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Abstract

We propose a factor model for quantile regression using quantile-covariance(qcov), which will be
called the Quantile-Covariance Three-Pass Regression Filter (Qcov3PRF). Inspired by the Three-
Pass Regression Filter (3PRF, Kelly and Pruitt, 2015), our method selects the relevant factors from
a large set of predictors to forecast the conditional quantile of a target variable. The measure gcov
is implied by the first order condition from a univariate linear quantile regression. Our approach
differs from the Partial Quantile Regression (PQR, Giglio et al., |2016) as Qcov3PRF successfully
allows the estimation of more than one relevant factor using gcov, whereas PQR only estimates
one relevant factor. In particular, gcov permits us to run time series least squares regressions of
each regressor on a set of transformations of the variables, indexed for a specific quantile of the
forecast target, known as proxies that only depend on the relevant factors. This is not possible to be
executed using quantile regressions as regressing each predictor on the proxies refers to the conditional
quantile of the predictor and not the quantile corresponding to the target. As a consequence of
running a quantile regression of the target or proxy on each predictor, only one factor is recovered
with PQR. By capturing the correct number of the relevant factors, the Qcov3PRF forecasts are
consistent and asymptotically normal when both time and cross sectional dimensions become large.
Our simulations show that Qcov3PRF exhibits good finite sample properties compared to alternative
methods. Finally, three applications are presented: forecasting the Industrial Production Growth,

forecasting the Real GDP growth, and forecasting the global temperature change index.
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1 Introduction

In economics and finance, forecasting a time series variable through factor models has been widely used
as a method of dimension reduction under the presence of a very large set of predictors, which may be
highly correlated. Some relevant works include Stock and Watson, 2002al, Stock and Watson, [2002b|, Bai
and Ng, 2002, Bai, 2003, and Bai and Ng, |2006, among many others. However, this has been usually
applied in a setup where in the first step one decomposes a set of N covariates into K orthogonal factors
using Principal Components Analysis (PCA); and then, the researcher runs a linear regression of the
target variable on the set of the K factor estimates. This two steps conform the method Principal
Components Regression (PCR, Stock and Watson, 2002a)), and although the forecasts resulting from
using PCR are shown to be consistent, for finite samples the estimates can bring poor and/or inefficient
results as the target variable may depend only on a subset of factors out of those factors selected in
the first step. For this reason, it is important to consider a method where we can determine only the
relevant factors before the forecasting step. This can be done by considering the forecast target in steps
of computing the factors, for example, the target-PCA of Bai and Ng, 2008, the Three Pass Regression
Filter (3PRF) of Kelly and Pruitt, [2015, and the scaled-PCA of Huang et al., [2022, among others.

Specifically, in 3PRF one can obtain the relevant factors to forecast the target variable for its con-
ditional mean. Interestingly, Kelly and Pruitt, 2015 showed that Partial Least Squares (PLS) (Wold,
1966)) is a particular case of 3PRF. Applications found in Kelly and Pruitt, [2013, Huang et al., 2015, Lyle
and Wang, 2015| Light et al., [2017, Gu et al., 2020, and Huang et al., [2021, among others, showed that
3PRF (or PLS) is successful at extracting factors for predicting stock returns and economic activities
in time series and cross-sectional data. On the other hand, methods involving factor models regarding
the prediction of other functionals are much more scarce. In particular, for the conditional quantile
prediction of the target we have the Principal Components Quantile Regression (PCQR) and Partial
Quantile Regression (PQR), both studied in Giglio et al., 2016.

The method 3PRF assumes the researcher has Ky proxy variables that contain information of the
relevant factors such that, through simple cross sectional and time series linear regressions, one can
obtain the K relevant factors. PQR shares some similarities with 3PRF when a proxy is the target
itself, however, it only obtains one relevant factor for each quantile by construction. The reason is that
extending 3PRF to the PQR approach would rely on running time series quantile regressions of each
predictor on the proxies, but this refers to the conditional quantile of the predictor and not the one
corresponding to the target/proxies. Then, as a consequence of running a quantile regression of the
target or proxy on each predictor, only one factor is recovered with PQR.

Motivated by this limitation, we propose a new supervised method to forecast the conditional quantile
of a target variable that depends on the latent factors obtained from a high dimension set of covariates.

We call the new method the Quantile Three Pass Regression Filter (Qcov3PRF). This method is similar



in nature to PLS and 3PRF as these methods exploit the covariance between the target variable and
the predictors when forecasting the conditional mean of a target variable. However, when the goal is to
obtain the conditional 7-quantile forecasts of the target variable, a linear relationship between the target
variable and the predictors indexed by the T-quantile has to be considered. Therefore, in Qcov3PRF we
instead incorporate the 7-quantile-covariance (qcov) definition of Li et al., [2015. The measure gcov is
implied by the first order condition from a linear univariate quantile regression. In contrast to PQR, our
method can successfully estimate more than one relevant factor and it allows the inclusion of proxies
which, by assumption, only depend on the factors that forecast the conditional quantile of the target
variable. Our algorithm is easy to implement and only requires least square regressions to extract the
relevant factors. Illustrating that our approach can be extended in various ways, similar to 3PRF, we also
propose a simple modification of Qcov3PRF with mixed frequency data, low frequency in the proxies and
the target, and high frequency in the predictors. This extension of Qcov3PRF follows the approach of
Hepenstrick and Marcellino, 2019 and is an example of other potential extensions of Qcov3PRF similar
to existent extensions of 3PRF (for example, the Markov-Switching 3PRF proposed by Guérin et al.,
2020]).

We are not the first to incorporate a quantile-covariance concept in a conditional quantile forecast
factor model focusing on the estimation of the factors which are relevant for the target. Dodge and Whit-
taker, 2009/ and Méndez-Civieta et al., 2022 proposed PLS modifications for quantile regression based on
a different definition of quantile-covariance and gcov, respectively. However, there are some shortcomings
compared to Qcov3PRF. The method of Dodge and Whittaker, 2009 provides no background on what is
the optimization problem that their PQR algorithm is solving, the quantile-covariance they use does not
have properties that theoretically justifiy the estimation of more than one factor, and its implementation
can be computationally expensive. Regarding the method of Méndez-Civieta et al., [2022] the authors do
not provide asymptotic results, their approach does not allow the inclusion of proxies, and their empirical
applications and simulations focus on the median.

In this paper, asymptotic properties for the estimated factors and quantile forecasts obtained through
Qcov3PRF are studied. We show the consistency of the estimated forecasts towards the infeasible best
forecasts, i.e., the population conditional quantile forecasts. We also show the asymptotic normality of
the forecasts. In particular, the consistency and asymptotic normality hold under the use of automatic
prozies, which are proxies that can always be generated with the target and the set of predictors only.
In addition, the finite sample performance of Qcov3PRF through simulations is verified. We show how
poorly PCQR performs under the presence of irrelevant factors and a high degree of cross sectional and
serial correlation in the idiosyncratic component.

Finally, we provide three empirical applications. The first one involves the real growth vulnerability

from a set of financial variables based on Adrian et al., [2019)). The second one considers an economic



activity index as a proxy variable to determine the quantile interactions between financial risk and
Real GDP growth. The third application is related to climate change and is focused on how well
the distribution of the global change in temperatures can be predicted with the carbon dioxide (CO3)
emissions from a large set of countries, we call this relationship as Climate at Risk (CaR). Our results
suggest that our method surpasses PCQR, PQR and other similar alternatives in forecasting accuracy.
The rest of the paper is organized as follows. Section [2] presents the related literature by introducing
the 3PRF and some other related methods focused on quantile prediction. In Section [3] we present the
methodology for quantile-covariance and Qcov3PRF. Section [ establishes the consistency and asymp-
totic normality of the estimated infeasible conditional quantile forecasts. Section || presents a study of
the finite sample performance of our method through simulations. Section [6] provides three empirical

applications, and Section [7] concludes the paper. All mathematical proofs are included in the Appendix.

2 Related literature

2.1 The Three Pass Regression Filter

Proposed by Kelly and Pruitt, 2015, the 3PRF is a forecasting method that focuses on predicting a
target variable in conditional mean by extracting the relevant factors from a set of predictors. This is
a supervised method in the sense that the method only determines the relevant factors for the target
and not all the factors driven by the set of predictors. Specifically, 3PRF considers the following data

generating process (DGP):

T, = ¢+ PF; +¢ (1)
Y1 = Bo+BFi+u, (2)
ze = A+AF;+wy, (3)

where x; is a vector of predictors with a large dimension N. These predictors are approximated through
a factor model such that we can obtain K latent unobservable factors F'; that predict a target variable
Ye+1. Without Eq., forecasts for y;11 can be obtained through PCR applying PCA in the set of
predictors (based on Eq.) to obtain estimates for the latent factors 1:"5 CA7 and the prediction stage
(based on Eq.) involves running a least squares regression of 3,1 on Ff ¢ and a constant.

Suppose that y;11 is only affected by K; < K factors, denoted by f, such that F; = (f},g;)’. The
factors f, (g,) are relevant (irrelevant) for the target in the sense that 8 = (8%,0')" with 3; # 0. These
factors are also the only relevant factors to proxies z; such that A = (Ay,0). Then, Eq. is what
allows the recovery of the relevant factors by using z;.

A relevant factor of 3,11 can be potentially omitted from the factors estimated via PCA since the



relevant factors do not necessarily have to come from the eigenvectors associated to the largest eigenval-
ues. In contrast, 3PRF has an advantage of only estimating the factors that affect the target. This nice
feature comes from the fact that the factor loadings in Eq. depend on the target (or the proxies) such
that the DGP becomes x; = ¢y + ®(yi41)F + &, as the factor loadings ®(y¢4+1) = [® 0], where the
matrix ®; corresponds to the loadings of the factors f,, and are identified by Eq. and &; contains
the remaining (irrelevant) factors, given by g,, and the idiosyncratic component €;. The method 3PRF

is presented in Algorithm

Algorithm 1 Three-Pass Regression Filter (3PRF)

Pass 1: Run a time series least squares regression of x; = (x;1,...,2;7) on z = (21,...,25) (2 =
(2165 -+ s 2K4t), t=1,...,T) fori=1,...,N,

I
Tit = Po,i + Pzt + €4y,

and retain the estimate qAbl

~ ~/ ~/

Pass 2: Run a cross section least squares regression of &; = (z14,...,2nt) on ¢ = (¢pq,..., ) ((;Z)Z =
(¢1i7~--a¢Kfi)7i:17--~7N) fOI‘t:I,...,jj7

Tit = Po,t + ficfh + it

and retain the estimate f,.

Pass 3: Run a time series least squares regression of y = (y2,...,yr+1) on the estimated factors }' =

(Froee s Fr) (Fo = (Frore oo frcpe) for t =1,...,7),

Ye+1 = Po + /B}ft + Ugyr.

This gives the forecast for the conditional mean of y;1.

Pass 1 and Pass 2 determine the relevant factors through zﬂ while Pass 3 is the same prediction
stage compared to PCR. In general, the proxies can be difficult to get since they require a justified
economic/financial theory and/or additional data. To remediate this, Kelly and Pruitt, 2015 proposed
an algorithm to determine automatic-proxies by only using the data for x; and yt+1E| We present
Algorithm 2, the procedure to determine the automatic proxies for 3PRF.

Kelly and Pruitt, 2015/ showed that these proxies are linearly independent and uncorrelated with the

IThe idiosyncratic component wy in Eq. is crucial for 3PRF in the sense that, without it, the proxies are perfect for
the unobservable factors, i.e., zr = Ag + AF¢, then Eq. becomes irrelevant. Hence, the forecasts for y;41 are given by
simply running a linear regression of y;4+1 on z¢. Otherwise, when w; is present, running a linear regression of y;4+1 on z¢
would result in biased coefficients.

2Note that PLS is a particular case of 3PRF when the proxies are automatic and the set of predictors x; are standardized
over time.



Algorithm 2 Automatic proxy selection for 3PRF

Initialize r¢o = y.
for{=1,...,Ky do

Step 0: Let the £th automatic proxy be ry_;. Stop if £ = K; otherwise proceed.

Step 1: Apply 3PRF using the 7' x N matrix of predictors, X, and the automatic proxies rg,...,T¢_1.
Denote the forecast obtained as y,_;.

Step 2: Let the residual 74, =y — g,_; be the (¢+1)th automatic proxy.

irrelevant factors. In particular:

cov(y,g;) = cov(ro,g;) =0, (4)

N (1) R ~(1) (1) N
péov(y,g,lf1 ) = covly— B F . g;) = cov(ri.g;) =0,

. »(Kf—1) »(Kf—1) R A(Kp—1) p(Kf—1) A(Kp—1) »(Kg—1)
pCOV(y,gj|f1 7"'7fo—l ) = Cov(yiﬂiff ) 1 7'“7ﬂ((K;_1))ffo—1 79])

= cov(rg,-1,9;) =0,

for j = Ky +1,..., K, where cov(y,g;) and pc“ov(y,gﬂ}'il), ce }'2@)) denote the sample covariance
between y and g;, and the sample partial covariance between y and g, conditioning on the variables
}ﬁ”, ceey féé), respectively, where (¢) denotes the estimates obtained in the fth iteration, and }Z is
uncorrelated with g; for all £ = 1,..., Ky, j = Ky +1,..., K. Then, it is natural to think of an

extension of 3PRF for the conditional quantile prediction by using quantile-covariance (gcov) instead of

the standard covariance (cov).

2.2 Related methods that forecast the conditional quantile of the target

Giglio et al., 2016 extended 3PRF to predict conditional quantiles of the target variable. However, they
were only successful at extracting one relevant factor. The method developed in that article is known as
Partial Quantile Regression (PQR), whose algorithm, compared to 3PRF, replaces the prediction stage
(Pass 3) with 7-quantile regression. More importantly, PQR replaces Pass 1 by running a time series
T-quantile regression of y;41 on x;; and a constant, and keep the estimates, say, QASZ-T, fori=1,...,N
Pass 1 in PQR is associated to a quantile-covariance concept considered by Dodge and Whittaker, 2009
for a PLS extension with conditional quantile prediction (also called PQR). The reason why this method
only captures one relevant factor is because a quantile regression can not be switched as it can be for
the least squares case. This is, ommiting a constant term, a linear coefficient equal to zero by running

a quantile regression of y on x is not necessarily zero if we run a quantile regression of  on y, whereas

3In addition, they omitted the constant in Pass 2. Adding a constant is an important forecast improvement in 3PRF
(with automatic proxies) compared to PLS when forecasting the conditional mean. See Kelly and Pruitt, 2015| for details.



for the conditional mean case running a least squares regression y on x leads to a coefficient equal to
zero if and only if the coefficient is zero when running a least squares regression of  on y. Comparing
Pass 1 in Algorithm [I| for the conditional mean with z; = y;41 and Ky = 1, we should run a quantile
regression of y on x; for the conditional quantile forecasts of y but we cannot run a quantile regression
of x; on y. Extending Pass 1 for the quantile forecast with Ky > 1 is not even possible as it involves
simultaneous linear relationships between x; and the T-quantile of z.

Giglio et al., |2016| also presented the Principal Components Quantile Regression (PCQR). This
method simply substitutes the prediction stage of PCR with quantile regression. The authors showed
that both PQR and PCQR give consistent forecasts. As in the case of PCR when forecasting the
conditional mean, PCQR is consistent for any number of relevant factors when forecasting conditional
quantiles, as the estimated loadings for the irrelevant factors will converge to zero. However, in finite
samples, the resulting forecasts may be inefficient when including several irrelevant factors as is the case
when predicting the conditional mean.

Another supervised method for quantile prediction involving factor models is the fast PQR (fPQR)
developed by Méndez-Civieta et al., 2022 where they followed a similar approach PQR but instead of the
quantile covariance of Dodge and Whittaker, 2009, they maximized the gcov (Li et al., |2015) between

the target and the predictors in a PLS framework.

3 Quantile-covariance Three Pass Regression Filter

3.1 Quantile-covariance (gcov) and Quantile partial-covariance (gpcov)

As we have noticed on the methods described above, a key point to successfully extend 3PRF to condi-
tional quantile prediction relies on exploiting a quantile-covariance relationship between the target and
the predictors such that the relevant factors for a conditional 7-quantile can be recovered. This quantile
covariance needs to be used to allow a kind of “inverse” form for the quantile regression, as it is required
in Pass 1 of 3PRF.

The quantile-covariance used in our forecasting method is the gcov presented in Li et al., |2015,
Specifically, for two random variables f and y, let @ be the 7th unconditional quantile of y and Q;I 7
be the 7th conditional quantile of y given f. The first order condition of quantile regression implies that
Q;‘ PRt independent of f with probability 1 if and only if the random variables I(y — Q7 > 0) and f are
independent, where I(-) is the indicator function. From this result, the gcov for 0 < 7 < 1 is defined as

follows:

qcov.(y, f) = cov(I(y —Qy >0),f)

El-(y — Q) (f —E(f)], (5)



where 1. (v) = 7 —I(v < 0). It is important to mention that gecov does not possess a symmetry property,
ie., qcov.(y, f) # qeov,(f,y). However, cov(I(y — Q > 0), f) = cov(f,I(y — Q] > 0)). This is the
critical property for us to construct Pass 1 of the Qcov3PRF algorithm presented in Section We note
that this is different from the quantile-covariance considered implicitly in PQR of Giglio et al., 2016E|
Now, let us refer to the quantile regression y = by, + b;-f; + «7, where j = 1,..., Ky and look for

the following minimizers:

(b5 bj,) = argminE [p; (y — bor — bjr f;) (6)

bor,bjr

where p,(v) = v[r —I(v <0)] is the check loss function. Li et al., 2015| found a nice result such
that qcov.(y, f;) = v(bj,) where v(-) is a continuous and increasing function, and, more importantly,
v(b3,) = 0 if and only if b}, = 0.

The previous result only holds for the case of one regressor at a time. However, in order to recover
more than one relevant factor, Qcov3PREF exploits the linear relationship in the 7-quantile of the target
between the target and the set of multiple predictors (not only one) in its first stage. Also, this method
involves a quantile regression with multiple predictors (multiple relevant factors) in the prediction stage.
So we need further tools that extend the result presented above for the case of multiple predictors. To

see how qcov and the multivariate quantile regression are related, let us consider a linear quantile model

for the target variable y and the set of predictors f = (f1,..., fx;,):

y:ﬂ07+617f1+"‘+ﬂKfoKf +UT, (7)

where the error term satisfies P(u™ < 0|f) = 7. This implies that the conditional quantile of y given f
is Q) = Por + Prrf1 + -+ + B+ fi,- Without loss of generality, let us assume that E(f;) = 0 and
Var(f;) =1forall j=1,..., Ky, and denote h,(u|f) and hy(y|f) as the conditional density of u and y
given f, respectively.

Angrist et al., [2006| described a procedure to obtain the coefficient b7 alternatively as the minimizer
of the following weighted least squares problem:

* . ~ T 2
bjr = aijgf?ninE [wf(f) : (Qy|f - bjrfj) } ; (®)
- 1 * * * * T :
where W, (f) = %fo hy (u . AT(fj,bjT)|f) du, and A, (f;,b5,) = b5 + b5 f; — Qy‘f for j =1,...,Ky.
Then,
b;T = E(wT(f)fJQ)_lE(/IDT(f)f]Q;‘f) = BJ*T + djTa

4Specifically, the quantile-covariance considered in PQR is equal to the linear coefficient obtained after running a quantile
regression of y on f and a constant, where f has mean 0 and variance 1.




*
JT

djr =D ks BZT]E(ﬁJT(_f)ff)_lE(szT(f)fjfk). The term d;, can be interpreted as the bias of the quantile

where is the coefficient estimate of f; obtained from running quantile regression of y on f, and
estimator. It is equal to zero when E(w,(F')f;fr) = 0, however, in contrast to the conditional mean
case, orthogonality among the predictors is not enough to ensure d;, = 0 due to the presence of the
term @, (f). Therefore, the relationship between qcov.(y, f;) = v(b},) and B}, is affected by the term
dj-. Liet al., 2015 and Ma et al., |[2017| approached this problem by using the quantile partial covariance

(gpcov). Similar to the partial covariance for the conditional mean, gpcov is defined by partialling out

the confunding effects of the predictors f_; = (1,{fx,k # j}) on f; and on y. Specifically,

qpeov, (v, fj|.f—j) = cov(I(y — ’76jf-j >0), fj — Of)jf—j)a 9)

where 8o; = argming E[(f; — B;f_j)2] and v,; = arg min,, E[p-(y —+}f_;)]. Based on the results in

Ma et al., 2017 with the estimates obtained from solving:

(86,,05,) = argminE[p-(y — v0, f _; — 6 — 05 f5)], (10)

307,05~

we have that qpcov, (y, f;|f_;) = o(]

i), where o(-) is a continuous and increasing function and o(d},) =

0 if and only if 67, = 0. It can be shown that 57 = 0 if and only if 67, = 0. Hence, 8, = 0 if and only

if o(07,) = 0.

3.2 Quantile-covariance Three Pass Regression Filter

Based on the work of Kelly and Pruitt, 2015/ and Giglio et al., |2016, we develop a new factor model
called Qcov3PRF. This forecasting method relies on the quantile-covariance gcov defined in the previous
sub-section. The crucial difference between Qcov3PRF and PQR is the implementation of qcov via
multivariate least squares regressions associated to an specific 7-quantile in the first step of Qcov3PRF
(as we see below), compared to the univariate 7-quantile regressions implemented in the first step of
PQR. This change allows us to recover more than one relevant factor in Qcov3PRF, in contrast to PQR.
Of course, the implementation of gcov does not come with a cost. This cost is to assume an additional
DGP given by Eq. when the automatic proxies are used. That DGP is required when when gcov is
extended to the multivariate case using partial gcov related to Eq..

For more detail, we first establish the environment considered for this method. There is a target
variable that we wish to forecast its conditional 7-quantile. There are many highly correlated predictors
that can contain useful information to predict the conditional quantile. The number of predictors N can
be large and its magnitude can be greater than or equal to the time series observations T, thisis N > T.
This complicates the estimation using quantile regression (Koenker and Bassett Jr, [1978). Then, we

look to reduce the dimension of the covariates assuming that the covariates can be approximated using



a (linear) factor model. The proxies that we consider in our method have a similar interpretation than
for 3PRF. These are variables driven by the relevant factors that affect the target variable in the 7th
quantile. The complication now, in contrast to 3PRF, is that the proxies considered are not the variables
themselves but transformations motivated by gcov (see Eq., which are associated to the conditional
7-quantile we focus on obtaining the target forecast). Hence, the effects on the target come from the
transformed proxies and not from the original variables.

Much more useful in practice is that these proxies can be obtained in an automatic manner, as we
will describe when we present Algorithm [4] The target variable depends on those factors, but given that
these factors are unobserved, the predictions obtained from the true factors are known as the infeasible

best forecasts. For the DGP we first present the following models presented in Assumption

Assumption 1. The data for a fized level T € (0,1) is generated as follows:

r, = ¢g+PF; +ey (11)

Y1 = Boqr +BLFi+uj, (12)

where yi+1 denotes the target time series variable, xy is an N x 1 vector of predictors which are stan-
dardized to have unit time series variance, Fy is a K x 1 vector of latent factors, and ® is an N x K
matriz with K < min(N,T). In addition, B3, is a K x 1 vector, whose dependence on T is because the

conditional quantile of yii1 is Q7 = Bro + BLF; where By[r — I(u],, < 0)] = E[r — I(u],; <

ye+1|Fe
O|yt, Fe,yt—1, Fi—1,...] =0. Also, B, = (ﬂ},T,O/)’ with B; . # 0 vector of dimension Ky x 1.

Eq. assumes a standard factor structure for a large set of predictors (Bai and Ng, [2002), Eq.
is the prediction stage which focuses on estimating the conditional quantile of the target. By only
considering these models, there is no need to make a distinction between irrelevant or relevant factors.
We know by Ando and Tsay, 2011 and Giglio et al., 2016/ that PCQR provides consistent conditional
quantile forecasts, however, in finite sample cases, under the presence of high cross section and/or serial
correlation in g; and the existence of several irrelevant factors with high variance, the estimation can
result in forecasts with poor performance.

On the other hand, referring to 3PRF with automatic-proxies (see Eqs.— and Algorithm ,
there are Ky proxies linearly independent and uncorrelated with the irrelevant factors g (see Eq.). If
now we instead incorporate gcov and gpcov in the automatic proxies framework we can formulate K
proxies determined sequentially given by I(y — QT > 0), I(y — Q P >0) =I(y — 6(1)}'?) > 0),

Al Kr—1) n(Ks—1) A(Ks—1) (Ky—1)
I('!J - Qy A(Kf 1) }(Kf nH > 0) = I(:’J 6; - )f1 - T BK; 1 f-,—fof 1 > 0)7 where
" Kf 1

NG
(¢) denotes the relevant factors obtained in the ¢th iteration and ﬂ(T) are obtained by running quantile

regression of y on }' (

10



If we further generalize to any linearly independent group of Ky proxies by letting 2z}, = I (zjr —Q;j >
0)=I(y— Q!TIIf ;> 0), and stacking over j =1,..., K; we have:
.

Z;k. - )\O,TL/ + Af,‘rf + w, (13)

where ¢ is a column vector of ones and Ay, is a Ky x Ky matrix. Eq. is the proxy equation
in our setting, which extends Eq.(3)) to the quantile case. Eq.(13) is presented as Assumption [2] and
it is associated to T-quantile through QZJ_, which makes it possible to extend Pass 1 in 3PRF to the

conditional quantile case via least squares time series regressions. Note that when z; = y.11 we go back

to the estimation of only one relevant factor, which is covered in PQR.

Assumption 2. The data for a fived level T € (0,1) is generated as follows:

Z;f = )\7-’0 + A-,—Ft + Wy, (14)

\T

T

* * * - * _
where zi . = (2{y 005 2k p00) with 25, 0 = I(ze — QF,,

> 0), z¢ is a Ky x 1 vector of prozy data,
F, = (f,,9)), A = (Apr,Ay-) is a Kf x K matriz. Let Ky > 0 and K; > 0 the dimension of f,
and g,, respectively, such that Ky + Ky = K where Ky < min(N,T). QL denotes the unconditional T

Zet

quantile of zg. In addition, A; = [Ay, 0], where Ay . is nonsingular.

Based on Assumptions [I] and [2] , the variable y.y; depends only on a subset of factors f,, called
the relevant factors. In the 3PRF for the conditional mean, z; = 2z, and Eq. gives a link to
extract the relevant factors. However, for the conditional quantile case the implementation is not direct
when there are more than one relevant factor. The reason is because, while in Pass 1 of 3PRF we run
time series least squares regressions of x;; on z;, for the quantile case the proxies correspond to the
conditional quantile and would require running time series quantile regressions of x;; on z; focused on
the 7th quantile of z; and not on the quantile of z;;. This is not possible to be implemented directly

through quantile regressions. Hence, we make use of the fact that qcov, (ze,zit) = cov(I(zp — QL >

ol
0), zit) = cov(zj, ., Tit) = cov(@it, 27, ) along with the discussion that resulted in Eq. (Assumption
).

Qcov3PRF is implemented through Algorithm [3] As an initial step, the unconditional quantile for
each proxy has to be estimated Pass 1 and Pass 2 estimate the K relevant factors ft. In Pass 3

we obtain the estimated parameters BO ¢+ and B .+ from the underlying predictors x; for t = 1,...,T.

Then, we construct the forecasts one period aheadﬁ for the observation yryo with the updated set of

5We noticed a decrease in performance for the forecasts obtained from the Qcov3PRF compared to the PQR when T
is small (less than 100) in simulations, and obtaining multicollinearity issues for extreme quantile values (e.g. 1% and
99%). This is due to the additional estimation of the unconditional quantile for the target and the discrete nature of
I(zet — Q7,, > 0). This difference vanishes as 7' increases.

6For simplicity we have considered one-period ahead forecasts, however, the algorithm can be perfectly implemented for
h-periods ahead forecasts. For instance, in our first empirical application with monthly data, we consider 3-periods and
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predictors @;, t =1,...,T + 1 to obtain }.TH and compute g0 = BAO’T + B}J}Tﬂ.

Algorithm 3 Quantile-covariance Three-Pass Regression Filter (Qcov3PRF)

Pass 0: Let z; = I(z; — A;@ > 0), where Q;@ is an estimator for the unconditional quantile of z, for
£=1,...,Ky.

. . . : o ) ) * *! / _
Pass 1: Run a time series least squares regression of x; = (w1,..., i) on 27 = (27 ,,...,27,) (2f =
* * _ .
(21t7...,szt)7t— 1,...,T)fori=1,...,N,

/ *
Tit = Go,i + i 2( - + €t

and retain the estimate qASM

Pass 2: Run a cross section least squares regression of x; = (214,...,Zn¢) O0 ¢, = ((;ASILT, . .,(;AﬁEVyT)’
(q',)i,‘r = (¢1i,T;"')¢Kfi,T)7 1= 1,,N) for t = ].,...7T,

Tit = dour + Fidi - + €,

and retain the estimate f,.

~ ~ ~ A
Pass 3: Run time series quantile regression of y;y; on the estimated factors f = (fq,...,fr) (f; =

(f1t7"‘>fot)7 t= 17"'7T)>
Yiy1 = Bor + ﬂ/f,-rft + utT+1~ (15)

This gives the forecast for the conditional 7 quantile of y;; denoted by Q; 7
t+1|F ¢

As we mentioned above, quantile regression cannot be implemented directly in Pass 1 under the
presence of more than 1 relevant factor. This is because we are focusing on predicting the conditional
quantile of the target variable and not on the conditional quantile of the predictors. Instead, we run
least squares regressions given Eq..

In contrast to 3PRF, our Qcov3PRF method does not provide a complete closed form estimator for
the linear coefficients 3, because the linear quantile regression estimator does not have a closed form
solution. However, we can obtain a closed form expression for the relevant factor estimates }'t and their

corresponding loadings by combining Pass 1 and Pass 2. These are given by:

éT (WZZ)_l W;za (16)

~/

W.. (W, JINW ) 'W_JInX', (17)

where @T, F and X are the matrices resulting from stacking ¢A)Z-’T over ¢, and F, and z; over t, respec-
tively. Also, Jy = In — %LNLEV, Iy is the identity matrix of dimension N, ¢y is a vector of ones of
dimension N, W, = Z:/JTZi, W,,=X'JrZ: and W_, = Zi/JTZj (Jr is analogous to Jy).
This closed form expression is particularly useful to show the consistency of the relevant factors and

their corresponding loadings relying on the results of Kelly and Pruitt, 2015,

12-periods ahead.

12



Now, we explore the implementation of automatic-proxies for Qcov3PRF generated when only y and
X are available as it is common in practice that the researcher does not count with proxy variables.
Compared to 3PRF, we cannot generate the proxies as residuals from a least squares regression. To see
this, consider a scale model with two relevant factors yiy1 = (fir + for + 0y)usy1 where fi, ~ U[0, 1],
far ~U0,2], 0, is a constant and w11 ~ N(0,1). Hence, the conditional mean of y;41 is equal to 0 but
f1t and fo; are relevant for any quantile except the median. Consider Algorithm |2 applying Qcov3PRF
instead of 3PRF, when ¢ = 1, with the automatic proxy 311, we get an estimate for the factor with the
largest variance fu- Next, when ¢ = 2 the automatic proxies are y;y; and the residual when running
a least squares regression of y;+1 on fi¢, say, gr+1. Then, Pass 1 in Qcov3PRF will potentially face
a multicollinearity problem since the set of automatic proxies ¥y = (y¢+1, Jr+1) basically contains the
target variable repeated twice as y:;+1 is not affected by fi; in the conditional mean. As a result, fo
cannot be estimated.

As we mentioned earlier, from Eq., the natural candidates for the automatic-proxies in the condi-
tional quantile case are given by I(y — Q; >0), I(y— Q" 0 >0), . I(y— QT Lo e > 0).

ylfi ylfy ISR Y

Specifically, these automatic-proxies are obtained by applying Algorithm [4] in the same spirit as Algo-
rithm[2} It can be shown that these proxies are linearly independent, but not necessarily uncorrelated of
gj, for j=Ks+1,...,K,if u” depends on g;. This is a consequence of the fact that g, does not affect
the conditional T-quantile of y but it can affect some other part of the conditional distribution of y. For
example, consider y;+1 = 1+ f1 4 +(0.5f1 ¢+ f2.1)ui+1, where Q7, = 0, and f3; is some other factor indepen-
dent of yy11. Then, Q7 . |+ = Bo,r + B1,rfre + Bar foir + B3,r foe with (Bo,r, B1,rs B2,r, Bs,7) = (1,1,0,0).
However, if we run a least squares regression of I(y; 11 — Qy > 0) on f, = (f14, fa,1, f3,1) and a constant,

we get the estimated coefficients o = (af ,, a7 ;,a3 ,03 ) where af . # 0, af . # 0, a3, = 0 but

a3, #0.

Algorithm 4 Automatic proxy selection for Qcov3PRF

For a quantile value 7 € (0, 1) initialize ro, =y — Q;
for/=1,...,K; do

Step 0: Let the fth automatic proxy be r,_1 .. Stop if £ = K; otherwise proceed.

Step 1: Apply Qcov3PRF using the predictors X, and the automatic proxies r¢ r,...,T¢—1,r. Denote the

forecast obtained as QT

y|f17-~;f271.
Step 2: Let the residual vy, =y — Q;lf i, be the (¢ + 1)th automatic proxy.
1y-eafe—1

Therefore, the following model is suggested:

"o = L(rees > 0) = I(ysy1 — Q @ 7O >0)=aor+ a%) fi+ a‘(quz'gt + &1, (18)

T ~
yt+1|f1,t!”'= T
where &1 depends on uy, , age}T #0if g #0for j=1,..., Ky, a](f)g , = 0if gg; is independent of
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Y41 for k= Ky +1,..., K. However, the value of 041(:3;,7 when gy, is not independent of y;1, specifically,

if uf,, depends of g, is not guaranteed to be zero. Although our multiple simulation experiments

always indicate that under this situation al(f)g is much lower than a;e}T

for any j = , Ky and
k=K;+1,...,K and very close to zero for most cases it is not always the case that an irrelevant factor
for the 7-conditional quantile of y;11 would be irrelevant for the automatic-proxy 7y as well. In order

to guarantee this is always the case we need to restrict the error term uj,; such that the automatic

proxies are only spanned by the factors f. That is stated in the following assumption.

Assumption 3. The error term uj,; from Eq.@) allows the following model:

I(yer1 — Qy,,, > 0) = o + % fy + &1, (19)

where the error term &1 depends on ul,, and satisfies By(§11) = E(&a1lye, Foyi—1, Fi—1,...) =0,
E(&},) <M and T2 S Fi&ir = 0,(1) forallt and M < oo, and Q7 denotes the unconditional

Yt41

T-quantile of yi41.

By Assumption [3| we can obtain K; automatic-proxies that are uncorrelated with the irrelevant

factors, this is,

qcov(y,g;) = cov(l(y—Qy > 0),gj) =cov(I(ro,r > 0),g9,) =0, (20)
R »(1) R .
apeov(y,g;1f1 ") = cov(I(y— Blfo ' 0),9;) = cov(I(ri, >0),g;) =0,
. »(Kyp—1) (Ky—1) Kp—1) p(Ks—1) Ki—1 (Ky—1)
quOV(y79j|.f1 ! 7---,fof 1 ) = COV( (y 5§ - )f1 & "'—5((1(; 1)foKff 1 >O)ag])

= cov(I(rg,—1+ >0),g;) =0,

where qcov and gpcov denote the sample quantile covariance and the sample quantile partial covariance,
respectively. It can also be shown that the proxies 7} . are linearly independent. Specifically, the
automatic proxies generated by Qcov3PRF are spanned precisely by the set of (relevant) factors that
affect the conditional quantile of the target variable, as is stated in Section [d] Theorem Therefore,
Assumption 2| is satisfied by replacing 2}, with 7 = (15, ;- ’TE‘Kffl)t,T)' Assumption [2|is the cost
of using qcov in our factor model. It allows the extension of qcov, in the univariate case (one factor),
to partial-qcov, in the multivariate case (multiple factors), following the scheme presented in Eq. In
the automatic-proxy case and K; = 1, Assumption [2| is not required, and both methods, Qcov3PRF
and PQR, lead to the same results asymptotically (although there are some minor differences with small
sample data resulting from the construction of the transformed automatic proxy in Qcov3PRF, as we

can see in our simulation results in Section .

14



3.3 Quantile-covariance Three Pass Regression Filter for mixed frequency

data

Similar to 3PRF, Qcov3PRF usually allows more tractable extensions since each pass involves least
squares regressions. Now, we present a simple extension of Qcov3PRF for mixed frequency (MF) data
inspired by Hepenstrick and Marcellino, |2019. Let us assume that the target variable and proxies are low
frequency whereas the predictors are high frequencym In terms of notation, assume that the covariates
x; can be observed for each ¢, whereas the target variable y; and the proxies z; can be observed only
every h periods. For example, when h = 3 low frequency is quarterly (e.g. GDP growth), and high
frequency is monthly (e.g. Industrial Production, prices, financial variables). The aggregate (low)
frequency is indicated by s. An approach for Qcov3PRF that deals with this type of mixed frequency

data is presented in Algorithm

Algorithm 5 Quantile Three-Pass Regression Filter with low frequency (quarterly) target variable
and/or proxies, and high frequency (monthly) predictors (MF-Qcov3PRF).

Pass 0: Let z; = I(z¢ — A;g > 0), where Q;ﬁ is an estimator for the unconditional quantile of z, for
{=1,...,Ky.

Pass 1: Run time series least squares regressions, in low frequency s, of x; = (z;1,...,2;7) on zk =
* *! / * * * _ s
(27 75eees zT/3’T) (25, = (s szsyT), s=1,...,1T/3]) fori=1,...,N,

Tis = ¢o7i+¢;z:77+eis, for s=1,..., I_T/3J
where x;; = (:z:i(gs_g) + T535—1) + xi(3s)), and retain the estimate (]Aﬁ”

~ Al ~/ -~
Pass 2: Run cross section least squares regressions of &y = (z14,...,2n¢) on p,. = (1 1., Pn ) (@, =
(¢1i,T7"'7¢Kfi,T)7 i = 177N) for ¢ = 17"'7T7

Tit = Pot,r + f;¢i,7 + Eit,
and retain the estimate ft for each month ¢t =1,...,T.

Pass 3: Split the estimated monthly factors ft = (fu, ceey fot) into three quarterly factors (fi, fi f"i),
where f) = f3(871)+j and f, = (ffs7 .. '7ﬁ<fs) for j = 1,2,3. Then, run a time series quantile

regression of y,11 on (fi + ff + .?f)

A 2 3 .
Yst1 = Bo,r + B~ (fs +fi+ fs) tUsyr- (21)

T

This gives the forecast for the conditional 7 quantile of ;11 denoted by Qy IR
s+11F¢

Compared to Algorithm the passes that involve time series regressions are modified to allow
mixed frequency (Pass 1 and Pass 3). Now, there are three sets of relevant factors ]_”1, ]_”3 and f?

corresponding to the months in each quarter. We do not regress the target on (]_"l, ]_‘i, j_”f) separately

7Cases where the predictors are low frequency and the target and proxies are high frequency, and ragged edges presented
in Hepenstrick and Marcellino, [2019 can also be used in Qcov3PREF.
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since, by Assumptions [l and [2} for Qcov3PRF (analogously to 3PRF) that regression will not result in
consistent forecasts. This can be easily seen if we consider, say, the matrices A, A; and A3 where A; is
a matrix [T/3] x T, where |-] denotes the floor integer, with A; = [¢;;¢543;5...5¢p_34;] for j =1,2,3,
where ¢; is a 1 x 1" vector equal to one in the jth entry and zero everywhere else. Then, from Eq.
we have:

XA =g, A +®FA +eA,

where A = A; + Ay + As. Instead of Assumption [2] we have the following DGP:
ZF =X+ A FA +w.
These two DGP’s are consistent with Pass 1 by running X5 on 2} ;. since:

XA = Y, +0'Z +e

Po+ ' [AO,T +AFA + wT} te

(Yo +¥'No,) + WA FA + (Pw, +e),

which is identifiable with Assumption (1| by making ¢0A/ = ("po + \Il/)\077), o f = ®'AlF where
® = [¢p; ¢,]and ¢; (¢,) denotes the corresponding loadings for f (g), and e]ll—i-qbgg;&/ = (Y'w, +e).
Matrices Ay, As and Aj need to be considered jointly as a sum, otherwise, Pass 1 will not lead consistent
forecasts. In other words, the aggregation scheme of the low frequency predictors ;s are generated and
used in Pass 1 should be the same to the one we consider for the proxy z, and (}'i, fi, ]"i) in Pass 3 (since
the set of factors becomes FA/). In Algorithm |5| we consider the simple aggregation of the three months
in each quarter. Here, we are assuming that all monthly predictors are flow variables so we transform
them into quarterly frequency via aggregation. Pass 1 and Pass 3 should be modified accordingly being
consistent with the same transformation. For example, with stock variables we should consider only the

observation every three months.

Remark 1. By considering that X follows a factor structure at s frequency, i.e., €3 = ¢y + PF + €5,

we can replace Pass 3 with:

1 - -3
Ys+1 = Bo,r + By, Fs +Bos o+ B55.Fs +uly

as was considered in Hepenstrick and Marcellino,[2019. We prefer the initial Pass 3 in Algorithm[4 since

imposing factor structure at the frequency s for the predictors is more restrictive in practice.
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4 Assumptions and asymptotic results

In addition to Assumptions and [3| we state the following assumptions needed for the estimation
of Qcov3PRF. These assumptions come from standard factor models estimation, 3PRF and quantile

regression.
Assumption 4. (Prediction Stage)
1. Let 0 < m < M < co. The conditional density of ury1 given Fy denoted as hr(upy1|Fy):

(a) is continuous.

(b) m < h (ugp1|Fr) <M for allt.

(¢) hr(uts1|Fy) is Lipchitz continuous, i.e., |hr(u|Ft) — hy (W' |Fyt)| < M|u — u'| for all t.
2. Plugyrr <Oy, Fr,y1—1, Fi—1,...] =T.
3. T'F'JrFh,(0|F) ﬁ Apy.

Assumption [4}1 allows for a bias representation of the quantile regression in the prediction stage
following Angrist et al., 2006 This permits us to show consistency of the conditional quantile forecasts.
Assumption 2 corresponds to quantile regression in Eq.. Assumption 3 is required to show

asymptotic normality in quantile regression.
Assumption 5. (Factors, Loadings and Residuals). Let M < oco. For any i, s,t
LE|F | <M, TS Fo—L % pp, T 'FJIrF—L— Ap,
- T—o00 T—o00
2. Bl |t <M, NN ¢ —L sy, N'@®JIy® L Ay, N '®JIngy —— A,
J=17) Nooo N—o0 N—oo ’
3. ]E(Eit) = 0, E|Eit‘8 S M,
4 Ew@)=0, Elwl<M  TTPY w0,=0,01), TT'WJre oA,
— 00
5. E(Yr(uir1)?) < M, and ugyq is independent of ¢;(m) and €.

Assumptions [5] 1453 are the same considered by Bai and Ng, 2002} Bai, 2003 and Stock and Watson,
2002al Assumption [5]4 is required in the 3PRF for conditional mean forecasts, and it is also required
in the Qcov3PRF because this method uses proxies to extract the factors. The moments of the proxies
noise w; are bounded in the same manner as the bounds on factor moments. Assumption [5]5 is required

to show consistency of estimators of factors and loadings, and asymptotic normality of the forecasts.
Assumption 6. (Dependence) There exists a constant M < oo and for any i,7,t,s,my, mg

1. E(eirgjs) = Oijuss  |0ijiasl < Fijy  |0ijusl < T, N7 Zﬁrjzl gij <M, T Zzszl ows < M,

and N1 Zi,s |Uij,ts| < M,
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2. EIN“V2T-12 5T S [eiscir — E(eisein)]|? < M,
3. ]E|T_1/2 23:1 Fm17twm27t|2 < M7
4 BIT-V2T o enl? < M.

As in 3PRF, we allow some degree of cross sectional correlation and serial dependence in the factor
structure through Assumptions [6}1{6]2. This follows the work of Chamberlain and Rothschild, 1982
and Stock and Watson, [2002al In Assumptions [6}3{6]4 some proxy noise dependence with factors and

idiosyncratic errors €;; is allowed.

Assumption 7. (Normalization and orthogonalization). For any my, msy:
1. Ag =1, A1 =0,
2. A is diagonal, positive definite, and each diagonal element is unique.
3. f. is independent of g;+ for j=Ks+1,..., K.

Assumptions [7]1{7]2 give a unique representation of the latent factor and factor loadings in the same
way as in Kelly and Pruitt, 2015l They select a normalization such that the covariance of predictor

loadings is the identity matrix, and the factors are orthogonal to one another.
Assumption 8. (Central Limit Theorems). For any i,t
1A SN i 5 N0, ge), where By = plimy o % SN E [eucidid)] >0,
2. % Zthl Fiei 4, N(0,XFr.), where X pe = plimp_, % ZZs:l E [sitsisFtF;] >0,
3. =S Fr(uig) L N(0,Zpy), where Spy = plimy_, o =37 E [¢2(uiy 1) F F] > 0.

Assumption [8states the central limit theorems needed to show asymptotic normality of the estimates.
Next, we obtain that as N and T become large, the conditional quantile forecasts determined with
Qcov3PRF converges to the infeasible best forecasts. This result is presented in Theorem [l whose
proof makes use of the convergence rates from Lemmall] quasi-maximum likelihood results, equivariance

properties of the quantile regression, and the weighted (quantile) regression from Angrist et al., 2006!

Theorem 1. Let Assumptions and hold. Then, the forecast in the predictive stage Eq. m
Pass 8 of Qcov3PRF satisfies

T —_ A A p /
Qyt+1\ﬁ't B BO’T + 'BTFt m /GO’T + IBTFt,

where Q; is the conditional T-quantile forecast of ys11 given the unobserved factors.
t+1

|F

Proof. See Appendix. O
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To show the asymptotic normality of the infeasible quantile forecasts we need to make use of Lemma
(see Appendix7 whose proof comes from Theorem 6 in Kelly and Pruitt, 2015/ but now we consider

the transformed proxies z} . instead of z;.

Theorem 2. Let Assumptions and hold and vVN/T — 0. Then, the forecast in Pass 3 of
Qcov3PRF satisfies,
—~1/2

v, <Bo,r + B;—Ft —Bor — HTFt) ﬁ N(0, 1), (22)

)

N N P 7'
where V. = 8. (Zp)B, + 5 F(Z3 ) F:.

-

Proof. See Appendix. O

Theorem [2] guarantees that the estimates for the infeasible forecasts obtained from Qcov3PRF are
asymptotically normal. However, this is more a theoretical result than practical since, similar to 3PRF,
Qcov3PREF only recovers the estimates for the relevant factors so Xz can not be estimated. To get an
estimate for the variance we can implement an approximation of the finite distribution (or variance)
using, for example, block bootstrap.

Next, we state formally that Algorithm [4] under Assumption [3] provides proxies consistent for the
conditional quantile forecasts. Note that all of our simulations and the first two empirical applications
described in the next sections consider that the only available information is the set of predictors x; and

the target yiy1.

Theorem 3. Let Assumptions 1] and [} hold with the exception of Assumptions[5.4,[03 and[@ 4. Then
the Ky automatic-prozies obtained in Algorithm [{] under Assumption [3 satisfy Assumptions|[3, 3.4, 6.3
and @.4 when the number of relevant factors is Ky. As a result, the K r-automatic-prozy forecast is

consistent according to Theorem [1] and asymptotically normal according to Theorem[3
Proof. See Appendix. O

Lastly, we present Corollary [I] that presents the consistency for the infeasible forecast using the
MF-Qcov3PRF covered in Section In this case, Assumption [J replaces Assumptions [I] and [2] which

assumes the target and proxies are generated with low frequency.

Assumption 9. (Data Generating Processes for Mized Frequency data) The data for a fized level T €

(0,1) is generated as follows:

e = ¢p+ PF; +ey, (23)
Yss1 = Bor+ By (Fs—1)11 + Fse—1y42 + Fa_1y43) + ulyq, (24)
zi, = Mo+ Ar (Faons1 + Fao1yie + Faio1)4s) +ws, (25)
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where y = (y2,...,Ys+1) @8 an S x 1 vector denoting the target variable time series. In addition,
z5, = (z;h...,z;Kf) with 25, = I(zs0 — Q% , > 0), z5 is a Ky x 1 vector of prory data. Here s

represents low frequency and t high frequency. For example, S = |T/3] when s denotes quarterly data

and t monthly data. All else elements have the same interpretation and dimensions from Assumptions|]]

and[3

In Assumption [J] we are assuming that the predictors are flow variables so that the monthly aggre-

gation makes sense.

Corollary 1. Let Assumptions hold. Then, the forecast in the prediction stage Eq. in Pass 3 of

Qcov3PRF with mized frequency satisfies

Q7 AR Bor+ B (Fas—1)+1 + Fas—1)+2 + Fas_1)43) »

Ys+1lFe N T 00

where Q; is the conditional T-quantile forecast of ysy1 given the unobserved (high frequency) factors.
s+

1| F
It is straightforward to show the asymptotic normality of the forecast estimates obtained from Algo-

rithm [B] similar to what we do in the proof of Theorem [2}

5 Monte Carlo simulations

In this section we present the forecasting power of Qcov3PRF and the consistency of the forecasts in
finite samples through Monte Carlo simulations. For the forecasting accuracy we examine three DGPs
based on the simulations of Kelly and Pruitt, 2015, Giglio et al.,|2016/and Chen et al.,|2021. The first and
third DGPs consist on location scale models with dependent idiosyncratic errors, while the second DGP
is a location model with a focus on the estimation of the conditional median. We run 1000 simulations
in each case when N = 100, T'= 200 and N = 200, T" = 400, respectively. The factor loadings follow
a standard normal distribution and are i.i.d. The structure of the predictors is x; = ®F; + €;. The
idiosyncratic errors of the predictors allow the presence of cross sectional and serial correlation following
the expression:

g = 2]\{527*7

where € = (e1,...,er) with g, t = 1,...,T a column vector of size N. Also, € is a N x T matrix where
each row &;, 9 = 1,..., N is standard normally distributed, and 3y is an N x N matrix whose entries
are given by O'j\’,j = pljf,fjl/Q, foralli=1,...,N and j=1,..., N. We determine 3t similarly such that

Uéls = plz,tfsl/z, forallt =1,...,7 and s = 1,...,T. Then, higher values of py and pr indicate high
levels of cross sectional and serial correlation in the idiosyncratic component, respectively.

We report the out-of-sample R? defined in Koenker and Machado, 1999| evaluating forecasts one
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period ahead starting at the middle of the sample which is defined as:

T _ 07 _ _ 07
R _1_ Xi=r/2 (yt+1 Qyt+1|ﬁ,t) (T I(ye+1 Qyt+1‘i:‘t < 0)) (26)

St (yt+1 - QZ,,H) (T — (Y1 — Qy,,, < 0))

where Q;tH is an estimate for the 7 unconditional quantile of y; considering {y,...,y:}, and Q; I
t+1 t
is a conditional quantile estimate for y;1 given F, using the DGPs presented below.

The first DGP consists on the following location scale model:

Yerr = fro + fou + fa0 + (0y + g1.e)ne41, (27)

where 741 = Meyp1 — Q}HH, with Q%Hl the 7 unconditional quantile of 7:11, oy = 0.50, and 741 ~
N(0,1/4/2). In this DGP, we assume the predictors are determined by six factors, three of which are
relevant and the other three are irrelevant for the conditional 7-quantile of the target. However, for
any other conditional quantile different from 7 there are four relevant factors (f1¢, for, far and g1,0).
This DGP is particularly interesting since in real life applications the same factors are not necessarily
relevant /irrelevant for all the quantiles across the target’s conditional distribution. The relevant factors,
fits fot, f3,1, are independent normally distributed with standard deviations {1,1.5,2} and the irrelevant
factors, g1+, g2,¢+, g3,t, are independent uniform distributed with the lower bound equal to zero and the
upper bound equal to {3, 4, 5}, respectively. We report the R2 using three methods: Qcov3PRF with one,
two and three factors (denoted as Qcov3PRF1, Qcov3PRF2, Qcov3PRF3, respectively), PQR (Giglio
et al., 2016) (that only estimates one relevant factor), and PCQR (Giglio et al., |2016]) with six PCA
factors.

Table [1] shows that Qcov3PRF3 provides the highest predictive power over many cases. We can
see that Qcov3PRF1 and PQR report similar R? values to each other and always lower than those of
Qcov3PRF2 and Qcov3PRF3. These results suggest that both methods, PQR and Qcov3PRF1, estimate
the same relevant factor, and the clear advantage of Qcov3PRF over PQR would appear when more than
one relevant factor are estimated. As expected, Qcov3PRF1 provides slightly lower performance than
PQR as Pass 1 requires the dummies (transformed proxies) generated in Pass 0, whereas PQR does
not consider a transformation of the proxies. In addition, as a result of these transformations, PCQR6
performs slightly better for the cases where py and pr are low. All these differences between methods
decrease as N and T augment. The advantage of using Qcov3PRF is more evident when pyn and pr are
high. The reason is that as serial and cross-sectional correlations increase, the idiosyncratic component
is wrongly seen as an additional factor(s), so considering only six factors for PCQR is not enough to
capture fi, fou, fau (and g1, g2, 93,0). In contrast, Qcov3PRF performs well even when py and pp

are high as it focuses on only estimating the relevant factors.
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In general, the out-of-sample R2 obtained with Qcov3PRF3 is only marginally different compared to
Qcov3PRF1. The reason is possibly related to the results obtained in Ahn and Bae, [2021 These authors
found that there is only one relevant factor using PLS in cases where the variance for the relevant factors
is the same, and even in cases where the relevant factors variances are different, additional relevant

factors provide only marginal increments in forecasting power.
[Table 1 about here.]

The second DGP considers the following location model:

Yer1 = fr,e + for + oynisa, (28)

where 1, = B;N(0,1) + (1 — B;)Cauchy(0, 1), B; ~ Bernoulli(0.80). The value of o, is equal to 0.75.
In this case the expected value of the target does not exist, since part of 7.1 consists of a Cauchy
distribution, but the median does. Hence, the use of methods that focus on the estimation of the
conditional median becomes crucial as methods including PCR and 3PRF are not valid. In DGP ,
we assume the predictors are determined by four factors Fy = (fy 4, f2.4,914,92,), two of which are
relevant (f; , and f,,) and the other two are irrelevant (g ;, and g, ;). We use the same methods used in
DGP plus PCR with four factors (denoted as PCR4) and 3PRF with two relevant factors (denoted
as 3PRF2). We also vary the level of cross-sectional and serial correlations, and we additionally report
the cases where the factors are AR(1) processes with standard normal distributed i.i.d. errors, with
standard deviations {1,1.5,2.0,2.5}, and autorregressive parameters af, a9 € {0,0.3,0.6} for relevant
and irrelevant factors, respectively.

In Table [2| we see that Qcov3PRF2 gives the best forecasts on average. Similar to the previous
DGP, Qcov3PRF1 and PQR report similar values to each other and always below Qcov3PRF2, with
Qcov3PRF1 having slightly lower performance than PQR. Also, PCQR4 performs slightly better for
the cases where py and pr are low. These differences drop as N and T increase. Qcov3PRF performs
substantially better when py and pr are high. When o is high (and a9 is low), it is easier to distinguish
the relevant factors from the irrelevant ones resulting in greater R2, the opposite happens when a9 is
high (and o/ is low) as the irrelevant factors are more dominant. PCR and 3PRF do not give the best

performance as the unconditional mean does not exist in DGP .
[Table 2 about here.]

For the third DGP, we refer to as a heteroskedastic location scale model. Specifically,

Y1 = 2f1.0 + (oy + [ f2,e])M+1, (29)
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where 1, ~ N(0,1) i.i.d. and o, = 1.0. In DGP , we also assume the predictors are determined by
four factors as in the previous DGP, two of which are relevant and the other two are irrelevant, with
standard deviations equal to {1.5,1.0,2.0,2.5}, respectively. Simulation results are reported in Table
We can see that the highest R2 comes from using Qcov3PRF with two relevant factors (Qcov3PRF2),
showing similar patterns as in DGPs and .

[Table 3 about here.]

To check the consistency of the infeasible forecast BO,T + B;ﬁ‘t in finite samples, we report the

Mean Absolute Error (MAE), the Mean Squared Error (MSE) and standard correlation between the

true conditional quantile of Q?Zw \F and the estimated conditional quantile Q; B We examine the
t+1 |t t+1 8¢
following location-scale model:
Y1 = —fre — 0.5 21+ (0.5f2, + f3,)ne41, (30)
Ty = d)/ft + Q/)/gt + e, (31)

where e;; ~ N(0,1), ¢; ~ N(0,1), 3; ~ N(0,1), n; ~ N(0,1) i.i.d. We consider two data generating
processes. The first alternative a), where f1, ~ U[0,1], fa, ~ UJ[0,2], f5, ~ UJ[0,3], and g;; ~
N(0,1), i = 1,2,3. And the second alternative (31lb), where f1, ~ U[0,1], for ~ U[0,2], f3, ~ UJ0, 3]
and g;; is normally skewed distributed i.i.d. with location, scale and skewness parameters equal to 0, o;
and 100, respectively, with o; € {1.25,1.5,1.75} for ¢ = 1,2, 3. Hence, the conditional quantile of y; 1 is
given by Q;H”Ft = B1f1,t + Bafo, + B3 fs,, where B = —1, B2 = —0.54 0.5 x Q:,Hr1 and f3 = ;Hl-

In Table [ we see that the MAE and the MSE approach to 0, and the correlation approaches to 1
as T and N increase for both alternatives in DGP (30)-(31)), regardless of which quantile we focus on.
Although the MAE and MSE when using Qcov3PRF for three relevant factors (denoted as Qcov3PRE3)
are not the highest, they are very close to the highest ones which come from using PCQR with six
factors (denoted as PCQR6). PCQR6 serves as a benchmark since we know by Ando and Tsay, [2011
and Giglio et al., 2016|that the forecasts obtained with PCQR are consistent. By looking at the results
obtained from PQR and Qcov3PRF1 in Table[d] we see that the MAE and the MSE converge to zero as
N and T increase. Similarly, we notice a convergence of the correlation towards one as NV and T increase.
However, as the true number of relevant factors is equal to three, the MAE, MSE and the correlation
provide better estimates using Qcov3PRF3 and PCQR6, which indicates the inconsistency of PQR and
Qcov3PRF1[]

[Table 4 about here.]

8Indeed, we know from Kelly and Pruitt, 2015 that the forecast estimates with one relevant factor when Ky > 2 are
inconsistent albeit they result in in-sample and out-of-sample R2 close to the measures obtained with the true value of
Kj. The only case where one relevant factor forecasts are consistent is under the knife-edge case. This case is where the
variance of the relevant factor and factor loadings are the same for all the factors.
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6 Applications to forecasting macroeconomic vulnerability and
climate change

In this section we show that Qcov3PRF outperforms competitive alternatives in three different applica-
tions. The first two applications take into account the relationship between financial indicators (e.g., the
variables that construct the National Finance Condition Index (NFCI, Federal Reserve Bank of Chicago))
and the conditional distribution of the economic activity (e.g., GDP growth). The connection between
the financial and economic sector focused on the left tail conditional quantiles of the latter is often re-
ferred to as Growth at Risk (GaR, Adrian et al., [2019)). The third application studies the relationship
between the carbon dioxide emissions and the conditional distribution of the global temperature changes,

with a particular focus on the right tail quantiles. We called such effect Climate at Risk (CaR).

6.1 Forecasting Monthly GaR Using the NFCI Components

For the first empirical application we consider the approach of Adrian et al., 2019, Adams et al., 2021 and
Adrian et al.,|2022. In these works the authors obtained significant relationships between macroeconomic
indicators (Real GDP growth, the consensus forecasts of Real GDP growth, Unemployment rate and
Inflation) and the financial sector. Specifically, there is a significant effect of the financial variables
represented by the NFCI on predicting macroeconomic variables in the left tail of the distribution. The
NFCI is a weighted index constructed with 107 financial variables and is published monthly by the
Federal Reserve Bank of Chicago. Instead of considering a simple quantile regression of the Real GDP
annual growth on its lags and the NFCI (as done in Adrian et al.,|2019), we run a quantile regression with
the relevant factors obtained from the set of indicators that construct the NFCI. This is motivated by the
fact that the relevant factor(s) required to predict the left tail of the distribution for the macroeconomic
indicator can be different than the ones that best predict the right tail. The forecast horizons considered
are three months and twelve months ahead.

The NFCI index and the indicators used to construct it can be downloaded from the webpage
https://www.chicagofed.org/publications/nfci/index. We also make use of the Risk, Credit, Leverage
and Nonfinancial Leverage subindexes of the NFCI, which consider subsets of the 107 variables. We use
the Index for Industrial Production (IP) activity, which can be downloaded from the FRED database of
the Federal Reserve Bank of St. Louis, as a monthly approximation of the Real GDP. The IP growth is
computed as the natural logarithm of the IP in the current period minus the natural logarithm of the
IP h months before for h € {3,12}. Our sample period is from 2007M06 to 2023M12 resulting in 199

months.
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6.1.1 Out-of-sample evaluation

Tables |5 and |§| contain the out-of-sample R2 with IP growth as the dependant variable for three and
twelve months ahead, respectively. We present the results for Qcov3PRF and PCQR for up to three
factors, PQR and PCQR with LASSO implemented in a second step to select the latent factors (out of
40 factors). We also report the R2 when the predictors are the NFCI, the Risk, Credit, Leverage and
Nonfinancial Leverage, respectively. We consider both rolling and expanding window schemes starting
in August 2011 and October 2015. The rolling window scheme consists of 50 observations. Quantiles
in the tails are considered with 7 € {0.05,0.10,0.90,0.95} as well as quantiles near the center with
7 € {0.25,0.50,0.75} following Adrian et al.,2019.

Overall, we can see greater forecasting power of Qcov3PRF compared to other alternative methods,
particularly for IP growth 3-month ahead. The predetermined indexes perform poorly, with significant
power concentrated in the left tail using the expanding window scheme. Qcov3PRF exhibits a robust
performance across different quantiles, forecast horizons, and estimation window schemes. In contrast,

PCQR results in several negative R? in the center and right tail of the distribution.
[Table 5 about here.]

[Table 6 about here.]

6.1.2 In-sample prediction of the conditional distribution

The use of Qcov3PRF can be relevant not only for forecasting but for in-sample prediction as the
estimated relevant factors (being referred as indices) may condense important information of the eco-
nomic/financial activity for an specific forecast target (e.g., Real GDP growth).

In our GaR application, Figure [I|illustrates the in-sample prediction for various conditional quantiles
of IP growth three and twelve months ahead. The estimates obtained after applying Qcov3PRF (with
3 factors) are consistent with Adrian et al., 2019 findings. The indicators of financial conditions have a
stronger effect on predicting the left tail of the economic activity conditional distribution. Specifically,
5% quantile prediction exhibits more variability compared to 95% quantile estimation in both forecast
horizons. This pattern is also found using the qunatile regression with NFCI 5% quantile and 95%
quantile predictions, but the red and blue lines only show significant variability in the financial crisis
of 2008 and COVID-pandemic episodes. Regarding the methods PCQR3 and PQR, we can not notice
significant differences in variability between the 5% quantile and 95% quantile predictions, the estimates
only mirror the blue and red lines except for the case with PCQR3 and h = 3. Table [7] indicates the
greater accuracy using our method compared to the alternatives giving the lowest value in the check loss,

most apparently in both tails.

[Figure 1 about here.]
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[Table 7 about here.]

Once we have estimated the conditional quantiles of IP growth, we follow the two-step procedure
proposed by Adrian et al., [2019| to estimate the conditional parametric distribution of the target. In
the first step, the conditional quantiles of the target variable are estimated, and in the second step the
parameters that describe the conditional distribution are estimated by fitting the conditional quantiles
according to a quadratic loss function. This step requires to assume an specific parametric form of
the conditional distribution for the target variable. Specifically, this method considers the following

optimization problem:
A 2
win D (@], ip, ~ G IF0)) (32)

where G~1(7|F}) are the quantiles corresponding to the the conditional distribution of y;1 given Fy,
denoted as G(yi41|F+). Adrian et al.,|[2019| assumed that the conditional density of y:11 has the form of

a skewed t-distribution :

2 — — 1
g(y;,up,a,l/):t(y 'u;u)T ol —# V+_ v +1], (33)
o o o v+ (L)

where t(-) and T(-) denote the PDF and CDF of the Student ¢-distribution, respectively. Then, the

estimates 0 = (fit41, Ot41, Qy1, Pry1), where « is the skewness parameter and v is the degrees of freedom
parameter determining the kurtosis, are obtained by solving the problem with the distribution ,
where the subscripts in the estimated parameters indicate dependence on F, and fi;41 € R, 641 € RT,
Agr1 € R, and D41 € ZT. The predictions correspond to the quantiles 7 € {0.05,0.25,0.75,0.95} to
exactly identify 6.

Figure 2| shows the estimated in-sample conditional distribution with the conditional quantiles ob-
tained with NFCI (quantile regression), PCQR, PQR and Qcov3PRF for three and twelve months ahead.
Overall, there is more heterogeneity in the conditional distribution estimated with Qcov3PRF over time.

The plot confirms the findings from Qcov3PRF estimation shown in Figure which exhibits more

variability in the left tail of the distribution over time.
[Figure 2 about here.]

Next, for robustness in our findings we calculate the conditional expected shortfall (ES), a popular risk
measure, and the expected longrise (EL) as in Adrian et al.,|2019, Both measures can be calculated from
fitting the conditional quantiles into a skew-t distribution as described above in Eq.. Specifically, for

a chosen 7 probability the ES and EL are defined as:

ES{1(Ft) = Elyalysrr < GaRy(yeq1|Fy)],

EL;;{(Fy) = Elyilyr1 > GaRi_r(yer1|Fo),
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where GaR(y:11|Ft) denotes the conditional 7-quantile of y;1 given F;. Figure [3| presents the in-
sample IP growth ES at 7 = 5% level and EL at 1 —7 = 95% level, estimated with NFCI, PCQR, PCQR
and Qcov3PRF. We see that the results from using Qcov3PRF, again, show the highest heterogeneity
between the expected shortfall and the expected longrise. In particular, the expected longrise is flatter

and shows less variation than the expected shortfall.
[Figure 3 about here.]

For the in-sample evaluation of the expected shortfall and longrise we make use of the FZ loss function
proposed by Fissler and Ziegel, [2016| for the case where the loss function is homogeneous of degree zero
(denoted as FZ0) as in Patton et al., 2019, This is defined as:

Lrzo(es1, Qy, r, - BS11:7) = _;Tl(yt+l <Qp )@y, F —yt+1)+M+IOg(—ESZ+1)—L
115 TES], Y172 F Y [Ee ES{,,

(34)
where ES7, | is the 7-conditional expected shortfall. Since this loss function is only valid for positive
values of the expected shortfall, we rescale 341, Q;HH F, and ES},; by a constantﬂ Table [§| reports the
in-sample mean of the loss given in Eq. across alternatives. The results indicate better prediction in
both, the expected shortfall and longrise, when using the conditional quantiles obtained by Qcov3PREF.
This suggests that the larger effects of the financial indicators towards downside economic risks, as can
be seen in Figure [3| are consistent with the financial conditions indices (factors) that best predict the
conditional distribution of the real activity growth (i.e., the correlation between ES., and the relevant

factors and the NFCI is higher in absolute terms compared to the correlation between EL. and the

indices/factors).

[Table 8 about here.]

6.2 Forecasting Quarterly GaR Using Financial Risk Measures through mixed

frequency data

As a second empirical application we study the case where the conditional distribution of the Real GDP
growth is affected by financial variables. We make use of the financial risk measures (16 variables)
considered in Giglio et al., [2016] to illustrate that GDP growth is more affected by an index of these
measures instead of adding all of them explicitly. This index is the most relevant factor of the financial
variables on the annual Real GDP growth one-quarter ahead, estimated by applying Qcov3PRF. In
addition, we use the Chicago Fed National Activity Index (CFNAI) as a proxy variable. This follows

from the evidence found in Giglio et al., |2016| regarding the significance of the relevant factor obtained

9For the case of expected longrise we use Eq. evaluated in —y¢y1, —Q and —ES7,,, i.e., we mirror the

-
yr41|Fe
conditional distribution of y;41 such that the 1 — 7 expected longrise of y;41 is the 7 expected shortfall of —ys41.
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through PQR using these 16 financial risk measures as predictors on the (quarterly) shocks from the
CFEFNAL In particular, the significant effect is on the left tail of the distribution, i.e. there is presence
of GaR. The financial risk measures can be downloaded from www.sethpruitt.net/ GKPwebdata.zipl, and
are based on data for financial institutions identified by two-digit SIC codes 60 through 67 (finance,
insurance, and real estate). The CFNALI is constructed by the Federal Reserve Bank of Chicago. The
risk measures are transformed to quarterly frequency by taking simple average from monthly data.
Current Real GDP growth is considered as an additional predictor. The sample data is from the 1971Q1
to 2011Q4.

Table |§| contains the out-of-sample R? through different methods focusing on the left tail of the target
distribution, specifically, 7 € {0.05,0.10,0.25}. These methods are: quantile regression (QR) with the
16 risk measures, QR with CFNAI, QR with LASSO, PCQR with one factor, PQR, Qcov3PRF and
MF-Qcov3PRF (monthly predictors, and quarterly target and proxy). We use these last three methods
with 1 automatic proxy and the CFNAT as a proxy, respectively. For the forecast evaluation, we consider
a rolling window scheme of length 40, 80, and 120 with starting dates at 1981Q1, 1991Q1 and 2001Q1,
respectively.

We see that Qcov3PRF is more effective capturing the predictive power of the financial variables
compared to the quantile regression. Moreover, the R? is greater overall when CFNALI is considered
as a proxy using quarterly data. With mixed frequency data, we do not see a significant difference
between using either an automatic proxy or the CFNAI. This result suggests that both CFNAI and Real
GDP growth depend on the same relevant factor contained in the risk measures. Markedly, Qcov3PRF
improves PQR for the case of one relevant factor. One possible reason is that Giglio et al., 2016| assume
that PQR provides consistent forecasts when the idiosyncratic component in the factor structure of the
predictors are i.i.d. and the distribution for the irrelevant factors is symmetric. These assumptions are

not required in our method (see the online Appendix of Giglio et al., 2016]).

[Table 9 about here.]

6.3 Climate at Risk (CaR)

The next empirical application is related to the work of Rivas and Gonzalo, 2020 and the empirical
application for the climate change in Chen et al.,|2021. These papers show there is heterogeneity in the
global temperature changes (through different kinds of trends and latent factors, respectively) depending
on what side (or characteristics) of the distribution we focus. In our application we want to see whether
Qcov3PRF improves forecasting power for the annual global changes in temperature through the carbon
dioxide (CO2) emissions of several countries, we call this effect of CO2 on the right tail quantiles of the

global temperature changes as Climate at Risk (CaR).
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For the changes in global temperature we use the Global Land-Ocean Temperature index which can
be downloaded from the NASA website https://climate.nasa.gov/vital-signs/global-temperature/. For
the set of predictors we consider the C'O, annual emissions of 86 countries. The data can be downloaded
in https://ourworldindata.org/co2-emissions. The sample period is 1930-2021 resulting in 92 years. We
consider the annual growth rate of the COy emissions by taking the log difference. The forecast horizon
is one year ahead.

We compare the same forecasting methods included in Section [6.1}] For Qcov3PRF and PCQR we
report the results up to five factors. In all the methods we include the current value of the Global Land-
Ocean Temperature index as an additional predictor. We forecast the Global Land-Ocean temperature
index one year ahead with expanding and rolling windows. The rolling window considers the 70 previous
observations. Table reports the R? for several values of 7 with the validation period starting in
2001. We can see that Qcov3PRF generally shows greater predictive power. In particular, the results
obtained by using PCQR do not show good performance even when five factors are contemplated. This
may suggest that the relevant factors for predicting the changes in temperature are not the eigenvectors
associated with the largest eigenvalues in the covariance matrix of the predictors. We can see a higher
forecasting power in the right tail when we use Qcov3PRF, i.e., there is forecasting evidence towards
CaR. This is consistent with the fact that over time the COs emissions have been increased in many

countries affecting more extreme increments in temperature.

[Table 10 about here.]

7 Conclusions

We have proposed a new method called Qcov3PRF that estimates the conditional quantile of a target
variable with a large set of predictors by incorporating a quantile-covariance concept. As a result and in
contrast to other existing supervised methods, our method successfully extracts more than one relevant
factor of the predictors. Qcov3PRF exploits the quantile-covariance (gcov) between the target and the
predictors in a similar way as 3PRF (or PLS) exploits the covariance between the target and predictors
to obtain the conditional mean forecast of the target. Qcov3PRF demonstrates strong forecasting per-
formance, often superior to alternatives, across simulation specifications and in empirical applications
consistent with the the recent literature on GaR (Adrian et al., |2019| and Giglio et al., [2016)). We also
showed asymptotic properties of the resulting forecasts. Extensions for Qcov3PRF can easily be imple-
mented as in 3PRF such as allowing Markov-Switching regimes (Guérin et al., 2020, time-varying (Su
and Wang, 2017 or state-varying factor loadings (Pelger and Xiong, 2022). We leave them for further

research.
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8 Appendix

In Section we first go into detail about how Qcov3PRF and PLS are related. Just like Kelly and
Pruitt, [2015|showed that PLS is a particular case of 3PRF, we justify that Qcov3PRF contains a suitable
extension of PLS designed for conditional quantile forecasting which maximizes the qcov between the
target and the predictors. Section [8.2] contains the mathematical proofs of the main results and auxiliary

lemmas.

8.1 PLS for conditional quantile prediction is a particular case of Qcov3PRF

As with the Three-Pass Regression Filter and Principal Components, Partial Least Squares (PLS) con-
structs forecasting indices, or latent factors, as linear combinations of the underlying predictors. These
predictive indices are referred as “directions”. The PLS forecast, based on the first j directions, denoted

as ;f;(j ), aims to solve the following optimization problem:

»\9) = arg max{cov(X U Vg, y VY cov( XUV, 4y}, (35)
@ llell=1

where y = (y2,...,yr41), X = (&},...,2;), ¢ a N x 1 vector, and cov(XU Vg, XU Vg,) = 0 for
l =1,...,7. This restriction is equivalent to normalize the latent factors to be orthogonal following
the PCA literature. X~ denotes the deflated underlying set of predictors, and yU—1) is the deflated
target variable. Compared to 3PRF framework, ¢ are the factor loadings and X ( _1)¢) can be seen
as the residual of X containing the remaining j — 1 relevant factors, the K irrelevant factors and the
idiosyncratic component. This becomes clear as in each jth iteration in PLS the predictors X @) are

deflated by the f; factor. The PLS procedure is presented in Algorithm @

Algorithm 6 Partial Least Squares (PLS)

Let X = (xq,...,xy). Standardize each x;, i = 1,..., N to have mean zero and variance one.
Set X = X and y© =y.
forj=1,...,Ky do

].. Compute (ZSOil) = Cév(ngil),y(j—l)).

Then, ¢V~ = (67D, ... g{~ D).

2. Calculate the score vector (latent factor) as f; = X =D U= the loading vector (factor loading)
X(j—l)/f_ y(Jfl)’fj

W’ and the loading of y as ¢; = ST

3. Deflat XU~ and yU=1 such that XV = xU-1 _ fjp; and y(¥) = yU-D — quj.

of X as p; =

Comparing 3PRF with PLS, it is clear that the former is equivalent to the latter when three things
happen: the underlying predictors are standarized, the proxies for 3PRF are given by y() =y — 4 f;
and the resulting predictors are not deflated, i.e., XU = xU-Y with Jj=1,...,K¢. In other words,

3PRF shows that it is only required to substract the effect of the relevant factor j on y in order to
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get the forecasts. This is because only the condition cov(y(j)7 fj) = 0 is required to avoid possible
multicollinearity problems in Pass 1 of 3PRF.

The particular way of deflating and the use of mean covariance in Step 1 in Algorithm [f] is what
makes possible the implementation of Pass 1 and Pass 2 through linear regressions in 3PRF. Deflating
y but not X implies that the relevant factor estimates are not equal in both methods. Specifically, the
relevant factors estimated in 3PRF are not orthogonaﬂ in contrast to the factors estimated via PLS.

With respect to conditional quantile prediction, we can see that Qcov3PRF extends the fast Partial
Quantile Regression (fPQR) of Méndez-Civieta et al.,|2022 with one modification described below. The
algorithm for fPQR is obtained by adapting the objective function using the quantile-covariance

defined in Section [3.1] The new objective function is given by:

¢ = argmax{qcov, (XU e,y ) qcov, (X Ve, yl 1)}
?.lloll=1
= Zrﬁﬁg{cév()f“*%, P (Y™ = Q7)) cov(X e, (yU ) — Q7))

where cév(X(j_l)d),X(j_l)@) =0 forl =1,...,j5. Méndez-Civieta et al., [2022] adapt Algorithm@
by changing the mean covariance with quantile-covariance in Step 1. It is important to note that this
procedure can not be extended to Qcov3PRF if the automatic proxies procedure for 3PRF is kept. To
see this, consider the fact that Step 3 in iteration j — 1 and Step 1 in iteration j in PLS are linked
through the following partial mean covariance:

cov(y? @) = BV~ @YV f )@ - E@l)

= pcon(y(j_1)7:c§j71)|fj), for i=1,...,N,

where x; is a T x 1 vector. Regarding fPQR, the objective in each iteration j can be seen as to deflat
X ) and y@ such that cév(X(j), f;) = 0 and qcva(y(j),fj) = 0. The first covariance is still with
respect to the mean since the restriction cév(X(j_l)q.’), X(j_l)(j)l) = 0 does not change. However, with
respect to the variable y() we need to consider a partial quantile-covariance. From Ma et al., 2017 we

consider the partial quantile-covariance defined as follows:

acov, (yP,2") = B[y = Qp oy )@Y —E@If, )]

= qpéovT(y(j),a:Ej)|fj) for i=1,...,N.

To obtain C6V(X(j), fj) =0, we deflat XU=Y in the same way as in Step 3. This is setting xW equal

1)

to the residuals obtained by regressing each mgj 7 on f; using least squares. For q(fovf(y(j)7 fj) =

0, we set y¥) equal to the residuals obtained by regressing yU—1) on f; using quantile regression.

10Regarding Qcov3PRF, the non-orthogonality of the estimated factors is clear by looking at Lemma
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Therefore, a PLS extension for quantile regression that incorporates geov need to satisfy c6v(X @) fi)=
0 and qcbVT(y(j), I j) = 0 Deflating yU—1 with quantile regression motivates the automatic proxies
procedure for Qcov3PRF. This is the modification in Step 3 of fPQR which makes it a special case in
Qcov3PRF. We then require that:

acov, (), £;) = cov (I (v = Qpey > 0) ;) =0, (36)

which is satisfied with y) = yU=1 — g; £ where §; is the estimate of running a quantile regression of
yU=Y on f;.
To illustrate the relationship between Qcov3PRF and fPQR with the correct deflat in y, we consider

the case where a single predictive index is constructed. Applying fPQR we have:
L. Set ¢] = xiy", and ¢ = (¢1,...,6n), where y7 = I(y — Q7 > 0).
2. Set ft = wéd)Ta and f = (flv e ‘7fT)/'

3. The forecast for the conditional 7 quantile of y;11 is obtained from running a quantile regression

of Yt4+1 oOn ft-

This forecast is the same as what we obtained from Qcov3PRF with 1 automatic-proxy.

8.2 Proofs and additional lemmas

In this section we provide the proofs of the main results of the paper and auxiliary lemmas. Lemma|[l]and
Lemma are very similar to Lemma 3 and Lemma 4, respectively (with the corresponding normalization
assumption), in Kelly and Pruitt, [2015. The proof of Theorem [3|is similar to Theorem 7 in Kelly and
Pruitt, 2015l Theorem [ uses the same initial steps considered in the proof of Theorem 1 in Giglio et al.,
2016 Theorem [ is new.

Lemma [T] provides asymptotic limits of the estimates for the relevant factors and their corresponding
factor loadings. In general, the estimates }t are not orthogonal between each other since their covariance
matrix does not converge to a diagonal matrix, in contrast to the estimated factors resulting from

principal components.

Lemma 1. Let Assumptions andlZHa hold. Then, the probability limits of &, and F, are:

én,- ﬁ) |:(Af7— /f,‘l' + A;lAw)ilAfﬂ— /f 0:| and
T p / —1 /—1
Ft m} |:(Af’7-Af77. + Af Aw) Af,‘r ft 0i| s

11 As we noted in Section we also need Assumptionto guarantee the transformation of deflated residuals ¢+ (y(j_l) -
Q;(j—l)) is not affected by the irrelevant factors.
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where f, is the part of Fy corresponding to Ay . such that A;Fy = [Ay, O|F;=[As.f, 0], and Ay

is the covariance matrix of f,.

Proof. The proof makes use of the closed form expression of &, and F (Eq.), and Assumptions |§|
and |8 It is covered in detail in Kelly and Pruitt, |2015|in their Lemma 2, and it is further simplified by
Assumptions 2] and O

Proof of Theorem [1 Following Lemma [I] the relevant factors estimated in Pass 1 and Pass 2 are
asymptotically relevant for the quantile linear model in Pass 3. Let us now consider the prediction stage

of Qcov3PRF such that the optimal coefficients are given by:

T
PO 1 .
(Bo.r,B;) = argmin T E pr(Ye+1 — Bor — ﬁlrFt)~
ﬁO,‘raﬁq— t=1

Since F'; linearly depends on the vector (l:"t, 1:"t —H_.F}), aregression that considers this vector nests the
correctly specified quantile forecast regression. Using Corollary 5.12 in White, 1994/ and the equivariance

properties of quantile regression we have that the regression coefficients which solve:

T
L 1 . .
(Bo,rs BryB1,r) = e;grgﬁn;n T E pr (yt+1 — Bor —BLF: — B (F — HTFt)) ;
0,51 t=1

are such that,

VI(B, = B H ) === N(0,%).

Now, from Theorem 1 in Angrist et al., [2006| we have that,

t=1 t=1

T -1/
B—p (zw) (zqﬁta;mmm), 7

where ¢; = 3 fol hr (u(ﬁTFt - ﬁ’TFt)|Ft> du. Also, we can rewrite the forecast error as follows:

Al A ~ A~ ~
B.F,—B.F,=B.(F,—H.F,)+ (B, - B,H;" ) H.F,.
. . & / rr—1
What remains to find is the convergence order of (3, — 3, H_"). From Eq. 1} we get:

T -1 T
@t = G (1) (el r)
t=1 t=1

Now, let us focus on the numerator of the second term in the previous expression and use F; = F; —
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H_.F;+ H_F, then we get:

T T
1 S o 5 1 - . N
- S b3 (Fr— H Fy) = 5N2T? S ctdnr(Fe — HoF)By on7(Fy — H. Fy)
t=1 t=1
T

41 . N
+5N1T? S c(HFo)By ,ont(Fy — H-Fy)
t=1

= NT\/—TZCt(SNT (Fy — H-rFt)\/T(B;,T—ﬁi,f)éNT(Ft—H-rFt)
o1 R R
+oNT T Z ceonr(Fy — He Fy)B) OnT(Fi — HoFy)

+5;]T \/»

T
Z (H-F)VT(B, , — B )onr(Fr — H, Fy)
1 & ) R
+5,;1T? > e(H-Fy)B) nr(Fy — H, Fy)
t=1

= SO (T™Y2) 4 632.0,(1) + O3 0p(T71/2) + 5,50,(1)

= OF((S[T]%")v
where 6y = min(v/N, T). The above result implies that (B;—,@;H;l) = 0,(T?)40,(1)0,(651) =
O,(3x'r)- Therefore, B, Fy = B.F; = 0,(1)0,(551) + 0p(051)0,(1) = Oy (337). O

To show the asymptotic normality of the infeasible quantile foecasts we need to make use of the

following lemma, whose proof comes from Theorem 6 in Kelly and Pruitt, |2015, but we consider the

transformed proxies z; . instead of z;.
Lemma 2. Let Assumptions[13 and [}{§ hold. We have for all ¢,

(i). If VN = o(T) or N = O(T) then:

vN [Ft _ IEITFt} — ¢ N(0,plimX ).
N, T—o00 t

(ii). If T = o(\/N) then:
T [Ft _ I:ITFJ =0,(1).
where plim B, = (A, ApAlL + A,) (A, AZAL) A, ApS, ApAlL (A, AZAL) T (AL ARAL +AL),
and H, = F,F, N 'T 25 Jr X In®, with Fu =T 12" J1Z* and

Fp=NT22"J XInX'JrZ".

Proof of Theorem [2 Without loss of generality, let us assume that the target variable does not have

an intercept. We can rewrite the forecast error as follows:

Al A Al A 12 12
B.F,—B.F, = ﬂTFt—ﬁ;HTlFtw’H 'F, - B.F,

~/ / — /6 HT
\/T(BTilBTHT )\/T+ \/N

VN(F, - H,F,).
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Since,

T -t T
T SRR ES W E I ES ot TR S0)
t=1 t=1

= (B, - B.H) 17 IL

We have that:

1/2

1/2
1, 1 a4
1 < Tzct EZ”FtH
t=1
o
o

where the second inequality is due to Cauchy-Schwartz inequality and the last inequality holds by As-

sumption [l1 and Lemma [I] For the numerator term we get that:

T
o F . 1 o F .
mj < T2§j VI, = B VN(EH .~ F) 538 S VN (P~ HLF)

IN

1/2 T /tQ T 1/2
VT mo (322 (F300E) (53 - e
1/2 " t:11/2 . 1/2
+ Bl (}Z) (};nEHZ) (; NN(EHTE))?)

_ Op(N*1/2T*1/2)

= OP(1)7

by using Cauchy-Schwartz inequality, Assumption 411, Assumption [51, Lemma [2 and the asymptotic
normality of linear estimates in quantile regression. Then, by the continuous mapping theorem, we have:
Ft B .H !

VN(F; - H,F,)+0,(1).
Since

VN(F, ~ H,F;) —2— N(0,pimX),

N, T—oc0

N, T—oc0

where ¥, is defined in Lemmaand plim X5 = E[h. (0| F¢)F, F U E[r (uf ) FoFY B[R (0| F,) F Fy) !
which is feasible by Assumption3, 5 and 2. Since \/N(thHTFt) depend on €; ;, and \/T(BT -B,)

depend on u;41, both terms are independent. It follows that B;Ft — BLF, is normal with estimated
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variance V, = %B;(EF)BT + %FQ(EBT)IA% given that 8, = 8, + op(1). O

Lemma (3| shows the consistency of the linear estimates from Eq.. We need it in order to show
that the automatic proxies resulting from Algorithm [4] are linearly independent such that Assumption [2]

is satisfied.

Lemma 3. Let Assumptions and [J8 hold. Then, under Assumption [3 the probability limit of the

estimated coefficients &y obtained by running a least squares regression of I(yir1 — @y, > 0) on F, is:

—1
by — {(ALTA}J +A7AL) Apeags 0] :

T,N—o0
where a; = (ay . 0)', with acyr a vector of size Ky x 1.

Proof. The estimation of o, using least squares regression results in:

N -/ Pt S -
&, = (F JTF) Fari(y-qQr,,)
= (T7'ZYJpZ) "N 'T 22" Jp XINX'Jr Z*
(N2 T332 Jr XINX Tr XIN X' JrZ5) INTIT 220 Jr X I X Tl (y — Q74 y)

1A ~A—1 A
= Q02703 Oy r,

where the second equality follows from Eq.. From Lemma 3 in Kelly and Pruitt, 2015, by replacing
the term Z with Z7 and further simplifying by Assumptions [2] and [7| we have the following probability

limits:

&1, —— A ARA+A,, (38)
T,N—o0

G, —— AALAL (39)
T,N—o0

Regarding the terms G3 - and &y -, we rely on the web appendix from Kelly and Pruitt, 2015 Then, by

simply replacing their term y with I(y — Q7 ), we obtain that

b3, —— ALARAL (40)
T,N—o0

&y, —— A AZa,. (41)
T,N—oco

By Egs. —, Assumptions and and the continuous mapping theorem, the main result is obtained.
O

Proof of Theorem [3 We begin by showing that Assumption [2]is generally satisfied, this is that the

loadings of the automatic proxies are linear independent (full rank matrix) and that they are uncorrelated
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with irrelevant factors. If Ky = 1, it is clearly seen that r¢, =y — Q; is not correlated with irrelevant
factors by Assumption If Ky =2, to see that r1, =y — le Fod is uncorrelated with irrelevant
1yeees £—1

factors we have that:
T = Y— Q |f§1>

= FB,+u’ f1 1 T

= FB, +u - X0

— PR +uw —Xx0WBY —H T 8Y) - 80

(
— FB, +u — XQ0 (ﬁ?i A By f By — £ B (F) ) TR ()£ F By )

(1) 5 Fr(1)—1 5 ~r(1)—1
= —fHFBL, - FHO B - HY B +um - QW (B - =),
where @) = N WOW N Ty W)t W) = X'Jpr; HY = 300,
o) = €[ (F) F1) Bt ()£, 218 1,,], and & (F) = § [ he(uA, (F, BY)|F)du with

AL (F, 6(1)) = flﬁ(l) Q- (y|F). In the fifth inequality we use the partial quantile regression and
omitted variable bias formulation of Angrist et al.,|2006. Recalling that F' H = fH for 0], and by
Assumptions 2 and 2 the conditional quantile of r; , is uncorrelated with irrelevant factors g. Then,
by Assumption [3| and Lemma we can guarantee that r7 . = I(r1, > 0) contains loadings equal to zero
corresponding to irrelevant factors, and therefore Assumption [2]is satisfied.

For Ky > 2, we proceed by induction to show that Algorithm [4] constructs a set of proxies that
satisfies Assumption [2l In particular, we want to show that the automatic proxies have a loading matrix
on relevant factors Ay that is full rank, and that A, = 0. Suppose by hypothesis that we have £ < K
automatically generated proxies, the loadings corresponding to irrelevant factors are equal to zero by the

same argument when K; = 2, i.e., AR =A% 7+ 0], where A}}J is a k x Ky matrix, specifically,

. ) A (-1
Thyr = —f1:kb§;12,r + Frrrr, Bryrr,,r —FH (Bry,, — H 5g;;2,7)
~ (k ~ (k)—1
+u’ — Eﬂg-k) (ﬁ:(l:z:ﬂ' - HE‘ : IBIZIC,T)) (42)

- (k
where the notation vy, .k, indicates the elements from k; to ko of the v vector. Also, the terms Q(Tk), Hg )

and bgk,ZT are defined similarly as in the Ky = 2 case but now with the first £+ 1 automatically generated
proxies after the kth iteration following Algorithm The equality above implies that v} = I(rg,- > 0)
has loadings equal to zero corresponding to irrelevant factors by Assumption [3] and Lemma [3]

Now, we will show that the 7. ,’s loading on relevant factors is linearly independent of the rows
of AkJ. This follows from a similar argument done in the proof for Theorem 7 in the Appendix in
Kelly and Pruitt, 2015 First, note that the relevant-factor loadings are equal to ((—bg’f,zjﬂ Bres1:k )=

figck) (51 o — f{(Tk) 1ﬂ( )) by Eq.(4 , where the matrix I:I;kl is constructed based on the proxies
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(POrsee 7"“1*.:—1,T)~ Next, project 71, ,’s relevant-factor loadings onto the column space of AI}:T. Then, the
residual’s loading vector is linearly independent of Ak:T if the difference between it and its projection on

k/
Aj

+ is non-zero. Specifically, this difference is presented as:

/ ry— k) (k) ~(F) Fr(F) =1 o (k
(I - Ak,T(Ak,TAk,T) lAk,'r) ((_bgzlz,-r? /B;CJrlle,T)/ - Hf,T(/Blik,T - H'r BE:IE,T)) :

As it is clear that the relevant-factor loadings are not equal to zero with probability zero, this difference
is equal to zero only when A’;:T (AkyTAI;E:T)*lAk,T = I. The induction hypothesis ensures that this is not
the case as long as £ < K. Thus, the difference between the 7 ;’s loading vector and its projection
onto the column space of A’}:T is nonzero, implying that the loading vector is linearly independent of the
rows of A’;:T. Lastly, by Assumption [3} the relevant-factor loadings of the transformed proxy rj,  is also
linearly independent of the rows of AI;:T. Therefore, the transformed proxies (rj ., .. .,r’;(f’T) satisfy
Assumption 2]

Finally, it is left to check that the automatic proxies satisfy Assumptions [f]4, [6]3 and [6]4 when the
remaining parts of Assumptions hold. To see this, by Assumption [3|and Eq. we can rewrite an
automatic proxy rx. r (suppressing constants) as i, = Al;:tl,ft + dzf with dzf = Upt1 + N‘ldlfﬁet as

we can show it with the following:

Thtr = Y= Q;‘f{mw’f’gm

= B fituiy — ﬂikk)rﬂs-k)mf

= Byt tuia - NOBLL T W (TR W W) T W T

= By fitu,—N'a) @

= Al;’tl/ft +up g — &?:TN_lst,
where d’jcﬁ = O,(1) by the proof of Lemmain Kelly and Pruitt, 2015/ (replacing Z with (7g -, ..., 7% )
Then, by Assumption |3} we can rewrite rj, == Ak"';llft +&1 — a’}:TN*IEt = A?:’;llft +wF, where &1
depends on uj,; and a’]‘éﬁ = 0,(1).

By Assumption 5, the &41 and a'f)TN*IEt components of w; are independent (since &41 is a
function of uj, ;) so they can be treated separately. By Assumptions [3| and 5, the &41 component
satisfies Assumptions 4, @3 and @4. For the second component, given that a’}’T is a vector of constants,
Assumption [f]4 is satisfied by Assumption [5}3 and [6]2, Assumption [6]3 is satisfied by Assumption [§]2.

Finally, Assumption [6]4 holds by Assumption [} 2. O
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Figure 1: Conditional quantiles and realized IP growth,

corresponding to the vertical left axis, estimated

(¢) Quantile Regression with NFCT as a

regressor, and (d) PQR. The vertical right axis corresponds to NFCIL.

9

with (a) Qcov3PRF with 3 factors, (b) PCQR with 3 factors
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(a)Qcov3PRF3 (b)PCQR3

(i) 3-month ahead
(a)Qcov3PRF3

(ii) 12-month ahead

Figure 2: Conditional parametric distribution of the IP growth based on conditional quantiles after being
estimated with (a) Qcov3PRF with 3 factors, (b) PCQR with 3 factors, (¢) Quantile Regression with
NFCI as a regressor, and (d) PQR.
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Table 1: Out-of-sample R2(%) for DGP with h = 1.

N =100, T =200 N =200, T =400
T pr=pn Qcov3PRF3  Qcov3PRF2  Qcov3PRF1 PQR PCQR6 Qcov3PRF3  Qcov3PRF2  Qcov3PRF1  PQR  PCQR6
0.10 0 50.9 49.6 42.6 44.5 51.5 52.9 51.8 45.3 45.9 53.1
0.2 50.6 49.4 424 43.7 50.9 52.5 51.5 44.8 45.7 52.8
0.4 48.9 47.7 40.9 42.3 46.4 51.6 50.7 44.1 44.8 51.6
0.6 46.4 44.0 36.1 38.1 33.5 49.8 48.3 41.3 42.2 38.2
0.8 41.0 33.9 17.7 20.5 224 434 37.3 23.6 26.3 9.3
0.25 0 51.9 50.7 43.7 44.4 52.0 53.4 52.3 45.4 45.5 53.4
0.2 51.4 50.3 43.3 441 51.5 53.0 51.9 45.2 45.4 53.1
0.4 50.2 49.1 42.1 42.9 47.3 52.0 50.9 44.0 44.5 51.7
0.6 48.3 46.1 38.3 39.4 34.9 50.8 49.3 42.0 42.3 38.9
0.8 43.6 37.2 21.7 23.6 25.3 45.3 39.7 26.5 28.6 9.8
0.50 0 51.9 50.7 44.1 44.5 52.0 53.2 52.2 45.4 45.6 53.3
0.2 5L.5 50.4 43.8 44.0 51.4 53.0 52.0 45.3 454 53.0
0.4 50.2 49.0 42.1 42.6 47.2 52.4 51.2 44.5 44.5 51.7
0.6 48.8 46.3 38.6 39.2 34.8 51.0 49.3 424 42.7 38.9
0.8 44.1 38.1 22.7 24.9 24.6 45.5 40.2 217 29.2 10.4
0.75 0 51.7 50.5 43.7 44.1 52.0 53.2 52.0 45.5 45.9 53.3
0.2 51.2 50.0 43.5 44.0 51.2 52.9 51.9 45.1 45.3 52.9
0.4 49.9 48.6 41.6 424 46.8 52.2 51.2 444 44.8 51.9
0.6 48.3 45.8 38.0 39.0 34.4 50.6 49.1 41.7 42.1 38.8
0.8 42.8 36.5 20.7 23.2 24.3 454 39.9 27.0 29.0 10.6
0.90 0 515 50.1 43.3 45.0 51.7 53.1 51.9 45.0 45.9 53.3
0.2 50.3 49.4 41.9 43.6 50.5 52.5 51.5 44.8 45.5 52.7
0.4 48.6 47.6 40.4 41.9 46.1 51.4 50.6 43.6 44.3 51.5
0.6 46.2 43.4 35.8 379 32.7 49.6 48.3 414 42.5 38.7
0.8 40.6 34.2 17.5 20.5 22.5 43.3 37.1 22.7 25.8 8.4

Note: The median of R2 out of 1000 simulations in each case is reported. R2 evaluates the forecasts of the second half of the sample (100 and 200
observations, respectively). We set o, = 0.5. pr represents the level of serial correlation, and py is the level of cross-section correlation. The model consists

on six latent factors, three are relevant. Qcov3PRF# denotes Qcov3PRF implementation with # number of factors, similarly for PCQR#.

45



Table 2: Out-of-sample R2(%) for DGP with h = 1 and 7 = 0.50.

pr =pn | of [ a9 | Qecov3BPRF2  Qcov3PRF1 PQR PCQR4 3PRF2 PCR4
N =100, T = 200

0 0] 0 15.2 36.8 37.9 474 401 41.3
0.2 00 45.0 36.0 37.7 470 40.0  41.3
0.4 0] o0 43.1 34.2 354 375 37.0 322
0.6 00 39.7 28.9 30.2 5.1 31.9 2.6
0.8 00 28.4 12.6 136  -14 19.5 3.4

0 0.6 | 0.3 52.8 12.9 13.9  54.9 176 49.0
0.2 0.6 | 0.3 53.7 43.2 44.8  55.8 49.0 506
0.4 0.6 | 0.3 51.3 41.2 425  50.2 45.9  45.0
0.6 0.6 | 0.3 47.3 36.1 373 205 412 16.2
0.8 0.6 | 0.3 35.4 16.9 17.8 0.7 29.1 1.6

0 0.3 | 0.6 16.2 34.2 36.0  49.7 4.7 439
0.2 0.3 | 0.6 45.1 33.8 35.1  48.3 38.8 416
0.4 0.3 | 0.6 43.2 31.6 329 405 375 347
0.6 0.3 | 0.6 39.0 26.7 28.1 8.3 33.3 4.9
0.8 0.3 | 0.6 28.0 11.9 129 -1.1 206  -3.1

N =200, T = 400

0 0] 0 15.8 39.2 10.0 478 12 422
0.2 00 44.7 38.1 39.0  46.8 39.3 401
0.4 0] o0 44.1 37.5 38.3 455 372 395
0.6 00 41.6 33.6 347 17.2 32.5 13.3
0.8 00 31.0 16.3 175  -0.6 199 2.1

0 0.6 | 0.3 53.7 46.0 169 554 193 49.9
0.2 0.6 | 0.3 52.9 45.1 45.9  54.6 48.3  49.3
0.4 0.6 | 0.3 52.6 44.3 45.0  53.7 46.9 486
0.6 0.6 | 0.3 49.4 41.1 418 307 425  26.7
0.8 0.6 | 0.3 39.0 22.2 23.2 0.5 314 -13

0 0.3 | 0.6 16.2 37.9 39.1  49.1 105 423
0.2 0.3 | 0.6 46.3 37.8 301 489 412 428
0.4 0.3 | 0.6 44.5 35.9 372 46.9 301 41.2
0.6 0.3 | 0.6 42.0 32.9 342 21.2 333  16.5
0.8 0.3 | 0.6 31.7 16.0 170  -0.5 193 2.3

Note: The median of R2 out of 1000 simulations in each case is reported. R2 evaluates the forecasts of the
second half of the sample (100 and 200 observations, respectively). We set oy = 0.75. The predictors contain
four latent factors, two are relevant. All the factors follow independent AR(1) processes. af (af) denotes
the value of the coefficient for the autorregresive term of the relevant (irrelevant) factors. pr represents the
level of serial correlation, and ppy is the level of cross-section correlation. Qcov3PRF# denotes Qcov3PRF
implementation with # number of factors, similarly for PCQR#, PCR# and 3PRF#.

46



Table 3: Out-of-sample R2(%) for DGP (29) with h = 1.

N =100, T = 200 N =200, T = 400
T  pr=pn Qcov3PRF2 Qcov3PRF1 PQR PCQR4 Qcov3PRF2 Qcov3PRF1 PQR PCQR4
0.10 0 42.2 35.4 38.0 424 43.7 39.6 41.5 43.6
0.2 41.7 34.9 37.6 41.6 43.7 39.9 41.3 43.7
0.4 39.9 32.6 35.4 39.4 434 39.0 40.9 43.2
0.6 36.0 27.3 30.5 7.7 40.3 35.1 37.4 28.8
0.8 25.4 9.6 11.2 -4.1 30.6 15.5 17.9 -1.7
0.25 0 46.1 40.6 42.4 46.2 47.0 43.9 44.8 47.0
0.2 46.0 40.0 41.6 46.0 46.9 43.7 44.7 46.9
0.4 44.3 38.2 39.7 42.8 46.2 42.8 43.7 46.1
0.6 41.8 33.1 35.3 8.9 44.5 39.6 40.8 30.4
0.8 31.7 144 16.3 -2.1 36.4 20.5 22.5 -0.8
0.50 0 47.2 42.1 43.4 47.2 48.0 45.1 46.0 48.1
0.2 46.8 41.7 42.7 46.8 47.9 45.1 45.6 47.9
0.4 45.8 39.9 41.2 44.2 47.3 444 45.1 47.1
0.6 43.5 34.9 36.6 9.2 45.6 41.3 42.1 32.1
0.8 34.8 16.5 18.6 -1.4 38.6 22.9 24.5 -0.7
0.75 0 46.2 40.9 42.6 46.2 47.2 43.9 44.8 47.2
0.2 45.8 40.2 42.1 45.8 46.7 43.2 44.3 46.6
0.4 44.8 39.0 40.9 43.6 46.6 42.9 44.0 46.3
0.6 414 32.9 34.8 8.9 44.6 39.9 41.0 31.1
0.8 32.7 14.8 16.8 -2.0 36.6 20.8 23.1 -0.9
0.90 0 42.2 35.5 38.8 42.4 43.5 39.4 41.3 43.7
0.2 41.9 35.0 38.0 42.2 43.9 39.6 41.5 43.9
0.4 39.8 32.7 35.2 38.9 42.8 38.6 40.5 42.7
0.6 37.0 27.6 31.1 6.7 40.8 35.3 37.2 29.2
0.8 25.7 10.2 12.2 -4.3 30.4 15.1 17.3 -1.8

Note: The median of R2 out of 1000 simulations in each case is reported. R2 evaluates the forecasts of the second half of the sample (100
and 200 observations, respectively). We set oy = 1.0. pp represents the degree of serial correlation, and py is the degree of cross-section
correlation. The model consists on four latent factors, two are relevant. Qcov3PRFEF# denotes Qcov3PRF implementation with # number
of factors, similarly for PCQR#.
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Table 4: In-sample MAE, MSE and correlations with DGP —.

DGP (31]a) DGP (31]b)
T=N| 7 | Qewov3PRF3 Qcov3PRFl PQR PCQR6 | Qcov3PRF3  Qcov3PRF1  PQR  PCQR6
MAE 100 | 0.05 0.843 0.880 0.805  0.857 0.459 0.528 0.509  0.394
MSE 1.187 1.285 1.080  1.257 0.336 0.439 0410  0.257
Correlation 0.844 0.794 0.840  0.819 0.637 0.406 0.460  0.755
MAE 200 | 0.05 0.593 0.873 0.796  0.568 0.340 0.476 0.457  0.269
MSE 0.584 1.223 1.024  0.543 0.184 0.359 0.331  0.118
Correlation 0.914 0.770 0.815  0.923 0.824 0.533 0.576  0.892
MAE 1000 | 0.05 0.272 0.561 0.515  0.240 0.132 0.328 0.303  0.111
MSE 0.120 0.502 0.418  0.095 0.028 0.179 0.154  0.020
Correlation 0.984 0.912 0.929  0.989 0.976 0.789 0.821  0.983
MAE 100 | 0.10 0.685 0.814 0.769  0.667 0.372 0.428 0419 0.311
MSE 0.786 1.067 0.960  0.756 0.222 0.290 0.281  0.159
Correlation 0.821 0.693 0.736  0.835 0.701 0.473 0512 0.792
MAE 200 | 0.10 0.483 0.667 0.626  0.451 0.265 0.378 0.365  0.212
MSE 0.388 0.716 0.632  0.339 0.113 0.227 0.213  0.073
Correlation 0.915 0.798 0.829  0.928 0.856 0.593 0.631  0.910
MAE 1000 | 0.10 0.232 0.453 0.426  0.192 0.108 0.242 0.229  0.090
MSE 0.087 0.322 0.283  0.061 0.019 0.099 0.088  0.013
Correlation 0.981 0.912 0.924  0.989 0.976 0.839 0.858  0.985
MAE 100 | 0.25 0.589 0.580 0.573  0.506 0.295 0.317 0.313 0.231
MSE 0.587 0.544 0.534  0.431 0.142 0.160 0.157  0.088
Correlation 0.739 0.629 0.654  0.789 0.726 0.524 0.553  0.801
MAE 200 0.25 0.409 0.472 0.461 0.348 0.210 0.269 0.262 0.161
MSE 0.279 0.358 0.342  0.202 0.071 0.116 0.111  0.042
Correlation 0.862 0.743 0.764  0.896 0.859 0.650 0.676  0.909
MAE 1000 0.25 0.197 0.331 0.321 0.150 0.095 0.163 0.155 0.068
MSE 0.063 0.170 0.160  0.037 0.015 0.045 0.041  0.007
Correlation 0.963 0.873 0.882  0.982 0.966 0.870 0.884  0.984
MAE 100 | 0.75 0.629 0.504 0.504  0.506 0.290 0.281 0281 0218
MSE 0.664 0.418 0.420  0.438 0.137 0.126 0.127  0.079
Correlation 0.632 0.632 0.647  0.708 0.684 0.504 0.529  0.767
MAE 200 | 0.75 0.449 0.397 0.391  0.341 0.209 0.237 0.234  0.151
MSE 0.335 0.253 0.246  0.193 0.071 0.090 0.088  0.037
Correlation 0.786 0.752 0.768  0.864 0.826 0.626 0.647  0.889
MAE 1000 | 0.75 0.206 0.270 0.263  0.145 0.093 0.145 0.139  0.064
MSE 0.069 0.110 0.105  0.035 0.015 0.035 0.033  0.007
Correlation 0.946 0.882 0.889  0.976 0.956 0.854 0.867  0.981
MAE 100 | 0.90 0.694 0.718 0.686  0.675 0.344 0.372 0.369  0.291
MSE 0.809 0.834 0.768  0.774 0.190 0.218 0.217  0.139
Correlation 0.777 0.708 0.746  0.785 0.661 0.453 0485  0.752
MAE 200 | 0.90 0.490 0.565 0.530  0.440 0.252 0.325 0.319  0.199
MSE 0.403 0.519 0.458  0.327 0.102 0.168 0.162  0.065
Correlation 0.887 0.822 0.851  0.913 0.824 0.566 0.597  0.886
MAE 1000 | 0.90 0.245 0.336 0.316  0.188 0.103 0.210 0.199  0.083
MSE 0.098 0.179 0.157  0.059 0.018 0.074 0.066  0.011
Correlation 0.972 0.939 0.948  0.986 0.969 0.822 0.842  0.981
MAE 100 | 0.95 0.837 0.951 0.890  0.857 0.418 0.459 0448 0.368
MSE 1.171 1.437 1.281 1.251 0.279 0.327 0.315 0.225
Correlation 0.785 0.670 0.726  0.778 0.596 0.387 0432 0.714
MAE 200 | 0.95 0.578 0.764 0.687  0.569 0.318 0.414 0.400  0.251
MSE 0.558 0.943 0.771 0.547 0.161 0.267 0.251 0.103
Correlation 0.902 0.790 0.839  0.907 0.790 0.498 0.544  0.867
MAE 1000 | 0.95 0.283 0.439 0.394  0.237 0.125 0.282 0.263  0.102
MSE 0.132 0.313 0.250 0.094 0.026 0.130 0.114 0.017
Correlation 0.977 0.934 0.949  0.987 0.969 0.777 0.808  0.980

Note: MAE and MSE denote the mean absolute error and the mean squared error, respectively. These measures consider the difference
between the true conditional quantile of the target variable and the estimated forecast. Correlation reports the standard linear correlation
and considers the same two time series. We run 1000 simulations. In both DGPs we consider six factors, three are relevant. Qcov3PRF#

denotes Qcov3PRF implementation with # number of factors, similarly for PCQR#.
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Table 5: Out-of-sample R2(%) IP growth with h = 3.

7=0.05 7=0.1 7=0.25 71=0.5 7=0.75 7=0.9 7=0.95
Rolling window. Starting in 2011MO08.
NFCI -0.5 1.5 -0.3 -8.1 -15.1 -12.8 -8.7
Risk -39.1 -1.6 -3.0 -6.1 -15.2 -19.6 -7.1
Credit 7.1 2.1 1.9 -5.1 -16.8 -8.2 0.2
Leverage 3.0 9.4 5.7 0.9 -7.2 -19.8 14.1
Nonfin. Lev. -31.8 -10.7 -5.0 -8.0 -3.9 -15.7 -51.7
Qcov3PRF1 34.7 13.9 6.8 4.2 1.4 15.4 16.1
Qcov3PRF2 39.8 26.4 13.2 3.6 7.0 9.4 10.9
Qcov3PRF3 39.0 24.6 2.7 1.9 12.1 9.3 11.2
PQR 40.5 16.5 -0.5 -1.3 7.1 9.0 10.6
PCQR1 -6.2 -8.6 -4.1 -10.7 -13.4 -22.9 -7.7
PCQR2 6.8 11.6 24 -1.7 -10.1 -5.0 -0.3
PCQR3 -7.6 15.5 4.1 -3.4 0.5 -10.1 3.9
PCQR-LASSO 25.0 14.0 9.0 9.0 3.0 -11.0 16.0
Rolling window. Starting in 2015M10.
NFCI -7.6 -8.6 -4.7 -7.9 -17.0 -13.8 -8.0
Risk -54.4 -15.2 -6.6 -3.2 -16.6 -22.2 -5.8
Credit 0.1 -11.4 -4.8 -6.0 -20.1 -9.3 1.0
Leverage -3.8 0.5 4.0 3.3 -5.5 -22.7 16.3
Nonfin. Lev. -45.9 -26.5 -12.9 -10.0 -5.2 -18.4 -58.2
Qcov3PRF1 31.7 0.0 -1.5 2.0 -1.8 14.5 16.0
Qcov3PRF2 34.7 15.7 4.8 2.0 6.0 10.8 12.7
Qcov3PRF3 34.3 14.0 -7.7 0.9 11.8 9.5 13.0
PQR 36.1 3.4 -13.0 -5.6 5.5 6.9 9.6
PCQR1 -15.3 -21.4 -8.2 -9.4 -13.6 -24.3 -5.6
PCQR2 -1.6 -1.1 -7.4 -4.9 -14.5 -8.0 0.4
PCQR3 -20.8 3.1 -4.5 -5.3 -0.5 -11.4 5.4
PCQR-LASSO 26.0 7.0 2.0 9.0 0.0 -18.0 20.0
Expanding window. Starting in 2011MO08.
NFCI 15.8 12.2 0.3 -4.9 -5.2 0.5 1.0
Risk 13.2 10.1 -6.4 -11.1 -7.0 0.1 -0.5
Credit 18.9 14.5 6.0 -0.3 -3.0 1.1 3.0
Leverage 18.1 14.2 1.3 -4.5 -8.2 -5.4 -0.8
Nonfin. Lev. 17.2 11.2 4.6 0.7 -1.7 -2.2 -2.1
Qcov3PRF1 19.1 14.9 8.2 2.9 4.1 6.4 10.4
Qcov3PRF2 28.9 23.9 13.6 6.4 2.1 10.2 19.9
Qcov3PRF3 27.2 26.8 14.2 8.8 6.1 14.7 20.0
PQR 19.9 14.9 7.8 0.2 2.0 6.6 14.3
PCQR1 17.0 12.8 2.0 -4.8 -7.8 -3.5 -2.4
PCQR2 20.6 14.0 4.0 -3.9 -2.0 1.8 0.4
PCQR3 20.8 14.0 1.8 -10.6 -14.8 -6.1 9.3
PCQR-LASSO 24.0 24.0 6.0 -2.0 -1.0 3.0 4.0
Expanding window. Starting in 2015M10.
NFCI 7.5 6.1 -2.1 -0.1 0.1 0.1 0.4
Risk 6.4 5.8 -6.7 -3.0 -0.2 -0.3 -14
Credit 7.5 4.6 1.4 1.9 0.1 0.5 2.7
Leverage 9.8 10.1 0.4 1.2 -0.1 -1.7 0.9
Nonfin. Lev. 7.0 1.3 0.7 2.6 1.0 -1.6 -2.7
Qcov3PRF1 11.3 8.2 3.8 4.2 4.9 3.0 8.7
Qcov3PRF2 18.0 11.7 5.8 7.0 3.1 9.7 20.0
Qcov3PRF3 14.4 15.0 6.3 8.3 6.8 13.6 21.6
PQR 13.1 8.5 3.3 3.6 3.9 4.4 14.1
PCQR1 8.1 6.6 -0.5 0.5 -0.2 -0.3 -0.8
PCQR2 9.0 2.7 -1.3 0.8 2.7 0.5 -1.2
PCQR3 9.2 2.4 -3.6 -8.1 -10.4 -6.7 11.2
PCQR-LASSO 29.0 21.0 -1.0 1.0 4.0 9.0 17.0

Note: The out-of-sample Rz is reported. It evaluates the out-of-sample performance of the samples
2011M08-2023M12 and 2015M08-2023M12, respectively. August 2011 represents the observation
51 and October 2015 the observation 101. The size of the rolling window is 50. The variables Risk,
Credit, Leverage and Nonfi. Lev. consider a subgroup of indicators that construct the NFCI that
do not overlap. The IP growth is equal to the log difference of the current IP and the IP 3 months
before. Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR implementation with # number
of factors, respectively. PCQR-LASSO selects predictors from the 40 factors corresponding to the
highest eigenvalues. The predictors are standardized.
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Table 6: Out-of-sample R2(%) for IP growth with h = 12.

7=0.05 7=0.1 71=0.25 71=0.5 7=0.75 7=0.9 7=0.95
Rolling window. Starting in 2011MO08S.
NFCI 1.0 11.2 5.4 -5.8 -10.6 -6.5 1.1
Risk -5.2 11.3 5.2 -2.1 -11.9 -84 -4.4
Credit 6.8 10.2 4.4 -4.5 -10.4 1.4 7.3
Leverage 5.6 11.5 7.2 -5.1 -2.3 -10.0 12.8
Nonfin. Lev. -13.2 10.7 -8.1 -28.6 -17.7 -14.1 -30.5
Qcov3PRF1 32.9 20.0 20.4 5.8 3.7 154 21.7
Qcov3PRF2 39.2 34.6 34.3 10.7 13.4 21.4 13.9
PQR 36.2 35.8 25.5 6.0 9.7 10.1 17.1
PCQR1 214 19.5 5.6 -74 -74 -9.8 -9.5
PCQR2 8.3 15.0 -4.8 -19.7 -14 6.0 -0.9
PCQR3 19.8 30.2 18.1 -0.4 10.5 14.1 1.0
PCQR-LASSO 14.0 34.0 35.0 18.0 11.0 12.0 31.0
Rolling window. Starting in 2015M10.
NFCI -13.3 0.9 3.7 -4.5 -14.8 -13.5 -5.9
Risk -22.5 -1.3 1.2 0.5 -16.5 -15.1 -12.0
Credit -1.4 -0.9 3.1 -3.7 -15.6 -4.3 1.3
Leverage -8.9 -3.3 1.4 -24 -14 -13.3 13.4
Nonfin. Lev. -36.0 -7.1 -25.4 -40.9 -30.1 -26.9 -48.2
Qcov3PRF1 22.3 0.1 9.2 3.0 -1.9 8.6 16.9
Qcov3PRF2 30.8 19.8 28.4 2.6 4.7 16.4 5.6
PQR 27.8 24.1 16.3 2.5 4.5 1.2 10.3
PCQR1 13.9 9.5 0.0 -4.4 -10.3 -16.4 -17.1
PCQR2 -74 -2.3 -22.3 -32.6 -11.9 -2.6 -11.4
PCQR3 9.2 19.5 10.4 -5.6 3.1 6.4 -7.3
PCQR-LASSO 2.0 28.0 20.0 16.0 4.0 1.0 27.0
Expanding window. Starting in 2011MO08.
NFCI 24.8 20.4 -4.1 -2.6 0.1 7.1 13.3
Risk 17.2 13.7 -1.9 -6.1 0.1 3.9 8.8
Credit 30.9 24.5 -4.5 0.9 0.3 8.3 15.8
Leverage 26.6 25.7 2.5 -2.6 -14 -0.2 10.4
Nonfin. Lev. 33.8 33.0 13.8 3.1 -1.2 2.3 7.3
Qcov3PRF1 30.7 24.9 12.7 7.7 13.0 174 20.4
Qcov3PRF2 40.1 40.8 21.9 14.4 23.6 23.7 28.7
Qcov3PRF3 37.5 46.1 26.3 21.6 24.0 28.3 28.8
PQR 35.5 29.8 6.6 5.3 10.1 15.3 17.6
PCQR1 24.1 20.9 -7.3 0.8 -0.1 0.1 8.7
PCQR2 36.6 31.9 5.3 4.0 4.9 9.2 3.2
PCQR3 38.4 32.8 8.4 7.5 11.0 26.0 27.7
PCQR-LASSO 30.0 20.0 26.0 8.0 10.0 15.0 15.0
Expanding window. Starting in 2015M10.
NFCI 7.9 -2.7 -4.9 1.1 0.1 1.0 5.4
Risk -0.3 -9.5 -2.1 -1.0 -0.1 -4.7 -1.6
Credit 14.8 2.2 -10.6 3.3 0.5 34 10.1
Leverage 14.8 10.2 9.8 0.2 -0.3 -0.1 7.3
Nonfin. Lev. 24.9 19.7 18.3 11.8 2.9 -6.5 -3.7
Qcov3PRF1 17.1 7.3 7.5 3.9 10.2 9.4 12.1
Qcov3PRF2 18.9 18.4 6.9 10.2 21.8 14.8 20.6
Qcov3PRF3 19.6 23.9 14.7 18.3 20.9 19.9 20.5
PQR 184 8.7 3.5 5.7 7.0 8.3 9.3
PCQRI1 10.0 0.7 -2.8 6.6 1.1 -04 6.1
PCQR2 19.2 6.5 -9.2 -0.2 0.7 -24 -10.9
PCQR3 21.9 8.3 -4.5 5.0 9.0 21.4 21.6
PCQR-LASSO 29.0 19.0 17.0 13.0 12.0 9.0 6.0

Note: The out-of-sample R2 is reported. It evaluates the out-of-sample performance of the samples
2011M08-2023M12 and 2015M08-2023M12, respectively. August 2011 represents the observation
51 and October 2015 the observation 101. The size of the rolling window is 50. The variables Risk,
Credit, Leverage and Nonfi. Lev. consider a subgroup of indicators that construct the NFCI that
do not overlap. The IP growth is equal to the log difference of the current IP and the IP 12 months
before. Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR implementation with # number
of factors, respectively. PCQR-LASSO selects predictors from the 40 factors corresponding to the

highest eigenvalues. The predictors are standardized.
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Table 7: Check Loss for IP growth in-sample prediction.

Method 7=0.05 7=0.25 7=0.50 7=0.75 7=0.95
3-month ahead
NFCI 0.319 0.552 0.611 0.506 0.226

Qcov3PRF1  0.291 0.494 0.557 0.436 0.137
Qcov3PRF2  0.206 0.430 0.474 0.376 0.113
Qcov3PRF3  0.172 0.399 0.452 0.355 0.094

PQR 0.287 0.496 0.550 0.428 0.135

PCQRI1 0.310 0.541 0.600 0.497 0.227

PCQR2 0.295 0.528 0.596 0.477 0.216

PCQR3 0.292 0.528 0.595 0.474 0.191
12-month ahead

NFCI 0.611 1.695 1.760 1.209 0.383

Qcov3PRF1  0.518 1.170 1.345 0.845 0.274
Qcov3PRF2  0.377 0.860 1.033 0.750 0.191
Qcov3PRF3  0.326 0.752 0.952 0.631 0.178

PQR 0.503 1.199 1.303 0.799 0.267
PCQR1 0.591 1.557 1.660 1.195 0.393
PCQR2 0.461 1.227 1.330 0.935 0.342
PCQR3 0.444 1.182 1.278 0.918 0.340

Note: IP growth is equal to the log difference of the current IP and IP h months before.
Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR implementation with # number
of factors, respectively.

Table 8: Out-of-sample average FZO0 loss for IP growth prediction.

QR with NFCI  Qcov3PRF3 PCQR3 PQR

3-month ahead

expected shortfall (5%) 0.96 0.43 0.82 0.84
expected longrise (95%) 0.57 0.07 0.36 0.17
12-month ahead
expected shortfall (5%) 1.15 0.53 0.95 1.09
expected longrise (95%) 0.68 0.06 0.80 0.15

Note: For the expected longrise we consider the FZ0 loss function but evaluated with
the negative quantile and expected longrise of the target. The values are divided by
100 for ease of presentation. Qcov3PRF# and PCQR# denote Qcov3PRF and PCQR
implementation with # number of factors, respectively. The values are divided by 100
for ease of presentation.
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Table 9: Out-of-sample R? for one-quarter ahead forecast of Real GDP growth.

Starting Validation Date 1981Q1 1991Q1 2001Q1
7=0.05 7=0.1 7=0.25 | 7=0.06 7=0.1 7=0.25 | 7=0.05 7=0.1 7=0.25

QR -111.7  -29.5 15.0 46.2 49.8 56.9 48.9 66.9 66.2
QR with CFNAIL -1174  -31.5 16.5 44.8 51.7 55.1 49.0 57.9 63.9
QR-LASSO -8.7 2.6 -3.6 34.3 16.3 -5.0 35.2 20.3 11.9
PCQR1 14.9 18.9 5.5 46.6 33.2 15.5 12.1 29.2 38.9
PQR-z: = yr41 18.6 28.1 15.7 54.9 45.3 34.8 58.9 53.6 58.8
PQR-z; = CFNAL 19.3 30.4 23.3 58.5 46.6 44.3 58.6 57.7 55.4
Qcov3PRF1-z; = gy 11 21.3 27.8 24.8 57.9 48.5 38.1 58.5 65.6 56.5
Qcov3PRF1-z; = CFNAIL 22.1 32.5 25.3 58.3 56.6 444 61.3 53.8 60.0
MF-Qcov3PRF1-z; = 141 55.0 60.8 51.8 64.6 56.7 50.5 61.0 59.5 61.0
MF-Qcov3PRF1-z; = CFN AL 54.2 61.6 51.6 61.5 61.0 50.2 61.4 60.0 60.7

Note: The forecasts are evaluated using a rolling window scheme of length 40, 80, and 120 with validation period
starting in 1981Q1, 1991Q1 and 2001Q1, respectively. QR denotes quantile regression. QR-LASSO quantile regression
with LASSO. Qcov3PRF1-z¢ = yi41, Qcov3PRF with 1 automatic proxy. Qcov3PRF1-z; = CFNAI;, Qcov3PRF
with CFN AL as a proxy. Similarly for PQR and MF-Qcov3PRF1. MF-Qcov3PRF1 works with monthly predictors,
and quarterly proxy and target.

Table 10: Out-of-sample R2 for one-year ahead forecast of the change in Global Land-Ocean Temperature
Index.

Method 7=0.06 7=0.1 7=0.25 71=0.5 71=0.75 7=0.9 7=0.95
Rolling window.
Qcov3PRF1 4.5 6.8 18.6 25.4 38.0 37.5 18.8
Qcov3PRF2 8.5 14.1 35.6 43.3 52.1 42.5 17.4
Qcov3PRF3 114 20.9 43.4 54.9 56.2 44.9 25.6
Qcov3PRF4 16.7 27.2 48.6 58.3 60.5 46.6 18.7
Qcov3PRF5 22.7 36.7 52.9 60.2 63.5 46.7 17.8
PQR 13.3 14.2 18.2 18.8 39.2 32.6 20.0
PCQRI1 8.2 8.3 13.6 18.1 15.3 16.2 15.3
PCQR2 11.5 10.8 13.6 19.8 16.2 23.8 23.6
PCQR3 10.9 10.6 13.5 19.2 15.1 23.9 25.5
PCQR4 11.8 12.1 18.5 18.6 12.5 26.6 22.0
PCQR5 12.0 11.7 19.4 19.5 14.4 23.8 26.2

PCQR-LASSO 16.4 11.7 10.0 14.1 41.7 25.3 0.3
Expanding window.

Qcov3PRF1 6.9 3.3 11.1 25.8 45.7 39.8 30.8
Qcov3PREF2 8.7 13.1 27.0 48.7 61.2 97.9 34.7
Qcov3PRF3 11.9 16.4 36.5 61.2 66.7 57.3 27.2
Qcov3PRF4 16.5 22.1 46.1 63.6 69.6 57.1 39.0
Qcov3PRF5 18.7 29.7 51.0 64.7 70.4 58.0 34.0
PQR 13.3 14.2 18.2 18.8 39.2 32.6 20.0
PCQR1 5.2 3.0 3.8 9.5 11.4 13.0 21.2
PCQR2 3.4 2.7 3.8 11.0 15.0 15.6 23.8
PCQR3 4.5 2.1 5.7 12.9 15.7 14.8 25.2
PCQR4 6.3 5.7 9.7 11.0 13.4 13.3 21.2
PCQR5 5.8 5.7 9.8 9.2 14.8 16.7 12.0

PCQR-LASSO 17.6 23.3 25.0 30.5 25.9 6.6 -18.9

Note: The forecasts are evaluated starting in 2001. The size of the rolling window is 70.
We take the first difference of the Global Land-Ocean Temperature index and the annual
growth of the CO2 emissions (difference in logs). In all the specifications we include the
current value of the Global land-ocean temperature index as a predictor. Qcov3PRF#
and PCQR# denote Qcov3PRF and PCQR implementation with # number of factors,
respectively.
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