification, with an application to the us wage structure. Econometrica, 74(2),
539-563.

Bai, J. (2003). Inferential theory for factor models of large dimensions. Econometrica,
71(1), 135-171.

Bai, J., & Ng, S. (2002). Determining the number of factors in approximate factor models.
Econometrica, 70(1), 191-221.

Chamberlain, G., & Rothschild, M. (1982). Arbitrage, factor structure, and mean-variance
analysis on large asset markets.

Giglio, S., Kelly, B., & Pruitt, S. (2016). Systemic risk and the macroeconomy: An em-
pirical evaluation. Journal of Financial Economics, 119(3), 457-471.

Kelly, B., & Pruitt, S. (2013). Market expectations in the cross-section of present values.
The Journal of Finance, 68(5), 1721-1756.

Kelly, B., & Pruitt, S. (2015). The three-pass regression filter: A new approach to fore-
casting using many predictors. Journal of Econometrics, 186(2), 294-316.

Li, G., Li, Y., & Tsai, C.-L. (2015). Quantile correlations and quantile autoregressive
modeling. Journal of the American Statistical Association, 110(509), 246-261.

Méndez-Civieta, A., Aguilera-Morillo, M. C., & Lillo, R. E. (2022). Fast partial quantile
regression. Chemometrics and Intelligent Laboratory Systems, 223, 104533.

Stock, J. H., & Watson, M. W. (2002). Forecasting using principal components from
a large number of predictors. Journal of the American Statistical Association,

97(460), 1167-1179.

37



White, H. (1994). Estimation, inference and specification analysis. Cambridge university

press.

38



	Introduction
	Related literature
	The Three Pass Regression Filter
	Related methods that forecast the conditional quantile of the target

	Quantile-covariance Three Pass Regression Filter
	Quantile-covariance (qcov)
	Quantile-covariance Three Pass Regression Filter

	Asymptotic results
	Monte Carlo simulations
	Asymptotic normality in finite samples
	Out of sample forecasting performance

	Application to forecasting monthly Growth-at-Risk using the NFCI components
	In-sample prediction of the conditional quantiles (GaR) and risk measures (Expected Shortfalls)
	Out-of-sample prediction of the conditional quantiles (GaR) and risk measures (Expected Shortfalls)

	Conclusions
	Appendix Chavez-Lopez and Lee Qcov3PRF wp 10-13-2025.pdf
	Assumptions
	Proofs and additional lemmas
	How PLS for conditional quantile prediction and Qcov3PRF are related
	Additional simulation results
	Additional empirical results


