Identification and Estimation of Nonstationary Dynamic Discrete

Choice Models

Cheng Chou* Geert Ridderf Ruoyao Shit

September 30, 2025

Abstract

Under common assumptions for dynamic discrete choice models with general forms of non-
stationarity, we prove a novel Markovian property that allows us to bypass the state transition
distribution in the identification and estimation of flow utility parameters. We show that under
mild additional assumptions, the identification of the flow utility parameters amounts to the
unique solution of a linear system of equations, which depends on a testable rank condition. The
theoretical and empirical implications of the rank condition in our model are thoroughly dis-
cussed. We propose a three-step conditional-choice-probability-based semiparametric estimator
that circumvents estimation of and simulating from the state transition distribution. Simulation
experiments show that the rank condition is easy to fulfill, and our estimator gives comparable
finite sample performance as the Hotz-Miller estimators but is computationally much less de-
manding. The asymptotic distribution of the estimator is provided, and the sensitivity of the

estimator to the key additional assumption is also examined.
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1 Introduction

Structural dynamic discrete choice (DDC) models are a powerful framework of analysis in many
fields — e.g., industrial organization (Barwick and Pathak, 2015), labor markets (Rust and Phelan,
1997), agricultural economics (Scott, 2014) — where the inter-temporal preference of forward-looking
agents needs to be explicitly modeled in estimation and counterfactual prediction. Since the seminal
work by Rust (1987), various estimation methods have been proposed to reduce computational
complexity (Hotz and Miller, 1993; Hotz et al., 1994; Aguirregabiria and Mira, 2002, 2007; Bunting
and Ura, 2025), relax distributional assumptions on the unobserved state variables (Norets and
Tang, 2014; Chiong, Galichon and Shum, 2016; Buchholz, Shum and Xu, 2021; Berry and Compiani,
2023), or exploit finite dependence properties (Arcidiacono and Miller, 2011, 2019; Kalouptsidi,
Scott and Souza-Rodrigues, 2021b). Estimators of DDC models typically use estimated transition
distributions of the observed state variables, or even simulated draws from them, as inputs, with
Adusumilli and Eckardt (2019) being a notable exception.

State transition distributions can be regarded as known for identification purpose, but to es-
timate or simulation from them can be difficult in practice. Nonparametric estimation of state
transition distributions usually suffers from slow rate of convergence, especially when the state
variables have a large dimension or contain continuous variables, because they are conditional dis-
tributions of all the observed state variables in one period given all the observed state variables in
the previous period. As a pragmatic alternative, researchers routinely postulate parametric spec-
ifications, but it is not always obvious which parametric specification is appropriate, and ad hoc
choices rarely have sound economic justification. Simulation from or numerical integration based on
estimated state transitions adds further computation burden, regardless whether the state transi-
tions are nonparametric or parametric. Moreover, estimating state transitions might be unnecessary
for counterfactual analysis, because certain counterfactual behaviors are identified without restrict-
ing state transition (i.e., identified for all state transitions, see Aguirregabiria, 2010; Arcidiacono
and Miller, 2020, and reference therein for details), and certain counterfactual involves new state
transition that is different from the one in the data used for estimating the structural parameters.
Even for the counterfactuals that require state transition estimates as inputs, a state-transition-free
estimator can still be useful in guiding the comparison and selection among different specifications
of the state transition distributions.

The main practical contribution of this paper is to develop a novel semiparametric estimator
of flow utility parameters (and discount factor) that bypasses the estimation and simulation of
state transition distributions. Instead, our estimator bases off a linear system that characterizes
the optimal decision rule and has the values of certain conditional mean functions as inputs. It
proceeds in three simple steps: (i) nonparametrically estimate the conditional choice probabilities

(CCPs); (ii) nonparametrically estimate relevant conditional means, which have the CCPs as the



dependent variables; (iii) plug the estimated CCPs and conditional means into the linear system
to estimate the parameters of interest via linear minimum distance (MD). The conditional means
have a smaller dimension and better finite sample properties than the conditional densities, and
our estimator does not involve any simulation or iteration. The length of the panel data can
be short (T > 2), the observed state variables can be continuous, and the data horizon could be
shorter than the decision horizon (“short panel” studied in Arcidiacono and Miller, 2020). In
our simulation experiments (Section 5), our estimator is approximately 100-200 times faster than
the two-step CCP estimator (Hotz et al., 1994, HMSS) with nonparametrically estimated state
transition distributions.

Another practical advantage is that our estimator does not need to distinguish between station-
ary and nonstationary DDC models ex ante. Stationarity means that the value and the policy func-
tions are both time-invariant. Nonstationarity, therefore, could arise from time-varying primitives,
such as time-varying flow utility (i.e., preference) and time-varying state transition distributions
(i.e., environment). Even if none of the model primitives is time-varying, the value and the policy
functions could still be time-varying simply due to finite decision horizon.

Fundamental to our approach is a Markovian property for the observed state variables (without
conditioning on the choice), which holds under common assumptions (Assumptions 1 to 3) that are
often made in the DDC literature (see, e.g., a summary by Aguirregabiria and Mira, 2010). We
may not be the first one to recognize this Markovian property, but we are the first to articulate it
under clear and coherent assumptions and to take advantage of it in identification and estimation.
Intuitively, the Markovian property means that the current state variables are less informative than
those in a future period that is closer to the target future period. This, combined with the law of
iterated expectations, is the key to simplifying a representation of the optimal decision rule that
involves iterated conditional means given the state variables in all future periods to a representation
given the state variables in the current period only. Such a simplification eliminates the need for
estimation of and/or recursive simulation from the state transition distributions as is typically
required in evaluating the objective functions for various estimators of DDC models.

In our identification analysis, we start with this simplified representation and transform it into
a partially linear system under a linear flow utility assumption (Assumption 5) that is weaker
than typical in the DDC literature.! If one is willing to make an additional mild assumption
about the data-terminal-period integrated value function (Assumption 6), then we show that the
system can be further transformed into a linear one in the parameters of interest, enabling simple
and constructive sufficient identification conditions, which further enable our easy-to-implement

estimator. Sensitivity to this additional assumption is examined in the paper.

'We avoid arbitrary “normalization” of the expected flow utility for one choice. Norets and Tang (2014); Aguir-
regabiria and Suzuki (2014); Chou (2016); Kalouptsidi, Scott and Souza-Rodrigues (2021a) demonstrate the bias

induced by such a “normalization”.



Relation to literature. Given the well-known result that the unrestricted flow utility of
DDC models is non-identified (Rust, 1994; Magnac and Thesmar, 2002) from choice data, Hotz
and Miller (1993)’s inversion theorem lays the foundation for studying point identification con-
ditions, including this paper. Magnac and Thesmar (2002) consider identifying the difference in
continuation values and discuss the identifying power of absorbing state, exclusion restriction and
parametric restriction. Arcidiacono and Miller (2011) introduce the “finite dependence” property,
a generalization of renewal choice (Rust, 1987) and terminal choice (Bajari et al., 2016). For short
panels, Arcidiacono and Miller (2020) exploit a stronger “single action finite dependence” property.
Abbring and Daljord (2020) show that exclusion restriction generally does not identify the discount
factor and can be rejected by the data. This paper explores an alternative set of point identification
conditions for flow utility (and discount factor), in a setting general enough to allow for stationary
or nonstationary models, as well as long or short panels. Our conditions do not require the finite
dependence property or any exclusion restriction, although they may assist identification if hold.
In this sense, this paper complements existing literature on identification.

Rust (1987)’s seminal work on the estimation of DDC models reduces the computational bur-
den of full solution maximum likelihood estimator (MLE) by nesting fixed point algorithm inside
the likelihood function (NFXP). Following Hotz et al. (1994), whose pioneering HMSS estimator
reduces computational burden even more by solving not the dynamic programming problem but
instead a moment criterion based on CCP, the inversion theorem of Hotz and Miller (1993) and
CCP have become essential to almost all subsequent non-maximum-likelihood estimators. Aguirre-
gabiria and Mira (2002) show the asymptotic equivalence between NFXP and HMSS by considering
a class of estimators (NPL) that nests a pseudo likelihood inside a fixed point problem based on
CCP. In a game setting with discrete state variables, Pesendorfer and Schmidt-Dengler (2008) show
that HMSS and NPL fall into a same class of least squares estimators, with the weights to indi-
vidual equilibrium conditions being different. Srisuma and Linton (2012) generalize Pesendorfer
and Schmidt-Dengler (2008)’s approach to allow for continuous state variables. Exploiting the fi-
nite dependence property (Arcidiacono and Miller, 2019), an analogy to continuous choice models
(Aguirregabiria and Magesan, 2013), or both (Kalouptsidi, Scott and Souza-Rodrigues, 2021b),
various estimators with further reduction in computational burden were proposed. Bunting and
Ura (2025) study an index invertibility property that, if holds in DDC models, helps speed up
M estimators. Drawing on their respective novel insights, Chiong, Galichon and Shum (2016);
Buchholz, Shum and Xu (2021) relax the distributional assumptions on utility shocks. Our semi-
parametric estimator also builds on Hotz and Miller (1993)’s inversion theorem and uses estimated
CCP as input; it accommodates continuous state variables, short panel and nonstationarity under
a same framework. More importantly, the above estimators all require estimated state transition
distributions (or even simulation from or numerical integration of them) as inputs to evaluate their

respective objectives, while our estimator completely bypasses the state transitions and does not



involve any simulation or iteration. Our approach complements existing ones in greatly simplify-
ing the evaluation of various quantities used in the estimation. The closest paper to ours, in this
practical sense, is Adusumilli and Eckardt (2019), which focuses on stationary models. In another
related paper, Buchholz, Shum and Xu (2021) propose to estimate the parameters of the linear-in-
parameters flow utility functions using a linear-in-parameters moment condition. We also derive a
linear-in-parameters moment condition that is exactly linear for long panels, and is approximately
linear for short panels if we use a linear-in-parameters approximation of the terminal condition.
The derivation and motivation of the linear moment conditions is nevertheless different. Buchholz,
Shum and Xu (2021) derive their moment condition without making an assumption on the distri-
bution of the utility shocks, but their estimation method requires non-parametric estimation of the
state transition density (see Buchholz, Shum and Xu, 2021, p. 320). Our linear moment condition
does not require estimation of the state transition density, although it does require a parametric
choice of the distribution of the utility shocks. The estimation of the recursive state transition
densities is particularly onerous in finite horizon DDC models. Buchholz, Shum and Xu (2021)
only consider the infinite horizon stationary case.

Recent literature on DDC models took on several new directions, including identifying various
counterfactual objects (Aguirregabiria, 2010; Aguirregabiria and Suzuki, 2014; Arcidiacono and
Miller, 2020; Kalouptsidi, Scott and Souza-Rodrigues, 2021 a), unobserved heterogeneity (Kasahara
and Shimotsu, 2009; Arcidiacono and Miller, 2011; Hu and Shum, 2012; Chou, Derdenger and
Kumar, 2019; Higgins and Jochmans, 2023), mixed choices (Blevins, 2014) and partial identification
(Norets and Tang, 2014; Berry and Compiani, 2023; Kalouptsidi et al., 2024). Whether our approach
is useful for studying these important aspects is left for future research. For conciseness, we also
focus on single-agent DDC models, but extending our approach to dynamic discrete games is
possible.

Notation. “f” is a generic symbol for (conditional) probability density/mass functions. “=”
means that the object on its left-hand side is defined as the expression on its right-hand side.

Plan of paper. Section 2 sets up a dynamic discrete choice model that permits general non-
stationarity and proves the Markovian property. Section 3 transforms the identification of the flow
utility parameters into the solution of a linear system under common and mild new assumptions, an-
alyzes the identification of the linear system, and provides a three-step CCP-based semiparametric
estimator of the flow utility parameters that bypasses the state transition distribution estimation.
Section 4 discusses the bias induced by relaxing the new assumption made in Section 3 and how
to reduce it. Section 5 compares the finite sample performance of our estimator and two versions
of the HMSS estimator in simulation experiments. We make concluding remarks in Section 6. We
focus on binary choice in the main text, and all our results can be generalized to multinomial
choice models at notational expense (Section G). All the proofs and certain related issues are in

the appendices.



2 Model Setup and Markovian Property

Section 2.1 introduces the model and basic assumptions and lists a few well-known results on
which our analysis is based on. Section 2.2 proves the novel Markovian property and its immediate

implications.

2.1 A Nonstationary Dynamic Binary Choice Model

Each agent makes a binary choice a; € {0,1} in each of a number of periods, denoted by t € T =
{Tstart, Tstart + 1, ..., Tenag}, where Tppg = oo is allowed. Let ui(ay, st) + £4,¢ denote the flow utility
that has an additively separable form, where the expected flow utility u;(a¢, s;) depends on the
choice a; and sy, a ds x 1 vector of observed state variables, through an unknown function wu¢, and
€ast (ar = 0,1) are unobserved (to researchers) scalar flow utility shocks. Let e; = (eot,1¢)" denote
the unobserved state variables and (2; = (s},¢;)’. The primitives of this model consist of the flow
utility functions us(a,s), the state transition distribution functions f;((2::1 | {2), and the initial
distribution of 2r,,,,.>

We maintain the following Assumptions 1 to 3 in this paper.

Assumption 1 (Controlled Markov process). For allt and j € N* such that t, t+1 and t —j all
belong to T, assume that Q1 L (24—, ae-5) | (£2¢,at).

Assumption 2 (Flow utility shocks). For allt such that t and t—1 both belong to T, assume: (i)

e L sy; (i) er L sy—1; (iii) e is serially independent; and (iv) eop L €1y.

Assumption 3 (Conditional independence). For allt such thatt and t+1 both belong to T, assume

that see1 L ey | (s¢,ae).

Assumptions 1 to 3 are common assumptions in the literature of DDC models and have been
made, explicitly or implicitly, in many applications. In particular, Assumptions 2(i) and 2(ii) are
implied by Assumption IID in the survey by Aguirregabiria and Mira (2010) and are necessary
for the conditional independence assumption in (Rust, 1987, p. 1011).> Moreover, Assumptions
2(iii), 2(iv) and 3 correspond to Assumptions IID, CLOGIT and CI-X, respectively, in the survey
by Aguirregabiria and Mira (2010).

Under Assumption 1, the agents observe {2; and choose a; to maximize their expected discounted

lifetime payoff E(Z]Tjg"i_t B9 (ugsj(atsj, Stvj) + Earejt+j) | 24, a¢) in period ¢, where 3 € (0,1) is the

*Under Assumption 1 below, the distribution of Q2r,,,,, is insignificant for the analysis of the model. If there is
unobserved heterogeneity, not captured by ¢;, among the agents (we will consider this in a separate paper), then the

initial distribution becomes important.
3From the phrasing of Assumption ITD in Aguirregabiria and Mira (2010), it is not obvious that Assumptions 2(i)

and 2(ii) are implied, but they claim in the paragraph after Assumption DIS that, using our notation, Assumptions
CI-X and IID together imply that f(sii1,et41 | at,St,6t) = fe(€ee1)fs(St+1 | at,s¢), which does not hold without
Assumptions 2(i) or 2(ii).



discount factor, and we use af(s:,&¢) to denote the optimal decision rule. The probability of
choosing choice 1 in period ¢ conditional on s; = s (i.e., the CCP function) is obtained by taking

a?(st,e¢) and integrating out &;:

pe(s)=Pr(ag=1|s=5s) = f ai(s,et) fe(e¢)dey. (1)

Note that the subscript ¢ emphasizes that the CCP might be a different function in every period,
and this is a result of the general nonstationarity (see Remark 1 below) allowed by the model in
this paper. In the rest of this paper, we will suppress the argument of the CCP functions and use
pt to denote p;(s;) for notational conciseness, whenever it is not confusing. The integrated value
function in period t is the discounted lifetime payoff just before ¢; realizes if the agent follows the

optimal decision rule in the current and all future periods:

_ Tena—t X
Vi(st) = E( Y. Blags;(seegrerrg) (e (1, 8045) + €10ag) + (1= afy j (8e455 €045) ) (U5 (0, 545) + €0t45)]

j=0
(2)

By Bellman’s principle, it can be shown to satisfy the following recursive relation:
Vi(se) = U7 (s¢) + BE(Viaa (1) | 5¢) (3)

for t such that ¢t and ¢ + 1 both belong to 7, where Uf(s:) = E(a?(s¢,er)(ue(1,s¢) +e1) + (1 -
af(se,e¢))(ur(0,8.) + €or) | s¢) is the integrated optimal flow utility function. Define the choice-
specific conditional value function as the current flow utility of any choice a € {0,1}, without the
shock €44, plus the expected future discounted payoff if following the optimal decision rule from

period t + 1 onward:
var(s¢) = ug(a, s¢) + BE(Viz1(se41) | 81, a¢ = a), where a =0 or 1. (4)

It is a well-known result (Hotz and Miller, 1993; Arcidiacono and Miller, 2011, Lemma 1) that for
each a € {0,1}, there exists a real-valued function 1, of the CCP only such that

Yar(pe) = Vi(st) = vat(s1)- (5)

Intuitively, 14 adjusts for the fact that choice a might not be the optimal choice today; it equals
to the conditional mean of €44 given choice a being optimal, so the functional form of 1, only
depends on the distribution of e,;. Taking the difference of eq. (5) between a = 1 and a = 0 and
plugging in eq. (4), we get

Yor(pe) — 1e(pe) = vie(se) —vor(se) = ue (1, 8¢) — e (0, 8¢) + BAE(Vis1 (se41) | 5¢). (6)

In eq. (6) and in the rest of this paper, we use

AE(hT|St)EE(hT|5t,at=1)—E(h7—|St,at=0) (7)



to denote the difference in the conditional means of any future random variable h, given s; and
between a; = 1 and a; = 0 (7 > t); they reflect the forward-looking aspects of the agent’s decision
problem. Throughout this paper, we maintain that the agents form rational expectation; that is,
the operator E refers to both mathematical expectation (under the optimal decision rule) and the

agents’ expectation.

Remark 1 (Nonstationarity). Nonstationarity in the context of DDC models means that the agent’s
decision problem in a period t is not an identical copy of that in other periods t' # t, so that the
CCPs in eq. (1) and the value functions (both V;(-) and ve(-) in egs. (2) to (6)) can be time-varying.
The model in this paper permits several sources of nonstationarity: (i) the function ui(a,s) that
determines the non-stochastic part of the flow utility may vary with t; (ii) the state transition density
ft(£241182¢) may vary with t; and (iii) even when both uy and f; are time-invariant, nonstationarity
could arise simply because the decision terminal period T,,q may be finite and/or unknown. Any
of these sources could result in time-varying CCPs and/or time-varying value functions. While the
approach in this paper applies to stationary models (see Remark 7 below for elaboration), certain
widely used methods for stationary models, such as solving/approzimating the value functions from
eq. (3) (or other recursive relation derived from the Bellman’s principle, e.g., see Srisuma and
Linton, 2012; Barwick and Pathak, 2015; Adusumilli and Eckardt, 2019), are not applicable to

nonstationary models.

Equations (3) to (6) are well-known, important implications of Hotz and Miller (1993)’s inversion
theorem and the basis for many approaches to identification and estimation of DDC models (e.g.,
Aguirregabiria, 2010; Aguirregabiria and Mira, 2002, 2010), because they concisely relate various
objects concerning the optimal decision rule. Developments that combine them with new insights
include: Srisuma and Linton (2012) utilize the integral equation representation of eq. (3), and
Buchholz, Shum and Xu (2021) further allow for unspecified distribution of e, by expressing
its quantile function as the solution to an integral equation; Chiong, Galichon and Shum (2016)
recognize the duality of an expression related to eq. (5); Arcidiacono and Miller (2011); Kalouptsidi,
Scott and Souza-Rodrigues (2021b) express the second term on the right-hand side of eq. (6) in
terms of the optimal choices and state transitions in consecutive future periods and study the choice

pairs that cancel out after finite periods.

2.2 Markovian Property

We also build on equations (3) and (6), but with the Markovian property, articulated below, we
can “telescope” a version of eq. (6) involving iterated conditional means, which serves as the basis

of our state-transition-distribution-free approach to identification and estimation.

Theorem 1 (Markovian observed state variables). Under Assumptions 1 and 2(i)-(iii), s; is a first



order Markov process; that is, s;o1 L si—j | s¢ fort and j e N* such that t, t+1 and t - j all belong
to T.

What makes DDC models dynamic is the dependence of future evolution of the state variables
{214; on the choice a;, so this Markov property may seem odd at first sight. In fact, this Markovian
property alone does not imply Assumption 1, nor it is implied by Assumption 1 alone. They are
simply two separate statements. To show the importance of this Markovian property, we need the

following additional auxiliary lemma.

Lemma 1 (Conditional independence). For t and j € N* such that t, t +1 and t + j all belong to

T, suppose g(-) is a measurable function of s;,j. Then, under Assumptions 1 and 2(i)-(iii),

E(E(g(st+j) | st+1) | 5¢,a1) = E(g(5¢45) | 51, a¢)-

Now we go back to eq. (6) and see how the Markovian property in Theorem 1 helps. Increase ¢

in eq. (3) by increment of 1 until some 7™ € T and recursively plug into eq. (6), we get

T*-1
Yor(pe) = V1e(pe) = (1, 24) = ue (0, 24) + ;1 BT AER(B(E(--E(U7 (57) | 57-1) | st+2) [ s11) | 5¢)
+ BT T AR(E(E(+E(E(Vr (s7+) | s7+-1) | s7+-2) | 8142) | 8141) | 51).- (8)

Equation (8) is similar to eq. (14) in Corollary 4 of Arcidiacono and Miller (2020), although the
two equations use different expressions for the last two iterative terms, where the expectations are
taken over the distributions of s;.; induced by choosing the action according to p¢.;(-) and the
state transitions conditional on s;. The integral equation approach in Srisuma and Linton (2012)
uses an equation? that has (two layers of) iterative conditional expectations like eq. (8). To apply
Theorem 1 to simplify eq. (8), notice that the last two terms in eq. (8) has the following common

iterative form (recall eq. (7)):

EEEC-E(g(St45) | St45-1)| St42) | St41) | 5t a¢), 9)

where ¢ and j € N* are such that ¢,¢+1,...,t+ 7 all belong to T, and ¢(+) is a measurable function

of s¢4;. Theorem 1 enables us to simplify eq. (9):

E(EE(EE(E(9(st+) [ St+j-1) | St44) | St43) | St42) [ St41) | 51, 1)
= E(E(E(E(E(-—E(9(st+) [ St+j-1)- | St+4) | St43) | St+2, t41) | t41) | 5¢, a¢)
= E(E(E(E(-E(g
= E(E(E(E(-E(g
= E(E(E(-E(g(5t+5) | St+j-1) | st+4) | st41) | 5¢, ar)

(3t+j) | 3t+j—1)"' | st+4) | 5t43) | 8141) | 5¢, at)
(

St+j) | 3t+j—1)"‘ | St+4) | St+3, 8t+1) | 3t+1) | St;at)

“The equation between eq. (5) and eq. (6) in Srisuma and Linton (2012).



E(E(g(st+j) [ st+1) | s¢,a¢), (10)

where the first and the third equalities hold by ;3 I St41 | St42 and spq L Sp41 | St43, Tespectively,
both implied by Theorem 1, and the second and the fourth equalities hold by the law of iterated
expectations. The rest of eq. (10) holds by repeatedly applying such an argument. Then, Lemma 1,
eq. (8) and eq. (10) together lead to the following result.

Theorem 2 (Telescoping). Under Assumptions 1 to 3, for t, T* €T and t <T*,

T* -1
Yor(pe) = 1e(pe) = we(l,2e) —up(0,2¢) + >, BT TAE(UL(sr) | 8t)
T=t+1
+ BT AR (Vs (s7+) | 8¢). (11)

We believe we are the first to clearly articulate the Markovian property of s; (Theorem 1) and
to exploit it to bypass state transition in identification and estimation of flow utility in DDC models
characterized by Assumptions 1 to 3.° Intuitively, the Markovian property means that none of the
observed state variables s;_; in earlier periods provides additional information about s;+1 beyond
what is contained in s;. Since the law of iterated expectations essentially states that only the least
informative information set matters, such Markovian property is the key to telescoping eq. (8), an
equation that characterizes the optimal decision rule and involves iterative conditional means, to
eq. (11), which only has simple conditional mean differences.

Without such telescoping, a moment-based estimator off eq. (8), such as the HMSS estima-
tor, would typically require simulating whole sequences ay, St4+1, @¢+1,-- -, ST+, a7+ to evaluate the
moment. For each period in the sequence, a; is drawn from a binary distribution with estimated
CCP p(s¢), and s; is drawn from the distribution characterized by the estimated state transition
distribution f5t|st_1’at_1. This brings about several implementation issues, especially when s; has
a large dimension or contains continuous variables. (i) A parametric specification is often used
when nonparametric estimation of fg,,_, 4,_, is difficult (see, for example, Li and Racine, 2007,
Chapter 5), but it is not always obvious what parametric specification is appropriate, or how sensi-
tive the estimates or the counterfactuals are to such a specification.® (ii) Although the simulation
draws need only to be made once, the numerical integration based on them must be performed
for every hypothesized parameter value. Whether the state transition is parametrically or non-

parametrically estimated, a large simulation may be necessary to deliver good approximation of

®Eq. (8) in Buchholz, Shum and Xu (2021) is similar to eq. (11) here since it also has simple conditional mean
difference components that suggest a Markovian property, although they arrived at it via an integral equation repre-
sentation in a stationary model. Besides, their representation is hard to generalize to multinomial choice models and

they need to estimate the state transition due to unrestricted shock distributions.
50ther estimator reviewed in Section 1 that use estimated state transition as input suffer from the same issue.
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the moment, demanding huge computational and memory resources. (iii) If f;,|s, , 4,., Vvaries with
t,” then the choice of T*, the end period of the simulated sequences, can be tricky. On the one
hand, if one chooses T™ to be before the data terminal period, then f,,_, 4, and p; for ¢t < Tj,
can all be estimated from the data. The problem arises when only short panel data are available
(i.e., T very small), in this case the impact of the truncation is not negligible, so the estimate
of E(Vis1(se41) | 8¢, a¢) can be substantially biased, leading to biased parameter estimates. On the
other hand, if one chooses T to be after the data terminal period, then they must make additional
assumptions regarding how the state variables and the flow utility parameters will evolve beyond
the data horizon. Unfortunately, there is no agreed-upon way of making such assumptions, and it
is unclear how large the bias is.

In contrast, taking advantage of the Markovian property of s, eq. (11) points to the possibility
of bypassing the estimation and simulation of the state transition. In Section 3, we will exploit the
implications of eq. (11) for the estimation and identification of the flow utility parameter. We will
demonstrate that if one is willing to make a few mild additional assumptions, then a vastly simpler
estimator with an easy-to-verify identification condition is available. We conjecture that progress
could be made in relaxing some of these additional assumptions and in utilizing the Markovian

property to simplify some existing estimators, but we leave this conjecture for future inquiry.

3 Identification and Estimation

Section 3.1 transforms eq. (11) into a linear system under a few mild additional assumptions.
(Among them, only Assumption 6 is new to the DDC literature.) Section 3.2 provides testable
condition for identifying the flow utility parameter from the linear system and discusses its economic
and empirical content, special cases and caveats. Section 3.3 prescribes our simple state-transition-

free three-step CCP-based semiparametric estimator for the flow utility parameter.

3.1 Transformation into a Linear System

Assumption 4 (Logit). For all t € T, assume eo; and €14 both follow a type I extreme value

distribution.

Assumption 4 postulates a logit model and corresponds to Assumption CLOGIT in Aguirre-
gabiria and Mira (2010). Under Assumption 4, ¥o¢(ps) —1:(pe) = In(pe/(1 - p¢)) in eq. (6), eq. (8)
and eq. (11).%

"This generally implies that p; also varies with ¢ (i.e., a nonstationary model).
8Under Assumption 4, 1o (p:) = v—In(1-p;) and 91 (p:) = v—1In(p:), where v is the Euler’s constant. If e,; follows
another distribution, then v, takes a different form, but it will still be a known function of the CCP only, and its

functional form only depends on the distribution of &;.
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Assumption 5 (Linear expected flow utility). Let z; denote a d, x 1 subvector of s, with d, < ds.
For each t € T, assume ui(0,2¢) = x1004 and ue(1,2¢) = 27014 for some do¢ and 614. We normalize

00,1 to an arbitrary d, x 1 vector of constants, denoted by c.

Assumption 5 allows z; to be s; itself or a proper subvector of s;. In the latter case, the
coordinates of s; that are not in x;, denoted by a d, x 1 vector z; (with d, = ds — d,), are observed
state variables that do not directly affect the current flow utility but may affect the future lifetime
payoff through their impact on the distribution of s;;1. z¢ are referred to as “excluded variables”
in the DDC literature, and their function in our approach will be discussed in Remark 6 below.”

It is a common assumption in the DDC literature to assume that u;(0,x;) = 0 for all z; values
and all ¢t € T (or equivalently, d+ = 0 for all £ € T'), but we refrain from making such an assumption
because it has been illustrated to result in substantial bias in counterfactual analysis (Aguirregabiria
and Suzuki, 2014; Norets and Tang, 2014; Chou, 2016). More importantly, such a strong assumption
is unnecessary, because in contrast to static binary choice models, dynamic models can leverage
inter-temporal variation in z; to separate u:(0,z;) and u.(1,z;), in addition to the difference
between the two.'” A normalization for the data initial period, however, is necessary.!!

The linear specification of u:(a,x:), although common in the DDC literature, may appear
restrictive. This concern could be partially alleviated as the state variables themselves and various
functions of them (e.g., power series) are allowed to be included in z;.'?> Under Assumption 5, the
identification of the flow utility function, the key primitive structural object of this model, boils
down to identifying do; and dq; for ¢t € 7. Under Assumptions 1 to 5, the following result links the

optimal flow utility function U?(s¢) in eq. (11) with these parameters:

UtO(St) = ptut(17$t) + (1 —Pt)ut(0,$t) +y-piInp; - (1 —Pt)ln(l —pt)
= pray01e + (1= pe)aidoe +v - peIn(pe) = (1 - pe) In(1 - py), (12)

where 7 is the Euler’s constant (not to be confused with 4 defined in Assumption 6 below), the

9 An example of excluded variable z; is spouse’s education attainment in the problem of labor force participation
a:. Given spouse’s current income (a coordinate of x¢), spouse’s education attainment does not directly affect current

utility, but it is likely to affect how spouse’s income evolve in the future, hence affecting the discounted future payoff.
Remark 5 below is also related to this.
1 One could normalize d1,: to an arbitrary constant vector c instead, but it will not affect the identification conditions

or the values of the parameters § and ¥ discussed in Section 3.2 below. Moreover, because this arbitrary value will
be canceled in the difference in the data initial period flow utility between the two choices and does not affect future

payoff, it will not affect the counterfactual analysis either. In this sense, it is a real normalization.

1211 fact, it is possible to relax Assumption 5 to something similar to Assumption 6 below. That is, suppose
there exists a K, x 1 vector of known functions of x, denoted by ¢"“(z) = (¢**'(z),...,¢ " *(z))’, and for
each t € T, there exist K, x 1 unknown vectors of parameters 55?" and 5§“’, such that wu;(0,z;) = ¢%* (a:t)'ééf;"
and u(1,2¢) = gk (xt)’(iff. The identification of (553“ and 5{? follows the same argument as for do,; and d1,¢ in
Section 3.2 below, and the bias resulting from the violation of this specification can be quantified in the same way as

in Section 4.1 below, both straightforwardly.
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first equality holds by eq. (3.8) and eq. (4.12) of Hotz and Miller (1993), and the second equality
holds by plugging in the expression of u(1,z;) and u(0,x) in Assumption 5.

We reparameterize A; = 014 — o for t =1,...,T%, then 014 = 6o+ + A¢. Plugging the expression
of U?(s¢) in eq. (12) into eq. (11), replacing ot (pt) — 1¢(pr) with In(p:/(1 —pt)), rearranging and
defining

Azy, = AE(pra- | s¢) (13a)
Azg, = AE((1 - pr)ar | se), (13Db)
Azj = AE(zr | st), (13¢)
Yrr_1 = ln(—l P11 ), and, (13d)
—PT*-1

T -1 .
Yy = 1n + BT AR 13e
' ( L-p ) T=Zt;—1 ! ( )

fort=1,..., 7" -2 and 7 > t, where

ATl = AE(n | s1),

777'EpTln(pT)+(1_p7')1n(1_p7')7 for 7> ¢, (14)

we get the following equations

Y1*_1 = x}*,lAT*,l + ,BAE(VT*(ST*) | ST*—l)a and (158,)
Tl T
Y = &T;At + Z 57—_ ACEZ,(;()J + Z BT_ Ai‘ﬁlrftAT
T=t+1 T=t+1
+ BT ARV (s7+) | 5¢) (15b)
fort=1,...,7"-2. Note that c, the arbitrary normalized value of ¢ 1, does not show up in eq. (15).

We assume that the discount factor 8 is known for conciseness and focus on the identification
of Ay and 50,t713 the key structural parameters of the model that specify the flow utility functions.
Although y;, Az] and AZ], may appear to have complicated expressions, by their definitions
in eqs. (13) to (14), they can be regarded as known for identification purpose, since all their
components are either observed or identified from the data. In terms of estimation, they are
all conditional mean difference functions between the two choices, with the “dependent variable”
involving the CCPs that can be estimated in a prior step. The only outstanding complication now

is the unknown integrated value function Vi« (s7+) in the last terms of eqs. (15a) to (15b).

13Remark 8 below shows that the identification only needs minor modification to account for unknown 8, and
the corresponding estimation method follows straightforwardly by slightly modifying the estimator in Section 3.3
(omitted in this paper). Alternatively, 3 can be identified and estimated from a secondary data source, which is also

common in the DDC literature.
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Remark 2 (Infeasibility of Robinson (1988) approach). Although eq. (15) is a partially linear
system, the approach developed by Robinson (1988) might not be feasible to identify or to estimate
the linear parameters Ay (t=1,..., 7" =1) and 6oy (t=2,...,T* -1). This is because the “non-
linear terms” in eq. (15) are unknown functions of sy, which include all the regressors in the “linear
terms” (i, as well as 2z that show up in AZ] and AZ],) as subsets (t = 1,...,T* = 1). This
could lead to the failure of the key condition (3.5) in Robinson (1988). Moreover, eq. (15) imposes
additional restrictions that AE(Vp«(s7+)|s¢) (t=1,...,T —1) is a different unknown function of

s¢ for each t, and yet the unknown inner function Vi« (sp+) remains invariant.

Now it is a good time to emphasize an important distinction between decision horizon T =
{Tstart, Tstart + 1, ..., Tena} (introduced at the beginning of Section 2.1) and data horizon, denoted
as Tgata = {1,...,T}. The data horizon, available for researchers to observe, may only be a subset
of the decision horizon — that is, T' < Tppq or Tgere < 1. Arcidiacono and Miller (2020) refer to
the scenario T < Tg,q as “short panel”, although 7" may be a large number; they call the T =T,,4
scenario “long panel”. All the results we derive so far hold for VT € T; in particular, eq. (15) still
holds if T is replaced by T'. The following assumption about the data-terminal-period integrated
value function Vr(s7), new to the literature but mild, will help further transform eq. (15) into a

linear system, for which we are equipped with many tools from the canon.

Assumption 6 (Data-terminal-period integrated value function). Assume that there exists a K x 1
vector of known functions of s, denoted by ¢" (s) = (¢"1(s),...,¢"%(s))’, and a K x 1 unknown

vector of parameters Y% € RX | such that
Vr(sr) = ¢" (s1)' 7. (16)

Remark 3 (Long panel). Assumption 6 holds in an important special case — when the data terminal
period is also the decision terminal period (i.e., T = Tepq), or long panel. In this case, the integrated

value function Vr(st) consists of the current flow utility only and by eq. (12), it is
Vi (sp) = Up(St) = ap6o0,r + prapAr +v = nr, (17)

where nr is defined in eq. (14), which is a function of pr = exp(afAr)/(1 + exp(z.Ar)) due
to T = Teng. Note that Ar can be identified and estimated using only the cross-sectional data
on the terminal period choices and state variables using standard static logit approach, therefore,
Arp, pr and np can all be identified and easily estimated. In summary, this is a special case

/

where Assumption 6 holds exactly with K = 2d, + 1, ¢ (27, 27) = (', prat,y —nr)’ and K =

(9o, A 1)

Assumption 6 could be thought of as simply an alternative to other identification restrictions

in the literature (e.g., exclusion restriction, a specific parametric restriction, or single action finite
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dependence restriction in Arcidiacono and Miller, 2020) that, if holds, also helps achieve point
identification. Assumption 6 could also be interpreted as approximating the V(s) function using a
series of basis functions ¢% (s), such as power series. This is in the same spirit as Keane and Wolpin
(1994); Geweke and Keane (2000), who use polynomials to approximate the “future component”
(i.e., next-period value function) in likelihood-based estimators of DDC structural parameters. In
the rest of Section 3, we proceed with Assumption 6 holding exactly, but we will discuss this approx-
imation perspective in Section 4. It is hard to find general primitive conditions for Assumption 6,
nor it is testable (like many identification restrictions). We leave the identifiability question of A,
and 0o from eq. (15) for future inquiry.

Assuming Assumption 6 holds, then eq. (15) can be substantially simplified to a system of

equations linear in Ay (t=1,...,T-1), 6os (t=2,...,7-1) and ~K:

yr1= 2 Ap_1 + 6Aq‘¥_’17K, and (18a)
T-1 T-1
Yp = m;At + Z 5T_tAiZ'50’T + Z 5T_tAE71','tAT
T=t+1 T=t+1
+ BT AG A (18b)

fort=1,...,T -2, where
A = AE(q" (s1) | 5t), (19)

whose randomness comes from both x; and z;. Like Az, Aiit and ¥, it is straightforward to
identify and estimate AgX.

Equation (18) is the linear system that serves as the basis of our subsequent identification
analysis (Section 3.2) and estimation (Section 3.3). The parameters of interest are § = (Af, g o,

! ! ! ! K 14
2,...,607T_1,AT_1) and ™.

3.2 Identification of the Linear System

This subsection gives the sufficient and necessary condition for the identification of § and ~%
from the linear system eq. (18). We also recognize that § and ¥ are likely to be over-identified
and give a sufficient condition for that. The available data are a panel of state-variable-and-
choice pairs Dj; = (aiz,s;,)" = (ait, 7} ,,2;,)" for N agents and T' periods (i € {1,...,N} and
t € Tagata = {1,...,T})."> Throughout this paper, we treat T as fixed and allow N to approach
infinity. Let D; = (Dj 4, ..., Djr)".

4,10

YIf T < Topa, 61,7 and do,r cannot be identified without making assumptions regarding how the state variables
and the flow utility parameters will evolve beyond the data horizon, because there are no data to distinguish the flow
utility in period T from the expected future payoffs after T'. If T = Tyq, then Remark 3 above shows that 6+ and

So,7 are subvectors of v,
15Some papers (e.g., Arcidiacono and Miller, 2019) only require cross-sectional data, provided that the state vari-

ables in two adjacent periods are both observed.
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Assumption 7 (Sampling scheme). Assume: D; is independent across i.

The following features of eq. (18) are useful for the identification analysis: (i) the “dependent
variables” y; and the “independent variables” z;, Azj, AZT, and AGE (the latter three are all
forward-looking terms) can be regarded as known for the identification purpose, so the only un-
knowns are the “coefficients” & and % (ii) eq. (18) does not contain any “error” terms, but the
identification of § and ¥ still boils down to a Jacobian rank condition derived from eq. (18), just
like the usual linear regression model; (iii) for a fixed ¢, eq. (18) only contains contemporary A;
and future A; and 6o, (7 > t), so it has a “block-triangular” structure that is useful in certain
scenarios. We will first focus on two illuminating special cases and then extend to the general case.

We start with the special case where T = 2. In this case, eq. (18b) does not exit, fy = (A],y%")’
is the only parameter, and eq. (18a) having a unique solution 3 is equivalent to the system of

d, + K equations with d, + K unknowns
E(X2,1y1) = E(X21X5 )62

having a unique solution, ' where the d,+K vector X5 1 = (2}, BAgE")". The sufficient and necessary
condition of this is that the square Jacobian matrix Lo = E(Xg’lXé’l) — 1.e., the second moment
matrix of X» 1 — has full rank. Note that this condition is equivalent to the second moment matrix
of (zf, A(j{( ") having rank d, + K since (3 is a constant. There is no over-identification opportunity
when T = 2.

Next, we consider the case where T = 3, which clearly illustrates the sources of identification
and over-identification of the linear system for 7" > 2 cases. Define the 3d, + K vector X3 =
(xi,BAa‘c%’,ﬂAa‘:ffl,52Aqf{')' and the d, + K vector X3 = (o}, BAGY'). Let 037 = (A1,002)"s
032 = (AL, ~E") and 65 = ( 5.1,032)". In this case, eq. (18) having a unique solution 63 is equivalent
to the following system of 4d, + 2K equations with 3d, + K unknowns,

O(dy+K)x2d, E(X32X35)

] = L3605, with Lj = [ : (20)

E(X3292)
E(X31X35,)

E(X3,1y1)

having a unique solution. The sufficient and necessary condition of this is that the Jacobian matrix
L3 has full column rank (i.e., 3d, + K). Note that the first d, + K rows of eq. (20) correspond to
period t = 2, and E(X372X§72) is the corresponding square Jacobian matrix; the last 3d, + K rows
correspond to period t =1, and E(Xg,lXéJ) is the corresponding square Jacobian matrix. Because
L3 has more rows (4d; + 2K) than columns (3d, + K), so there might be multiple ways for it to
achieve full column rank. Moreover, the equations corresponding to ¢ = 1 contain all the parameters
and will identify them all if E(X371X§71) has full rank (i.e., 3d, + K). Furthermore, the equations
corresponding to ¢ = 2 contain 632 and will identify it if E(X372X§72) has full rank (i.e., d; + K);

16 his equivalence can be easily shown by the usual identification argument of linear regression models.
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and then by the block-triangular feature of L3, the equations corresponding to t = 1 will identify
03,1 if a weaker rank condition on E(Xg}lXéyl) holds. Finally, note that 63 contains dg; in addition
to A, which is another advantage of using T > 2 periods of data.

To formally state the identification condition for general T', we first define

!
Xrro1 = (2.4, BA¢7) and (21a)
—_——
(dz+K)x1
_1_ 7 _1_ T _ _ /
Xpo o =(ahBAR BAREY, AT AR ST AR G A (21b)
——

((2T-2t-1)dy+K)x1
forT>2and t=1,2,...,T -2, and let
Lry = E(X7,X},) and (22a)

——
((2T=2t-1)dp+K)x((2T-2t-1)dp+K)

Lty 5[ O0((27—2t-1)do+ K (2(t-1)ds) LTt ] (22b)
——
((2T=2t-1)dy+ K ) x((2T-3)dy + K)

for T >2and t =1,...,7 -1. We stack Ly; for t = T —1,...,1 (in that order) to get the
((T -1)2%d, + (T -1)K) x ((2T - 3)d, + K) block-triangular Jacobian matrix Lz:

O(dp+K)x2ds O(dp+ K)x2(T-5)ds  O(dptK)x2dy  O(dpsK)x2d, E(XT 11 XP7 1)
0(3dy+K)x2d, 03de+K)x2(T-5)de  O(3dy+K)x2d, E(X7r-2X779)
0 x 0 «2(T— E(X1 713X/
L e (5dz+'K) 2d, (5d+K)x2(T=5)ds (Xr71-3X773) (23)
0((27-5)dyp+ K )x2d, E(X12X75)
i E(Xr1X7,) ]

Using this notation, eq. (18) having a unique solution 7 = (&, v%")" is equivalent to the following

system of (T -1)2d, + (T - 1)K equations with (27" - 3)d, + K unknowns

[E(X3,2y2)
E(X3,191)

O(d,+K)x2d, E(X32X35)

= L393, with L3 = ,
IF3(X3,1X3,1)

having a unique solution.

Theorem 3 (Identification and over-identification of § and v¥). Under Assumptions 1 to 7, (i)
the parameters 6 and ¥ are identified if and only if the Ly matriz defined in eq. (23) has full
column rank (i.e., (2T - 3)dy + K ); (it) if more than one matriz that consists of (21 —3)d, + K

distinct rows from Ly has full rank, then the parameters § and v are over-identified.

Similar to the T' = 3 case, the key sources of over-identification is the multitude of equations for
periods t = 1,...,T — 1, the linearity of the flow utility (recall Assumption 5), and the presence of
the forward-looking terms in eq. (18).
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Corollary 1. Under Assumptions 1 to 7, 6 and ¥ are identified if the second moment matriz of

(a7, Az}, ARy, AT AZT, L AZTTY AZT Y AGRY) has full rank.

Corollary 2. Under Assumptions 1 to 7, § and ¥* are identified if: (i) the second moment matriz
of (zfp_1, AGE' ) has full rank (i.e., dy + K); and (i) the second moment matriz of (z}, AzL™")’

has full rank (i.e, 2d;) for allt=1,...,T -2.

Corollary 1 recognizes that the equations corresponding to ¢ = 1 contain all the parameters and
will identify them all if E(X71 X7 ) has full rank (i.e., (27'-3)d, + K'). This observation, when T is
large, can be utilized to reduce the sensitivity of our estimator to Assumption 6 (we will elaborate
this in Section 4.2 below). Corollary 2 takes advantage of the block-triangular structure of Ly to
sequentially identify the parameters: condition (i) ensures that Ap_; and v% are identified, which
can therefore be regarded as known for subsequent analysis; condition (ii) then sequentially ensures
the identification of A; and 6o 441 for ¢ =7-2,...,1 (in that order). This feature, as will be detailed
in Remark 5 below, is useful in dealing with time-invariant variables in x;.

The rank conditions in Theorem 3 and Corollaries 1 to 2 are testable. For a general matrix A,
a given integer r, and the hypotheses Hy: rank(A) =7 vs. Hj: rank(A) > r, Camba-Méndez and
Kapetanios (2009); Robin and Smith (2000) summarized and proposed statistical tests of the rank of
A using its estimate A, all assuming that the entries of A are root-n consistent and asymptotically
normal. These tests can be modified to empirically test the rank conditions in Theorem 3 and
Corollaries 1 to 2 since all the entries of Lp are either means of directly observed variables or
values of conditional mean difference functions that can be shown to be root-n consistent and
asymptotically normal with asymptotic variance derived using Newey (1994). The in-depth inquiry
into such tests, however, is outside the scope of this paper.

In the rest of this subsection, we analyze when the rank conditions hold or fail in various
scenarios. We hope to highlight that the Markovian property of s;, combined with Assumptions 4
to 6, greatly simplifies the identification analysis of DDC models.

Remark 4 (Rank condition). The rank conditions in Corollary 2 is especially easy to understand.
Recall eq. (13c) that AT = AR(x441|s¢), so condition (ii) in Corollary 2 requires the variables in
the vector (zy, AE(x41|s¢)")" not to be perfectly linearly correlated among each other.

As for condition (i) in Corollary 2, we have to distinguish between T' = Tepg and T < Tepg. For
the case T = Tey,q, it is without loss of generality that we discuss T = Tppg = 2 in detail. In this
case, we have ¢ (2, 22) = (2, paxh, ¥ —n2)’ and v = (00.2,A5,1)". Note that powyAg +y 12 is
known as discussed in Remark 3, so AE(paxiAs +~v —12]|s1) can be moved to the left-hand side,

and eq. (18a) becomes

Y1 — /BAE(prIZAQ +y =12 | 81) = {B’lAl + 5AE([132 | 31),5072. (24)
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So, condition (i) in Corollary 2 boils down to the variables in the vector (', AE(z2|s1)")" not being
perfectly linearly correlated among each other, which is essentially the same as condition (ii). Note
that the randomness in AE(x11 | ;) comes solely from s; and that x; is a subvector of s;, so this
condition requires that none of the variables in AE(x¢,1|s¢) is a purely linear function of x; alone.

For the case T < Tyyq, it is hard to analyze condition (i) explicitly since Vp(st) is unknown.
In Section 5 we will demonstrate using Monte Carlo that condition (i) in Corollary 2 can easily be

satisfied, with or without excluded variables z;.

Remark 5 (Rank condition fails for certain x;). The rank condition can be shown to fail if x4
contains variables whose future evolution is not affected by the current choice a;. Time-invariant
variables and exogenously evolving state variables are two empirically important examples. Without
loss of generality, we assume that only the first dyo coordinates of x¢, denoted by 7, are either time-
invariant or exogenously evolving, and use x; to denote the last d,» = dy — dgzo coordinates. So, we
can partition z; = (xy’,z{")', Az] = (A", AZ{™)", dot = (854,954)"s and so on. For conciseness,
we also assume that none of the functions in AE(QK(stHsT_l) is a function of xr-1,1 alone so that
Ar_q and v are identified.

The key problem is that conditional mean functions E(x2 | x4, z¢,at) (for 7 > t) do not vary
with ay. If x7 remains time-invariant for each agent for the entire sample duration (e.g., intercept,
birthplace, ethnicity), then Az;™ = AE(x2 |z, 2¢) = 0 because x = x for both a; =1 and a; =0 and
all 7, t and x¢, z¢ values. If the evolution of xy is exogenous and not affected by the choice (e.g., age,
market price), then Az;™ = AE(x2 |z, 2¢) = 0 as well because E(x3|xt, z¢,ar = 1) = E(a2|xe, 2, a¢ = 0).

The consequence is best understood via the sequential approach suggested by Corollary 2. Con-
sider eq. (18b) fort =T -2 first, which becomes

Yyr-2 —5A9€1T QAT 1 —5 AC]T 27 —CUT YAV +5A95TT21’50T 1 +5A$}T21,50T 1s (25)

where the left-hand side is known under condition (i) in Corollary 2. Since A:BT 3 =0, 00.7-1
cannot be identified from eq. (25), which although holds regardlessly. All the coordmates of Ap_s
and 55T 1, however, can be identified using eq. (25), provided that all the coordinates of xp_o
(including x5._,) and Az} 21 have cross-sectional variation.

Then proceed to eq. (18b) for t =T -3, which becomes

yr-3 — BAT] 175 Ap_g — BPAT] 15 Ay - BPAZ Y S o1 - B° AGE AR

= a3 Ar_g + BATT 360 1o + BATT 3V 051 o, (26)

where the left-hand side is known. Note that even though d; -1 is not identified, it does not matter

since Ax°TT31 =0. This means that we are free to normalize g p_ 1 to any real value, and it will not

affect the identification and estimation of the other parameters.'” By the same argument as above,

"For the counterfactual scenario where § remains time-invariant (even if it differs from the value in the data) or
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0o.7—o 18 not identified, but all the coordinates of Ar_3 and oy r_o can be identified using eq. (26),
provided that all the coordinates of xp_3 and A:Z‘}Tf have cross-sectional variation.

This argument proceeds recursively for all earlier periods, and the takeaways can be summarized
as follows. First, Ay for t = 1,...,T — 1 are identified even in the presence of time-invariant
or exogenously evolving state vartables, and this is because only contemporaneous cross-sectional
variation is required to identify the difference in flow utility between the two choices (recall static
binary choice models). Second, &y, (fort=2,...,T ~1) cannot be identified if x7 is time-invariant
or evolves exogenously, but their values do not affect the identification and estimation of the other
parameters, and therefore they can be normalized to arbitrary values. Third, &, (fort=2,...,T -
1), the parameters that correspond to time-varying or endogenously evolving variables x;{ can be
identified. The minor modification needed to accommodate time-invariant or exogenously evolving
state variables in identification and estimation is elaborated in Appendix C.

It is worth pointing out that time-varying variables do not have to change value for every agent
in every period. Provided that xi—1 has cross-sectional variation, the identification of &g, (t =
2,...,T - 1) only requires x; to change value differently between the two choices for some agent
in every period so that AE(xz] | s;-1) are non-zeros at the population level. This allows x] to
be both intermittently time-varying variables (e.g., marital status, highest degree) and continually
time-varying variables (e.g., disposable income).

The non-identification of &g, is intuitive — the future evolution of z7 is not affected by the
choice, so their impact on the utility cannot be identified from choice data. Such non-identification
is an intrinsic result given the model setup and primitives, not due to our approach. In fact, our

approach makes it easier to see when the identification of do; would fail.

Remark 6 (Excluded variables). When z is empty, AE(x¢41 | st) = AE(2411 | 2¢) is a function of
x¢ only. The requirement of Corollary 2 (discussed in Remark J) that the variables in the vector
(z}, AE(x¢41]8¢t)")" are not perfectly linearly correlated among each other can still hold if AR(z¢41|24)
ezhibits enough non-linearity. When z; is non-empty, this requirement is easier to fulfill. In this
sense, excluded variables z; only play an auziliary role.'®

When z; is needed for identification, even one excluded variable might be able to restore the
rank condition for multiple x, if it introduces enough non-linearity to AE(xi1 | x¢,2¢). Consider
a situation where AE(zy41 | x4, 2¢) contains an additive component that is linear in x;, denoted

as prze, with p1 being a dy x dp matriz of constants.'? Suppose z is non-empty and there exists

evolves exogenously (even if the evolution rule differs from that in the data), this normalization does not affect the

counterfactual analysis either.
8Note that if some 2: affects the evolution of s, (7 > t) differently between a: = 1 and a; = 0, then z; should be

included as part of s; even if the vector (x}, AE(z¢1 | z¢)")" satisfies the rank requirement, because omitting z; in

this scenario will result in biased CCP (i.e., omitted variable bias).
197f 2, is empty, then AE(z¢1 | x¢,2¢) = p12¢, and the rank condition in Corollary 2 fails.
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a d; x 1-vector-valued function of d, arguments and a d, x d, matriz of constants, denoted as

0¢-) = (01(4), ., £q, ()" and pa,?° respectively, such that

l Tt ]:[ Iq, Odyxd, ” Tt ]7 (27)
AE(x11 | 24, 2t) 1 P2 0(2t)

2d;x1 2d;x2dy 2d;x1

then the rank condition in Corollary 2 holds if: (a) the second moment matriz of (x},€(z)") is
invertible; and (b) pa has full rank (i.e., d;).*!

To illustrate these two points, we conduct simulation experiments in Section 5 below using two
different DGPs that satisfy the requirement of Corollary 2. DGP 1 has one excluded variable and
two time-varying state variables (i.e., d, = 1, dy» = 2 and dzo = 1), while DGP 2 has two time-
varying state variables and no excluded variable (i.e., d, =0, dy+ =2 and dye = 1), but AE(xz441 |2¢)

s non-linear in .

Remark 7 (Stationary models). If the model is stationary, then Ay = A and So¢ = 8o for all t.

Due to such restrictions on the parameters, under Assumptions 1 to 6, eq. (18) becomes

yra = vr A+ BAGE (Y, and (28a)
-1 _ T-1 B
Yt = (x; + 3 5T-tA5c{jt) A+ ( D 57—%32;') do + BTt AGE A (28D)
T=t+1 T=t+1

fort =1,...,T —2. The (over-)identification of A, 5y and v¥ can therefore be clearly analyzed
using eq. (28).

If T > 3, then stationary models may not even need the normalization 6o,1 = ¢ made in Assump-
tion 5. A and ¥X are identified from eq. (28a) if the variables in x7_, and chr_,@_l are not perfectly
linearly correlated, and then &y is identified from eq. (28b) if the variables in Y 1_L | 7t AZT" are not
perfectly linearly correlated. The intuition is that the inter-temporal variation in dynamic models

provides extra identification source than static models, even if the dynamic models are stationary.

Remark 8 (Identification with unknown discount factor). Unknown B can be analyzed under the
same framework, and the identification condition is only slightly stronger. We focus on the T =3
case and the strengthening of Corollary 2 as an illustration. Under condition (i) in Corollary 2

(i.e., the second moment matriz of (x4, AGE")" has full rank), (AL, BYE")" are identified through

20p17 £(-) and p2 are allowed to depend on t, due to the nonstationary feature of the model, but it is unnecessary

to make this dependence explicit here.
21t is notable that (a) and (b) do not necessarily restrict d,, the number of excluded variables. If z; enters

AE(z¢4+1|xt, 2¢) linearly (i.e., £(-) are all linear functions in all arguments), then they require that d. > d,. The other
extreme is that the variation of z; and the non-linearity in £(-) combined are such that the variables in (z,¢(z:)")’
are mutually linearly independent, then one excluded variable suffices. Many cases in between these two extremes

are also possible.
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eq. (18a) and can then be regarded as known. The unique solution of eq. (18b), at the same time,

18 equivalent to the unique solution of

E(z1y1) E(zi2}))  E(z1Az?) E(zlAa’:ffl E(z1 A Ay
E(AzZiy1) | E(Aziz]) E(AZAZY) E(ATIAZY)) E(AZ{AZ) Bdo,2
E(AZ31y1) E(Az},27) E(AZI A7) E(AZ3,AzY)) E(Az}AGK) BAy |
E(AG 1) E(Aqfz))  E(AgfAzY) E(AQ{{AQ:IJ E(AGE AR |18(8v5)

(29)

where the last d, + K subvector of the unknown vector is proportional to the known parameters
(A’z,ﬁny’)’ by a factor of B, and the only unknown parameter now is the first 2d, subvector
(A1,8802), which can be identified together with B if the second moment matriz of (27, AT?
A:):l 1 AGE"Y has full rank. This is only slightly stronger than condition (i) in Corollary 2 (i.e.,

the second moment matriz of (x}, Az¥) has full rank).

3.3 Estimation

Recall that the available data are a panel of state-variable-and-choice pairs D;; = (am,s;’t)’ =
(ait, @}, 2,)" for N agents and T periods (i € {1,...,N} and t € Tgata = {1,...,T}), and D; =
(DLy..... D)

We use p to collectively denote all CCPs, use A7 to collectively denote all A7] (¢ = LT =2,
t <7 <T-1), use Az to collectively denote all Amlt and Az] (t=1,...,T-2,t<7<T-1),
and use AGX to collectively denote all AGF (¢ = .,T=1). In light of the identification analysis
in Section 3.2, the parameters § and v can be estimated via minimum distance (MD) using the

following moment functions:

mT—l(D7 57 7K7p7 Aﬁa A"i‘v AQK) = —Ur-1 (D7 57 nyapv Aﬁ? Aj7 AQK)XT,T—D and (30&)
mt(D7 57 7K7p7 Aﬁa Ai.v AQK) = _Ut(Dv 57 7K7p7 Aﬁv Afa AQK)XT,L“) (SOb)

where ’UT_l(D 0, ny,p,Aﬁ, Az, AGHK ) yr-1-ah | Ar_1-BAGE’ 17K vi(D, 8,5, p, A, Az, AGH) =
g — o)A~ Y15 BTEAT S0, — NI BT Az AL - BT EAGE'YE for t = 1,...,T -2, and X,
for t = 1,...,T - 1 are defined in eq. (21). Let m(D,d,~v%,p, Af, Az, AG¥) be the stack of the
moment functions m¢(D, 8,75, p, Af, Az, AGF) for t = T —1,...,1 (in that order), which is a
((T-1)%d, + (T - 1)K) x 1 vector-valued moment function that equals zeros under the true values
of 6 and 4. In this moment function, the nuisance parameters p, A7, Az and Ag", which are
all conditional mean difference functions, need to be estimated in preliminary steps. Recall that
A7, AZ and AG¥ all take the common form of AE(h, |z, %) (t=1,...,T -2, t<7<T~-1)in
eq. (7), where the generic notation h, denotes a random variable that is either directly observable
or identified after knowing the CCP functions p,. The specific expressions of h, for An/, Az] and
AGE are known and are given in eq. (14), eqs. (13a) to (13c), and eq. (19), respectively.
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To summarize, the estimation proceeds in the following three steps.

(I) For each t =1,...,T, use the data {Di,t}zj‘\il to estimate the CCP function p; in eq. (1) and
obtain the estimated CCP value p;; for each agent i € {1,..., N}.?

(IT) Obtain iLm— by substituting unknown p;, with p; , whenever applicable. Then, for each
t=1,...,T-2and t <7 <T -1, use the data {fLi,T,DLt}f-\:[l to estimate the corresponding
conditional mean difference functions (i.e., the forward-looking terms) in A7, AZ and AgX

and obtain their estimated values for each agent i € {1,..., N}.
(III) Let mN(57 ’YK) = ]lv Zi\zfl ’I?A’L(D,L, 6) 7K)7 where m(Du 57 ’YK) = m(D27 57 '-YKJai’ Eﬁia Z-\fia E\(jz]()
Then, the MD estimator (§’,5%")’ is the unique closed-form solution to:

(5,7’?K,), = argmin mN((S, ’}/K),WNTTLN((S, ’yK)v (31)

JeR(2T-3)dy 7,YK cREK

where Wy is a ((T ~1)2d, + (T - 1)K) x((T -1)%d, + (T - 1)K) symmetric weighting matrix

that converges in probability to a positive definite matrix W as N — c0.?

Remark 9 (Advantages of our estimator). Our three-step CCP-based semiparametric estimator
avoids the estimation of the state transition distributions fg,|s,_, a,,- Estimating the conditional
means (given ds-dimensional s;) is a problem with smaller dimension and better finite-sample prop-
erties than the state transition distributions (which involve joint densities of 2ds-dimensional vec-
tors), which can be difficult to estimate or simulate nonparametrically, especially when s; has a large
dimension or contains both continuous and discrete variables (e.g., spouse income and number of
young children). The fact that any finite-order Markov process of finite number of variables can be
rewritten as a first-order Markov process by expanding the state vector further exacerbates the prob-
lem. Fven if a parametric specification is used, specifying a conditional mean model is easier than
specifying the entire conditional distribution. Various dimension-reduction methods (e.g., lasso) are
better developed, better understood and more readily available for conditional means. In addition,
our estimator does not involve any simulation or iteration like many other estimators do, which
is typically the most time-consuming task, and therefore is much less demanding computationally.
(For example, in the simulation experiments in Section 5 below, the HMSS estimator is at least one

hundred times more time-consuming than our estimator.)

Remark 10 (Estimation step (II)). The conditional mean difference functions Aij, AZ and AgX,
taking the common form of AE(h; |z, z) = E(hr | x¢, 20,00 = 1) = E(hy | 24, 20, a0 = 0), resemble

22The CCP functions could be estimated parametrically or nonparametrically, and for generality we assume this is
done nonparametrically. The same goes for other unknown functions below unless indicated otherwise. Section F.1
describes series estimator, a particular nonparametric estimator that could be used in steps (I) and (II). The choice

of the tuning parameters is discussed in Section F.2.
23We skip the expression of this closed-form solution for conciseness.
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2 Many

the average treatment effect in the program evaluation and the missing data literature.
estimators from that literature can therefore be used, and here we briefly discuss two of them.

A “inverse probability weighted” (IPW) estimator is based on a useful identity AE(h; |z, 2;) =
E(¢(hryae,pt) | 2, 2¢), where

athT _ (1 - at)h.r
L=ps

¢(hr,as,pr) = (32)

and the function ®(xy,2;) = E(P(hr,ar,pt) | 21, 2¢) can be estimated by regressing qb(iAzi,T,ai,t,ﬁi’t)

2 Then, the estimated value of the corresponding function for agent i equals to

on Ty and z ;.
Eﬁ(wz‘,uzi,t)-

A “conditional mean projection” (CEP) estimator (or “imputation” estimator) estimates the
function ®1(xt, z¢) = E(hy | x4, 2,00 = 1) using the subsample {iLi,T,xi,t,zi,t}aifl and estimates the
function ®g(x¢, z¢) = B(hy |2, 2, a1 = 0) using the subsample {IA’LZ‘,T,$7;¢, Zithage=0 fort=1,...,T -2,
t <7 <T-1. Then, the estimated value of the conditional mean difference for agent i equals to
D1 (24, 2it) — Po(@ig 2it).-

Both the IPW and the CEP estimators are shown to be \/N-consistent and asymptotically
normal (Hirano, Imbens and Ridder, 2003; Chen, Hong and Tamer, 2005), but the CEP estimator
requires weaker reqularity conditions. In particular, it does not require the CCPs to be uniformly
bounded away from zero and one. Suppose the IPW estimator is used in step (II) and fulfills the
reqularity conditions in Section 5 of Newey (1994), then Proposition 1 below gives the asymptotic
distribution ofS by characterizing its influence function. Its derivation heavily uses Newey (1994)’s
pathwise-derivative-based characterization of the influence function of semiparametric estimators,
which is relegated to Appendix B. Meanwhile, Chen, Hong and Tarozzi (2008) show that the IPW
and the CEP estimators are asymptotically equivalent (eqs. (7) and (12), as well as the discussion
on p. 819), so if the CEP estimator is used in step (II), the asymptotic distribution ofg will remain

241t is worth pointing out that the goal of step (I1) is simply to estimate the conditional means of realized (directly
observed or previously identified) h, given x4, z: and a¢, not the (unconditional or conditional) means of “potential
outcomes” like in the program evaluation literature. As a result, the “ignorability” condition, which serves the
purpose of equating the conditional means of realized variables to structural parameters in the potential outcome
model, is not required to hold. On the other hand, one can conceptualize the realized h. in a future period 7 (7 > t)
as h, = athsl) +(1 —at)h(TO)7 where h(Tl) and h$°> are “potential outcomes” for scenarios a; = 1 and a: = 0, respectively.
Then the DDC model studied in this paper (particularly, Assumptions 1 to 3) permits “ignorability” in the sense

that Assumptions 1 to 3 do not necessarily imply or exclude (hgl)7 h(TO)) 1 a¢ |, 2¢, and vice versa.
25Equation (32) holds due to the law of total probability. To see this, note that

E(athr | e, 2¢) = B(achr | ze, 2z, a0 = 1) Pr(ae = 1| @4, 2¢) + E(athr | @, 2e, a6 = 0) Pr(as = 0] x¢, 2¢)

= E(hT |xt7zt7at = 1)pt(mt,2t).

Because p; is a function of x:, z; only, it can be moved to the left-hand side of the equation and into the conditional
expectation, implying E(aih-/p: | x¢,2¢) = E(hr | z¢, 2¢,a¢ = 1). Similarly, it can be shown that E((1 - a¢)h-/(1 -
D) | @, 2t) = E(hy | T, 2¢,a¢ = 0). Again, note that the “ignorability” condition is not required for eq. (32) to hold.
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the same as in Proposition 1 below.?°

We should point out that the number of conditional mean difference functions (given ds-dimensional
s¢) estimated in step (II) is at the order of T?, although the total impact of their estimation errors
on the standard error ofé is additive in them (by Proposition 1 below). On the other hand, the
number of 2ds-dimensional state transition distributions is 2(T—1). In consequence, the advantages

of our estimator may be limited for large T'" and/or small ds samples.

To state the proposition, we let my (D) = mi(D, 80,7, po, Afo, AT, AGE ) for t =1,...,T -1
and stack them to get mo(D) = (mr-1,0(D),...,m10(D))". Here and in the rest of this paper, we
use the subscript “”, with a comma in the front and after all the other subscripts (if applicable),
to emphasize that all the parameters (potentially infinite-dimensional) that the object involves take

the true values. The influence function of (8’,4%")’ takes the form
Y(D) = ~(LyWLy) ' LyW (mo(D) + (D)), (33)

where
Oé(D) = an(D) + Oé$(D) + aq(D) + ap,direct(D) + ap,indirect(D)a

L7 is defined in eq. (23), and ay, (D), ax(D), ag(D), ap direct(D) and oy indirect (D) are defined in
eq. (B.2), eq. (B.3), eq. (B.4), eq. (B.5) and eq. (B.6) in Appendix B, respectively.

Proposition 1 (Asymptotic distribution of 5) Under Assumptions 1 to 7 and the regularity con-
ditions in Section 5 of Newey (1994), the three-step CCP-based semiparametric estimator & defined
in eq. (31) has the asymptotic distribution

\/ﬁ(é—&)i»N(O,V) as N — oo,

where V = E(15(D;)5(D;)), and 5(-) is the first (2T - 3)d, coordinates of the influence function
P(D) in eq. (33).

Depending on what nonparametric estimators are used in steps (I) and (II), the primitive
conditions for Proposition 1 vary. In Section F, we provide the primitive conditions, the choice of
the tuning parameters and the proof of Proposition 1 for power series estimators.

We follow Lemma 5.4 of Newey (1994) to give V, a consistent estimator of the asymptotic

variance V. Define a consistent estimator of I~/T7T_1 in eq. (22a) as

1 N I B <N AN =K1
N 2=l L4, T-1T5 71 N =1 l”i,TflAqi,TJ

B8 N A=K / B2 N A=K A=Kl |’
N sl Aqi,T—lxi,T—l ~ Zi-1 Aqi,T—lAqi,T—l

Lt

where Eqi[,(T—l = ZE(qK(xT, zr) | xir-1, Zz‘,T—l)- Define I~,T7t similarly for t = 1,...,7 -2 so that we
obtain Lp. In addition, let Gy(D;), 6z (Dy), dg(Ds), G direct(Di) and Gy indirect(D;) be estimators

26We will use the CEP estimator in step (II) in our simulation experiments (Section 5).
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of oy (D), aw(Ds), aq(D;), op direct (Di) and oy ingirect (D;), respectively, with unknown parameters
and functions in the latter be replaced by the corresponding estimates obtained via our estimator.
Define

d(Dz) = dn(Dz) + dac(Dz) + ééq(Dz) + dp,direct(Di) + &p,indirect(Di)v
G(Di) =m(D;,8,4" ,p, A, Az, Aq) + (D),

1 N .
S = ~ S (D;)e(D;)’, and
=1
V = (Lo WNLy) ' T WNEWNLp (LW L) ™t (34)

Proposition 2 (Consistent estimator of asymptotic variance). Under Assumptions 1 to 7 and the

regularity conditions in Section 5 of Newey (1994), V L5V as N > oo.

The results in this subsection premise that all the coordinates of § and v¥ are identified. To
accommodate time-invariant and/or exogenously evolving variables in z; (recall Remark 5), we need
to slightly revise the notation to exclude the unidentified (and unnecessary to estimate) coordinates
of 0o+, and all the results in this subsection essentially remain unchanged for the other coordinates.
We elaborate this in Appendix C.2.

We conclude this section by remarking that our state-transition-free estimator of the flow utility
parameters can be useful for counterfactual analysis, too. Certain counterfactual behaviors are
identified without restricting state transition (i.e., they are identified for all state transitions),
and certain counterfactual scenarios involve new state transition that is different from the one in
the data (see Remark 11 below). In these cases, estimating state transitions is unnecessary for
counterfactual analysis. Even for the counterfactuals that require state transition estimates as
inputs, our state-transition-free estimator of the flow utility parameter could be useful in guiding
the choice among different parametric specifications of state transition distributions.?” In addition,
note that counterfactual analysis can also be conducted using the flow utility parameters estimated

via our estimator and a separately estimated state transition.

Remark 11 (Usefulness in counterfactual analysis). We explain how our estimator and overall
approach can be used in analyzing counterfactual behaviors in two counterfactual scenarios. First,
Aguirregabiria (2010); Arcidiacono and Miller (2020) establish that when there is a counterfactual
temporary shift (i.e., additive change) in the flow utility in period t, then the counterfactual behav-
iors (i.e., CCPs) in and prior to period t is identified.”® Without loss of generality, we let T = 3

and consider the scenario where the flow utility in period 1 shifts by € if a1 =1 and zero otherwise,

2TIf T = Tepg, our Assumption 6 is not binding, so our model nests those with a specific state transition distribution,

and a Hausman type test can be conducted about the state transition specification.
28The counterfactual behaviors after period ¢ remain the same as observed, because neither the current flow utility

nor the future payoff is affected by this counterfactual scenario.
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while the state transition remains the same. That is,
uf™ (1,21) =y (1,21) +€, and uf™ (ag, 2) = wag,z0)  fort>1 oray=0. (35)
It follows from eq. (18b) that the counterfactual CCP p'lmtf(st) satisfies

p™ (s1)

)+ BATE = 2 AT 4 BATY 60 + B G A,
1-p7" (1)

where other than Aintf and pintf(sl), the other terms are unaffected by the counterfactual change
and have been estimated in the process of estimating the flow utility parameters. For A(Imtf , only the
intercept coordinate shifts by £, and the others remain the same. So, the value of the counterfactual
CCP function pimf(sl) can be computed for each s1 value using the above equation.

Another obvious counterfactual scenario which does not need to estimate state transition is
when the state transition changes to a known one, different from the observed one in the data.
In this scenario, a general approach is to solve the DP problem based on the estimated flow utility
parameters and the new known state transition, and therefore any counterfactual can be constructed
for long panels.?® When the change in the state transition is temporary, however, solving the
DP may be spared, too. Consider a simple example where T = 3 and the only counterfactual
change in the primitives is that only the state transition from period 1 to period 2 becomes a known
ff"tf(82|51, ay), and we are again interested in pintf(sl). We assume that researchers do not know
the state transitions for the periods that are not affected by the counterfactual change. By eq. (18b),

we have
cnt f
(L)
1-p7 (1)
= l‘llAl + ﬁAEcntf(SCQ | 51)50’2 + ﬁzAEcntf(qK(Sg), | 51)’)/K,

)+ BAE™ [pa(s2) Inpa(se) + (1 - pa(s2)) In(L = pa(s2)) | 1]

where again, only the objects with a superscript ™ differ from their counterparts in the data.
Among them, AE™ [py(s2)Inpy(s2) + (1 - pa(se))In(l - pa(s2))|s1] and AE™ (x5]|s1) can be
computed straightforwardly using the known flcntf(32]81, ay) and the estimated CCP function po(-).
To compute AE (¢X(s3)"|s51), Lemma 1 gives

E™F (" (s3)"| s1,a1) = B [E(¢™ (s3)" | 82) | 51, a1],

where the inside conditional mean E(q™ (s3)"|s2) has already been estimated from the actual data,
and the outside B/ (-|s1,a1) can be computed using the known ffntf(SQ | s1,a1). So, the value
of the counterfactual CCP function pimf(sl) can be computed for each s1 value using the above

equation.

29For short panels, the counterfactuals depend on whether/what restrictions are imposed on the model primitives

beyond the data horizon.
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In both scenarios, the computation of the counterfactual CCP pintf(sl) is made easy by eq. (18b)
(due to the Markov property and subsequent derivation) and does not require the estimation of the
actual state transition. We will demonstrate these two scenarios using simulation experiments in

Section 5 below.

4 Sensitivity of Estimation to Assumption 6

The data-terminal-period integrated value function Vo (s7) may have a different form from that in
Assumption 6. In this section, we will first quantify the estimation bias of the flow utility parameter
induced by imposing Assumption 6 when it is violated.>" Then, we will discuss how to utilize the
over-identification opportunity in the linear system eq. (18) to reduce the impact of Assumption 6

on estimation.

4.1 Bias in Estimation from Imposing Assumption 6

The parametric form Vi (s7) = ¢" (x7, 2r)'v% in Assumption 6 can be interpreted as an approxi-
mation of V(s7), especially when one uses common series basis functions, such as power series, as

¢ (7, 27). Define the approximation error
r®(xr,21) = Vi (sr) - " (27, 21) v*
and its expected difference in period ¢ (¢t =1,...,7-1)
AFf = AR(rX (wr, 27) |24, 21).

Next lemma gives conditions under which the expected difference of the approximation error di-

minishes rapidly with K, the dimension of the approximation of Vi (sr).
Lemma 2 (Approximation error AftK due to approximating VT(ST) by power series). Assume
(i) ¢"(x7,27) is a triangular sequence of powers of (xr, 27) ;>

(ii) K = (k+1)%, where ds = dy +d, is the dimension of s, so that ¢ (x7, 27) has powers in all

state variables at least up to k;
(iii) the support S of sp = (xr,21) is a compact subset of R% ;

(iv) Vr(sr) is m times continuously differentiable.

30Keane and Wolpin (1994); Geweke and Keane (2000) provide Monte Carlo evidence that polynomial approxima-

tion appears to work well in their setting.
31That is, power of each state variable is added to ¢™ (zr, zr) one by one, and ¢™ (z7, z7) includes all lower order

powers before adding any higher order power. See eq. (22) in Hirano, Imbens and Ridder (2003) for details.
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Then there exists ¥ such that the resulting approzimation error satisfies
_K\2 -2m
E((AFF) )=O(K ds), fort=1,...,T-1.

Let 65

seudo denote the probability limit of our estimator 0 in eq. (31). Because the my in eq. (31)

is linear in 6 and 4%, we know that 6%

pseudo exists, is unique and has an explicit-form solution under

the conditions of Theorem 3 (see, for example, Newey and McFadden, 1994).32 These properties

help translate the approximation error of Vy(sr) to the asymptotic bias 5{; cudo

-0 straightforwardly.

Theorem 4 (Asymptotic bias bound of 6 due to approximating Vr(st) by power series). Suppose
Assumptions 1 to 5 and the conditions (i) to (iv) in Lemma 2 hold. Also suppose that ¢* (xp, 27)
and s¢ for t =1,...,T =1 all have finite second moments, 0 < Apin(W) < Apaz(W) < 00, and 0 <
Amin(L'L) € Az (L'L) < 00, where Apin and A denote the smallest and the largest eigenvalues,
respectively. Let |- | denote the Frobenius norm, then we have

100 o = 0l = O (K ).

seudo

4.2 Reducing Sensitivity of Estimation to Assumption 6

When the data horizon is long, a typical implementation of the HMSS estimator would simulate
to a large truncation period Ty, and ignore the term that involves Vi, (s7,,) (recall the last term
in eq. (15b) for T* = Tj,), because the pre-multipled factor S7t'~! quickly approaches zero as
Ty —t increases. The same idea, combined with the over-identification (recall Theorem 3(ii)), can
be leveraged to reduce the sensitivity of our estimator to Assumption 6.

Start by considering eq. (15b) for ¢t = 1. It contains the entire parameter vector ¢ and is linear
in 6; only the last term of it contains Vi (s7) and the pre-multiplied factor 57! quickly approaches

zero as T increases. Truncating the last term, eq. (15b) for ¢t = 1 becomes a linear equation

T-1 T-1
/ T—1 A =7/ T—1 A =7/
y1=x1A1 + Z BT Az 0o, + Z I3 A:cMAT,
T=2 T=2

which is capable of identifying the entire vector § if the usual rank condition holds.** Similarly,
eq. (15b) for t = 2, when truncating the last term, is capable of identifying the last (27" -5)d, coor-
dinates of ¢; and the same logic applies to those ¢ for which 87~ is reasonably small. Therefore, the
truncated version of eq. (15b) for the first few periods constitute a linear system that is insensitive

to Assumption 6, but at the same time still provides ample over-identification opportunity.

32In addition, Proposition 1 continues to hold with & replaced by 5;ieudo.
33 Precisely, if the upper-left ((27 - 3)d.) x ((2T - 3)d.,) submatrix of L; has full rank.
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5 Simulation Experiments: EV Adoption 2025

We compare the finite sample performance of our estimator, referred to as the CRS estimator in
this section, and the HMSS estimators with both nonparametrically and parametrically estimated

state transition distributions. We use two DGPs that help substantiate our discussion in Section 3.

5.1 Simulation Model Specification and Parameterization

To ground our simulation design in a tangible setting, we interpret the model as reflecting a deal-
ership’s decision of whether to begin offering electric vehicles (EVs) over a three-year horizon (i.e.,
Tstart = 1 and T,pg = 3). Each year, the dealership chooses whether to adopt EVs (a; = 1) or not
(a; =0). The time-varying observed state variables x; = (z7,,23,)" reflect the dealership’s readiness
in two dimensions — for example, infrastructure (e.g., service equipment) and personnel training.

In DGP 1, we allow z; to be shaped by public interest in EVs z:
2} g = 0.723 + 0223, + atH M (2) + £41 001, HM (2) = 0.5(2 - x1) (36)
3441 = 0.6 + atH2(1)(Zt) +Ex,2,+15 Hél)(zt) =0.527
zt+1 = 0.52¢ + €2 441,

where z; represents public interest in EVs driven by policy incentives, media, consumer sentiment,
etc. This formulation means that those dealerships that adopt EV, for which a; = 1, are affected
by public interest z;. The shocks €4 1,t41,€2,2,t+1,€2,0+1 follow the independent standard normal
distribution. The shift parameter ; is reserved for the second counterfactual scenario below; when
generating the simulation samples, we let x; = 0. The public interest in EVs z; is excluded from

the flow utility functions:

ut(O, $t) = (Sgyt,g + (507,57156;5 + 50,t72x§t =0+ 05.%;5 + 0.45[3;“

(1, ) = 01,40 + 01,6127 + 014,225, = —0.5+ 0.7z7, + 0.5z,

= U,t(l, Jit) - ut((),a:t) = At70 + At,lxit + At,szt =-0.5+ O2$It + 0.1$§t,

and it only affects the agent’s decision through future evolution of z*.3% In practice, two dealerships
with the same current readiness but different exposure to public interest z; will face different
expectations about future value, which affects their adoption decision. This reflects real-world
dynamics where even well-prepared dealers may delay adoption if public demand appears to be
softening.

DGP 2 differs from DGP 1 in its law of state transition; in particular, it does not have any

excluded variable:

* * * 2 * * 2 * * . * *
7y 441 = 0.727;, + 0.225, + atHl( )(l'lt, Tyy) + Ex.1,4+15 Hl( )(aslt, Xy ) =sin(z], +2x5,) —x¢ (37)

34This setup resonates with the economic forces studied empirically by Chou and Derdenger (2025), where household

EV adoption is influenced by both vehicle characteristics and shifting public interest.
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* _ * (2), * * (2), * 0\ _ * *
Ty = 0.629 + arHy (14, T3) + 2,841, Hy7 (w1, w3;) = cos(2x7; — 25;).

This design leads to AE(z7 ,,q |2}) = H1(2)(x;“) and AE(x3 ;4 |2]) = H2(2)(:c§) The nonlinear func-
tions HI(Q) and H2(2) help to avoid the collinearity among z7;, x5, AE(27] 1,1 |7} ) and AE(z3 4,4 [27)
in eq. (18).

We carefully design these two DGPs to substantiate our discussion in Section 3. First, both
DGPs have a time-invariant observed state variable — the intercept, so the parameter o5, = do,0
is not identified (recall Remark 5). Second, although DGP 1 has an excluded variable (and 1 =
d, < dg+ = 2) and DGP 2 does not have any (s; = z;), both DGPs satisfy the rank requirement of
Corollary 2 that the variables in the vector (x;, AE(x[,|s¢)) are not perfectly linearly correlated
(recall Remark 6).%° Finally, note that 00,1 can be normalized to any constant vector ¢ and therefore
is not identified (recall Assumption 5).

We assume that the researcher has available all the three periods of data, i.e., T = Tg,q4, but
the researcher may or may not know this fact. If they know T' = T,,4 (i.e., long panel), they would
simply use the ¢ (z7,z7) function in Remark 3; and if they do not know this (i.e., short panel),
they would use power series in Lemma 2.36

In addition to the follow utility parameters, we also consider the percentage change in the
average period 1 CCP E(p1(s¢)), a summary parameter of counterfactual behavior, in two coun-
terfactual scenarios discussed in Remark 11. The first counterfactual scenario is a temporary shift
in flow utility in period 1 for choice a; = 1 only, while the state transition remains the same — recall
eq. (35) and we let £ = —0.5. This can be interpreted as the termination of EV purchase rebate.
The second counterfactual scenario is a temporary change in the state transition from period 1 to
period 2 only (and the researcher knows this new state transition), while the flow utility remains the
same — in eq. (36) and eq. (37) we let Ximf =1for t=1 and Xfmf = x¢ = 0 for all the other ¢. This

exercise demonstrates the usefulness of our estimator in counterfactual analysis (recall Remark 11).

5.2 Estimators and Simulation Results

Although we let all the flow utility parameters be time-invariant in both DGPs, we assume that the
researcher does not know this fact and therefore treats them as time-varying in estimation. The
parameters of interest are Ay = (A¢ g, Ar1,Ar2) = (-0.5,0.2,0.1)" for t = 1,2, 3, 60+ = (0,15 dot2) =
(0.5,0.4)" for t = 2,3 and percentage change in E(p;(s1)) in the two counterfactual scenarios,
numerically computed as —21.7% and —19.0%, respectively, for DGP 1, and —24.5% and -39.2%,
respectively, for DGP 2.

351t is easy to check that excluding z; from s, for DGP 1 will lead to failure of Corollary 2.
36For both DGPs, K is chosen such that ¢ (1, 2zr) includes all the second-order powers, including the cross-

products (i.e., k =2 and K = (2 + 1)9s, using the notation in Lemma 2(ii).
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Table 1: If T' = T,,,4 = 3 Is Known (i.e., Long Panel), with Excluded Variable z; (DGP 1)

CRS estimator HMSS estimator (NP) HMSS estimator (P)

Parameter  Truth Bias Std Dev MSE Bias Std Dev MSE Bias Std Dev MSE

A1 -0.5 -0.002 0.129 0.017 -0.020 0.109 0.012 0.345 0.112 0.132

t=1 A1 0.2 0.002 0.075 0.006 0.020 0.070 0.005 -0.013 0.048 0.002
Aq2 0.1 0.007 0.085 0.007 0.033 0.083 0.008 —-0.006 0.059 0.004

00,2,2 0.5 -0.018 0.269 0.073 -0.186 0.134 0.053 -0.192 0.147 0.058

00,2,2 0.4 0.022 0.163 0.027 -0.028 0.112 0.013 —-0.496 0.101 0.256

t=2 Az -0.5 0.006 0.097 0.009 -0.011 0.094 0.009 0.192 0.091 0.045
Az 0.2 0.002 0.052 0.003 0.017 0.052 0.003 0.002 0.046 0.002

Ag o 0.1 -0.001 0.054 0.003 0.025 0.057 0.004 0.019 0.047 0.003

00,3,1 0.5 -0.029 0.171 0.030 -0.235 0.090 0.063 -0.128 0.110 0.028

00,3,2 0.4 -0.012 0.100 0.010 -0.077 0.078 0.012 —-0.388 0.070 0.155

t=3 Az -0.5 -0.002 0.077 0.006 —-0.005 0.072 0.005 —-0.006 0.072 0.005
Az 0.2 0.006 0.043 0.002 0.003 0.043 0.002 0.007 0.045 0.002

A3z 2 0.1 -0.001 0.044 0.002 0.002 0.038 0.001 0.002 0.040 0.002

t There are N = 1000 agents in each Monte Carlo repetition. The results are based on R = 500 Monte Carlo repetitions.

For each DGP, we generate R = 1,000 samples of N =500 agents. We compare the finite sample
performance of our CRS estimator (Section 3.3) and two versions of the HMSS estimator — one
with nonparametrically estimated state transition distributions and another with parametrically
estimated state transition distributions. For the CRS estimator, the unknown conditional mean
functions are estimated nonparametrically using series estimators. For the nonparametric HMSS
estimator, the state transition distributions f(ss|s1,a1) and f(ss3|s2,a2) are estimated by kernel
density estimators. For the parametric HMSS estimator, we assume that s; follows choice specific
VAR(1) models and estimate f(s¢11]s¢,at) for t =1,2 and a; = 0,1 separately. Knowing the state
transition distribution, we can draw multiple sequences of states and choices. When T'=T,,5 =3
is known, we draw 60 sequences of state variables and choices up to period 3 when evaluating the
moment functions.?” When T.,,4 is unknown, we draw 60 sequences of state variables and choices
up to period 50 periods when evaluating the moment functions. For period ¢t = 3 beyond, we assume
f(se1]|se,ar) = f(s3]s2,a2) in order to draw up to period 50. We only estimate the counterfactual
CCP when T,,4 is assumed as unknown to researchers.

For DGP 1, the true values, the simulation biases, the simulation standard deviations and the
simulation mean squared errors (MSE) for the CRS and the two versions of the HMSS estimators
are reported in Table 1 and Table 2, for T' = T,,,4 known case (long panel) and T = T,,4 unknown

case (short panel), respectively. In both tables, the biases of the CRS estimator are smaller than

3"We compared the estimates resulted from using 60 and 500 sequences in preliminary experiment and did not find
noticeable change in parameter estimates. Using 500 sequences takes substantially more memory and hence reduces
the number of cores in parallel computing. So, we chose to use 60 draws for the HMSS estimator for all the reported

results.
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Table 2: If T' = T,,,4 Is Unknown (i.e., Short Panel), with Excluded Variable z; (DGP 1)

CRS estimator

HMSS estimator (NP)

HMSS estimator (P)

Parameter Truth Bias Std Dev MSE Bias Std Dev MSE Bias Std Dev MSE
A10 -0.5 —-0.003 0.136 0.019 -0.019 0.109 0.012 0.334 0.113 0.124
t=1 A1 0.2 -0.001 0.084 0.007 0.021 0.071 0.005 -0.015 0.048 0.003
A1 2 0.1 0.002 0.094 0.009 0.035 0.084 0.008 —-0.009 0.059 0.004
00,2,1 0.5 -0.032 0.289 0.085 -0.034 0.128 0.018 0.002 0.134 0.018
60,2,2 0.4 0.036 0.170 0.030 0.140 0.102 0.030 -0.401 0.100 0.171
t=2 Az -0.5 0.017 0.114 0.013 0.159 0.072 0.030 0.224 0.071 0.055
Az 0.2 —-0.001 0.065 0.004 0.004 0.044 0.002 0.005 0.043 0.002
Ao o 0.1 -0.010 0.069 0.005 0.018 0.046 0.002 0.018 0.044 0.002
00,3,1 0.5 = = = —-0.538 0.028 0.290 —-0.532 0.025 0.284
60,3,2 0.4 = = = -0.390 0.027 0.153 —-0.459 0.021 0.211
t=3 Az -0.5 = = = —-0.086 0.074 0.013 -0.021 0.073 0.006
Azl 0.2 — = = —-0.001 0.043 0.002 —-0.003 0.043 0.002
Az 2 0.1 - - - —-0.003 0.039 0.002 —-0.006 0.040 0.002
flow shift p1 change % -21.7 -0.1 0.8 0.6 -1.3 0.7 2.1 -2.8 0.7 8.1
trans. shift p; change % -19.0 1.8 6.0 39.3 3.4 4.0 27.7 2.9 3.4 20.1

t There are T = 3 periods and N = 1000 agents in each Monte Carlo repetition. The results are based on R = 500 Monte Carlo
repetitions.

In this scenario, the parameters in period ¢ = 3 are not identified under Assumptions 1 to 6, so they are not estimated by the
CRS estimator. The HMSS estimators require additional assumptions about Tenq4, the flow utility and the state transition

beyond period ¢ = 3 (details are in the paper).

those of the nonparametric HMSS estimator for all the parameters, which are in turn smaller
than the parametric HMSS estimator, except for Ag; in Table 1. The standard deviations of
the CRS estimators, on the other hand, are generally larger than those of the nonparametric
HMSS estimator, leading to larger MSEs, but the differences are not big. This is not surprising
given the asymptotic equivalence between the NFXP/MLE and the HMSS estimators shown by
Aguirregabiria and Mira (2002). The parametric HMSS estimator, on the other hand, have much
larger biases for many parameters, although its standard deviations could be the smallest, leading
to generally the largest MSEs. This is again not surprising given the bias-variance trade-off between
parametric and nonparametric modeling of nuisance parameters.*® The results for DGP 2, reported
in Table 3 and Table 4, are very similar to those for DGP 1.

Several remarks are worth mentioning. First, when 7" = Tp,,4 is unknown (Table 2 and Table 4),
the parameters in period t = 3 are not identified without assuming stationarity, and therefore no
result is reported for the CRS estimator. If one blindly implement the HMSS estimators regardless
of the non-identification, however, they will get something (reported for the HMSS estimators).

They do not appear to be terrible, possibly because the true simulation DGPs are stationary, but

38See Shi (2024) for an averaging estimator that takes the advantages of both to improve estimation.
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Table 3: If T'=T,,q = 3 Is Known (i.e., Long Panel), without Excluded Variable z; (DGP 2)

CRS estimator HMSS estimator (NP) HMSS estimator (P)

Parameter  Truth Bias Std Dev MSE Bias Std Dev MSE Bias Std Dev MSE

A1 -0.5 -0.081 0.120 0.021 -0.114 0.098 0.023 0.062 0.070 0.009

t=1 A1 0.2 0.022 0.086 0.008 -0.026 0.066 0.005 -0.024 0.048 0.003
Aq2 0.1 0.020 0.094 0.009 -0.010 0.076 0.006 0.019 0.054 0.003

00,2,2 0.5 0.034 0.201 0.042 -0.073 0.150 0.028 —-0.581 0.126 0.353

00,2,2 0.4 0.041 0.188 0.037 -0.040 0.141 0.021 —-0.432 0.130 0.204

t=2 Az -0.5 -0.014 0.076 0.006 -0.027 0.075 0.006 0.020 0.070 0.005
Az 0.2 0.005 0.049 0.002 -0.015 0.046 0.002 -0.010 0.045 0.002

ACR 0.1 0.007 0.060 0.004 -0.004 0.055 0.003 0.000 0.053 0.003

00,3,1 0.5 -0.232 0.144 0.075 -0.303 0.092 0.100 —-0.582 0.071 0.345

00,3,2 0.4 -0.175 0.129 0.047 -0.231 0.086 0.061 —-0.443 0.076 0.202

t=3 Az -0.5 -0.004 0.069 0.005 —-0.001 0.071 0.005 -0.011 0.066 0.004
Az 0.2 -0.001 0.046 0.002 0.003 0.044 0.002 0.001 0.043 0.002

A3z 2 0.1 -0.003 0.051 0.003 0.002 0.048 0.002 0.003 0.050 0.003

t There are T = 3 periods and N = 1000 agents in each Monte Carlo repetition. The results are based on R = 500

Monte Carlo repetitions.

we do not suggest reading too much into these results. Second, A; tends to be estimated better
than 6o across all settings and all estimators, because as elaborated in Remark 4 to Remark 6,
the non-collinearity in x; itself provides identifying power for the former, while the later requires
the non-collinearity in (z;, AE(z},, |s¢)) (recall Corollary 2). This indicates that the strength of
the rank condition given in this paper reflects an intrinsic feature of the model and the data, and
is unlikely to be altered by alternative estimators based on the same optimal decision rule (recall
egs. (3) to (6) and eq. (8)).

It is worth emphasizing that the CRS estimator is much faster than both versions of the HMSS
estimator. For DGP 1 (resp. DGP 2), it took a five-core Mac Studio 20 (resp. 30) minutes
to complete the calculation of the CRS estimates, but about 2.5 (resp. 4) days to compute the
nonparametric HMSS estimator, and about 1.9 (resp. 2.5) days to compute the parametric HMSS
estimator — roughly two-hundred-time and one-hundred-and-thirty-time differences. Moreover, the
HMSS estimator results reported here are based on a commercial optimization software (Knitro,
see Byrd, Nocedal and Waltz, 2006, for details), which we used to speed up and enhance the
performance of the HMSS estimator, while the step (III) of the CRS estimator has a closed-form
solution.

A final note before concluding this section. To generate a simulation sample, we must know the
CCP function pi(x{;, 7}, 2t) for any value of the continuous vector (zf,7;,2) by solving the
dynamic programming (DP) problem. This is not a trivial task, and we proceed in three steps. First,
we discretize the continuous state space of s; into an efficient grid and obtain the corresponding state

transition processes using the “EDS” method (Maliar and Maliar, 2015; Gordon, 2021). This allows
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Table 4: If T' = T,,,4 Is Unknown (i.e., Short Panel), without Excluded Variable z; (DGP 2)

CRS estimator

HMSS estimator (NP)

HMSS estimator (P)

Parameter Truth Bias Std Dev  MSE Bias Std Dev ~ MSE Bias Std Dev  MSE
A1,0 -0.5 -0.085 0.119 0.021 -0.113 0.098 0.022 0.062 0.069 0.009
t=1 A1 0.2 0.020 0.086 0.008 -0.027 0.065 0.005 -0.024 0.048 0.003
Ar2 0.1 0.018 0.094 0.009 -0.011 0.076 0.006 0.018 0.054 0.003
00,2,1 0.5 0.032 0.198 0.040 0.034 0.139 0.020 —-0.582 0.126 0.355
00,2,2 0.4 0.041 0.187 0.037 0.058 0.135 0.022 —-0.437 0.123 0.205
t=2 Az -0.5 -0.011 0.075 0.006 0.006 0.066 0.004 0.018 0.069 0.005
Az 0.2 0.006 0.049 0.002 -0.013 0.042 0.002 -0.011 0.045 0.002
Az 2 0.1 0.009 0.060 0.004 -0.001 0.052 0.003 -0.001 0.053 0.003
30,3,1 0.5 = = = -0.541 0.022 0.293 -0.579 0.018 0.336
00,3,2 0.4 = = = -0.420 0.024 0.177 —-0.440 0.023 0.194
t=3 Az -0.5 = = = -0.021 0.073 0.006 -0.014 0.066 0.005
Az 0.2 = = = -0.003 0.042 0.002 -0.004 0.042 0.002
Az 2 0.1 = = = -0.001 0.048 0.002 -0.001 0.049 0.002
flow shift  p; change (%) -24.5 -2.0 1.3 5.7 -1.7 0.8 3.5 -2.9 0.6 8.7
trans. shift p; change (%) -39.2 0.9 7.6 58.6 3.3 6.5 53.3 40.6 7.9 1712.8

t There are T = 3 periods and N = 1000 agents in each Monte Carlo repetition. The results are based on R = 500 Monte Carlo
repetitions.

In this scenario, the parameters in period ¢ = 3 are not identified under Assumptions 1 to 6, so they are not estimated by the
CRS estimator. The HMSS estimators require additional assumptions about T4, the flow utility and the state transition

beyond period ¢ = 3 (details are in the paper).

us to draw from a much smaller number of state grid points but still approximate well the stochastic
behavior of the state variables. Second, we solve the DP problem backwardly with the state variables
on the discrete EDS grid, which was shown to well approximate the solution of the original DP
problem (Maliar and Maliar, 2015). This step gives the CCP value on the discrete EDS grid, from
which we obtain the CCP function of continuous state variables by polynomial interpolation. Third,
we simulate the three periods of the state variables s; and the choices a; for N agents and R Monte
Carlo repetitions. The details of these three steps, which might be of independent interest, can be
found in Section E. We acknowledge that this “discretization-interpolation” approach to generating
simulation samples will inevitably result in bias in final parameter estimation, but because the CRS
and the HMSS estimators are based on the same simulation samples, any approximation errors in

generating the samples should affect both estimators equally.

6 Concluding Remarks

Lines of inquiry we hope to explore in the future include: (i) identifying the expected flow utility
function u(as, x;) while relaxing Assumption 5 (linearity) and/or Assumption 6 (data-terminal-

period integrated value function); (ii) generalizing the analysis in this paper to permit unobserved
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heterogeneity among the agents, as characterized by latent types; (iii) allowing for serially correlated

flow utility shocks.
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Online Appendices for

“Identification and Estimation of Nonstationary Dynamic Discrete

Choice Models”
by Cheng Chou, Geert Ridder and Ruoyao Shi

A Proofs of the Results in Section 2.2

Lemma A.1. Under Assumptions 1 and 2(i)-(iii), e; L (si—j,a¢—;)|s¢ fort and j € N* such that t

and t —j all belong to T .

Proof. To prove this, we separate the cases j =1 and j > 2. For j =1, first note that Assumption 1

implies that a;—; is completely determined by s;-1 and e;-1 (see Aguirregabiria and Mira, 2010,

p. 39, and it can easily be shown), then &; 1 a;-1 by Assumptions 2(ii) and 2(iii). Together with

Assumption 2(i) and 2(ii), this implies that &, is independent of (s}_;,as-1,s;)’, or any subvector

of it, so

f(Et | Stflaatflast) = f(Et) = f(Et | St)-

In consequence, we have

f(€t78t—1,at—1 \ St) = f(st—laat—l | St)f(€t | St—hat—l,St)

= f(se-1,ae-1|5¢) f(ee | s¢)-
For 5 > 2, we have
f(ets si-j,ai-j | st)
= f f(et, 21, ae-1, St—j, a—j | s¢)dS2_1das—q

= f(St—j,a—j | s¢) f (et i1, a1 | Se—j, as—j, 5¢)dI_1dag—q

= f(St—j,ar—j | st) / J(2-1,ap-1 | St—js ar—j, se) (e | £24-1, ap-1, St—j, ay—j, St )dS2_1das_;.

Note that

flee| 2i-1, a1, 8¢5, -, 5¢)
flee| 21, ae-1, St—j, ar—j,5¢) f(5¢ | $2e-1, a¢-1)
f(st|9241,0a41)
_ fet| ry a1, 865, a5, 86) (8¢ | -1, a1, 8¢, az—j)
) f(st|924-1,0a:1)
[ st 21,001, 8-, a1-5)
f(st \ 2 1,a¢-1)
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_ flet,se| 21, a0-1)
f(St | 21, at—l)

= flee| 211, a0-1,5¢)
= f(et|st), (A.3)

where the second and the fourth equalities hold by Assumption 1, and the last equality holds by
Assumptions 1, 2(i)-(iii) and an argument similar to the one used to show eq. (A.1). Plug eq. (A.3)
into eq. (A.2), we get

f(fm St—j,At—j | St)
= f(st—j,ae—j | s¢) f(ee| s¢) f F(82-1,ae-1 | Se—j, ar—j, 5¢)dS21dazq

= f(st-j,ai-j | st) fet | se)-
This completes the proof. [

Lemma A.2 (Markovian state variables). Under Assumption 1, £2; is a first order Markov process;
that is, 2p:1 L 24— | 2 fort and j e N* such that t, t+1 and t - j all belong to T.

Proof. First note that f(2u1]as, 2, 2—5) = f(£2441 | at, £2¢) by Assumption 1. Also recall that the
choice a; is completely determined by 2; under Assumption 1, so f(as |2, 82-;) = f(as|£2;). These
two equalities, together with the law of total probabilities, lead to

F( 21 | 26, 20-5) = > [ | ag, 24, 2-5) [ (az | 24, 2-5)
at=0,1

Z J($2e01 | ag, 2¢) f(ag | £2¢)

at=0,1

= f(Qe1 [ 20),

which is the result of this lemma. [}

Proof of Theorem 1. First note that by the first order Markovian property of £2; shown in Lemma A.2,
we have s;41 L S¢—j | (s¢,¢), which indicates f(sp1,8i—j | st,€¢) = f(Sex1|5e.€¢) f(Si—j | S¢,€¢). More-
over, Lemma A.1 further simplifies f(s¢—; | st,€¢) to f(si—j | s¢), implying f(ser1,56—5 | st,€t) =
J(st+1]8t,6¢) f(si—j | s¢). Finally, applying the integral operator [ -dF(e;|s;) to both sides of this

equality gives

] J(8t41, 565 | st,6¢)dF (g | 5¢) = [ JF(se1 | 8t5€0) f(50-5 | s¢)dF (g4 | 5¢)
= f(st+1,50-5 | 5¢) = [ (541 | 56) [ (515 | 5¢),

which is the result of this theorem. [ ]
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Lemma A.3. Under Assumptions 1 and 2(i)-(ii1), S¢rj L S¢ | See1 and 2445 L 24 | 2441 for t and
j € N* such thatt, t +1 and t + j all belong to T .

Proof. We consider

f St+j, St | 5t+1)

ff Sty Stajals- - > St+25 St | St41)dStrj-1-+-dASt42

f(st] st41) / F(Stajy Staj=ty- -, Sta2 | Sty S¢41)dSprj1--dSpe2
= f(st|se+1) f F(Stajs Staj=1, -5 Ste2 | St41)dStajo1--dSta2
= f(se|Se1) f(Staj | St41)s

where the third equality holds by Theorem 1. The result f(£2u, £2¢|2¢41) = f(£2¢]2041) f (2445 82¢41)
can be shown by the same argument using Lemma A.2, and this completes the proof of this

lemma. [ ]

Lemma A.4. Under Assumptions 1 and 2(i)-(iii), st+j L €t | S¢r1 for t and j € N* such that t,
t+1 and t+j all belong to T.

Proof. We consider

F(Stejret|8e41)

f f(5t+j,€t+1,€t | St+1)d€t+1

[ J(ete1 | e41) f(Stajr€t | Sea1,€041)dErin

f f(€t+1 | 5t+1)f(5t+j ‘ 3t+175t+1)f(5t | 3t+175t+1)d5t+1

f F(8tajr €041 | 8t41) f (et | 841, €41 )dER41, (A.4)

where the third equality holds by s;; L & | (St+1,€¢+1) implied by Lemma A.3. Note that in
eq. (A.4),

f(3t+1,€t+1)
~ flet,sea1) flerr)  f(et, St41)
- f(3t+1)f(5t+1) - f(3t+1)

where the second equality holds by Assumptions 2(i) and 2(iii). As a result, eq. (A.4) becomes

f(et|ste1,6041) =

= f(€t | 5t+1)7

f(St+j,€t | 3t+1) = [ f($t+j,€t+1 | St+1)f(€t ! St+1)d5t+1
= f(et] se+1) f f(8t4js €041 | S141)dErs1
= f(et| st41) f(St4j | 5641),

which is the result of this lemma. [}
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Proof of Lemma 1. First recall that a; is completely determined by s; and €; under Assumption 1,

then Lemmas A.3 and A.4 imply that s¢; L (S¢,a¢) | se41. Then, we have
E(E(g(st+5) | st41) | 8¢, ar)

/ f G(St+5) f(Staj | Se1) F(Sta1 | 5t, ar)dsesjdsi

f [ 9(St4j) f(St45 | Sta1, 56, a8) f(Sta1 | 8¢5 a1)dspyjdsisn
/ f G(St+5) f(Stajs Ste1 | St,ar)dssjdsisn

[ 95t (st st a)dsu

= E(g(st+5) | S¢, at).

B Influence Function 3(D) in Proposition 1

In this section, we use Proposition 5 of Newey (1994) to compute the influence function ¢(D) of
(8",457)!. The first (2T - 3)d,, coordinates of 1)(D), denoted as t1h5(D), are the influence function
of 4.

Proposition 1 and Proposition 2 hold by Lemma 5.3 and Lemma 5.4 of Newey (1994) under the
regularity conditions in Section 5 of Newey (1994), for which we provide primitive conditions and

proof for series estimators in Section F.

B.1 Basic Terms in the Influence Function

In eq. (33), L is the Jacobian matrix of the moment functions (with respect to § and v*); oy, (D),
az(D) and ay(D) are the respective adjustment terms for the estimation of A7, AZ and AGX
in step (II) of the estimation strategy in Section 3.3, ap,diTeCt(D) is the adjustment term for the
estimation of the CCPs in step (I) that appears directly in the moment function, and ay, indirect (D)
is the adjustment term for the estimation of the CCPs in step (II) that appears in the “dependent
variables” of the nonparametric regressions leading to A7, AZ and AgX in step (II).

Note that by eq. (18), as well as the definition of the moment function m in eq. (30), we have
mo(D) = 0, because v(D, do, YL, po, Afo, AZg, AGE) = 0 for t = 1,...,T — 1. In other words, the
influence function consists of only the adjustment terms.

In the rest of this subsection, we verify that the Ly matrix define in eq. (23) indeed equals to
the Jacobian matrix, denoted by M. We know that

Mp_15 Mrpoqy
M = : :
(T=1)2dy+(T-1)K)x((2T-3)dy + K)
M s M
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where

0
Mes O B (my(D, 6.4  po, Ao, Ao, A ))\

((2T-2t-1)dp+K)x(2T-3)d, 85
and

0
ty = WE(mt(D,(SOy'yK;pOaAf]O?Ai‘(hA(jé())
((2T-2t-1)d+K)xK 97

yE =

So, it is easy to see that, assuming interchangeability of differentiation and integral,

M =Ly, (B.1)

B.2 Adjustment Terms in the Influence Function

Note that the moment functions m depend on the CCP functions in step (I) and the nonparametric
regression functions in step (II) only through their values at given argument values, so Proposition
5 of Newey (1994) applies. In the rest of this subsection, we use p, A7, AZ and AGX to denote
given values that these unknown functions take, and their coordinates are denoted in a similar way.
These values are taken as real variables, not functions, in the partial derivatives shown in the rest

of this subsection.

B.2.1 Adjustment Term for Estimated A7 Functions

To compute the adjustment term for estimated A7 functions, we first need to compute

Mt,AﬁZ’, = ﬁmt(D,5077§ap07§7;>Aﬁ;’7%>Afo,Aqg) o
t A=Ay
where A7,/ denotes all the coordinates of A7 other than A7jj,.
Through basic algebra, we get Mt,Aﬁ[, = O¢@r-20-1)dy+K)x1 for t = 1,....,T =2 t" # t and
=t'+1,...,T -1, Mrp_y,a77, = O(d,+K)x1 for t'=1,....,T-1and 7 = t'+1,...,T -1, and
WA —BT_tXT,m fort=1,....T-2and 7=t+1,...,T—1. As a result,

O(d,ﬁK)xl
BXT1-20 [(GT—'Q - H#) NT-1,0 — Aﬁ%:%,o]

pr-20 l-pr_2p

271—:514-1 tXT t,0 I:(pzt;) - 1—jr;:to ) M0 = Aﬁz:():l

Z ’BT 1 T,l,O [(P?o'_ 11)10)”70 Aﬁio]

B.2.2 Adjustment Term for Estimated Az Functions

Note that AZ contains two types of conditional mean functions, Azy defined in eq. (13¢) and Az,

define in eq. (13a). To compute the adjustment term for estimated Az functions, therefore, we first
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need to compute

M az7, = mt(D 50,70 ,po,Ano,A:Et/,AJ:t,O,A
" oAT Kap-ai,
and
0 R _ _
Mt,A:ET , = mt(D75077(€<7p0aAn(JaA:Lflit’an?i/ OvAQ(I)<) )
v OAT] Ly o RFT ,=AZT

1t’ 1,t/,0

where Az denotes all the coordinates of AZ other than Az, and Az}, denotes all the coordinates
of AZ other than Az,
, T -2, t #t and

,T—1, and Mt,Ag—Ct =

Through basic algebra, we get Mt,Ag—c; = 0((27=2t-1)dp+K)xd, TOT t = 1,...
T=t,+1,...,T—1, MT—I,A:T?:, :0(d1+K)de for t' = 1,...,T—1 andT=t+1,...

BT X11000,0 fort=1,...,T-2and 7 =t+1,...,T-1. In addition, Myaz7 , = 0((2r-20-1)dy+ K)xda

fort=1,....T-2,t'#tand 7=t'+1,...,T -1, MT*LA@;J/ = 0(d,+K)xd, for t' =1,...,T -1 and
T=t+1,....,T -1, and Myaz7, = ﬁT‘tXT,wA’ﬂO fort=1,....T-2and 7=t+1,...,T-1. As a
result,
O(dy +K)x1
- l-ar_
ﬁXT’T_Q’O(S(l)’T_LO I:(P(;T_;o - 1—PaTT—2?0):ET 1= A$T 2 0]
O[;E(D) = : 1— _
YT B X006 10 [ (525 - 152 ) 2 - AT
1 1- _
| 5T XT,LO(SO 7,0 [(pllo - —17;?0 ) Lr = Aw{,o]
O(dy +K)x1
_ l-ar_ —T-1
BXT,T—ZOA’T—LO [(p(;T,Q?O a 1-;T—T,Qi))pT—LO$T—1 - A951,T—2,0]
. (B.3)

ST BT X0 AL [(— -

T
Pt,0 )pT 0Lr = Axlvw]

Pt,0

T-1 p7-1 ! ay 1-a1 =T
2o BT X11,0A%, [(m - m)pm% - A%,l,o]

Note that the first term in eq. (B.3) adjusts for the estimated A\a_:[, and the second, A\a_c{t

B.2.3 Adjustment Term for Estimated Ag"X Functions

To compute the adjustment term for estimated AgX functions, we first need to compute

0 _ AL A= K,
MnAqff = (%TKmt(D»CSO,’Yé{aPOaAU0>A$O>AQ57AQ,;/5 s

t’

where A(jt]f  denotes all the coordinates of AgX other
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Through basic algebra, we get M, A = O(2r-2t-1)dy+K)xk for t=1,...,T -1 and t" #t, and
Mt,Aqt =g tXTtO')’O for t = ., T —1. As a result,

[ BXrr-1,070" [(ﬁ - ﬂ) q" (z7,27) - AQZII{—LO]

pr-1,0 1l-pr-10

ag(D)=| BT Xrp ol [ (2 - 152 ) ¢F (e 2r) - AT |- (B.4)

pt,o  1-peo

BT X107 [(ﬁo - 11_%10) ¢ (v, 2r) - Aq—fo]

B.2.4 Adjustment Terms for Estimated CCPs

We first compute v, gireet (D), which captures the impact of estimated CCPs that appear directly

in the moment functions. To do so, we need to compute

0
Mt,pt/ = p\,mt(D 50770 7pt’7pt’ 00 AUO; AZEO, Aqo )

t Dy =ps o

where pf, denotes all the coordinates of p other than p;. Note that the CCPs only appear directly

p; ) 50 My p, = 0((21-2t-1)dy+K)x1
for t = LT —-1and t' #¢, and M p, = X740/(pto(1—peo)) for t = ., T—1. As a result,

as the first term of the contemporaneous y;, in the form of ln(

Xr,17-1,0
pr-1,0(1-pr-1,0) (ar-y pT_l’O)

X
ap, direct (D) = zﬁ (at = pto) : (B.5)
XT,1,0
I, 0(1_p1 o) ( a — pl,O)

We then compute v, ingirect(D), which captures the impact of estimated CCPs that appear as
the “dependent variables” of the unknown functions A7} and AZ. Due to eq. (32), p, is part of the
numerators of the “dependent variables” of the nonparametric regressions for An/ and AZ7,, and

p¢ is part of their denominators. For 7 >t and t =1,...,7T — 2, define

ay 1-a; Dr,0 ag 1-a;
HT = — - In H; - + 0
bpr (pt,o L=pto ) l-po 7 (pt o (1-peo)? ) G

(473 1 — Q¢ Q¢ 1 — Q¢
X/ 5(—— )x and X/ =-|——+——=|prox
o \po 1-pio) " b plo (L=po)?) 7

where we recall that 7, is defined in eq. (14). By chain rule, we combine these with My aq; and
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Mipzy, fort=1,....T-2and 7=¢+1,...,T -1 to get
O(dy+K)x1
PT-1,0 ar- 1*(1’1"_2) ) _
Bln 1_pT71’OE(XT,T—2,0 (pT%O T lz7-1,27-1) (a7-1 = PT-1,0)
Opinirea(D) = - '
P,andirec t p 0 a 1_0/
T t+1 BT ln = E(XT,t,U (;Tto - 1—ptt0) |zr, ZT) (ar —PT,O)
T-1 pr-1 Pr,0 a1 _ 1-ap _
i S BT Ing OE(XTI 0 (p—lo —1_p170)|$r,Z7) (ar = pro) ]
O(d,+K)x1
E(nr-1,0ar—2lv7-2,27-2) = E(nr_1,0(l-ar_2)|lzr_2,27_2)
Xpr- ' : ar-s — pr-
BXT1-20 oo (=p1—20) (ar—2 - p1T-20)
+
Tt E(n-, oat|$t,2t) E(nr,0(1-a¢)|xt,2t)
ZT t+1 B XTt 0 ( P2 2, (-pr.0)? (at _pt,O)
T-1 gr-1x N E(nroailzi,z1) | E(nro(l-a1)lz1,z1)
_ al —
I 2 BT X110 770( 7o (opro)? (a1 -p1p)
O(dy +K)x1
ar_2 _ l-ar_o _
BAT 1, (XT,T—Q,O(pT%O 1_pT72’0)|$T—172T—1)$T—1 (ar-1—pr-1,0)
+
BT tA El X d-as | ( _ )
7— t+1 7,0 T,t,0 pto T Topeo Ty Zr ) Tr \Qr — P10
T—1 1-aq
| ﬁ Al ()E(XT 1,0 (p1 0 1_p170) |$7'7 ZT)'rT (CLT _pT,O)
O(dy+K)x1
E(pr-1,007-107-2lT7-2,27-2) | E(PT_1,007-1(1-ar_2)|wT_2,27_2)
X1 1_90A! : + :
BX11r-2087_1, P~ (=p120)
- Tt E(prozratlze,ze) | E(prozr(1-ad)|ze,2t)
ZT =t+1 /8 XT7t70AT 0 ( p?,o + (1-pt,0)?
T-1 pr-1 / E(prozrailr:,z1) E(P ozr(1-a1)|z1,21)
o b7 XT,1,0A7_70( R S =pro)?
| 1,0

) (ar—2 _pT—Q,O)
) (@i = pro)

) (a1 -p10)
(B.6)

Note that the first and the second terms in eq. (B.6) adjust for the estimated p, and p;, respectively,

in 577[ , and the third and the fourth terms adjust for the estimated p, and p;, respectively, in Z;\ﬂt

C Time-invariant and Exogenously Evolving Variables in x;

In this section, we modify the theorems in Section 3.2 and Section 3.3 to accommodate the possi-

bility that z; may contain time-invariant and exogenously evolving variables.
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Following the notation in Remark 5, let 2} be the dg+ x1 (0 < dy+ < d;) subvector of time-varying
and endogenously evolving state variables in z;, and let d5, denote the corresponding subvector
do+ (for t =2,...,T — 1) that can be identified. Our goal is to give identification condition and
estimation procedure for 6 = (A},005,A9,..., 057 1, A7)  and ~K. All the theorems in this

section have an apostrophe to emphasize their connection to those in the main text.

C.1 Identification

*

Equation (18) becomes a system of linear equations of Ay (t=1,...,T-1), 65, (t=2,...,7-1)

and %
yr-1 = o Aoy + BAGE Y, and
T-1 T-1
Yt = $2At+ Z BT_tAZEZT,(SS’T-l‘ Z 5T_tA£Z‘71—’,tAT
T=t+1 T=t+1
+AT g AN
for t=1,...,T — 2. Based on these equations, we define

* —
XT,T*I = XT,T,1 and
N—— —
(dz+K)x1
* (. —xt+1/ —t+17 T-1-t A =+T-11 QT-1-t A =T—-11 2T—t A =K1\’
X1y :(xt,BA:ct ,BAZT, .., B Az, B Azy 7, B T Ag )

—
((T-t)dz+(T-t-1)d ++K)x1

forT>2and t=1,2,...,7 -2, and let

[N/%,t = E(X;",tX;{t) and
——
((T=t)dg+ (T=t=1)d e + K ) (T=t)d+(T—t—1)d, 1 + K
Loy 5[ O((T=t)dyt (T—t—1)d w4 K )x((t=1)da+ (t-1)dyn) L ]
——

((T-t)da+(T-t-1)d + +K)x((T-1)de+(T-2)d +« + K)
for T >2and ¢t =1,...,7 — 1. Like in the main text, we stack f/i}’t fort =T -1,...,1 (in that
order) to get the (T(T —1)d,/2+ (T = 1)(T = 2)dy/2+ (T - 1)K) x ((T' = 1)dy + (T — 2)dp+ + K)
block-triangular Jacobian matrix L7:

O(dy K ) 0dyt Kyx (T4 (T)dye) Ol x(dardye) B X))
0(2d s +K ) (dy-+d,e ) 0(2d, +dx+ K ) (T—4)dy+(T-4)d, e ) E(XT 7 oXT1 )
L} — . .
O((T=2)dy+(T=3)d, s +K ) (do-+d,,» ) E(X75X75)
| E(X71X771)
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Theorem 3’ (Identification and over-identification of §* and v when z; contains time-invariant
or exogenously evolving variables). Under Assumptions 1 to 7, (i) the parameters 6* and v* are
identified if and only if the L} matriz defined above has full column rank (i.e., (T —1)dy + (T -
2)dy+ + K ); (i) if more than one matrix that consists of (T —1)dy + (T — 2)d,+ + K distinct rows

from L7 has full rank, then the parameters * and 5 are over-identified.

Corollary 1°. Under Assumptions 1 to 7, 6* and ~* are identified if the second moment matriz

of (x1, AZ{, AZY,, ..., AT AZT, L ATV AZT Y AGR') has full rank.

Corollary 2°. Under Assumptions 1 to 7, 6* and~" are identified if: (i) the second moment matriz
of (2%, AGS') has full rank (i.e., dy + K ); and (ii) the second moment matriz of (x}, Az;*1")’
has full rank (i.e, dy +dy+) for allt=1,...,T = 2.

C.2 Estimation

We use AZ* to collectively denote all Az], and Az;" (t=1,...,T-2,t<7<T-1). Redefine the

moment functions as:

m}—l(Da 5*7 7K7p7 Aﬁa Af*7 AqK) = _,U;—l(Da 5*7 7K7p7 Aﬁ? Af*a AqK)Xf;,T—lv and
mi (D, 6" A%, p, A7, A", AGR) = —vp (D, 6%, 7" p, Al AT, AT ) X7y,

where vi_ (D, , 7%, p, A7, AT, AGY) = yrog — ol A1 - BAGE 4K and v (D, 5%+, p, An,
AT AGY) =y -af A =S I0N BTIARTS  ~ TSI BTIART A - BT AGE K for t =1, T-2.
Let m*(D, 6%, 7%, p, An, AZ*, AGX) be the stack of the moment functions m; (D, 5*,v%, p, Af, Az*,
AGF) for t=T-1,...,1 (in that order). 6* and 4¥ can still be estimated through steps (I) to (III)
in Section 3.3, provided that we replace Az] with Az;7 in the collection of “dependent variables”
AZ in step (II) (now denoted as Az*) and let

(6%, 45"y = arg min mn (8%, 7") Wimn (6%,75), (C.1)

§*eR(T-Dda+(T=2)dyx K RK

where m}“\,(é*,ny = % zfﬁlm (Di,d*,'yK), m*(D,é*,’yK) = m*(D,(S*,*yK,ﬁ,E?,B?*,E(jK) and
Wy is a symmetric weighting matrix of conformable dimensions that converges in probability to a
positive definite matrix W* as N — co. Note that the “regressors” of the nonparametric regressions

in step (II) are still s, including the time-invariant and exogenously evolving variables in x;.

Proposition 1’ (Asymptotic distribution of 6* when z; contains time-invariant or exogenously
evolving variables). Under Assumptions 1 to 7 and the regularity conditions in Section 5 of Newey
(1994), the three-step CCP-based semiparametric estimator 5* defined in eq. (C.1) has the asymp-
totic distribution

VN (5 =5*) L N (0,V7),
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where V* = E(¢s« (D) V5. (D;)), and s+ (-) is the first (T = 1)d, + (T — 2)dy+ coordinates of the

following influence function ¥*(-):

¥*(D) = ~(LYW* L) LyWa* (D),

in which
O‘*(D) = an(D) + Qg (D) + aq(D) + ap,direct(D) + ap,indirect(D)a
O(d,+K)x1
* * _ 1-ap_ * —xT-1
BXT,T—ZO(SO,,T—I,O [(paTT,;O - 1_paTT,;0 ) Tp_1~ A33T—2,0]
az+(D) =

T-1 T—t v * */ ar _ l-aq * AN AT
r=t+1 87 XT100077,0 [(ptyo _17pt,0) T Aﬂct,o]

T-1 -1 v * */ a 1-a; * — T
Yroa BT X 71,0070 [(m - m) T Aﬂﬁ,o] ]
O(dz+K)><l

* / ar—1 _ l-ap_g _AmT-1
5XT,T—1»0AT—270[(pT72,0 1—pT72,o)pT—170$T-1 A*TLT—z,O]

T-1 T—t v * / at 1-a¢ —T
S T X Ao (355 - 555 ) prows = AT

T-1 pr-1 v * / al 1-aq —T
YT B X7 1080 [ (25 - 1525 ) prowr - AT 1]

and oy (D), ag(D), ap direct (D) and oy, indirect (D) are the same as those defined above in eq. (B.2),
eq. (B.4), eq. (B.5) and eq. (B.6), respectively, except for the only difference that X, is replaced
by Xiw ort=1,...,T -1 in every occurrence. Note that again, the influence function consists

of only the “adjustment terms” since m{(D) = mo(D, 55,7, po, Afo, AZE, AGE ) = 0.

Wx

A consistent estimator of V* is provided in eq. (34), with relevant objects replaced by their
counterparts whenever applicable. Again, its consistency can be justified by a proposition that is

essentially the same as Proposition 2, which we omit here for conciseness.

D Proofs of the Results in Section 4.1

Proof of Lemma 2. By the definition of AFtK and the Cauchy-Schwarz inequality, we have

E((AF)?) = B([AR(F" (21, 21) | 21, 20)]7)
= E([E(r"™ (ar, 27) | 24, 22, ap = 1) = E(r™ (wp, 27) | 24, 22, ar = 0)]?)
< 2B([E(r™ (w1, 21) |2, 21, 00 = 1)]7)
+ 2B([E(r"™ (27, 20) | 24, 21, a1 = 0)]7). (D-1)
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Under the conditions (i) to (iv) of this lemma and by Theorem 8 of Lorentz (1966, p. 90), we have
suplr ()| < 1K,
seS

for some constant C;. By this uniform bound of |r®(s)| and the Jensen’s inequality, we have

[E(TK(CCT,ZT) | 24, 2, a0 = a)]2 < E(|TK(33T,ZT)|2 | ¢, 24, a4 = a)

SC’%K_QTTS for a =0,1. (D.2)
Combining eq. (D.1) and eq. (D.2), we get
E((A7K)?) < 402K~
and the result of the lemma follows. ]

K)’

b
((5 seudo77pseudo) = (L'WL) ' L'WR. Recalling the definitions of R and AFE (t=1,...,T-1),

we get
K
[ 5pseudo 0 ]
K
’ypseudo -

Proof of Theorem 4. It is easy to see that the probability limit of the linear MD estimators ( e

E(X7 1 1A77_)

< )\maw ((L,WL)il) v )‘max(LL’))\mam(W)

E(X711AFK)

) \/m maz(W) Z HE(XTtATtK)H

Amin (L'W L)

Z [E(xr,ar)|*

T-1
< C3K- \} 21 I\/E(XZ )]

< C4K dS,

where Cs is some constant. In the above, the first inequality holds by the Cauchy-Schwarz inequality
and the properties of eigenvalues, the first equality holds by the property of eigenvalues and the
definition of the Frobenius norm, the second inequality holds by the conditions on the eigenvalues
of L' L and W, the third inequality holds by the Cauchy-Schwarz inequality and Lemma 2, and the
last inequality holds by finite second moments of ¢ (z7, zr) and z; for t = .,T —1. Then, the

result of the proposition follows. [

E Generating Simulation Sample

To generate a simulation sample from the model specified in Section 5.1 is not a trivial task,

because all the state variables in our parameterization are continuous. In this appendix, we provide

52



details on the three steps we took to solve the dynamic programming (DP) problem to generate
a simulation sample. Section E.1 describes how to discretize the choice-specific VAR(1) state
transition processes, so the DP problem with continuous state variables can be approximated by a
DP problem with discrete states. Section E.2 explains how to solve the DP problem with discrete

states backwardly. Section E.3 describes how to draw a simulation sample forwardly.

E.1 Efficient Discretization of States and State Transition Distributions

In general, randomly drawing state variables s; from their stationary distribution is not efficient,
especially when dj is large, because most of the draws will end up in regions with low probabilities.
In addition, the VAR(1) processes of s; in our model depend on whether a; =0 or a; = 1 is chosen.

The original DP problem in Section 5.1 involves a 3 x 1 vector of continuous state variables
8.1, whose transition is governed by two choice-specific VAR(1) processes.® Let f(s1|a; = a) for
a = 0,1 denote the density function of the stationary distribution of s;;1 when a; = a. The choice
at =1 is a “reset” choice such that the distribution of the next-period state variables s;y1 does not
depend on the current state variables sy, that is, f(s¢11|st,ar =1) = f(s¢41 | ar = 1). Tt is tempting
to separately discretize the two choice-specific VAR(1) processes, but this will result in complicated
choice-specific discretized state transition matrices.

To make the discretized state transition matrices simple, we impose the restriction that the
stationary distributions of the state variables to be the same across both choices: f(si11|a;=1) =
f(sir1 | ar = 0). We first discretize the VAR(1) process when a; = 0 by using the “EDS” method,
proposed by Maliar and Maliar (2015) and specialized for a VAR(1) process by Gordon (2021) to
obtain a discrete grid of s; values that consists of only 1000 points but approximates the stochastic
behavior of the original VAR(1) process well.*’ Let 3 = (s',...,5'99)" denote the 1000 “EDS” grid
points, and each point s/ (j = 1,...,1000) is to a vector of (z1,z2,2)" values. The “EDS” method
also gives us the discretized state transition matrix fdi5(8t+]_ =57 |5 = s’ ay = 0) and the stationary
probability mass function f%(s;,q = s7 |a; = 0), for Vj,j' = 1,...,1000. This probability mass
function equals to each row of the state transition matrix fdis(8t+1 =/ | st = sj’, a; = 1) when a; = 1,

because f(s¢11|8¢,at =1) = f(s41|ar =0).

E.2 Solving the Model Backwardly with the Discrete States

Having obtained the discrete states and discrete state transition matrices, we can solve the dis-

cretized DP problem backwardly.

390ur method can handle larger ds, but we chose ds = 3 because simulating the sequences of state variables and

choices to implement the HMSS estimator puts a rapidly increasing strain on memory as ds increases.
49The number of points is up to the researchers’ choice.
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E.2.1 t=3 (Decision Terminal period)

We start from the terminal period. First, the choice-specific expected payoff in period ¢ = 3 is

v3(a,sj) = ug(a,xj) = 04,30 + (5a’371x{ + 5a7372mg, for j=1,...,1000, (E.1)

where 2/ = (a:{, a:%)’ is the first 2x1 subvector of s7, and we get a vector t3(a) = (v3(a,s'),...,v3(a, s00))’

using this formula. Then, the CCPs in period ¢ is

; expv(l, s’
pt(s]): p t( )

. —, for j=1,...,1000. E.2
expv(0,57) +expug(1,s7)’ oI =5 (E2)

Let ¢t = 3 in eq. (E.2) and we get a vector 73 = (p3(st),...,p3(s1%%?))’. Lastly, the expected optimal
payoff in period t (i.e., the value of the integrated value function) is (see Arcidiacono and Miller,

2011, for example)
Vi(s7) = v(0,87)) = In(1 - py(s7)), for j=1,...,1000. (E.3)

Let ¢t =3 in eq. (E.3) and we get a vector Vi = (Va(sh),..., V3(s1009))".

E.2.2 t=2

The choice-specific expected payoff in non-terminal period ¢ is
vi(a, ) = up(a,2?) + BE(Viar (s7) | 51 = &7, ay = a), (E.4)

where uy(a,2’) is computed in a similar way as uz(a,z’) in eq. (E.1). For t = 2, the second
term in eq. (E.4) can be numerically computed using the vector Xjfg obtained in Section E.2.1
and the choice-specific discrete state transition matrices fdis(st+1 | st,a;) obtained in Section E.1.
Let ©2(a) = (va(a,st),...,v2(a,s0%)). Let t = 2 in eq. (E.2) eq. (E.3) and plug in va(a,s’)

1000))/

for j = 1,...,1000, then we get a vector po = (pa(s'),...,pa(s and another vector ‘72 =

(Va(sh),..., Va(s1099)) = 55(0) — In(1 - pa).

E23 t=1

Let t = 1 in eq. (E.4), in which again the second term can be numerically computed using the vector
‘z obtained in Section E.2.2 and the choice-specific discrete state transition matrices f* (St+1]8¢,at)
obtained in Section E.1. We let 91(a) = (vi(a, s'),...,v1(a,s%?))". Let t =1 in eq. (E.2) and we

get o1 = (p1(sh),...,p1(s1990))". ‘ifl is unnecessary since t = 1 is the sample initial period.

E.3 Simulate A Sample Forwardly with the Original State Space
Section E.2 gives the solution of the DP problem on the discrete “EDS” grid points s',.. ., 000

— the CCP vectors p1,po,P3. Before simulating a sample, however, we need to interpolate CCPs
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for any continuous value of s using p; as observations. In particular, for each ¢ = 1,2, 3, we regress
In(p:(s7)/(1-pi(s7))) on a power series of :U{, xé and 2/ (j=1,...,1000) to get the approximated
CCP function p¢(x1,x2,2).

Then we simulate a sample forwardly. For period t = 1, we first generate N = 250 random draws
of s1 = (x1,1,212,21)" from the stationary distribution of s;, which is the same across the choices
0 and 1. We then evaluate the approximated CCP function ]31(33171@172,21) at the s; draws and
randomly generate a choice aq for each draw. For period t = 2, we first generate random draws
of s9 from choice-specific VAR(1) processes based on the s; and a; values. We then evaluate the
approximated CCP function pa(z21,22,2,22) at the sy draws and randomly generate a choice as

for each draw. For period t = 3, repeat what we did for ¢ = 2 with all time indices increased by one.

F Primitive Conditions for Proposition 1

The regularity conditions in Section 5 of Newey (1994), alluded to in Proposition 1, may be fulfilled
under various primitive conditions for different estimators used in steps (I) and (II) of our estimation
procedure. In this section, we elaborate the primitive conditions under which Proposition 1 holds

for series estimators and provide the proof.

F.1 Series Estimators

Series estimator could be used to nonparametrically estimator the CCP functions and the condi-
tional mean difference functions in steps (I) and (II).

We follow Hirano, Imbens and Ridder (2003) to use the Series Logit Estimator (SLE) for the
CCPs in step (I) as they are conditional probabilities. For any positive integer J, let R’ (s) =
(r15(8),7r25(8),...,775(s))" be a J-vector of functions, and we focus on the orthonormal power
series described in Appendix A of Hirano, Imbens and Ridder (2003) in particular. Define ((J) =
sup,cs | R’ (s)| where | - | denotes the Frobenius norm, then we have ¢(J) < C.J (Hirano, Imbens
and Ridder, 2003, p. 1177). If a function g is v, times continuously differentiable, then by Theorem
8 of Lorentz (1966, p. 90), there exist a 7; such that on the compact set S,

suplg(s) - RY(s)'my| < CJ . (F.1)
S€

We denote the logistic cumulative distribution function by L(u) = exp(u)/(1 + exp(u)), then the
SLE for the t-period CCP function p;(s) is defined by p; s(s) = L(R(s)'#;.) with

N
Ty, j = argmax Z(am . lnL(RJ(si’t)'ﬂ) +(1-a;t)-In(1- L(RJ(Si7t),7T))).
T o=l

Let pit = pi(siy) and Piy g = Pry(sie). For a typical conditional mean difference function

AE(h. | s¢ = s) in step (II), we use L orthonormal power series, so the series IPW estimator (see
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Remark 10) is AE(h, | s; = s) = RE(s)'dy, 7.1, with

A N 1= a: )
wmz(ZRL(sz-,t>RL(si,t>) ZRL(Z)(%”J (U= aihirsy
1=1

Dit,J 1=Ditg

where recall that in step (II), ﬁw J is the counterpart of h; » with p; - replaced by p; - ;. To facilitate

our discussion in the next subsection, we look at a specific example: hp_1 = zp_1pp_1. Define

Al 1 X a;r-2pir-1,0 (1—air-2)pir-1.7
~ ~_1 L i i s % 7,
Wr, =27 91— » R7(sjr_9)x;_ T - — —, F.2
L 2,LN Z ( 1,1 2) 1,1 1( PiT_2.7 1 —Pir2.; ) ( )
E—T—l — RL /A F.3
T17-2(s) = R™(s)'wr, (F.3)
where
-~ 1 al L L !
Sr-aL= > R*(sir-2)R"(sir-2)". (F.4)
i=1

F.2 Regularity and Asymptotic Linearity

The key to Proposition 1 is to characterize the regularity conditions under which v/ ( (6", 45 = (65,7 -
ﬁ YN (D;)|| = 0p(1). Because step (ITT) has a unique closed-form solution, the key becomes to
characterize regularity conditions under which its “numerator part” has an asymptotically linear

expansion as follows
[VRnaff) - L S0 +a(0)|

H\/_ZTTL(D“(SO’VO 7plaAnlanlﬂAQz ) m(D1760a70 ,po,A’rhg,A{L‘lo,quo a(Dz))H

= 0,(1). (F.5)

To show eq. (F.5), it is helpful to make a few observations. First, because the adjustment
terms are based on linearization of m with respect to p, A7, AZ and AGY, the estimation error
in them can be investigated one at a time, while holding the others at the true value (Newey,
1994, p. 1357). Second, both the direct impact of p and their indirect impact through A7,
AZ and AgG¥ need to be accounted for. These two observations enable us to focus on a typical
component of the adjustment terms with the understanding that detailing all the components leads
to substantial notational expense without bringing any new insight. In light of the definitions in
eq. (13), eq. (14) and eq. (19), it suffices to characterize the primitive conditions under which the
adjustment terms related to p and Ei{t (whose dependent variable contains p,) are given by the

formula in Proposition 1; that is,

H\/—Z m(D1750770 7p17A77Z Oanzltanz Oaqu 0) Qg 1(D) ap,l,zndzrect(D) Qp direct D) H = Op(l
(F.6)
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where we let a, 1(D) denote the second term in eq. (B.3), a1 indirect(D) denote the sum of the

last two terms in eq. (B.6), and oy girect(D) is defined in eq. (B.5). (Recall that a,;(D) and

Qp 1 indirect (D) correspond to ﬁ{vt, while the other terms in eq. (B.3) and eq. (B.6) correspond to

AZ7.) By the definition of the moment functions m in eq. (30) and of X7, in eq. (21), we further

focuson 7=T-1and t =T -2 in eq. (F.6), and it suffices to show that the asymptotic expansion

of

N .
—% ZZ ( (&%) + BAT T 0~ @52 Ar-20 ~ BATI 7 00,7-10 ~ BATI T2 Ar-10 = B2 AT 7007 )
ﬁAl‘l 11-2=Win+Wan

is characterized by the influence function in eq. (F.6). Recall the equality eq. (18b), so in the above,

_ 1 X ﬁi,T—2 DiT-2,0
Wi = - VN i;(ln< 1 —ﬁi,T—2) B ln( L =pir-20 >) BRTLIT-2
1 X DiT-2 Di, T-2,0 e
= — —N Z:Zl B(ln(—l _ﬁi7T_2) - ln(—l _pi7T_270 ))(Al‘z 1,7-2 sz,l,T 2) (F?)
1 Yo PiT-2 PiT-2,0
-~ ; ﬁAa;mm(ln( T ) - 1n( — )) (F.8)
_ 1 il A, A ~T-1 —A_T_l A_T 1
Won = _N Z/B T—1,0( Li1,17-2 %1,T—2) (5 Li1,T- 2)
i=1
L S AL (B, - A KilTh, - Az
Vi Z;ﬁ T—l,O( Ti1 72 leT 2) ( T 1,12 xz,l,T 2) (F.9)
iz
1 N T-1 =T-1
+ _N Zﬁ AT 1 O(A%,LT 2~ Axz,l,T 2) A:Ui,l,T—Q (F.10)
i=1
1 X o =T-1 71 71
+ _N Z;ﬂ AT—LO(Awi,l,T—Q - sz’,l,sz) AT oo, (F.11)
iz

where E»LTI L= E{}EQ(SLT_Q) is defined in eq. (F.3) and

- A a;r-2pir-1 (1 —air—2)piT-1
wp == RE(s x : : - : : , F.12
L =27 QLNZ (8i,7-2) i 7- 1( ot = pirs ) ( )
AUfz,l,T 2 —AfclT o(siT-2) = R" (sir—2)'@r.

The goal of this subsection, therefore, becomes to characterize the primitive conditions for and to

prove

HWI,N + WQ,N - \/— E(Oéx l(D ) + ap,l,mdzrect(D ) + ap,dzrect(D ))H = Op(l)' (F.13)

Before proceeding, it helps to first recall and to clarify some notational convention that we

stick to throughout this section. Recall that we use the subscript “o” after all the other subscripts
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to emphasize the true value of a parameter (which is potentially infinite-dimensional); similarly,
we use the subscripts “ ;7 and “” to denote the series estimators with J and L basis functions,
respectively. For the CCP functlon pt(s¢) and the conditional mean function Az T ' ,(s) (and their
estimators), the argument is sometimes omitted when not confusing. When the argument is omit-
ted, we use the subscript “;” in front of all the other subscript to denote the value of the function
evaluated at agent ¢’s covariates. For example, the following notation is used interchangeably:
Dit = Digt,g =P, (Sit), szlT 2‘A$1T 2(si7-2) and A5”1T o(u)-A 1T Lo(u) = RL(U)'(@L—@L)-

Let C be a generic positive constant that may take different value at each appearance.
Assumption 8 (Second moment of ;). Suppose E(z?) < oo.

Assumption 9 (Distribution of s;). Suppose: (i) the support of s; is a compact set S; (ii) the

density of s; is bounded, and bounded away from zero, on S.*!

Assumption 10 (CCP). Suppose: (i) pto(s) is a v, times continuously differentiable function
with vy > 13ds; (1) pio(s) is bounded away from 0 and 1, i.e. 0<p<pro(s)<p<1.

Assumption 11 (Ais{’Tl_Q(s) smoothness). Suppose Aa‘:{}l_Q(s) is a v, times continuously differ-

entiable function with v, > 5ds.

Assumption 12 (Conditional mean smoothness). Suppose: (i) each coordinate of IE(

Ar{Tl 2(1_CLT—2)

1-pr-2

and E(

S7_1 = S) is a vy, times continuously differentiable function of s with vy, >1;

(i) each coordinate of E(xp_1pr-1a7-2| S7-2 = s)AflT’}{Q(s)/p%Q(s) and E(xp_1pr-1(1 = ap—2) | sp-2 = s)

CAZTH S (8)/(1 = pr-a(s))? is a vy, times continuously differentiable function of s with vy, > 1.

Assumption 13 (Series estimators). Suppose: (i) the SLE of p o uses the orthonormal power series
described in Appendiz A of Hirano, Imbens and Ridder (2003) with J = N for some 1/(”—p -2)<
cp <

11, (i) the series estimator of AZT T2 uses the same power series, but with L = N for some

1(2(% -1)) <cr < 5.
Theorem 5 (Regularity and asymptotic linearity). Under Assumptions 8 to 13, eq. (F.13) holds.

The proof of Theorem 5 proceeds in three parts. Section F.2.1 gives the asymptotic properties
of the SLE of the CCP functions that are used later. Section F.2.2 states and proves two lemmas
that are used later. Section F.2.3 use these results to prove Theorem 5.

F.2.1 Asymptotic Properties of the Series Logit Estimator of the CCP

This subsection is largely a reiteration of Appendix A of Hirano, Imbens and Ridder (2003).

“ISame as in Hirano, Imbens and Ridder (2003), the results in this section can accommodate discrete s; at notational

expense, and this modification is omitted here for simplicity.
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Recall eq. (F.1), then under Assumptions 9 to 10, there exists a m; ; such that

sup |In (M) -~ R (s)m | < CJ (F.14)
se8 L=pto(s)
Define the pseudo-true parameter
7y g = argmax E(p; o(S) In L(R’(S)'m+ (1 - pro(S)) In(1 - L(R’(S)'n))) (F.15)

and the pseudo-true CCP function p; ;(s) = L(R’(s)’ T )
We have the following two lemmas. Note that Assumptions 9 to 10 fulfill the conditions (i)-(iv)

in Lemma F.1, and Assumption 13 fulfills the condition (v) in Lemma F.2.

Lemma F.1 (Approximation of the CCP, Lemma 1 of Hirano, Imbens and Ridder (2003)). Suppose
that:

(i) the support S of s; is a compact subset of R%

(i1) the CCP function p;o(s) is v, times continuously differentiable, with v,/ds > 4;

(i1i) the CCP function po(s) is bounded away from zero and one on S;

(iv) the density of s; is bounded away from zero on S.

Then for m j in eq. (F.14) and 7} ; in eq. (F.15), we have
. _w
[t =] = O(T22),

and
suplpro(s) = p7.s(5)] = O(¢(J)J s ).

Lemma F.2 (Convergence of 7; -7 7, Lemma 2 of Hirano, Imbens and Ridder (2003)). Suppose
that the same four conditions as in Lemma F.1 hold. In addition, suppose that:

(v) J is a sequence of values of J satisfying J — co and C(J)*/N - 0. Then

R . J
|7e,.s _7rt,J|| = Op( N)-

By Lemmas F.1 to F.2, we immediately get

sup e,y ~ prol = Op(C(T)T %5 ) + Op(w)\/%). (F.16)

seS
F.2.2 Preparatory Lemmas

Lemma F.3. Recall that 2, = (s;,e;)". Consider an arbitrary {2p_1-measurable, potentially vector-
valued function g1(-) and an arbitrary 27_o-measurable, potentially vector-valued function ga(-).
Suppose that each coordinate of E(g1(27-1)92(27-2) | s7-1) is v1 times continuously differentiable,

each coordinate of E(g1(27-1)g2(27-2)|sr-2) is vy times continuously differentiable, and pr_20(s)
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and pr_1, are both v, times continuously differentiable. Let v¢, = min{vy,vp} and vg, = min{vs, v, }.

Under Assumptions 8 to 13, we have

1 N
T _191(9@ 1)92(82 - 2)(pzT 2,J = Pi,T- 20)
N
= \/LNZE(L%(QT 1)92(27-2) | si7- 2)(azT 2 — pr-2,0(Si,7- 2))
=1
+0p(VN|gn |- g2l - ¢ ) + Oy (lgal - lgall - (D)% ;@) +Op(la] - lgall- 7). (F.17)
N
\/LN;Q(QT 1)92(82 - 2)(pzT 1,7 = Di,T- 10)
| N
= \/_N; (91(£27-1)g2(27-2) | si,7- 1)(azT 1 - pr-1,0(8i7- 1))

_p J ¥
+0p(VN|g1] - 1g2] - ()T 77 ) + Oy g1 - g2 '<<J>5\/;) +Op(llor ]l - lgol -7~ ). (F.18)

Proof. Equation (F.17) and eq. (F.18) are essentially the same, with the roles of T'—2 and T -1
exchanged, so it suffices to show eq. (F.17).

\/—291(ng 1)92(91T 2)(pzT 2,J — Di,T- 20)

= \/_N ;(91(Qi,T—l)g2(~Qi,T—2)(ﬁi,T—2,J - Pi,szo)

- [ E1(2r-1)92(20-2) [0) (pr-2.0 (w) = pr2.0(w) )dFr-20(w)) (F.19)
VN [ E(01(2r-1)92(2r-2) [ 0) (pr-2.1 (w) = pr-2.0(w) )dPr-20(u)
N S
) ﬁiﬂ NT_Z:J(Si’T ’ \/pT 2;(7;:1’ 2??12 JP(; jjilZT 2)) (20
+ \/Lﬁi(q 2,7(8im-2) — sr-2,7(Si - 2))\/p}-Q,;Z;i71—21;?;2;J19(;TZJ2(1¢,T—2)) (F.21)
N a; 7—9 — P SiT—
St e )
_CT—Q,O(Sz’,T—2)\/pT 2(21(:;_2??1_2_0;;;21T 2))) (F.22)
fzwgl(w D | sir-2)g2(sir-2))(air-2 - proso(siz-2))- (F.23)

In this expression, Fr_s is the population distribution of sr_o and

$r-2,7(57-2)

[SEml(sz_l)gg(rzT_Q) [ u) LD (R () s, ) R (u) dPr 2,0 (u)S7la /LD (R (s70) 75y )R (5722),
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<T-2,J(3T—2)

= [ E1(2r-1)g2(2r-2) [0) LO (R ()75 )R (w) dFros0()Z7t5 17/ LO (R (s7-2) 75y )R (s7-2),

ST-2,0 ( ST-2 )

= E(g1(£27-1)92(27-2) | ST—Q)\/pT—2,0(8T—2)(1 - pr-2,0(s7-2)),

where the superscribed L™ (u) = L(u)-(1-L(u)) indicates the first order derivative of the function
L(u) and

Yooy = E(RJ(ST—Q)RJ(ST—2),L(1)(RJ(ST—Z)IT"E;‘—Q,J))a

. 1 N ~
Y12 = N > R’ (sir-2)R? (si7-2) L (R? (si10-2) 7r-2.1),
i=1

and 7Tr_o y is between 7_o ; and W%_Q’J. By the definition of ¢r_20(s), we know that each co-
ordinate of ¢7_9(s) is v, times continuously differentiable. Following the proof of Theorem 1 of
Hirano, Imbens and Ridder (2003, details are available from the authors), we can show the following

bounds using eq. (F.1) and Lemmas F.1 to F.2.

lgall - g2l -C(J)ZJ)

lea. (F.19)] < Op(lgal - g2l - ()T 75 ) + Oy Nic

1
leq. (F-20)] < Op(VN g - lgal - ()T %),
A

J
lea. (F.21)] < Op(lgnl - g2l - <D/ 57):

lea. (F.22)] < Op([lgn]- lga]l - 7% ) + Op(llg11 - 1gal - ()T 7

).

Combine these orders with eq. (F.23), recall that for the polynomials ¢(J) < C'J, and eliminate the

dominated ones when ((J) — oo, we get

1 N
\/—N;m(sm 1)92(32T 2)(pzT 2,J — Pi,T- 20)
1 N
= \/_N; (91(s7-1) | si,7-2)92(si - 2))(azT 2 = pr-2,0(8i,7- 2))
+0p(VN]ga | g2l - ¢(1) T ) + Oy lga - g2 - <<J>5\f )+ 0p(lga] - g2l -7 ).

which is eq. (F.17). This completes the proof of Lemma F.3. ]

Lemma F.4. Consider an arbitrary {2r_1-measurable, potentially vector-valued function gi(-) and

an arbitrary £2p_o-measurable, potentially vector-valued function g2(+). Suppose that each coordinate

91(£27-1)g2(27-2) 91(£27-1)g2(27-2)
Of E( pr-2,0(S7-2) ST_I) and E( 1-pr 12 o(sT-2)

sT_l) is v1 times continuously differentiable,

each coordinate of E(gl(QT-1)92(9T-2)PT 1,0(s7-1) ‘STQ) and E(gl(QT 1)g2(27-2)pr-1,0(57-1) 5T—2) is

Pr_g0(57-2) (1-pr-2,0(s7-2))*
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vy times continuously differentiable, and pr_20(s) and pr_1,0 are both v, times continuously differ-

entiable. Let v, = min{vy,v,} and vg, = min{ve, vp} Under Assumptions 8 to 13, we have

1 X DiT-1,0  DiT-1,0
— > 1(£2i7-1)92(£2; 7-2) —
\/N; ‘ ‘ (pzT 2,J pi,T—Q,O)

1 & a1(20-1)92(027-2)
) ZE( prz,o(Ssz)

S5, 7-1 ) (ai,T—l - pT—l,O(Si,T—l))

- ]zV:E(gl(QT_l)pT_l’O(ST_l)m(QT_Q)lsi’T_z)(a-T 2 = pr-2,0(84,T 2))
VN = Pir o ’ o

2 - o] - 9ol - <)% o

O (VNI -l - (T8 )+ O FHEET2E0 )+ 0 VN - el ()55
J _Ys _Ye2

+0y(lgrl-laal - <(1)*\/ 57 ) + Opllonl - g2l - 77 ) + Op(lonl - el - 7). (F.24)

L%gl(ﬁ r1)g2( i 2)( Dir-10  PiT-1,0 )

VN A ' ' 1-pir—27 1-piT—20

1 & (91(2r1)92(2r-2)

= E i, 17— i, 7-1 — PT- i,T—
\/N; ( 1_pT 20(5T 2) Si,T-1 (a T-1—Pr 1,0(3 T 1))

1 Z1E(g1(QT 1)pr-1,0(87-1)92(27-2) | 8i.7-2)

(1-piT-20)> ( i’T‘Q_pT—ZO(Si,T—z))
1,1 —4,

vp . . 2 vp
. op(mnglu ol <727 ) 0, LI ) 4 0, (VN -l - ()73

J _Ys1 _Ysg
+0y(lonl -2l - <D/ 57) + Ou(lonl -2l - T ) + Ol - lgel - 7). (F.25)

Proof. Equation (F.24) and eq. (F.25) can be shown by exactly the same argument, so it suffices
to prove eq. (F.24).

1 X @i, 7-2Pi,7-1,J _ 4i,T-2Pi,T-1,0
Q Q 9y 9y 9
T 2 (ir-0g(2i- 2)( oy s )
1 X (Pir-1,0 — Pi;r-1,0)(PiT-2,0 — Di;T-2,0)
= - —= 2, 01(2ir1)92(2ip-2)—— e =
\/Nz; ' ' p?,T—z,o
1 X Pir-1.0(PiT-2.7 — DiT-20)>
+—= > 91(2i7-1)92(25,7-0) =" — F.26
vVN ; ‘ ) ’ piT_Q,Opi,T—Q,J ( )
1 Y g1(02i7-1)92(£25 72
+\/NZ o lp;;o l )(pzT 1,J — Di,T- 10) (F.27)
i1 i, T—
1 X g1(2i7-1)92(82 7-2)piT-1,0
—\/NZ (8% )p( 7-2)Pi (pzT 2,J — Di,T- 20) (F.28)
i=1 5. T—-2,0
By eq. (F.16), we have
_ 9 -2 lgill - llgall - ¢(J)*T
leq. (F:26)] = Op(VNliga| ol -C(N*T7 5 ) + O FHE=2222). - (F29)
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Apply Lemma F.3 to eq. (F.27) with ¢1(£27-1) = g1(27-1) and g2(27-2) = g2(27-2) /pr-2,0(57-2),

we get

91(27-1)g92(27_2)
F 27 Z:E( pT72,0(5T72)

S5, T-1 ) (ai,T—l - pT—l,O(Si,T—l))

_bp J _ra1
+ Oy (VN gl ol - <1755 ) + Oplg - T2l - (N 5 ) + Ol - el - T ).
(F.30)

Apply Lemma F.3 to eq. (F.28) with g1 (£27-1) = g1(27-1)pr-1,0(57-1) and g2(27-2) = gQ(QT,g)/pzT_ZO(ST,g),

we get

N E (g1 (2 D7) | 5:
(F.28) 1 Z (1 (270-1)pr- 10(<;T 1)92(27-2) | sir- 2))(ai,T—2_pT—Z,O(Si,T—Z))
DPiT-20
L J _sp
+ 0y (VNlgal- gzl - (NI ) Oyl - el - C(1)°\ [ 57) + Ou - el - 1~ ).

(F.31)

Equation (F.24) follows by combining eq. (F.29), eq. (F.30) and eq. (F.31). This completes the
proof of Lemma F.4. [

F.2.3 Proof of Theorem 5

We consider eq. (F.8) first.

Pr—2 J(Si T—2) br-2 O(Si T—2)
F. 8 ﬂA — ’ —In : :
- ( Z l’l’T 2( ( 1-pr-2,s(siT-2) ) ( 1-pr-2o(siT-2) )
B pT—Q,J(Si,T—2) _pT—Q,O(Si,T—Q) ) (F.32)
PT-2 0(31' 7-2)(1 = pr_2,0(8i7-2))

_ Pr-2.7(8i7-2) = PT-2,0(Si, T-2)
Zﬁ Z s — - : (F.33)
pr-2,0(8i,7-2)(1 = pr-2,0(8i,7-2))

By Assumptions 10 to 13, eq. (F.16) and the mean value theorem, we can show that

¢(I)*7
VN

As for eq. (F.33), use Lemma F.3 with g1(s) = 1 and ga(s) = BAZT T 2(s)/(pT_g,o(s)(l—pT_270(s)))
in eq. (F.17), we get

leq. (F32)] < Op(VNC()2T % ) + 0y ) = 0p(1).

Qi 7-2 — PT-2 O(Si T—2)
eq. (F.33) = BAzlT] ’ S F.34
a- ( ) Z 1,T-2 pr-2,0(8i7-2)(1 = pr-2,0(si7-2)) ( )

+ Op(VNC()T™ 2ds)+0 (C(J)5\/7) Op(77%).
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Note that the first term in eq. (F.34) is the rescaled sum of the adjustment term a, girect (D) defined

in eq. (B.5) and the other three terms are all 0,(1) under Assumptions 10 to 13, so we have shown

that

=

eq. (F.8) = — ; p direct (Di) +0p(1).

We consider eq. (F.11) next.

eq. (F.11) = \/—Z/BQAT 10(Ax11T 2(szlT 2~ AfUle 2)

folT 2(“)(A1’1T o(u) - AUU1T 2(“))dFT—2,O(U))

+BVNAL, 0 fs Af1,€r—2(u)(Af1,_T—2(U) - Ai{_Tl—z,o(u))dFT—z,o(U)

BPAL 1,0
— r_o.1(si7-2)
)

_ (az‘,T—zpz‘,T—NCi,T—l B (1 - ai,T—z)pz’,T—lfCi,T 1
Di, T2 1-piT—2
B2 X (
——— D) \Vr-2,(sir—2) ~V1r-2,(siT-2 )
\/N 7; 5 ( 1, ) 5 ( 1, )

(Grapiririra (G P e )
) - - 1T 2,0\94,T-2

- A931 T-2 O(Si,T—Q))

Di, T2 L=pir-2
2 A/
. (ai,T—Qiz,;—:xi,T—l (- ai,f—_?;i;zlwﬂ_l - Af{%{z,o(si,T—Q))
Bz\/T_l & ; A% T- 2(3i7T72)
. (ai,T—2Zi:;—;$i,T—1 _ (- “i’f‘_?])f, ;lei’T‘l - AZ{ 7y (sir 2)))

In this expression,
Ir20(s)= [ ATTFL (R W) dFra0(w)E7ls L RE(5),
Or-2,0.(s) = /-AxlT 2(U)RL(U)’dFT—zo(U)Efrl—z,LRL(s):
Or-20(s) = AZ{ 715(s).
where équg} 1 is defined in eq. (F.4) and
Eroa1 = B(R (sr_2) R" (s7-2)").
Define

Am{TMQ L(s)= RL(S)I:leLN ZR (84,7- 2)A% 1,7-25
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(F.35)

(F.36)

(F.37)

(F.38)

(F.39)

(F.40)



which is a series estimator of Axl T2 s) without “regression error”. In addition, recall the defini-
tions of A:Z‘Zl_ 7_o and A:Z‘”_ T_9, We observe that the difference between Eﬁ{}1_2(8) and A:Z{}l_*g(s)
capture the impact of the “regression error”. Then by the proof of Theorem 1 of Newey (1997), we

have
sup Az 7% () = Arlrao(s)] = Op(C(D)L 7).
L
sup |87t (5) - A% (5)] = Op €L )

which implies

up | K5 7La(s) - AL 7a(s) | = Op(C(L)L % ) + o,,(g@)\/%). (F.41)

By eq. (F.41) and Assumptions 10 to 13, we can show the following bounds using a similar argument

as in the proof of Theorem 1 of Hirano, Imbens and Ridder (2003).

Jea. (F.36)] < Op(C(L)L ™4 ) + O, C(L)\/7
Jeq. (F-37)] < Op(VNC(L)L™% ) = 0,(1),
Jea. (F-38)] < O, ()" ) = 0,(1),

(N

leq. (F.39)] <O (LT) = 0,(1).

Note that eq. (F.40) is the rescaled sum of the adjustment term o, 1(D) in eq. (F.6), so we have

shown that
q. (F.11) Zawl(D)Jrop(l) (F.42)

In order to consider the asymptotic expansion of eq. (F.7), eq. (F.9) and eq. (F.10), recall the
definitions of wy, and @y, in eq. (F.2) and eq. (F.12), then by Lemma F.4 and under Assumptions 10

to 13, we have

|or -] = Op(%), (F.43)

which implies that

(C(L)2

Vi ) = 0p(1). (F.44)

SUP ||A371T 2(s) - A91“1T 9(s )||

Now we consider eq. (F.10).
q. (F.10) \/— Zﬁ AT 10(A$z 1,7- Q(Aszl_IT 2 Asz 1,7- 2)
/A%T 2(“)(A$1T o(u) - AxlT 2(“))dFT—270(U)) (F.45)
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+ B2 10/ A%T o(u)RE (w) dFr_g (u)V'N (&1 - @r)

- BAL_ 10¥T- 2L:%12L\/—ZR 84,7-2)Ti T-1

(ai,T—Zﬁi,T—l,J (A -air—2)Pir-1,0 @i T-2PiT-1,0 . (1- ai,T—Q)pi,T—l,O) (F.46)
DiT-2,7 1-pir-2J Di,T-2,0 1-pir-20

N
+ 52A§r—10\/—2(<ﬁT 2L(32T 2) 2 20(SZT 2))$1T 1

(ai,T—Qpi,T—l,J (A -air-2)Pir-1,0 @i T-2PiT-1,0 . (1 - air-2)piT-1,0

- ~ F.47
Di 72,7 1-pir-2y Di, T-2,0 1-pir-20 ) ( )

+ B2AT 1, 0\/— ZA% T- Q(Si,T—2)$i,T—1

(ai,T—Qpi,T—l,J (1-air-2)DiT-1,0 @iT-2PiT-1,0 N (1-air-2)piT-1,0

— — . (F.48
DiT-2,7 1-pir-2y Di, T-2,0 1-pir-20 ) ( )

In this expression,

o1-2,0(8) = U9 [ Z7'y [ R"(5),
P1-2,0(5) = AT{ 7 5(5),
Ur o = fsAE{}{Q(u)RL(u)'dFT_gyo(u).

By eq. (F.43) and Assumptions 10 to 13, we have

leq. (F.45)]

H\/—ZB A 10(A551T 2 (si,- 2)R (sir- 2)' —/A%T Q(U)RL(U) dFr- 20(“))(WL wr)

C(L L)?
0,(c(0)-<2) = 0,(LZ) - 1),

By Assumptions 10 to 13, Lemma F.4 and applying an argument similar to the proof of Theorem
1 of Hirano, Imbens and Ridder (2003), we get

— 1 X
leq. (F.46)] /BzAT 1 O\IJL(HT 2,L ~ ~T1 2 L) N ERL(SLT—2)UCLT—1
i=1

(ai,T—zﬁi,T—LJ (1-air-2)PiT-1,0 QiT-2DiT-1,0 . (1-a;r-2 )pi,T—l,O)
Di,T-2,J 1-piT-2. Di, T-2,0 1-pir-20

Note that p7_o 1(s) is the least squares projection of pr_9¢(s) = Aa?{}l_Q(s) on RY(s), so by
eq. (F.1) we have

L4
C())

Op(192l+ 127 - Zta - €(1)) = 02 2 ) = on(1):

sup |02, (5) — @r-20(s)| = Op( L),
seS

which, under Assumptions 10 to 13, implies that

lea. (PAT)| = Op(sup lpr-2,1(5) = 91-20(5)]) = Op (L7 ) = 05(1).
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By applying eq. (F.24) in Lemma F.4 with g1 (£27_1) = xp_1 and g2(27-2) = Aa:l T 2(8T 2)ar—2(27-2)
and applying eq. (F.25) in Lemma F.4 with g1(£27-1) = xp_1 and go(27_2) = A:L‘LT_Q(ST_Q)(l -
ar-2(£21-2)), we get

—T-1 —T-1
Ay p_oar-2 A951,7“—2(1 — ar-2)

8z’,T-1)SEz’,T—1 (ai,T—l - pi,T—l,O)

eq. (F.48) = B2A}. 10\/—2( (

PT-2,0 1-propo

N 2(E($T—1P71;Z%1Ta_:2 | sir-2) E(xT_lp(Til_(;;TiT,;;?) | 3i,T—2))( iy 20))
+op(ﬁ<(J)2J‘Zf)+o( (j]); )+ Op(VNC() I zds)+0 (C(J)5\/7)
+ Op(Jf%l) + Op(J*yc‘;s2 ) (F.49)

As a result of these expansions of eq. (F.45) to eq. (F.48), we get that under Assumptions 10 to 13,
all the other terms in eq. (F.10) are op(1) except the first term in eq. (F.49), which is the rescaled

sum of the adjustment term a1 indirect (D) in eq. (F.6), so we have shown that

N
eq. (F.10) = J%;ap,lvmmd(pi) +0p(1). (F.50)
We consider eq. (F.9) next. By eq. (F.41) and eq. (F.44), we get
e L)?
sup | K714, (5) - Aalito(9)] = 0, (D)L ) 40, L)f (£ @y
so under Assumptions 10 to 13,
may Py D)
Jea. (F.9)] = Op(VNC(L) L") + 0, N )+ 0y Vi ) = 0p(1). (F.52)

We consider eq. (F.7) next. Note that by the mean value theorem,

Di -2 PiT-2 Pi;T-2 — DiT-2
() ()
1-pir—2 1-pir-2’ Dir-2(1-pir-2)
for some p; 7_2 between p; 7_2 and p; 7—2. Then by Assumptions 10 to 13, eq. (F.16) and eq. (F.51),

we get

leq. (F.7)] = Op(VNC(I)T 2 ((L)L™% ) +0O (<<J>J‘2"fsc<L>¢E) +0p(¢(N) T ¢(L)?)

+0p(C(J)\/3C(L)L_ +0 C(J)\/ +0 C(J)[C(L) —Op(l) (F.53)

Finally, combine eq. (F.35), eq. (F.42), eq. (F.50), eq. (F.52) and eq. (F.53), we get eq. (F.13).
This completes the proof of Theorem 5
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G Nonstationary Dynamic Multinomial Choice Models

This section generalizes the main results in the main text to nonstationary dynamic multinomial
choice models. All the assumptions and theorems in this section have double apostrophes to

emphasize their connection to those in the main text.

G.1 Model Setup

The model setup is the same as in Section 2.1 except the following differences. Each agent makes
a multinomial discrete choice a; € A={0,1,..., A} in each period ¢t € T. For each a; € A, let g4, be
unobserved (to researchers) scalar flow utility shocks. Let e = (¢, €14, - - - ,€4¢) denote the vector
of unobserved state variables and let §2; = (s},e;)" denote all state variables. For each a € A\{0}
and 7 > t, we use E,(h;|s;) to denote the difference in the conditional means of any future random

variable h, given s; and between a; = a and a; =0, i.e.,
Eo(hr | st) =E(hr | st,a0 = a) —E(h: | s¢,ap =0).

The CCP function in period t is a (A+1)-valued function, defined as p;(s) = (po.+(s),p1,4(5), ..., paL(s)),
where for each a € A,
Pat(s) =Pr.(ar =als; =s). (G.1)

In the rest of this appendix, we will suppress the argument of the CCP functions and use p; (resp.
Payt for each a € A) to denote pi(st) (resp. pq:(st) for each a € A) for notational conciseness,
whenever it is not confusing.

We maintain Assumptions 1, 2(i)-(iii) and 3, and we modify Assumption 2(iv) as follows.

Assumption 2”(iv) (Flow utility shocks). For each t € T, assume 4 are mutually independent

among all a € A.

Under Assumptions 1, 2(i)-(iii), Theorem 1 and Lemma 1 still hold as is. Theorem 2 only needs

minor notational modification as follows.

Theorem 2” (Telescoping). Under Assumptions 1, 2(i)-(iii), 27 (iv) and 3, for t,T* €e Tm t <T*
and each a € A\{0},

T -1

Yot (pe) = Var(pe) = we(a, xp) —ug (0, 24) + ;IBT_tEa(Uf(ST) | s¢)
+ 87 B (Ve (s7+) | 510). (G2)

G.2 Identification

We further maintain Assumption 6 and modify Assumptions 4 and 5 as follows.
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Assumption 4” (Logit). For eacht €T and each a € A, assume 44 follows a type I extreme value

distribution.

Assumption 5” (Linear expected flow utility). Let x; denote a d, x1 subvector of sy, with d, < ds.
For each t € T and each a € A, assume ui(a, ) = 2304, for some time-varying and choice-specific

da,t- We normalize d1 to an arbitrary d, x 1 vector of constants, denoted by c.

Under Assumption 47, 9ot(pt) — Yat(pt) = In(pat/pot) in eq. (G.2). Under Assumptions 1,
2(i)-(iii), 2”7 (iv), 3, 4”7 and 5”, the optimal flow utility function equals to

A A
Uf(st) = Z pa,tngsa,t +7 - Z DPa,t ln(pa,t)'
a=0 a=0

Based on eq. (G.2), we replace T by T', reparameterize Ag; = dqr — 0t for ¢t = 1,...,T and
a € A\{0}, plug in the above expressions of ot (pt) — VYat(pt) and U (s¢), and assume Assumption 6

holds, then we obtain a system of equations similar to eq. (18), linear in A, dp ¢ and ~K:

Yar-1= Tp_1 D011+ BE(¢" (s7) | s7-1)' 7, for a € A\{0}, and (G.3a)
T-1 . T-1 . A
Yat = nga,t + Z ﬁT_ IEa(xT ‘ St),(SO,T + Z 57_ Z Ea(p&,TmT ‘ St),A&,T
T=t+1 T=t+1 a=1
+ BT B (¢ (s7) | 5¢)' 7", for ae A\{0}, and t=1,...,T -2, (G.3b)
where
Pa,T-
Ya, T-1 Eln( . 1),
Po, 7-1
T-1
Pa, -
Yat = ln( at) + Z BT tEa(nT ’ St)7
Po,t T=t+1

A
nr = Z Pa,r ln(P&,r)a

a=0
for ae A\{0}, t=1,...,T -2 and 7 > t.
The identification of the parameters 6 = (A} 1,..., Al 1,009, A1 95+ s Al g, 0011, AL gse- s
Al g K"’ can be analyzed based on eq. (G.3). For this purpose, we define the following notation.
p1at=(Pit,..-,payr) for t € T. For T > 2 and each a € A\{0}, let

BE, ($t+1 | St)
BE, (pl:A,t+1 ® Ter1 | St)

Xo1.1-1= BEq (¢% (57) | 57-1), Xa,Tt = '
( ) Kot B, (o1 | 50)
Kx1 ((A+1)(T-t-1)d+K)x1

BT 1R, (prar-1 @ x1-1 | 5t)
BT Eq (¢ (s7) | 5t)
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fort=1,2,..., 7 -2. With “0” denoting matrices with conformable dimensions, let

[ E(x.x)) 0 0 E(z:X{ 1)
E(X1171) 0 0 E(X17,: X1 74)
0 E(xxy) 0 E(ze X5 74)
Lry = 0 E(Xo.147)) 0 E(X21:X3 7,)
(A (T8 Ao+ K Ak (((A+1)(T—1)-1)dy ) : . :
0 E(z¢x}) E(xtXfax,T,t)
i 0 E(Xarery) E(XariXir,))
and
Lz 5[ O(((A+1)(T=1)=A)dy + K) Ax(A+1)(t-1)da Lty ]

——
(((A+1)(T—t)-A)dg+ K) Ax(((T-1) A+(T-2))dg + K

for T'>2 and t = 1,...,7 —1. Then the identification and over-identification conditions of the
parameters, given in the next theorem, depends on the (w - A(T-1)d, + (T - I)K) Ax
(((T-1)A+(T-2))d, + K) Jacobian matrix Ly that stacks Ly for t =7 —-1,...,1 (in that order).

42

It is obvious that Lr has a block-triangular structure.”® We state, without proof, the following

(over-)identification theorem, which is a straightforward generalization of Theorem 3.

Theorem 3” (Identification and over-identification of ). Under Assumptions 1, 2(i)-(iii), 27 (iv),
3, 47, 57 and 6-7, (i) 0 is identified if and only if the Ly matriz defined in this section has full
column rank; (ii) if more than one matriz that consists of (T —=1)A+ (T -2))d, + K distinct rows

from L defined in this section has full rank, then 0 is over-identified.

G.3 Estimation

The estimation procedure is almost identical to that introduced in Section 3.3, save for notational
modification to accommodate more than two choices. The available data are a panel of state-
variable-and-choice pairs D;; = (ai7t,s;’t)’ for N agents and T periods (i € {1,...,N} and ¢ €
Taata ={1,...,T}). Let D;=(Dj,,...,D]r)". We use p to collectively denote all CCPs, use A7 to
collectively denote all Eq(ny | st) (a € A\{0}, t=1,..., T -2, t<7<T-1), use AZ to collectively
denote Ey(x, | s¢) and Eq(par2r | s¢) (a,a € A{0}, t=1,....,T -2, t <7 <T-1), and use AGE

to collectively denote E,(¢™ (s7)|s:) (a € A\{0}, t = 1,..., 7 —1). In light of Theorem 3", the

“2We recycled some symbols (e.g., I}Tyt, Lt and L) from the main text, but they are not confusing given the

context of this section.

70



parameters 6 can be estimated via minimum distance (MD) using the following moment functions:

Tr-1
X117-1
mT—l(Daeavaﬁ7AjaAqK) = _UT—I(Dvgvpv AﬁaAjaAqK) : ) and

Tr-1

| Xa77r-1]

m(D,0,p, A, Az, AG) = v (D, 0,p, A, Az, AGE) | ¢ |,

Tt

| X1t
where a € A\{0} and t = 1,...,T -2, vr_1(D,0,p, Aj, A%, AG) is the stack of v, 7_1(D,8,p, A7,
AZ,AGF) = Yo, 7-1 — Thp_1 Dg, -1 — BE. (¢ (s7) | s7-1)'+¥ in the order of a = 1,..., A, and v(D, 6,
p, A7, Az, AGX) is the stack of va (D, 0, p, Af, AT, AGR) = yy — 4 Au s~ NI4 BT Ea(@r | 5¢) 00, —
ST BT YA Ba(par(se)mr|s1) Dar =BT ' Ea(¢% (s7) | 5¢)'y™ in the order of a =1,..., A for t =
1,...,T-2. Let m(D,0,p, Afj, AZ, AG") be the stack of the moment functions my(D, 8, p, Afj, AZ,
AGF) for t =T -1,...,1 (in that order), which is a (w - A(T-1)d, + (T - 1)K)A x 1-
vector-valued moment function that equals zeros under the true values of 6.

The estimation proceeds in the following three steps.

(I) For each a € A and each ¢ = 1,...,T, use the data {D;;}¥, to estimate the CCP functions
Pat in eq. (G.1) and obtain the estimated CCP values p; ,; for each agent i e {1,...,N}.

(IT) Obtain IAMT by substituting unknown p;, with p; , whenever applicable. Then, for each
t=1,...,T-2and t <7 <T -1, use the data {fl@T,Di’t}f\il to estimate the corresponding
conditional mean difference functions in A7, Az and Ag”X and obtain their estimated values

for each agent i€ {1,...,N}.

(III) Let mn(0) = + SN, in(D;,0), where 1i(D;,0) = m(D;, 0, p;, Ay, Az, AG). Then, 0 is the

MD estimator as follows:

0= arg min mn (0) Wy (0), (G.4)

QER((T—l)A+(T—2))dz +K

where Wy isa (TR - A(T - 1)d, + (T - 1)K ) Ax( TIDEDE - (T - 1)d, + (T - 1)K ) A

symmetric weighting matrix that converges in probability to a positive definite matrix W as

N — oo.
In eq. (G.4), the first ((T=1)A+(T-2))d, coordinates of § are the flow utility parameter estimators
(A’Ll, . ,A’A’l, 3(’)72, A,LZ’ A FRIEE ,3(’)’T_1, A’LT_I, A “wr_1)s and the last K coordinates of
are 5.
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