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Abstract

Based on It6 semimartingale models, several studies have proposed methods for
forecasting intraday volatility using high-frequency financial data. These approaches
typically rely on restrictive parametric assumptions and are often vulnerable to model
misspecification. To address this issue, we introduce a novel nonparametric predic-
tion method for the future intraday instantaneous volatility process during trading
hours, which leverages both previous days’ data and the current day’s observed intra-
day data. Our approach imposes an interday-by-intraday matrix representation of the
instantaneous volatility, which is decomposed into a low-rank conditional expectation
component and a noise matrix. To predict the future conditional expected volatility
vector, we exploit this low-rank structure and propose the Structural Intraday-volatility
Prediction (SIP) procedure. We establish the asymptotic properties of the SIP estima-
tor and demonstrate its effectiveness through an out-of-sample prediction study using

real high-frequency trading data.
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1 Introduction

The analysis of volatility is essential in financial econometrics and statistics, and it has broad
applications in hedging, option pricing, risk management, and portfolio allocation. In recent
years, the widespread availability of high-frequency financial data has led to the development
of several nonparametric integrated volatility estimation methods (Ait-Sahalia et al., 2010;
Barndorff-Nielsen et al., 2008, 2011; Bibinger et al., 2014; Christensen et al., 2010; Fan and
Kim, 2018; Fan and Wang, 2007; Jacod et al., 2009; Xiu, 2010; Zhang et al., 2005; Zhang,
2006, 2011). These high-frequency-based estimators have significantly improved our under-
standing of low-frequency (interday) market dynamics and have motivated the development
of various conditional volatility models built on realized measures (Andersen et al., 2003;
Corsi, 2009; Hansen et al., 2012; Kim and Wang, 2016b; Shephard and Sheppard, 2010).
Parallel to these developments, nonparametric procedures for estimating instantaneous (or
spot) volatility have been proposed to capture intraday volatility dynamics (Fan and Wang,
2008; Figueroa-Lépez and Wu, 2024; Foster and Nelson, 1996; Kristensen, 2010; Mancini
et al., 2015; Todorov, 2019; Todorov and Zhang, 2023; Zu and Boswijk, 2014). Leverag-
ing these well-performing estimators, several studies have illustrated U-shaped or reverse
J-shaped intraday volatility patterns across various markets (Admati and Pfleiderer, 1988;
Andersen and Bollerslev, 1997; Andersen et al., 2019; Hong and Wang, 2000; Li and Linton,
2023).

In contrast to the extensive literature on predicting daily volatility processes, relatively
less attention has been given to forecasting intraday volatility. For example, Engle and
Sokalska (2012) proposed a modified GARCH model in which the conditional variance is
expressed as the product of daily, diurnal, and stochastic intraday components to capture
intraday volatility dynamics, while Zhang et al. (2024) explored several nonparametric ma-
chine learning methods for forecasting intraday realized volatility, leveraging the commonal-
ity observed in intraday volatility patterns. Recently, Choi and Kim (2025) considered the

interday-by-intraday instantaneous volatility matrix process and proposed a semiparametric



prediction procedure for the one-day-ahead instantaneous volatility process by leveraging
both interday and intraday volatility dynamics. However, existing methods for forecasting
intraday volatility suffer from notable limitations. For example, many methods rely on strong
distributional assumptions inherent in parametric models and often fail to incorporate in-
terday dynamics effectively. In practice, practitioners are often interested in forecasting the
remaining future intraday volatility process conditional on the observed intraday data up to
the present time. Therefore, it is both practically relevant and methodologically important
to develop a prediction procedure that adapts to current intraday information and is robust
to potential model misspecification.

This paper introduces a novel nonparametric prediction approach based on a low-rank
structure for forecasting the remaining future instantaneous volatility process during intraday
trading. Specifically, we represent the entire instantaneous volatility process as a matrix,
where each row corresponds to a day and each column represents an intraday time point.
We impose a low-rank plus noise structure on this matrix. The parameter of interest is the
instantaneous volatility process after the current intraday time. That is, on the current day
(denoted as the Dth day), only the initial portion of the row is observed, while the remaining
part is the target of prediction. To forecast this remaining portion, we exploit the low-rank
matrix structure. For example, the future instantaneous volatility vector can be represented
by the singular components of the observed part of the low-rank matrix. We use this structure
to construct a nonparametric prediction of the future volatility vector. This method is called
the Structural Intraday-volatility Prediction (SIP) procedure. It is worth noting that as long
as the interday-by-intraday instantaneous volatility matrix exhibits a low-rank structure,
the SIP method can effectively predict the remaining future volatility vector without relying
on any specific parametric dynamics such as autoregressive models. Therefore, the SIP
procedure is robust to model misspecification arising from incorrect parametric assumptions.
Furthermore, we derive the convergence rate of the predicted instantaneous volatility under

the SIP framework and assess its empirical performance via an out-of-sample prediction study



using high-frequency financial data. The SIP method consistently outperforms alternative
approaches in terms of both out-of-sample prediction accuracy and Value-at-Risk (VaR)
forecasting performance.

The remainder of the paper is organized as follows. In Section 2, we introduce the model
and propose the SIP prediction procedure. Section 3 presents the asymptotic properties of
the SIP estimator. In Section 4, we evaluate the finite sample performance of the proposed
method through simulation. Section 5 applies the proposed method to real high-frequency
financial data to forecast the remaining future instantaneous volatility process during trading
hours. Finally, the conclusion is provided in Section 6. All technical proofs are provided in

the Appendix A.

2 Model Setup and Estimation Procedure

Throughout this paper, we denote by ||A||r, ||[All2 (or ||A]| for short), ||All1, ||A]ls, and
|Allmax the Frobenius norm, operator norm, [;-norm, l,-norm, and element-wise norm,
which are defined, respectively, as ||[Allr = tr'/2(ATA), |Alls = Ma(ATA), |A]; =
max; >, |ai], [[Alle = max; 3, [a;|, and [|Almax = max;;[a;|. When A is a vector, the
maximum norm is denoted as ||A||.c = max; |a;|, and both ||A|| and ||A||r are equal to the

Euclidean norm.

2.1 A Model Setup

We consider the following jump diffusion process: for the i-th day and intraday time ¢ € [0, 1],
dXiy = pigdt + 054dB;y + J;d Py, (2.1)

where X ; is the log price of an asset, p; ; is a drift process, B;; is a one-dimensional standard
Brownian motion, J;; is the jump size, and P;; is the Poisson process with the intensity f ;.

For a given intraday time sequence, for each ¢ = 1,...,D and j = 1,...,n, we denote

4



the instantaneous volatility process as ¢; ; = aztj, where 0 < t; < --- < t, = 1. Then, we
assume that the discrete-time instantaneous volatility process satisfies the following low-rank
structure:

Ypn=1(cij)oxn=UAV' +E=A+E, (2.2)

where U = (4 )iz1,.. D=1, is the left singular vector matrix, V. = (vjx)j=1, nk=1, r
is the right singular vector matrix, A = Diag(Aq,...,\,) is the singular value matrix, and
E = (e;;)pxn is the random noise matrix. We only impose the above low-rank structure
in (2.2) to predict future remaining intraday volatility. It allows for considerable modeling
flexibility and can implicitly incorporate various time-series features. For example, the left
singular vector can represent interday time-series dynamics, while the right singular vector
can account for intraday patterns, such as U-shaped or reverse J-shaped (Choi and Kim,
2025). It is worth noting that, unlike Choi and Kim (2025), we do not assume any explicit
dynamic or parametric form for the volatility evolution. We note that ¥Xp, is a D x n
matrix, which is distinct from a covariance matrix and contains only positive elements.

In this paper, our target is to predict the remaining future instantaneous volatility vector
for the Dth day. Specifically, we assume that trading data is available up to a fraction

w = " of the Dth day. The objective is to predict the remaining ny X 1 instantaneous

vector, (Cpny+1,---,Cpn), Where n = ny + ny. Given the current information Fp ,,, we can
predict the instantaneous volatility as follows: for j =ny +1,...,n,
T
FE [O'%JLFD’HJ = Z/\kuD,kvj,k a.s. (23)
k=1

We can write the model (2.2) in a partitioned matrix form as follows:

ny no ny ng ny n2
Ypn= Y11 22 D-1 ;A= Ay A p-1 E= En Epp D-1
o1 Moo 1 Ay Ago 1 Eoy  Ey 1



We note that 1,2, and Yo are estimable using high-frequency log-price observations.

Since A is the low rank matrix, A,y is given by

Agy = A21(A11)TA12 = Azl(VnAﬁlUlTl)Au, (2.4)

where Ujq is the (D — 1) x r left singular vector matrix, Vi; is the ny x r right singular
vector matrix, and Aq; is the r x r singular value matrix of A;;. Since A1, Asp, and Aps
are quantities related to the observed period, using this relationship (2.4), we can predict
Ags without a specific parametric modeling assumption. Specifically, as long as we can
estimate Aqq, A1, and Ajs well using the available data, Ass can be estimated using the
plug-in scheme. We note that if we treat the remaining intraday volatility vector A,y as
missing components, this problem becomes similar to the matrix completion (Cai et al.,
2010; Candes and Recht, 2012; Candes and Plan, 2010). Especially in this problem, the
missing has a determined structure as in Bai and Ng (2021); Cai et al. (2016); Fan and Kim
(2019); Yan and Wainwright (2024). From this point of view, this paper extends the matrix
completion concept to predict time series patterns.

Due to the imperfections in the trading process, practitioners cannot directly observe
the true underlying log-stock price X, in (2.1) (Ait-Sahalia and Yu, 2009). To account
for this, we assume that the high-frequency intraday observations X;, ,s = 1,...,m, are

contaminated by microstructure noise as follows:

}/;,tsin,ts+ei,t57 izl,...,D,Szl,...,m, (25)

where e, is the microstructure noise process with a mean of zero and a variance of 7;;.

2.2 Structural Intraday-volatility Prediction

To predict the remaining future instantaneous volatility vector Ay nonparametrically, we use

the low-rank structural equation (2.4). Since Ajy, Ao, and Ag; are latent low-rank matrices,



we need to estimate them using a well-performing instantaneous volatility estimator based
on the observed high-frequency data. For example, we need a large dimension to estimate
the latent low-rank matrix and use the blessing of dimensionality (Li et al., 2018). To do this,
we choose the large block matrices such as (X1, X12) and (3]}, %J,). On the other hand, we
employ a well-performing nonparametric instantaneous volatility estimator to estimate the
instantaneous volatility. Details can be found in Remark 2.1 below. The specific estimation

procedure is as follows:

1. Using high-frequency log-price observations, we compute the instantaneous volatility
estimators ¢; ; up to the Dth day n; intraday time point (see Remark 2.1). Then, we
define the following submatrices: f]n = (Cij)(D=1)xn1 5 ilg = (Cij)(D=1)xns, and 5\321 =

(Cij)1xn,, which are the initial estimated matrices for ¥1,X15, and ¥y, respectively.

2. We conduct the singular value decomposition to the large submatrices f]l. = [f]n 5\312]
and S, = [©; ©5]7. The columns of Uy; are defined as the r leading left singular
vector of f]l., and the columns of YA/H are defined as the r leading right singular vector
of i.l. Note that (711 and ‘711 are estimators for the orthonormal basis of column

vectors of Uy and Vi; defined in (2.4), respectively.

3. Finally, we estimate the conditional expectation of the remaining instantaneous volatil-

ity vector on the Dth day, E[(¢pni+1,---+¢pn)|FDn], DY

< - _ S B ATE D 1ATS
Yoy 1= (CD,n1+17 e aCD,n) = E21‘/11(U11211V11) U 212

Remark 2.1. For the SIP procedure, we first need to estimate the instantaneous volatilities
using the observed data. In the high-frequency literature, several nonparametric methods
for instantaneous volatility estimation have been proposed (Fan and Wang, 2008; Figueroa-
Lépez and Wu, 2024; Foster and Nelson, 1996; Kristensen, 2010; Mancini et al., 2015;

Todorov, 2019; Todorov and Zhang, 2023; Zu and Boswijk, 2014). Any well-performing



estimator of the instantaneous volatility, denoted by ¢; ;, that satisfies Assumption 3.1(iii)
can be used within our framework. In the numerical study, we adopt the jump-robust pre-
averaging method proposed by Figueroa-Lépez and Wu (2024), which is described explicitly

in (4.1) in Section 4.

Remark 2.2. To implement the SIP procedure, we need to select the number of factors.
The number of latent factors, r, can be determined using data-driven methods (Ahn and

Horenstein, 2013; Bai and Ng, 2002; Onatski, 2010). For instance, r can be chosen by

maximizing the singular value ratio or the largest singular value gap, given by maxx<,,.... X/\_k
- k+1
or maxXg<,.. (Ax — A\gt1), where Ay > Ay > -+ > A, are the leading singular values of

f]l. = (Ci,j)(D-1)xn for a predetermined maximum number of factors, rp... In this paper,
we choose r = 1 in the numerical study (Sections 4 and 5), following the eigenvalue ratio

method proposed by Ahn and Horenstein (2013).

In summary, given the estimated instantaneous volatility process, we construct a struc-
tured matrix that includes the remaining future intraday volatility vector. To forecast the
future intraday volatility vector, we utilize the low-rank structure described above. We refer
to this procedure as the Structural Intraday-volatility Prediction (SIP) method. The SIP
method nonparametrically predicts the future instantaneous volatility vector using historical
trading data along with current intraday market observations. Crucially, by incorporating
current intraday information, the prediction is formulated under a low-rank matrix assump-
tion without relying on any specific parametric model, such as an autoregressive structure.
This feature makes the SIP procedure robust to model misspecification arising from incorrect
parametric assumptions. The numerical results in Sections 4 and 5 demonstrate that the

SIP method effectively predicts the remaining future instantaneous volatility vector.



3 Asymptotic Properties

In this section, we develop the asymptotic properties of the SIP estimator. To achieve this,

the following technical conditions are needed.

Assumption 3.1.

(i)
(i)

(iii)

For k <, the eigengap satisfies |\p11 — M| = Op(V'nD) and A1 = 0.

For some bounded py and us, the left and right singular vectors satisfy

H1 2
max |u;;? < ==, and max |v;;]* < —.
i<D,k<r ' D j<nk<r 7
In additi hk < = T oand v, = T
n addition, for eac <7, u = (UWik, .. upg) and vy = (Uig,...,Unk) are

assumed to be constant vectors.

For each i < D and j < n, the estimated instantaneous volatility ¢; ; satisfies

Cij = Cij = Vij + i

where v, ; follows the martingale difference sequence and ; ; is the estimation bias term
such that E(v; ;| Fiy;) = 0 a.s. For any s < D and j' < n, we assume E(c; jv; ;| Fiy,) =
0 and E(cs jcs jvi j| Fig;) = 0 a.s. In addition, for alli # s and any j, j' < n, we assume
E(v;jvs ;) = 0. We further assume that c;;, v;;, and g ; are sub-Gaussian random
variables; that is, there exists a constant K > 0 such that for alli < D, j < n, and all

T € R,

2.2

Elexp(Ta;;)] < exp ( ) for i € {cij,m" vy, p,) 6 )

where p,, is the convergence rate of the bias term.

() Let Qe, pxp denote the D x D covariance matriz of e; = (e1,...,ep )" for each
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Jj=1,...,n. Define Q;pxp = nilU.lA%lU.T1 + Q¢, pxp- The instantaneous volatility

matriz, Xe = [X],59,] 7, satisfies

ni
[Za3), — Z Q; pxDllmax = Op(v/n1log D).

j=1

Similarly, let Q. nxn denote the n X n covariance matriz of ;. = (e;1, ... ,em)T for
eachi=1,...,D. Define §; pnxn = %VAQVT + Q¢, nxn- The instantaneous volatility

matriz, 3, satisfies

D
1272 =) Qi nllmax = Op(y/Dlogn).
=1

(v) The covariance matrices Q. pxp = cov(e;) for each j = 1,...,n and Q¢ pxn =
cov(e;.) for each i = 1,...,D, where e; = (e1,...,ep;)" and e; = (€;1,...,€in)",
satisfy

max [|€2; pxpllr = Opp)  and  max|[Qe = On),

where op = o(D) and p,, = o(n), respectively. In addition, |E| = Op(max(v/D, v/n)).

(vi) There ezist positive constants Cy and Cy such that, for each k < r, j,l < n, and

1,q < D,

D D
|COV(Z Ui kCi j, Z Uj k€31

< Cipppi(|j — 1), where Zm(h) < o0,
h=1

i=1 i=1
n n o0
|COV(Z Vj k€i s Z vjkeqi)| < Capnpa(li —q|), where Z p2(h) < oco.
=1 j=1 h=1

In addition, for each k < r, j <n, and i < D, we have E[(332, uire; ;)] = O(p3)

and E[(3])_; vjreiz)'] = O(#h).
Remark 3.1. Assumption 3.1(i) ensures a pervasive assumption, which is essential for the
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analysis of low-rank matrix structures (see, e.g., Candes and Plan, 2010; Cho et al., 2017;
Fan et al., 2018a). Given that our instantaneous volatility matrix is of size D X n, this
eigengap condition suggests that the leading eigenvalues are associated with the low-rank
structure scale on the order of v/nD. Assumption 3.1(ii) imposes the conventional inco-
herence condition, which ensures effective entrywise control in low-rank matrix estimation.
Assumption 3.1(iii) is the sub-Gaussian conditions that can be justified under some mild
assumptions on the process X, the microstructure noise, and the kernel function (Figueroa-
Loépez and Wu, 2024; Kim et al., 2016; Kim and Wang, 2016a). Moreover, this condition also
holds for heavy-tailed data given the bounded fourth moments condition using a truncated
estimation scheme (Fan and Kim, 2018; Shin et al., 2023). In practice, estimation of instan-
taneous volatility at time ¢ typically uses data up to and including time ¢, leading to the
martingale difference property E(v;;|F;;;) = 0 almost surely. The resulting instantaneous
volatility estimator is asymptotically unbiased, and the bias vanishes at a rate faster than
m_é, which is the optimal convergence rate of the instantaneous volatility estimator in the
presence of microstructure noise. To justify the effectiveness of the smoothing technique,
we require an uncorrelatedness condition: E(c; jv; | Fiyr;) = E(csjcs jvij|Fiy;) = 0 almost
surely. This condition holds when the spot volatility process is adapted to F;;, and the
noise is independent. Such conditions are mild and are commonly satisfied in standard time
series settings like ARMA models. Assumption 3.1(iv) is the element-wise convergence con-
dition for analyzing large matrix inference. Under the sub-Gaussian condition and mixing
time dependency, we can easily obtain this condition (see Fan et al., 2018a,b; Vershynin,
2010; Wang and Fan, 2017). Assumption 3.1(v) imposes the conventional condition on the
idiosyncratic covariance matrix, such as sparsity, which is commonly assumed in empirical
applications (Boivin and Ng, 2006; Fan et al., 2016). We note that our framework allows
for heterogeneity across both the intraday and interday dimensions. Assumption 3.1(vi)
requires weak temporal dependence in both the linear and quadratic forms of the projected

error terms, as well as bounded fourth moments.
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We obtain the following elementwise convergence rate of the predicted instantaneous

volatility using the SIP method.

Theorem 3.1. Suppose that r is fized, log D = o(ny), logn = o(D), ¢py/n1 < D, oV D <

ny and Assumption 3.1 hold. As D,ni,n,m — oo, we have

~ B 1 ©D logD ¢, logn
MaxX [Cp,n,+j = Elepm+i|Fomll = Op (pm Aoy sk Ve i s ol |

Theorem 3.1 shows that the proposed SIP estimator consistently predicts the future

instantaneous volatility process. The convergence rate of the SIP estimator is given by

1
n1

—1/4

m~V4 \% + up to the log order and the sparsity level, when p,, < m~™"/*. Each term

in this rate corresponds to a distinct component of the estimation challenge: D~1/? reflects

1/

the statistical cost of learning the interday (daily) time-series dynamics; n; 2 captures the

~1/4 arises from estimating the unobserved

cost of estimating intraday volatility patterns; m
instantaneous volatility using high-frequency returns. Notably, while the optimal nonpara-
metric convergence rate for estimating instantancous volatility is m~'/®, the SIP method

achieves a faster rate of m~1/4

. This improvement stems from the low-rank structure, which
allows the SIP estimator to benefit from a law-of-large-numbers-type averaging across the
volatility surface. In addition, the term p,, arises from the bias component in the spot volatil-
ity estimator. Specifically, the bias originates from the drift term, which typically decays at
the rate m™!; however, due to the subsampling approach used to mitigate microstructure

noise, the effective convergence rate p,, is generally of order m /2,

4 Simulation Study

In this section, we examined the finite sample performance of the proposed SIP method
through simulations. We generated high-frequency observations that incorporate both inter-

day HAR model feature and the intraday periodic pattern (Choi and Kim, 2025) as follows:
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fori=1,...,D,s=0,...,m, and t; = s/m,

Yii, = Xis, + €.,
dX, = (1 — O-iz,t/2)dt +04dB;y + JiydP; 4,

Uiz,ts = 512h(ts) + 57;7155,

where we set microstructure noise as €;;, ~ N(0,0.0005%) and the initial value as X = 1;
B;; is a standard Brownian motion; for the jump part, we set J;; ~ AN(—0.01,0.02?) and
Piyia — Py ~ Poisson(36A/252); G; = by + big1 + bal 30 Gimg + b3 S0 Gims + i,
G ~N(0,1), h(ts) = Y0+ (ts —0.6)% and &, = q(ts)&,, where q(t5)? = 0.1+0.5(2t;—1)?

and &;;. ~ N(0,0.012). The model parameters were set to be

= 0.05/252, 7o = 0.04/252, v = 0.5/252,

bo = 0.5, by = 0.372, by = 0.343, by = 0.224.

The normalized parameter values above imply the daily time unit, and we adapted the
estimated coefficients studied in Corsi (2009) to generate ;. We note that in each simulation,
the instantaneous volatility process was generated until all instantaneous volatility values
were positive, based on the data-generating process described above. We set m = 23,400,
which indicates that the data are observed every second over a period of 6.5 trading hours
per day.

For each simulation, we used the jump robust pre-averaging method (Figueroa-Lopez

and Wu, 2024) to estimate the instantaneous volatility, ¢; » = afl at a frequency of every 5
minutes (i.e., n = 78) for each i-th day as follows: for 7 =1,... n,
m—kn+1 - 1
Cir = ¢k Z Kb, (ts-1 = ) (Yz‘?s - 51@75) L%, o <vm s (4.1)
m s=1

where Ky(z) = K(x/b)/b, the bandwidth size b,, = 1/n, the weight function g(z) = 2z A
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km—1

km . 2
] z :
Y;,s = E : g (E) (Y;,tsﬂ - Yi,tsﬂﬂ)v ¢km(9) B Zg (E) ’
i=1

=1

S l 1—1\)?
Yis = Z{g (E) -9 (K) } Yiterr = Yig )%

=1

1;, is an indicator function, and v, = 1.8v/BPV(k,,/m)%*7, where the bipower variation
BPV =23, Y, — Yie ol[Yie. — Yis._,|. We used the uniform kernel function and the
data-driven approach to obtain the preaveraging window size, k,,, as suggested in Section
3.1 of Figueroa-Lopez and Wu (2024).

With the instantaneous volatility estimates available up to the ni-th intraday data point
on the Dth day, we examined the out-of-sample performance of estimating the remaining
(1 X n9) instantaneous volatility vector, where ny = wn and ny = n — n;. For comparison,
we considered the SIP, AVE, AR, SARIMA, HAR-D, XGBoost, PC, and TIP-PCA methods
in predicting cp . for 7 = n; +1,...,n. AVE represents estimates obtained from the column
mean of p—1,, While AR generates predictions using an autoregressive model of order 1, ap-
plied to each column of > p—1n- SARIMA provides no-step-ahead forecasts using a seasonal
ARIMA(1,1,1) model (Sheppard, 2010), where the seasonal cycle length is set to n. HAR-D
extends the HAR model by incorporating diurnal effects and prior intraday components in
addition to daily, weekly, and monthly realized volatilities (Zhang et al., 2024). XGBoost
(Chen and Guestrin, 2016), a decision-tree-based ensemble learning method, accounts for
nonlinear dependencies, using the same hyperparameters as in Zhang et al. (2024). Since
SARIMA, HAR-D, and XGBoost require a time series format, we first vectorized the es-
timates as (Ci1,...,Cpy,) before applying these methods. PC corresponds to the last row
of the estimated low-rank matrix obtained from the best rank-r approximation of > D—1n-
TIP-PCA uses ex-post daily, weekly, and monthly realized volatilities and the intraday time
sequence as observable covariates that explain the left and right singular vectors, as pro-

posed by Choi and Kim (2025), given ip,lyn. For SIP, TIP-PCA, and PC, we set rank 1
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Figure 1: MSPEx10° for the SIP, AVE, AR, SARIMA, HAR-D, XGBoost, PC, and TIP-
PCA against D with fixed w = {0.1,0.5}.

as determined by the eigenvalue ratio method (Ahn and Horenstein, 2013). We generated
high-frequency data with m = 23,400 over 200 consecutive days, using subsampled log prices
from the last D = 50, 100, 150, and 200 days. To assess prediction accuracy, we computed

the mean squared prediction error (MSPE) as

1« 2

n T:nzl+1(CD,T CD,T) )
where ¢p » denotes the instantaneous volatility estimator of each method above. Finally, we
calculated the sample averages of MSPEs across 500 simulations.

Figure 1 presents the average MSPEs of the estimators for the remaining future intraday
instantaneous volatility process across different values of dimensionality, D = 50, 100, 150, 200,
with fixed n and w. Figure 2, on the other hand, plots the average MSPEs against vary-
ing values of w = 0.05,0.1,0.2,...,0.9, while keeping D and n fixed. Note that the target
future volatility remains consistent across different D values, as the same subsampled data
are used in each simulation setting. In contrast, in Figure 2, the MSPEs exhibit a U-shaped

pattern as w varies. This behavior arises because the target future volatility differs with each
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Figure 2: MSPEx10? for the SIP, AVE, AR, SARIMA, HAR-D, XGBoost, PC, and TIP-
PCA against w with fixed D = {50, 100}.

value of w, and the underlying data-generating process follows a U-shaped intraday volatility
pattern. As a result, direct comparisons of MSPE values across different w values are not
appropriate. Instead, MSPEs should be interpreted relatively across competing methods for
each fixed value of w.

Figures 1 and 2 demonstrate that the SIP method consistently achieves the best perfor-
mance among the competing approaches. This may be because by incorporating information
from previous intraday volatility patterns on the Dth day, SIP effectively predicts the remain-
ing future instantaneous volatility process through a nonparametric framework. Moreover,
the MSPEs of SIP tend to decrease as the number of daily observations D increases, which
supports the theoretical results established in Section 3. In contrast, the TIP-PCA, PC,
AVE, and AR methods perform poorly, as they are unable to leverage current intraday ob-
servations on the Dth day within their estimation procedures. In Figure 2, we observe that
the performance of SARIMA improves as w increases. This suggests that, given sufficient
real-time intraday information, SARIMA can better incorporate both periodic intraday pat-

terns and daily autoregressive dynamics. Nevertheless, SIP outperforms SARIMA and all
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other competing methods across the entire range of w, particularly when w is small.

5 Empirical Study

In this section, we applied the proposed SIP method to predict intraday instantaneous volatil-
ity vector using real high-frequency trading data. Specifically, we obtained intraday data of
the S&P 500 index ETF (SPY) and the 11 Global Industry Classification Standard (GICS)
sector ETFs (XLC, XLY, XLP, XLE, XLF, XLV, XLI, XLB, XLRE, XLK, and XLU) from
July 2021 to June 2022, sourced from the Trade and Quote (TAQ) database in the Whar-
ton Research Data Services (WRDS) system. We used high-frequency data subsampled at
1-second intervals, excluding trading days with early market closures. This subsampling mit-
igates the effects of irregular observation times (Li and Linton, 2023). Using the log prices, we
implemented the jump robust pre-averaging estimation procedure, as defined in Section 4, to
estimate the instantaneous variance at 5-minute intervals. Using the in-sample period data,
we applied SIP, AVE, AR, SARIMA, HAR-D, XGBoost, PC, and TIP-PCA, as described in
Section 4, to predict the remaining instantaneous volatilities given each w = {0.1,0.5,0.9}.
We employed the rolling window scheme with a 63-day (i.e., one quarter) in-sample period,
where the last ny = (1 — w)n instantaneous volatilities on the final in-sample day are the
target volatility. The out-of-sample period was from October 2021 to June 2022 (i.e., ¢ = 189
days).

To evaluate the performance of the predicted instantaneous volatility, we employed the
mean squared prediction errors (MSPE) and QLIKE loss function (Patton, 2011), defined
as follows: for each w and ny = (1 —w)n,

TR
MSPE = — > °) (& — &)’

n
a2

~

R ~ Cij
QLIKE = — E E (log ¢ ; + =),
qna Ci,j

i=1 j=1
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where ¢; ; represents the predicted instantaneous volatility on the jth intraday time point
of the ith out-of-sample day, obtained from one of the SIP, AVE, AR, SARIMA, HAR-
D, XGBoost, PC, and TIP-PCA methods. We predicted the remaining future conditional
expected instantaneous volatilities using in-sample period data. Since the true conditional
expected instantaneous volatility is unknown, we assessed the significance of differences in
prediction performances using the Diebold and Mariano (DM) test (Diebold and Mariano,
1995) based on both MSPE and QLIKE. We compared the proposed SIP method against
alternative approaches. Given that multiple hypothesis tests were conducted repeatedly
throughout this section, it is crucial to control the False Discovery Rate (FDR). To account
for this, we applied the Benjamini-Hochberg (BH) procedure (Benjamini and Hochberg,
1995) at a significance level of a = 0.05 to adjust the p-values and mitigate the risk of false
positives across all hypothesis tests performed in this section.

Tables 1 and 2 report the MSPE and QLIKE results, respectively, under varying values
of w € {0.1,0.5,0.9}. As discussed in Section 4, the target future volatility changes with
w. Consequently, direct comparisons of MSPE and QLIKE values across different w values
are inappropriate. Instead, performance should be evaluated relative to other methods for
each given w. Tables 1-2 show that the SIP method consistently outperforms other methods
across different values of w. This implies that incorporating the early intraday trading data
enhances the accuracy of instantaneous volatility prediction. We note that the performance
of SARIMA and XGBoost improves when w = 0.9. This may be attributed to the availability
of a larger amount of information on the last trading day, which improves their prediction
performance for a smaller set of target volatilities.

To further evaluate the performance of the proposed method, we conducted a 5-minute
frequency Value at Risk (VaR) estimation for the remainder of the trading day, given each w.
Specifically, we first predicted the remaining conditional expected instantaneous volatilities
on the Dth day using the SIP, AVE, AR, SARIMA, HAR-D, XGBoost, PC, and TIP-PCA,

based on the same in-sample period data as in the previous analysis. We then computed
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Table 1: MSPEs (x10?) for SIP, AVE, AR, SARIMA, HAR-D, XGBoost, PC, and TIP-PCA
across 12 ETFs under varying values of w € {0.1,0.5,0.9}.

SIP AVE AR SARIMA HAR-D XGBoost PC TIP-PCA
w=20.1
SPY  2.259 3.5557°  3.6477  3.0997  3.500"  2.858™"  2.839""  2.693""
XLC  2.981 4.669""  5.073™" 47577 52997 44787 38737 3.681""
XLY  6.959 12.196™" 11.554™ 11.769"" 13.272"" 11.328"" 9.838""  0.472™"
XLP  0.569 0.833"" 0.816™" 0.793"  0.784"" 0.818™  0.641"" 0.634™"
XLE 7.089 10.8717" 10.362"™" 12.145™" 10.327"" 87157 84187  8.282""
XLF  1.772 3.534™  3.079" 26617  3.1017  2.678"" 25957 2500
XLV 0.884 1.316™" 1.197" 1.071™"  1.2517"  1.226™"  0.994™"  0.995""
XLI 1.642 2.626™" 2626 22047 25117 2.358™"  1.900"  1.9117
XLB  2.024 3.114™ 31157 2836 3.0057 2778 2434™" 2393
XLRE 1.558 2.422™"  2.343"™" 2.087"  2.325" 2188  1.945""  1.918"™
XLK  6.256 10.6677" 10.154™" 8.183"™  10.816™" 10.222"" 8.273"" 8.072""
XLU 0.814 1.175""  1.139™"  1.108™  1.160™" 1.223"™  0.988™"  (0.981""
w=20.5
SPY  3.012 4.114™"  4.488™  3.125"™"  4.212""  3.446™  3.345""  3.234™
XLC  3.675 4.8577" 58317 3.9077" 58687  4.668""  4.223""  4.010™
XLY  8.327 124527 12.470" 9.3077"  13.6717 10.188™"  10.316" 10.136™"
XLP  0.703 1.005™"  1.0417 0.742"  0.945" 0.972"" 07717 0.768"
XLE  6.196 8504 83017 6.747"" 87937  6.685"  7.097""  7.035""
XLF  2.214 3.892"" 35877 26277 35457 28617 29027 2.834™
XLV 1.022 1.534™"  1.439™  1.044 1.459™"  1.757™"  1.179" 1177
XLI 1.911 2904  3.1717 2,013 2750 24577 21067 2.129"
XLB  2.442 34217  3.61177  2.6017"°  3.245"  3.0297"  2.667"  2.656""
XLRE 1.850 2.765™" 27777  2.070"™ 25737 25367 22187 2190
XLK  7.727 11.448™ 11.655™ 8.401™"  12.085™" 9.823""  9.191™"  9.067""
XLU  0.937 1.344™  1.334™"  0.968" 1.335"  1.250""  1.113""  1.126™
w=20.9
SPY  2.302 4.383""  3.623™" 2.715 4.240""  2.555 3.205"  3.387"
XLC  2.703 49567  4.519""  3.286" 5.3617"  2.704 3.892"  3.955"
XLY  5.483 11.780"" 9.936™" 7.261" 13.361""  5.768 9.009™"  9.712""
XLP  0.592 1.228°"  1.016™° 0.763" 1.116™°  0.749™ 0.852°"  0.910""
XLE 4317 6.357™" 5428  3.936 6.476™  4.050 5.6017  6.117
XLF  1.548 4.240™" 3.015™  1.908" 3.312"  1.690 2.822""  2.892™
XLV 0.943 1.924™ 1555 1.102" 17227 1.2717  1.3567"  1.445™
XLI 1.491 3456 24177 1.679 2.880""  1.084™" 2258 2.478™
XLB  2.011 4.099™"  3.362""  2.405™ 3.7107° 2172 2,931 3.188"
XLRE 1.722 3.692"" 3.138""  1.959 3.3737  2.652"  2.860""  2.925™
XLK  5.594 10.868™" 9.580""  7.009" 11.6617"  7.044 8.139™"  8.830""
XLU  0.916 1.803™"  1.481™" 1.211™ 1748 1.182" 1.398""  1.523"

Note: Bold numbers indicate the lowest MSPE for each ETF, while ***, **, and * indicate
rejection of the null hypothesis against SIP at the 1%, 5%, and 10% significance levels,
respectively, based on the Diebold-Mariano (DM) test.

19



Table 2: QLIKESs for SIP, AVE, AR, SARIMA, HAR-D, XGBoost, PC, and TIP-PCA across
12 ETFs under varying values of w € {0.1,0.5,0.9}.

SIP AVE AR SARIMA HAR-D XGBoost PC TIP-PCA
w=20.1
SPY  -9.287 -8.9707" -9.114™" 53777 -7.974"" -9.208"" -9.213"" -9.071""
XLC  -9.116 -8.863"" -8.942" 0.942" 8255 -8.990"" -9.046™" -8.955°"
XLY  -8.521 -8.243"" 8347 10.962™" -6.636"" -8.285"" -8.452"" -8.435™"
XLP  -9.576 -9.436™" -9.4890™" -5.412"™" -9.166™" -9.531""" -9.547" -9.543™"
XLE -8.210 -8.095"" -8.131"" -4.371™" -7.6217" -8.1757" -8.179"" -8.179"
XLF  -8.490 -8.385™" -8.434™" 1.489™"  -8.037™" -8.465™" -8.454™" -8.455""
XLV -9.563 -9.3757" -9.452"" _5433"  -8.594™" -9451" -9.539™" -9.495™"
X1 -9.286 -9.057"" 91677 -6.441"" -8.464™" -9.2017" -9.269"" -8.926™"
XLB  -9.239 -9.016™" -9.088""" -7.276"" -7.454™" -9.135""  -9.202™" -9.184™"
XLRE -9.197 -9.036™" -9.077"™" -5.944™" -7.678"" -9.082"" -9.137"" -9.140™"
XLK -8.661 -8.374™" -8501™" -6.775"" -7.012"" -8.5697" -8.5877" -8.563""
XLU  -9.222 -9.119™" -9.144"" -7.066™" -8.418™ -9.160™" -9.178"" -9.185""
w=20.5
SPY  -9.337 -9.006™ -9.161""" -9.123"" -8.207™" -9.225"" 92717 -9.083"""
XLC  -9.181 -8.918™ -9.001™" -8.955™" -8.168™" -8.98¢" -9.1117" -9.0017"
XLY  -8.640 -8.340"" -8.453™" -8.033"  -5.726™" -8.543"" _8572"" -8.5417"
XLP  -9.623 -9.456"" -9.520"" -9.577""  -9.082"" -9.550"" -9.501"" -9.582"""
XLE -8.388 -8.265"" -8.306"" -8.257"" -7.639"" -8.355"" -8.348"" -8.346™"
XLF  -8.559 -8.439™" -8.493™" .8.532"™" 8046 -8.529"" 85177 -8517
XLV~ -9.657 -9.4177" -9.512"" -9.430"  -8.067"" -9.524"™" -9.608"" -9.547""
XLI -9.369 -9.100"" -9.223"" _9.276"" -8.140™" -9.287"" -9.341™" -9.061""
XLB  -9.316 -9.064"" -9.1477" -9.177™"  -6.553"" -9.212"" -9.279™" 9257
XLRE -9.232 -9.048" -9.091™" -8.969™" -6.833"" -9.111™" -9.158™" -9.161™"
XLK  -8.764 -8.446™" -8.590"" -8.5617" -6.418™" -8.429" -8.688""  -8.652""
XLU  -9.294 -9.170™" -9.203"™" -9.231™" -7.461™" -9.237"" -9.241™" -9.245™"
w=20.9
SPY  -9.065 -8.754™" -8.892"" -9.063 -8.485™  -9.013"  -8.947"" -8.795"
XLC  -8.858 -8.606"" -8.702°" -8.819"  -8.057 -8.803""  -8.760"" -8.662""
XLY  -8.425 -8.138"" -8.261"" -8.413 -5.270""  -8.435 -8.333""  -8.304™
XLP  -9.250 -9.089"" -9.155"" -9.253 -10.141 -9.224™"  -9.199™" 9187
XLE -8289 -8.187™" -8.224™" -8.281 -8.118™"  -8.300"" -8.229™" _8.229™"
XLF  -8.404 -8.268"" -8.340"™" -8.402 -8.303 -8.400 -8.349""  -8.347
XLV -9.265 -9.049™" -9.124™" -9.245 -6.789"  -9.236™"  -9.196"" -9.146™"
XLI -8.993 -8.738"" -8.869"" -8.962 -8.556""  -8.972""  -8.930"" -8.623""
XLB  -8.955 -8.706™" -8.807"" -8.924 -8.773 -8.861 -8.893""  -8.858™"
XLRE -8.804 -8.621"" -8.645"" -8.680 -1.301 -8.709"  -8.722""  -8.702""
XLK -8.554 -8.263"" -8.3901"" -8.481" -8.245™"  -8.544 -8.454™"  -8.418™"
XLU  -8.919 -8.794™" -8.824™" -8.914 87577 -8.893"  -8.853""  -8.847"

Note: Bold numbers indicate the lowest QLIKE for each ETF, while ***, ** and * indicate
rejection of the null hypothesis against SIP at the 1%, 5%, and 10% significance levels,
respectively, based on the Diebold-Mariano (DM) test.
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Table 3:

Number of cases where the adjusted p-value exceeds 0.05 for SIP, AVE,

AR, SARIMA, HAR-D, XGBoost, PC, and TIP-PCA across 12 ETFs at each ¢y =
{0.01,0.02,0.05,0.1,0.2}, based on the LRuc, LRecc, and DQ tests under varying values

of w € {0.1,0.5,0.9}.

LRuc LRce DQ
Qo 0.01 0.02 0.05 0.1 0.2]001 0.02 0.05 0.1 0.2 ‘ 0.01 0.02 0.05 0.1 0.2
w=0.1
SIP 12 12 12 12 12 11 12 12 12 12 7 6 T 7 9
AVE 2 1 2 11 12 2 1 5 7 12 1 1 1 2 5
AR 4 3 6 12 12 6 4 5 12 12 1 2 3 3 6
SARIMA 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2
HAR-D 0 0 0 4 12 0 0 0 3 12 1 1 1 2 4
XGBoost 7 5 6 9 12 6 3 4 8 12 2 2 2 4 5
PC 7 7 12 12 12 9 11 10 12 12 4 3 3 4 7
TIP-PCA 12 10 12 12 12 9 10 1 12 12 4 3 4 5 7
w=0.5
SIP 12 12 12 12 12 11 12 12 12 12 6 7 7T 9 10
AVE 3 3 5 12 12 5 3 8§ 11 12 2 2 3 4 6
AR 7 6 11 12 12 7 8 11 12 12 3 3 4 5 8
SARIMA 5 6 11 12 12 5 7 12 12 12 2 3 4 7 10
HAR-D 0 0 1 4 12 0 1 1 3 12 1 1 2 3 5
XGBoost 5 5 4 8 12 6 5 5 11 12 2 2 3 5 7
PC 10 12 12 12 12 10 12 12 12 12 5 5 5 6 8
TIP-PCA 10 12 12 12 12 10 10 11 12 12 5 4 5 6 8
w =079
SIP 12 12 12 12 12 12 12 12 12 12 8 9 10 11 12
AVE 12 12 12 12 12 11 11 12 12 12 6 6 7 9 10
AR 12 12 12 12 12 12 12 12 12 12 7 8 8 10 11
SARIMA 12 12 12 12 12 12 12 12 12 12 7 7 9 11 11
HAR-D 6 8 12 12 12 6 8 12 12 12 4 4 6 9 11
XGBoost 12 12 12 12 12 12 12 12 12 12 7 8 8 10 11
PC 12 12 12 12 12 12 12 12 12 12 6 7 8 10 11
TIP-PCA 12 12 12 12 12 11 12 12 12 12 7 7 9 10 11
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quantiles using historical standardized 5-minute returns. Specifically, we first standardized
in-sample 5-minute returns with the estimated conditional instantaneous volatilities; then, we
derived sample quantiles at levels 0.01, 0.02, 0.05, 0.1, and 0.2. Using these sample quantiles
and predicted instantaneous volatilities, we obtained 5-minute frequency VaR values for each
prediction method. We used a fixed in-sample period as one quarter and employed a rolling
window scheme with the out-of-sample period spanning 189 days, which is consistent with
the previous analysis.

Based on the estimated VaR wvalues, we conducted the likelihood ratio unconditional
coverage (LRuc) test (Kupiec, 1995), the likelihood ratio conditional coverage (LRcc) test
(Christoffersen, 1998), and the dynamic quantile (DQ) test with lag 4 (Engle and Man-
ganelli, 2004). Table 3 reports the number of cases where the adjusted p-value using the
BH procedure exceeds 0.05 for the 12 ETFs at each ¢y € {0.01,0.02,0.05,0.1, 0.2}, based on
the LRuc, LRcc, and DQ tests under varying values of w € {0.1,0.5,0.9}. From Table 3,
we find that the SIP method consistently outperforms other methods across all hypothesis
tests. We note that when w is small, the TIP-PCA method also performs well relative to
other methods. This may be because when w is small, the amount of current trading day’s
information is small. Thus, TIP-PCA, which uses only the information up to the previous
day’s information, can account for the interday and intraday dynamics by incorporating the
interday HAR structure and the U-shaped intraday volatility feature. Additionally, Table 3
shows that the performance of SARIMA gets better as w grows, aligning with the results in
Table 1. However, SARIMA exhibits poor performance when w is small in terms of VaR es-
timation. Table 3 indicates that SIP outperforms TIP-PCA and other methods, particularly
for lower quantiles, which are generally more difficult to predict. This result confirms that
the proposed nonparametric prediction method, SIP, by leveraging current intraday volatil-
ity information, significantly enhances both the prediction accuracy of future instantaneous

volatilities and the effectiveness of risk management.
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6 Conclusion

This paper proposes a novel nonparametric prediction procedure for forecasting the remain-
ing future instantaneous volatility process during the current intraday trading period. The
proposed method, Structural Intraday-volatility Prediction (SIP), leverages both previous
days’ data and partially observed current-day data by considering the missing component
structure of the approximately low-rank matrix representation of the instantaneous volatility
process. That is, this paper extends the low-rank matrix completion to predict time series
patterns, which makes it possible to forecast future intraday volatility without relying on
parametric modeling assumptions. As a result, SIP is robust to model misspecification. We
establish the asymptotic properties of the SIP estimator and prove its consistency.

In the empirical analysis, the SIP method outperforms existing alternatives in terms of
out-of-sample forecasting accuracy and Value at Risk (VaR) estimation for the remaining
intraday volatility. Notably, SIP demonstrates strong predictive performance even when
only a small fraction of intraday observations is available. This finding highlights that early
intraday information plays a crucial role in forecasting the remaining volatility, and that
the low-rank structure effectively captures intraday volatility dynamics without requiring a

specific model form such as an autoregressive process.
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A Appendix

A.1 Related Lemmas

We first present useful lemmas below. Let E,l be the best rank-r approximation to f].l such
that Ay = Sy X“ﬂlﬁf ;» Where {lei,ﬁl,i,@l,i}fﬁm are the ordered singular values, left-
singular vectors and right-singular vectors of f].l in decreasing order. Similarly, we let /All.

be the best rank-r approximation to f]l.. Then, we can write the SIP estimator as follows:
Yoo = St Vit (U} 211 Vin) 71U Ee = A Vir (U1 2101 Vin) 7 U A,

where 21\21 is the last row of A\.l, and 21\12 corresponds to the (D — 1) X ngy right block of 121\1..
Let Ae; and A;, denote the r x r diagonal matrices of the leading r singular values of

Ag = [AJA]]T and A, = [A11 A1), respectively. Define /A\.l = Diag(x.l, . ,:\\.r), where

~

Ae1 > X.Q > e 2> X.r are the square root of leading eigenvalues of i.lil. Similarly,

define 7\1. = Diag(/)zl., . ,/):r.), where /):1. > /):2. >0 > /):T. are the square root of leading
eigenvalues of f]lT.fll.. The following lemma presents the individual convergence rate of

singular value estimators.

Lemma A.1. Under Assumption 3.1, we have

R D n
(1) [[Aer — Aat|lmax = Op (\/ — 4 VmDpm +ep + /BHpD),
1
.. ~ n D
(i) [[Are = Atellmax = Op (\ | 5 T VDom+ou g@n).

Proof. We first consider (i). We have

E|ZaE] - 2aZl2

D D ni 2
— Z Z E (Z(@ﬁs,j - Cz‘,jcs,j)>

i=1 s=1 j=1
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i=1 j=1 i=1 si j=1
D n; D n1 m
=Y D> E[@ =) 1+ D) D E[@ - )@ — )]
i=1 j=1 i=1 j=1 k#j
D D n1 2
+ZZE ( (€iiCs.j ng05j)>
i=1 s#i j=1
=1+ 11+ 111

For I, by substituting ¢; ; = ¢;; + v;j + ¢ ; and using the Cauchy-Schwarz inequality with

the sub-Gaussian conditions from Assumption 3.1(iii), we can show

D nq

D ny
I= Z Z E[@; )] = Z Z E [(2¢; vij + 2ci 55 + Vi + <55 + 20356,5)%)

i=1 j=1 i=1 j=1

= O(Dnym™Y* 4+ Dnyp?).
Similarly, we can show that

11=373 "3 B [@ — )@ — o)
<Y EL@ )T E[@ -]

where the Holder’s inequality is used for the first inequality.
For 111, we first consider the martingale part only (i.e., g; ; is zero). Then, we can extend

the result to the general case. Without loss of generality, we assume that ¢ > s. We have

CijCsj — CijCsj = (Cij = Cij)(Csj — Csj) + (Cij — Ciyj)esj + ¢ij(Csj — Cs)
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Then, for any j > j/, using the martingale difference property, we can show
yJ-=17 g g

E(€i,5Cs,j — €,jCs,3)(CijrCs,jr — CijrCo )]
= El(Ciy — cijr) (Cogr — Cs)cij(Csy — csg)] + El(Ciyr — cigr)esjrcij(Cy — cs )]
+ Elcij(Cojr — €s,50)Ci,j(Cs,5 — Cs,5)]
= E[E[(Cij — cijr)cijlFig(Coyr — cs,5)(Cs5 — €s5)]
+ E[E[(Ci — cij)cij|Figles,y (Csy — csi)l + E[E[cijrcij(Csy — cs,5)| Fs sl (€550 — s,50)]

=0,

where the last equality is due to Assumption 3.1(iii), and we have

D D m
Z Z Z K [(/C\i:j/c\svj - C’i,jcs,j)2:| = O<D2n1m71/4)'

i=1 s#i j=1

For the general case, since ¢; ;jCs ; — ¢; ;¢s.; can be decomposed into the martingale difference

term and the bias term, with their respective effects of m~='/® and p,,, we have

D D n1 2
1= )'E (Z(a,j@,j - cmcs,j))

i=1 si j=1
D D n
o~ o~ 2
= § E E E [(@;¢0) — cijts;)’)
i=1 s#i j=1

ny ni

D D
+ Z Z Z Z E[(¢ijCs; — cijjcsj) (CinCok — CiCop)]

i=1 s#i j=1 k#j
= O(D*nym™"* + D?nyp?) + O(Danm_%pm + D*n2p?)

= O(D*nym™"* + D*nim="p,,, + D*nip},),

where the cross product terms such as E(c; ;< jUs jCs i) and E(c; ;¢ j75s.56s.47) yield the rate
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above. Therefore, we have
E||§.1§3,T1 — YaXL 1% = O(Dnim~ P4 Dnymi + Dinm S + D*n3p?). (A1)

We define Ugp = (U, - - -, Uer) and Vi1 = (o1, - - -, Ver) as the left and right singular vector
matrices of Ay, = [A],A]]", respectively, and Ey, = [EJ;EJ;]T. The columns of Uy =
(Us1, - - -, Usyr) are defined as the top r eigenvectors of f].lflfl. Let Ae; = Diag(Ae1, .-, Aer)-

For k < r, we have

N2 2 AT 9T~ T
|>‘ok - )‘ok| - |uokz°1zolu°k - U’okU01AolU 1u°k|
AT $T -~ TS $T TS T T T
< |uok201201u°k - U’ok201201u0k| + |uokz°1201u°k - uok201201u0k|
T T T
+ |u.k2.12.1u.k - U.kU.lA.lU 1u.k|

=1+ 1I+111.

We note that, by using the sin(f) theorem of Davis and Kahan (1970), for £ < r, we have

R SaSl - UaA2 U
Huok i uokHZ -0 (H 1~e1 141e1 ol”
nlD

[ZarX0r = BarZalle + e Xas = 2750 Qipsnll + 13554 Qe pxo
nlD

=0

1 1 _1 YD
=0 T+ M7 p, +p2 | + 0 <—+—)+O
P(\/Dm4 " p p ) P /i \/— P<D>

o (B ) .

o=

where the third equality follows from (A.1), Assumption 3.1(v), and the following bound:

15050 = 3 ol < 20UV EL + B L = 3 Q0 penl

j=1 j=1

— Op(v/Dnymax(V'D, \/n1)) + Op(pp/Dny) = Op(Dy/ny + VD).
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For I, we can show

I < |(Top — tter) " Sar ) (T — k)] + 2[Ua, Zar Sl ther — Uy St 20y k|
= [(Uer, — tek) T Za1 S0 (Tak — ter)] + 2|N25 T 0er — AZ|
< N2 [Tk — k|2 + 2221 — T tar|

2201 tar, — war 3

IN

Dnyp,, nyp?
=Op( P | Dnyp?, + D+ + “OD),
ms D

where the last equality is due to (A.2) above.
We define T = (v; ;) pxny and © = (G j)pxny- Let ue i and v, ji denote the (i, k) entry

of Us; and the (4, k) entry of V4y, respectively. By Assumption 3.1(ii)—(iii), we have

D n
E(U.TkTU.k) = E(Z Z Us ik Ve jk Vi) = 0,
i=1 j=1
and for j < j,

E(vijviy) = E(viiE(vig|Fig,)) = 0.

Therefore, we have

D n D ni
E[(ZZuO,ika,jkvi,j)2] = Z Z U.,iku.,i/kvo,jkvo,j'kE[Ui,jvi/,j’]
i=1 j=1 ii'=17,j'=1
D n;
= Z Z U%ik“?,jkE[U?,j] = O(mfl/ll)-
i=1 j=1

Hence, by Chebyshev’s inequality, we obtain

|u,TkTU.k| = Op(m_l/s).
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In addition, we have

ni ni D
(Hu’okTH ZE Zuo Zk)U’L] ] = ZzuilkE(Uz]) = O(nlm_1/4)
j=1 j=1 i=1
and
ni ni
E(||Efuell3) = ZEKGEU-QQ] = Zujkﬂej,DXDuok < aner,DXDHHUokH2 = O(n1¢p).
j=1 j=1
Moreover,

‘uok(av'kl<ZZ‘U°1I€HU°J]€H§1]‘—\/—ZZ‘gU| Op(vV/m1Dpm).

=1 j=1 i=1 j=1

Since E(.2  teirsi;) < B2, [uejillsi;]) = O(VDpy,), we obtain, by Cauchy-Schwarz

inequality,

n1 D
||uok@|| Z E Zuo ’Lkg’l,j > Z(E(Z uo,ikgi,j))2 - O(?’Lle?n)
i= j=1 =1

Using the facts above, we have

[ud, TSt < [ul, YVAU "] + [ud, YE ter| = [ud, YvarAek| + [d TE k|
< Jugp Tvak| Aok + [[ugy Tll2l| B taklla = Op(v/na D™ 4 nym ™%\ /ipp),
|10y O ttar| < [ugpOVAU  tar] + |ugy O Egtiar] < [t Over|Ner, + (114, Ol Egy a2
= Op(n1Dpy, + mpm\/D—SOD) = Op(n1Dpm),
s, O uk] < [[uy Tol[ugBlla = Op(miV/Dm™'p,,),

[ YT "ur] = ug Y3 = Op(nim ™), and [ug,00 "uar| = [lug O3 = Op(m Dp},).
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Therefore, by substituting f],l =Y + T + O, we have

I = |uok( 01201 E'12:r1)u0k|

< Judy St Y Tatae] + [udy SO Tt + [l TED ] + [ul, Y T

+ g YO ek + [y OX e | + [1gpOT Tttag | + |11, 00 " e |
Do niy/
m3 ms

Note that, for each k <7 and j < n, Var(eue) = 4 Qe pxptier < [|Qe; nxn |l l|ter|* =

O(¢p) by using Assumption 3.1(v). Then, we have

ni
T T 2 T T T
Var(vy, Ey ter) = E v, 1, Var(e juer) + 2 E Vs jk Vs, IkCOV (€. Uk, € Us})
j=1 1<j<i<n,
niy  ni

<Z ve ji Var(ejier) +ZZ|”-gk||U-1k||COV(e Uk, €] o)

=1 [=1
ni—h
< va,jk Var(eua) + 2Cep Zp(h) D fveskllveGenmel = O(ep),  (A3)
=1

j=1 h=1

where the Cauchy-Schwarz inequality and Assumption 3.1(vi) is used for the last equality.
Since E(v), Eluer) = 0, we can obtain |v], EJ uer] = Op(y/@p) by Chebyshev’s inequality.

We note that |ul, Fe1 EJ tter] = ||udy Ee1]|2 = Op(ni1¢p). Therefore, we have

[I[ < ‘u.kalelx/.lE 1uok| + ‘U/.kEol‘/olelU 1uok’ + |u.k .1E.1u.k’

= etV Bl tek| + [tdy Ee1Ver Aok | + [ttdy Ee1 Ed U] = Op(+/Dniop +ni¢p).

Combining the terms I, I1 and I together, for k < r, we have

|sz — Al =0p (D +n1Dpy + v/ Dnipp + N1SOD> . (A.4)
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Therefore, for £ < r, we have

3 ’/):214;_)‘2k| D ni
/\. —)\. <A.—.:O I D m - .
| Aok k| < WS P “nl+ np +\/80D+\/D90D

Consider (ii). Using the similar proof of (A.1), we can obtain
E|S],51 — S.50]% = O(Dn?m ™7 + D*nm™ 1 + D*n’m” % p,, + D*n?p2)). (A.5)
Let Aje = Diag(Ate, - - ., Are). Using the similar proof of (A.4), for £ < r, we can obtain

W. — Aiel = Op (n +nDpy, +/ Dnp, + D<pn> )

Therefore, for k < r, we have

~ 22, - \2 / /D
| Ake — ko] < |A'—k'| =0Op ﬁ—l—\/nD,om—i-\/gon—i— —on |-
)\kc + >\ko D n

]

We define U,; and V,; as the left and right singular vector matrices of A4 = [A];Ag;]T,
and Uje and Vi, as the left and right singular vector matrices of Ajq = [A11A12]. The columns
of ﬁ.l and \7.1 are defined as the top r eigenvectors of i.lfljl and EA],Tli.l, respectively.
Similarly, the columns of Upe and Vy, are defined as the top r eigenvectors of il.if. and
ilT.il., respectively.

The following lemma presents the individual convergence rate of the singular vector
estimators, up to sign. We note that the SIP procedure does not require sign alignment;

therefore, we focus on the convergence rates of the singular vector estimators, which are

equivalent to those of the eigenvector estimators based on the sample covariance matrices.

Lemma A.2. Under Assumption 3.1, if log D = o(ny1) and logn = o(D), we have the
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following results:

—_

NH

2
A p /logD
? Uo - Uo max — O =
() || 1 1” P (\/E \/— nlD D\/_>
2
PN B pm /logn
(“) ||VY10 %o”max - OP ( n \/_ 7’LD > )
2
IS p logD
1 U o U o|lmax — O = 1 )
() 1Dre U] p(¢5 [ )

—_

N»—'

(iv) |Var = Vet lmax = O
Proof. We first consider (7). We have

Hi'lijl — a1 lmax = max ‘ Z CijCs = CijCs,j)|

ni ni
= max | § :UZJCSJ + UsCi )| —i—maX| § :g’LJCSJ + Gs,jCij)|
1,s<D 1
j=

ni

+ max | E (Vi jUsj + GijSs,j T VigSsj + SijUs,j)]
1,s<D 4 I

=I1+11+111I.

For each (i, s), define Zj(i’s) = v; jCs ;. Recall that both v; ; and ¢, ; are sub-Gaussian random
variables by Assumption 3.1(iii). Then, Z ](.i’s) is sub-exponential, satisfying
125 s < Clluisliuslleslle, = Om™") = v.

Since Z *) forms a martingale difference sequence, we apply a Freedman-type inequality:

ot
>t | <2exp | —c-min —, .
nmve v

Take t = Cm~/%\/n; log D. — = O(log D) and £ = O(v/nylog D). Under

Zzzs

7=1
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t2 t)_ t?

the condition log D = o(n1), we have min(; ,7) = 7»

P | max
,5

Therefore, we have

. Then, for some large constant

C > 0, we have

t2
>t> §2D2exp (—c' 2) < D%

nmv

= Op(m™%\/nylog D).

I <2 -max
i,s<D

ni
E Ui,5Cs,j
j=1

Similarly, define VVj(i’s) = ; ;Cs,; for each (i,s). Under Assumption 3.1(iii), we have

W3, < Cllsigllvs lesills = Olpm) = .
For each fixed (i, s), we apply Bernstein’s inequality:

, 2t
P >t <2exp | —c-min — = .
nijps p

Take t = Cppv/ny log D. Since log D = o(ny), it follows that min(-L, L) = #12 Then, for

2’

ni

>y

j=1

some large constant C' > 0, we have

P | max
4,8

S

t2
> t> < 2D? exp (—c- ) < D!

= nip?
Therefore, we have
ni
11<2. max ngc&j = Op(pm+/n1log D).
1,8 J:1

To bound 111, we handle the off-diagonal (i # s) and diagonal (i = s) cases separately. We
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note that for ¢ # s, Efv; jus ;] = 0 by Assumption 3.1(ii). Since v;; is sub-Gaussian, we have

—1/4)

Vi Vs jllpy < Cllvi g, |V ]l = O(m =N

For each fixed (i, s), we apply Bernstein’s inequality for sub-exponential variables:

ot
>t <2exp | —c-min )
nin;’ m

Take t = Cm~'/4\/nilog D. Since log D = o(n;), it follows that min(nt22 L) = £ Then,

mi’m ning

ni

E Vi, Vs, j

7j=1

for some large constant C' > 0, we have

t2
max >t | <2D? exp (—c- 2) < DL
i#s ning

E Vi jVUs.

Therefore, we have

= O(m~Y*\/n;log D).

max
i#£s

ni
E Ui,jUs,j

We also note that

E() vi) =Y E(@};)=0(mm /")
j=1 j=1

For each i, we apply Bernstein’s inequality:

= 2t
P >t <Zexp<—c m1n< 5 )),
j=1 nang - 12

where 7 = [[vf)lly, = O(m_1/4). Take t = Cm~*\/nilog D. Since logD = o(n,), it

B>,

7j=1

iy

follows that min(mn2, ntz) =
2

max
i<D

o . Then, for some large constant C' > 0, we have
1

ZUH

ni
2
Z Vi

j=1

t2
>t> < 2D exp (—c- 2) < D7t
nin;
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Therefore, we have

ni

Z“ij_E

J=1

max
<D

and thus,

ni

2
Vi

j=1

max
<D

By combining the diagonal and off-diagonal terms, we obtain

ni
7/{1:912% ‘ Zlvid'vs’j’ = OP(mfl/ll/n/l)'
j=

= Op(m_1/4\/n1 log D),

= Op(m™*(ny 4+ /nylog D)) = Op(m~4ny).

(A.6)

By using the sub-Gaussianity of ¢; ; and the same argument as in (A.6), we also obtain

ni
mag| 3 sissisl = Orlohm)
j:

Lastly, define Q§-i’s) = v; ;Ss; for each (7,s). Then, we have

1R s < Cllviglluallsssllus = Om™py) =

For each fixed (i, s), we apply a Bernstein’s inequality:

‘

ni

> Q"

=1

Then, for some large constant C' > 0, we have

t2
P (max > t) < 2D? exp <—c~ 5
1,8 niym

ni
§ : Ui,56s,j

=1
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nme T

Take t = Cm~8p,,/nilog D. Since log D = o(n,), it follows that min(

t2

T nym2?e



Therefore, we have

= Op(m™Y®p,\/n1log D).

max
1,8

ni
E :Um'gs,j
j=1

Hence, we obtain

1,s<D

= Op(m™Y*ny + p2ny +mY%p,\/n1log D).

ni ni ni
ITT < max | Y 00|+ max | Y 6cayl+2-max | > v;6,]
i,s<D i,s<D
j=1 7j=1 j=1

Combining the bounds for terms I, I and I1] together, we obtain

||§.1§,T1 — Y12 |max = Op < *éx/nl log D + pp/n1log D + m’inl + pfnm) . (A7)

Let (7.1 = (Usty- -+, Usr)y Ust = (Usl,---,Usr), and Ag; = Diag(Ae1, ..., Ae;). We denote
the eigengap 7 = min{A2, — A2.,; : 1 < k <7} and A1 = 0. For k < r, Aoy < VD
and ||ter|loo < C/v/D. In addition, the coherence u(Uy;) = Dmax; Y 5, uj ,./r < C, where
Ue i 18 the (7, k) entry of Usy. Thus, by Theorem 1 of Fan et al. (2018b), we have

1SS} — U A2 UL oo
WD
Cllf-lil Be1 X1 [loo + [Ze1Xa; = D770, @ pxnlloo + | 2252, Qgoxp — Ut A3 U [|oo
D
_o (Dlli.li.ﬂ — S X, ||max DIZa%g = 2252 505D |lmax N > it Hﬂej,DxDHl>

max Haok - uok”oo S C
k<r

3 3
n1D2 n D2 ni D2

logD logD p log D ( ©D )
= | +0 —— | +0
(\/ momt "N D \/—m4 "\Vwub "\bvD
log D
Pm i 0g i
\/_m4 \/_ n D D\/_

=0Op

where the second equality follows from (A.7) and Assumptions 3.1(iv)—(v). By using a similar

argument, we can obtain the results (ii)—(iv).
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The following lemma presents the individual convergence rate of singular value estimators

for the partitioned matrix Aq;.
Lemma A.3. Under Assumption 3.1, if log D = o(ny), logn = o(D), ¢nv'D < n; and

vYpyn1 < D, we have

HﬁlTlill‘//\vll - Alleax

v Dn n /D
= Op| pmV Dny + 1 ! ++/DlogD + —14,0D+ nilogny + 1/ —on |-
m4 D ny

Proof. Since Ay = U} A1 Vi1, we have

10511 Vit — At ||max = |07 511 Vin — Uy A1 Vi | max
<UL (E11 — A1) Vit llmax + 1 (T11 — Un) T A1 (Vs = Vin) | fmax
+ 11Uy — Upy) T A Vi llmax + 11U A1t (Ve = Vi) |lmax

3:A1—|—A2+A3—|—A4.

In order to find the convergence rate of elementwise norm, we consider the above terms

separately. For Ay, we have

A = ||61T1(§11 — 21+ 21— A11)‘711||max
< ||(71T1(§11 — Z11)‘A/11||max + ||(/]\1T1E11‘//\11||max
<UL En = 21 Vit lhmax + 105 EiVidllmas + 100 = Uin) "B (Vs — Vi)l mas
(T = Ui1) " Eni Vit hmas + 103 B (Vin = Vi) [lmas

=1+1T+I1IT+1V+V.

Let Ui = (uik)(D-1)xr and Vi1 = (Vjg)n, xr- For each (k,[), define S = Zi’;l Z;il Ui Vi jVj1-

We note that, by Assumption 3.1(ii)—(iii), £(v; vy ;) = 0 unless ¢ = i’ and j = j'. Then,
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for any k,l < r, we have

D—1 np

Skl = ZZUZ kU]lE Uz,] =0

=1 j=1

and
D—1 ni

Var(Sy) = Z Zuz kvle = O(m™Y%).

=1 j=1

Then, by Chebyshev’s inequality, we have
D—1 ny
|20 D wavigvyl = Op(m™7%).

i=1 j=1

By Assumption 3.1(ii)—(iii), we have

D—1 nq D—1 ny
I wiwsigual 0D fuillsiglviil = Op(pmy/Dna).
i=1 j=1 =1 j=1

Since r is fixed, we have

D—1 np D—1 ng
HUS(ZH le)‘/llumax S maX ’ Z Zuz ]{?U’L,j/U]ll + maxl Z Zuz kgl,j/U]l
i=1 j=1 i=1 j=1

- OP —1/8 + PmV Dnl

Therefore, we have

I = OP(HUl—E(iH - le)‘/llumax) OP -1/8 + PmV D?’Ll

Using the same argument as (A.3), we have
D—1 nj

Var(z Z u; rvjieij) = O(¥p)

i=1 j=1
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and hence,
D—1 ny

1) wirvjieil = Op(Ven).

i=1 j=1
Since r is fixed, we can apply a union bound over r? terms without affecting the rate.

Therefore, we have

1T = O(\/%p).

We note that 1711 and [71. are equal up to column-wise sign changes; the same holds for ‘A/H

and V,;. We define Qrj = Zi’:l u; k€i ;- We note that
Var(Qu;) =ty Qe; pxptts < max [ Qe pcn||[[ux]* = Olpp).

Using the bounded forth moment condition in Assumption 3.1(vi) and Markov’s inequality,

we have
Cy}
4

P(|Qr;l > 1) <
By applying the union bound over all (k, j) pairs, we then have

05

P(max |Qy ;| > t) < Crng - =
k.j ’ t4

Therefore, we have
|0 Entllmax = Op(pp"ny’") := Op(r,):
Similarly, we have || E11Vi1||max = Op(gp,ll/QDl/‘l) := Op(ky). Then, by Lemma A.2 (iii)—(iv),

we can obtain

IV = OP(KUDHﬁlo - Ulonax)

1 DlogD  kyep
=Op | koVD | po + — ) + Ko/ + :
P<H (Pm mi " n VD

V = Op(kum1||Ver = Vet |mas)




1 nilogn,  Kupn
=0 u 2 u — | -
p</<e i <pm+m}l)+/€\/ D + -

Similarly, we can show that the term I71 is dominated by IV and V. Therefore, we have

1 ) DlogD KoD
1 HU

Ay =0Op (pm Dny + /op + KoV D (pfn +
mi \/_

1 nllognl RyPn
+/£u\/_<pm+ )+u\/ D +\/n_1.

For Az and A4, by Lemma A.2 (iii)—(iv), we have

&:m%emnmmmmr4bwam.mex

m:mmﬂ%—mmmzmem%—wmw

1 /D
=0Op (x/nlD <p72n + 1> + /nqlogni + ¢, n_> )
ma 1

Similarly, we can show A, is dominated by Az and A4. Combining the terms A;, Az and

Ay together, we have

H(71T1§11‘711 - Alleax

—0p (pm\/D_m+ V@D + max(ry, \/n1) (\/5 (f’fn + L) + \/m+ %)
+ max(ka, VD) (\/n—1 (p?n + %) g M 1og o ))

v Dn In /
:Op<pm Dny + miljt Dlog D + 5190D+ nylogng + )
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A.2 Proof of Theorem 3.1

We recall that iQQ = igl‘/}ll(ﬁﬂillx//\il)_lﬁﬂilg = A\Ql‘/}n((/]\l—gin‘/}n)_lﬁﬂgu. By Lemmas

A.1-A.2, we can show

1 o~ ~
\/_—HA21‘/11 - A21‘/11“max =~ HAQI‘/H - Aol%l”max = \/_n—l”Uolel - UolAQIHmax

1Uat(Aa = Aat)[linax + ——=1|(Ua1 — Us1)Aut || max

1
1 * Valat

a} a

1 ~ ~
= OP ( “Aol - Aol”max + v DHUol - Uol”max)
nlD
1 log D
:OP<pm+SO_D+ 1+ o8 )
D m1 nq

and

1 -
ﬁHAhVJ — A1V [l max

1 ~
\/_EHAl.(‘/h - mo)Tl|max

- Alo”max + \/ﬁH‘/}lo - ‘/lonaX)

[71—52{12 - U{EAlZ”max S [71—52{10 - Ul—EAlo”maX =

VD
<—|
= Vb

1 -
Op | —||Aj.
(sl

.1 1
:Op<pm+(p—+ _ Ogn).
ma D

By Lemma A.3, we can obtain

1
v D
(Mo = M) Vi [l +

S 1
1(U1211V11) ™ = A Jmax = Op (mHUﬂEnVn — AnHmaX)
1

Pm n log D log n1
va nDmi niD n1D3 ”1D2 '
By using the above results, we have

max [€p,ny 45 — Elepn+i1Fpm]| = 12 Vi (U 20 Vi) 70} Sie — An (VaALUL) Ava o

j<na

= | A Vi (U 801 Vin) T U Ay — Agy (VAT UT) A oe
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< ||221‘711(((71T1i11‘711)_1 - Afll)(A]lTyZuHoo + ||(121\21‘711 — A21V11)A1_11((71T1212 — U1T1A12)||oo

+ ||A21V11A1_11([71T1A\12 - U1T1A12)||oo + ||(221‘711 - A21V11)A1_11U1T1A12)||oo

S 1 o~ -
=0p| v n1D||(U1T1211V11)*1 - Aﬁleax + — || 421 Vi1 — A21 Vi1 || max
N
1
+ ﬁHUﬂAlz - U1T1A12Hmax>

log D lo 1 log D
= Op| pm+ — /g SOD g1+_+ m+90_D+ i )
m4 D D ma 1

On 1 log n)
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