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Abstract

In a two step extremum estimation (M estimation) framework with a finite dimensional parameter
of interest and a potentially infinite dimensional first step nuisance parameter, I propose an averaging
estimator that combines a semiparametric estimator based on nonparametric first step and a parametric
estimator which imposes parametric restrictions on the first step. The averaging weight is an easy-to-
compute sample analog of an infeasible optimal weight that minimizes the asymptotic quadratic risk.
I show that under Stein-type conditions, the asymptotic lower bound of the truncated quadratic risk
difference between the averaging estimator and the semiparametric estimator is strictly less than zero for
a class of data generating processes (DGPs) that includes both correct specification and varied degrees
of misspecification of the parametric restrictions, and the asymptotic upper bound is weakly less than
zero. The averaging estimator, along with an easy-to-implement inference method, is demonstrated in

an example.

Keywords: two step M estimation, semiparametric model, averaging estimator, uniform dominance, asymp-
totic quadratic risk
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1 Introduction

Semiparametric models, consisting of a parametric component and a nonparametric component, have gained
popularity in economics. Being approximations of complex economic activities, they harmoniously deliver
two advantages at the same time: parsimonious modeling of parameters of interest and robustness against
misspecification of arbitrary parametric restrictions on activities that are not central for the research question
at hand. One disadvantage of associated semiparametric estimators, however, is that they are typically less
efficient than their parametric counterparts which result from imposing certain parametric restrictions on the
nonparametric components of semiparametric models.E This efficiency defect of semiparametric estimators
often renders relatively imprecise estimates and low test power, especially when the parametric restrictions
are correct or only mildly misspecified.

Recognizing such accuracy defect of semiparametric estimators, researchers have utilized various speci-
fication tests to choose between semiparametric and parametric estimators in practice. Neither parametric
estimators nor the resulting pre-test estimators, however, are robust to misspecification of the paramet-
ric restrictions, since whether they are more accurate than the semiparametric estimators depends on the
unknown degree of misspecification.

In this paper, I aim to solve this tension between robustness and efficiency in semiparametric models
by developing an estimator whose improvement on the accuracy over semiparametric estimators (used as
benchmark) is robust against varied degrees of misspecification of the parametric restrictions. First, I
propose an averaging estimator that is a simple weighted average between the semiparametric estimator and
the parametric estimator with a data-driven weight. Second, I prove that under mild conditions, the proposed
averaging estimator exhibits (weakly) smaller asymptotic quadratic risks — a general class of measures of
accuracy that includes mean squared error (MSE) as a special case — than the semiparametric benchmark
regardless of whether the parametric restrictions are correct or misspecified, and regardless of the degree
of misspecification. Third, I suggest an inference method that is valid regardless of the unknown degree of
misspecification.

Let B denote the unknown parameter of interest, and let Bn sp and Bn p denote the semiparametric and

the parametric estimators, respectively. The averaging estimator 3, ., takes the form
577«,11171, = (1 - ﬁ)n)ﬁn,SP + wnﬂn,Pa (11)

where n is the sample size and W, (W, € [0,1] with probability one) is a data-driven averaging weight
elaborated in (@) below. Intuitively, the weight quantifies the asymptotic efficiency gain by imposing
the parametric restrictions and the possible asymptotic misspecification bias by deviating from the robust
semiparametric benchmark. It then balances the two to reduce asymptotic quadratic risks compared to the
semiparametric estimator.

I employ a uniform asymptotic theory to approximate the upper and the lower bounds of the finite-sample
truncated quadratic risk difference between the averaging estimator and the semiparametric estimator over
a large class of DGPS.E Extending the subsequence argument developed in Cheng, Liao, and Shij (2019) for
generalized method of moments (GMM) estimators, I show that the sufficient conditions for the lower bound
to be strictly less than zero and for the upper bound to be weakly less than zero is mild. Since the class I con-
sider includes DGPs under which the parametric restrictions are correctly specified, mildly misspecified and

n this paper, I will use the terms “parametric estimator” and “parametric restrictions” loosely. They do not necessarily
mean that the data distribution is fully parametric, but only mean that the nonparametric argument in the estimation objective
function belongs to a finite dimensional subspace of certain infinite dimensional function space, as described in (@) below.

2The loss function and the truncated loss function are defined in (B.7) and (}.1)), respectively.



severely misspecified, my uniform dominance result asserts that the averaging estimator achieves improve-

ment in accuracy over the semiparametric estimator in a way that is robust against misspecification. Unlike

bheng et all (lZOld) who focus on one step GMM estimators, I consider two step M estimation framework for

semiparametric models as it encompasses maximum likelihood estimator (MLE), GMM, many kernel-based
and sieve estimators, etc. as special cases, as well as regular one step M estimators.

I demonstrate my averaging estimator using a carefully curated partially linear model example. T will
introduce and then revisit this example multiple times throughout this paper, demonstrating different aspects
of my averaging estimator. A point worth emphasizing here is that even when the estimation error of the
nonparametric component does not affect the asymptotic properties of the parametric component estimator,
like in the partially linear models (, ), the presence of the former and how it is modeled generally
inflict critical impacts on the latter. This point will become clearer later.

This paper has a few obvious limitations. First, the uniform asymptotic dominance result in this paper
does not guarantee that the averaging estimator outperforms the semiparametric benchmark in finite samples,
even though the uniform asymptotic analysis employed here provides better approximation of the estimators’
finite sample properties than the usual pointwise asymptotic framework. Second, inference based on the
proposed averaging estimator, like most cases (if not all) of post-averaging inference, is more challenging
than that based on standard estimators. A two step method proposed by IClaeskens and Hjord (bOOé)

can be used to construct an asymptotically valid confidence interval (also see, e.g., IKitagawa and Muris{,

, for its application), but its coverage probability can be conservative. Third, I focus on averaging
between one semiparametric estimator and one parametric estimator, excluding estimators that average the
semiparametric estimator with more than one parametric estimators and potentially outperform the one

proposed in this paper. These limitations all point out important directions for future research.

Related Literature. This paper belongs to the growing literature on frequentist shrinkage and model av-

eraging estimators, which are weighted averages of other estimators.E Shrinkage estimators date back to the

James-Stein estimator in Gaussian models (bames and Steid, |196]J), and are comprehensively reviewed by

lFourdrinier, Strawderman, and Welld (IZOIQ). Recent years have seen development of frequentist model aver-
aging estimators in many contexts. lHjort and Claeskensl (fZOOi%I) and lHansed (fZOld) consider likelihood-based

estimators in parametric models. In least square regression models, various model averaging estimator are

developed and their properties are carefully examined by l]udge and Mittelhammeli (b004l); |Mittelhamme1|

and Judgé (M), IHansed (lZOO?I); |Wan7 Zhang, and Zoul (lZOld); lHansen and Racine{ (lZOlQI); IHansed (l2014|);
@ (M) and Hansenl (}20_17|), just to name a few. ILu and Sd (}2015) study quantile regression models.
For semiparametric models, |Judge and Mittelhammer{ (l2007|); lDiTragliaI (}2016|) consider averaging GMM

estimators, and IKitagawa and Muri&{ (lZOld) analyze averaging semiparametric estimators of the treatment

effects (ATT) based on different parametric propensity score models. Averaging estimators in nonparametric
models are also discussed, for example, by lFan and Ullah| (IIQQQ); |Yané (IZOO]J, lZOOEi); |Wassermad (lZOOd) and
lPeng and Yané (lZOQ]J) |Magnus, Powell, and Prﬁfeli (l201d) and [Fessler and Kasyl (2019), among others,

investigate Bayesian model averaging estimators as well. blaeskens and Hjord (IZOOd) provide an excellent

review of both frequentist and Bayesian model averaging estimators. My paper differs from this literature
in the following ways. First, I utilize a two step semiparametric M estimation framework that nests many
familiar estimators (one step or two step) in semiparametric (and parametric) models as special cases. Sec-
ond, in contrast to the literature on nonparametric models that deals with unknown functions and averages
among growing number of estimators, my paper focuses on finite dimensional parameters in semiparametric

(and parametric) models and averages between two estimators. The asymptotic theories of the two differ

3Such names as combined or ensemble estimators are also used by different authors to refer to weighted averages of other
estimators with different goals and approaches.



substantially. Third, my averaging weight, when specialized to corresponding cases, differs from those in the
aforementioned papers. Fourth, I prove that my averaging estimator dominates the semiparametric bench-
mark using a uniform asymptotic approach, instead of the pointwise local asymptotic approach (,
|1972|; |Van der Vaard, bOOd, Chapter 7) often taken in the literature. Finally, one of the sufficient conditions

for the uniform dominance of my averaging estimator, when certain weight matrix is chosen in the loss func-

tion, is of Stein type and stronger than some estimators in the literature and weaker than others (detailed
in Section H)

This paper is particularly related to bheng et all (lZOld), but it generalizes their uniform asymptotic

approach and the subsequence technique from one step GMM estimators in moment condition models to two

step M estimators in more general semiparametric models.E Moreover, the restricted estimator considered in

bheng et alJ (lZOlﬂ) is asymptotically efficient, but I allow the restricted (parametric) estimator to be away

from the efficiency bound. This relaxation is useful in practice since in complex semiparametric models,
the efficient estimators under the parametric restrictions may be difficult to implement or may have certain
undesirable features, and the widely used ones may fall short of the efficiency bound (e.g., the Example in
this paper).

The uniform asymptotic analysis in this paper premises upon high-level asymptotic distributions of Bn SP

and Bn p, which can be justified under various primitive conditions in different models, as shown in numerous
previous studies on the asymptotic properties of specific and general M estimators — e.g., ()7 Eiallant

and Nychkal (|19_87|), |Ahn and Powel]l (|1993|); |Newey and Powel]l (|19951); |Andrewsi (|1994|); m (M), m
and McFadden| (h994|); lPoweli (h994|); lPakes and Olleyl (h995|); lBickel and Ritovl (l2003|); lPowel]| (IZOO]J); |Chen
Linton, and Van Keilegoﬂ (lZOOEiI); IHirano, Imbens, and Riddeli (lZOOZ‘}I); lFirpo| (bOO?I); |Nevvey| (bOOd); [chimura
and Leel (lZOld); IAckerberg, Chen, and Hahﬂ (l2012|); IAckerberg, Chen, Hahn, and Liad (l‘2014|) and [chimura
and Neweyl (l2017|) — and it is just impossible to enumerate all of them here.

Averaging estimators can be regarded as a smoothed generalization of pre-test estimators (or model
selection estimators), as the latter restrict the averaging weights to be either zero or one depending on

the result of certain specification test or criterion. For models involving infinite dimensional components,

many authors propose various specification tests, including IBierens{ (|199d); Wooldridgel (llQQj); IHong and
|Whitej (h995|); lBierens and Ploberged (|1997|); IStinchcombe and Whitd (|1998); ILi, Hsiao, and Zinnl (lZOOd)
and IHart| (M) using sieve estimators, and lRobinsod (|198d); lFan and Li (h99d); |Chen and Fan| (t@),
Lavergne and Vuongj (lZOOd); |A'1't—Sahalia, Bickel, and Stokeli (}200]]); IHorowitz and Spokoinyl (bOOﬂ); lFanJ
Zhang, and Zhané (bOO]J) and lFan and Lintoﬂ (bOOd) using kernel estimators. FIC-based model selection
estimators in semiparametric models are considered by IHjort and Claesken&{ (lZOOd); blaeskens and Carroli
(lZOO?I); thang and Liané (IZOl]J); |Vansteelandt, Bekaert, and Claeskend (lZOlQI) and lDiTragliaI (lZOld) Pre-test
estimators typically perform better than the unrestricted benchmark for certain degrees of misspecification

of the restrictions and worse for the others. Moreover, the literature has documented that in many settings,
the maximal scaled quadratic risks of pre-test estimators based on consistent tests grow unbounded as sample
sizes increase, despite promising properties suggested by pointwise asymptotic analysis. A well-cited example
is the Hodges’ estimator (e.g., |Van der Vaard, .m, Example 8.1), among others (|Yané, b005|; ILeeb and
lP('jtscheIi7 fZOO5|, }ZOOQ; IHansenl, lZOld; |Cheng et al), tz019|, etc.). In contrast, the uniform asymptotic approach
of this paper better approximates the finite sample properties of the averaging estimator, so the resulting

averaging estimator has (weakly) smaller asymptotic quadratic risks than the semiparametric benchmark

uniformly over the degree of misspecification and avoids the common pitfalls of pre-test estimators. Another

direction in this literature is to provide valid inference for pre-test estimators (e.g., lBelloni, Chernozhukov]

|and Hanseﬂ, l2014l), but here I focus on developing estimator with uniform proved risks.

4k}heng et alJ () is in turn based on the uniform inference analysis in |Andrews Cheng, and Guggenberger{ (EOI i).




My paper is related to but differs from the following strands of literature as well. First, doubly robust
estimators in statistics (e.g., |Scharfstein, Rotnitzky, and Robinsi, h99d; lBang and Robinsi, l2005|; lRubin and
|van der Laad, }200&4; |Cao, Tsiatis, and Davidiad, bOOd; rfsiatis, Davidian, and Cao|, }201]]) are robust against
misspecification, but they typically require that some components of the model is correctly specified, while

my averaging estimator exhibits improved risk regardless of the degree of misspecification. Second, recent de-

velopment in locally robust estimators in semiparametric models (e.g., bhernozhukov, Escanciano, Ichimuraj
|Newey, and Robinsi, l2018|; bhernozhukov, Chetverikov, Demirer, Duflo, Hansen, Newey, and Robind, 120134)

removes impacts of the nuisance function estimation bias (brought by regularization of machine learning

methods) on the influence function of the parameter of interest by orthogonalization (, ) My
approach is still useful in light of their approach since how the nuisance function is modeled affects the in-

fluence function (both variance and bias) even when it is known and needs no estimation. Third, among the
literature on sensitivity analysis (e.g., lRosenbaum and Rubid, 9854; ILeamer, l1985|; IImbens, bOOf‘j; |Altonji
Elder, and Tabeli, t2005|; IAndrevvs, Gentzkow, and Shapird, }2017|; Mukhiﬂ, }201 ; bsteri, bOld), Bonhomme and
Weidneli (bOld) and |Armstrong and Kolesz’ul (l202]J) are the closest to my paper. They take a restricted model
as benchmark, and study the sensitivity of the results with respect to possible local misspecification that

deviates from it. My paper takes an opposite perspective by positing a robust unrestricted semiparametric
model as benchmark and pursuing uniform quadratic risk improvement with the help of added parametric
restrictions.

Plan of the Paper. The rest of this paper is organized as follows. Section E introduces an example.
Section E describes my analysis framework, proposes my averaging weight and demonstrates using the ex-
ample introduced in Section E Section H states and proves the main uniform dominance result of the
paper, along with its conditions and an inference method. Section H uses Monte Carlo simulations to in-
vestigate the finite sample performance of my averaging estimator in the example introduced in Section
E. Section H concludes. Appendix H gives the proofs. Appendix E provides more details on the exam-
ple. Appendix D discusses the justification for the high-level Conditions E (Appendices E and B are
provided online in the supplementary material associated with this article, available at Cambridge Core —

www.cambridge.org/core/journals/econometric-theory.)

2 Partially Linear Model: An Example

Throughout this paper, I use the following example to illustrate the implementation and the properties of

my averaging estimator.

Example - Partially Linear Model. One is interested in estimating 5 in a partially linear model

where E(U;| X1i, X2;) =0, X1, is a k x 1 vector, Xo; is an | X 1 vector, and X1; and Xo; are assumed not to
overlap for simplicity. The identification of S requires that s(X1;, Xo;) and X1; are not perfectly collinear.E
The estimator of B resulting from s(x1,x2) being approximated by a series of basis functions (e.g.,

polynomials) that increases with sample size is one example of the semiparametric estimator B, sp 8 If one

5To be precious, E{[X1; — E[X14|s(X14, X2i)] - [X1: — E[X14|s(X14, X2:)]'} is positive definite.

SMany semiparametric estimators of 3 in partially linear models have been proposed in the literature (e.g., , ;
Iiionald and Newe;l 994). In particular, since partially linear models may arise as a “reduced form” of the sample selection
models (see discussion on pages 5-8 of , , and reference therein), many semiparametric estimators of 8 in
sample selection models (with potentially nonparametric selection equation) have been proposed and examined under various
identification conditions, for example, ballant and Nychkd ([FS?‘), |Newey7 Powell, and Walkerl (l@)7 Izhn and Poweli ([@)7



https://www.cambridge.org/core/journals/econometric-theory

imposes certain parametric-form restriction on s(x1,x2) — for example, s(x1,x2) is a linear function of xo
onlyﬂ — then the usual least squares estimator of B could serve as one example of the parametric estimator

Bn,P-E

The semiparametric models considered in this paper is flexible enough to include many other examples —
such as single-index models (IAhn, Ichimura, and Poweli, |199d), transformation models (m, l19_87|; Ehermagl,
M), censored and truncated regression models (w, I@), control function approaches (Blundell and
Poweli, M, M), nonlinear panel data models (ﬁonora, M), and dynamic discrete choice models (@
and Miller{, |1993|; lKeane and Wolpid, l1997|; lBuchholz, Shum, and Xu|, l202]]), among others.

I put this partially linear Example in the spotlight here because it highlights a few distinct features of

my averaging estimator. First, unlike in bheng et all (lZOlEi), the restricted estimator Bn p in this paper need

not to be asymptotically efficient under the parametric restrictions. Second, the asymptotic distribution of
a two step M estimator generally depends on the presence of the first step nuisance parameter and how it
is modeled (e.g., parametrically or nonparametrically), even in the absence of first step estimation error.E
Third, the Stein-type condition in this paper amounts to a dimensionality condition (k > 4) for an important

special loss function,E and it can be easily fulfilled in the Example.

3 Framework of Analysis and Averaging Weight

In this section, I describe the general framework of my analysis, prescribe the averaging weight, and explain
its intuition. How to obtain the averaging weight in a particular semiparametric model is then demonstrated

using the Example.

General Framework. One is interested in the estimation of a finite dimensional vector of parameters
B € B, where B C RF is compact.E Let F denote the set of DGPs, and let F' denote one DGP from F.
Suppose S, the true parameter value under DGP F, is identified as the unique minimizer (assume it exists)

of some objective function QF(B, hF); that is,
Br =argmin Qr (5, h 1
F g Bel F(B,hF), (3.1)

where the objective function Q (8, h) depends on some potentially infinite dimensional nuisance parameter

h. Since the objective function Q has h as an argument, the presence of h and how it is modeled generally

(), among many others. They could all serve as the ﬁAmsp in this paper, provided that Conditions in Section E are
satisfied.

TIf s(X14, X2;) is correlated with X1;, then the misspecification bias brought by imposing this parametric restriction is the
familiar omitted variable bias.

8Least squares estimator is generally considered as a semiparametric estimator, since the distribution of U; is usually left
unspecified. If the distribution of U; is parametrically specified, then the resulting maximum likelihood estimator is truly
a parametric estimator. In this paper, however, I will use the term “parametric estimator” to denote the estimator under
parametric restrictions on certain aspect of the model, in order to distinguish it from the semiparametric estimator 3, sp. For
example, the MLE and the () two step estimators both assume that the joint distribution of the error terms in
the main and the selection equations in sample selection models is normal, so they could both serve as the parametric estimator
B p_in this paper, even though the latter is in fact semiparametric in nature. Relative advantages of the MLE and the
(1979) two step estimators are well studied (e.g., Wales and Woodlana, ; , )

9For example, the influence functions of Bn,sp and B, p in the Example differ, even though none of them contains the
correction term of the first step estimation error. (See (@) and () and derivation therein for details.)

10See Theorem [ll below and the discussion that follows for details.

LLf the parameter of interest is the average treatment effect (k = 1), for example, then the Stein-type condition does not
hold.

12With certain choice of Y, which is to be introduce later in (@), the main theorem of this paper (Theorem ﬂ below) requires
k > 4 (see the discussion that immediately follows Theorem [f).




affect the asymptotic properties of § estimators through Q g, even in the absence of estimation error of h.E
Under DGP F, the true nuisance parameter value hp is identified as the unique minimizer (assume it exists)
of another objective function Rp(h); that is,

hp = arg il’élqr_[l Rr(h), (3.2)

where (H, ]| - ||%) is some complete, separable space of square integrable functions of data Z.
A general class of two step M estimators Bn is as follows,

By = arg min Qn (B, hn), (3.3)

where Qn(ﬁ, ﬁn) is some empirical objective function of § which depends on the sample {Z;}"_; and b, a
first step estimator of the unknown nuisance parameter h. Throughout this paper, I suppress the dependence
of the empirical objective functions on the sample {Z;}7 ; for notational simplicity.

Depending on how h is estimated in the first step, one may end up with different estimators of 5. If
one does not impose specific functional form restrictions on h, then h,, can be obtained using common
nonparametric estimation procedures. For instance, h, may result from a first step sieve M estimation
procedure as follows,

hy = in R,(h), 3.4
arg min Ry(h) (3.4)
where R, (h) is some empirical objective function, and #, are subspaces of (H, || - ||3) that become dense as

n — oo. The semiparametric estimator Bn sp thus results from a two step M estimation procedure with the
first step being (@) and the second step being (@)

On the other hand, economic hypotheses may suggest certain parametric form of h, or one may want to
limit the dimension of h to improve the efficiency. Whatever the motive might be, one can model h with
a finite dimensional subspace of (H, || - %), denoted as H,, with a function g that is known up to a finite
dimensional vector of unknown parameters . Formally, let I' C R? be a compact subset of the t-dimensional
Euclidean space, then

Mg = {h(-) : 3 some v € T such that h(-) = g,(-) = g(;7)}- (3.5)
Let
Y = argmin R (gy)s (3.6)

and let the restricted nuisance parameter estimate be written as h, = g4, , then the parametric estimator
Bn7 p results from a two step M estimation procedure with the first step being (@) and the second step

being (@)

Heuristics and Averaging Weight. For any estimator B, of B, I consider a quadratic loss function.g

13Typically, the influence function of the estimator By _depends on the first and second derivatives of Q. which in turn both
depend on h generally (see, e.g. Newey], 1994; [chimura and Lee, 2010; Ackerberg et all, 2014; [chimura and Newey, 2017).

MHanser| (2016) argues that the choice of loss function affects asymptotic performance of estimators only via its local quadratic
approximation, so considering a quadratic loss function is not as restrictive as it may appear. To be precise, the loss function
used in the asymptotic theory of this paper is a truncated version of (B.7), which is defined in (@) below.



For a chosen symmetric positive semi-definite weight matrix T,E I define the loss function to be

é(B’rLa B) = n(Bn - B)/T(/Bn - B). (3.7)

Here the weight matrix Y is chosen by the researcher and reflects how much the researcher values the
estimation accuracy of each coordinate of 8. If the researcher treats every coordinate equally, then she may
choose T = Ij (the k x k identity matrix). If the researcher focuses on the prediction error in a sample
selection model, then she may choose T = Ep(X1,X7;), where Ep(-) denotes the expectation operator under
DGP F. If the researcher focuses on only a subvector of 3, then she may choose T to be a diagonal matrix
with diagonal entries associated with the subvector being one and other diagonal entries being zero. This
last example shares the same spirit with the focused information criterion (FIC) model averaging (Zhang
and Liang, 2011), but the weight matrix T here affords more flexibility. Note that both the loss function and
the averaging weight (to be introduced later) depend on T, but I suppress such dependence for notational
simplicity.

Given the loss function in (@)7 the semiparametric estimator Bn}s p is preferred in terms of robustness
since it is consistent whether the parametric restrictions hold or not. The parametric estimator Bn p is
consistent only if those restrictions are sufficiently close to holding, and if they do, Bn p will be more efficient
than Bn,S p since the parametric first step g, are generally more efficient than the nonparametric first step
an. As a result, the potentially more efficient Bn p sometimes has improved risk over the robust Bn’s p but
sometimes does not. The optimal robustness-efficiency trade-off (i.e., bias-variance trade-off) depends on the
degree of misspecification of the parametric restrictions, a measure unknown to the researcher.

The main message of this paper, therefore, is that with the averaging weight I propose, the averaging
estimator of the form in (EI) always has no larger risk than the robust estimator Bms p regardless of whether
the parametric restrictions hold or not. I prescribe the averaging weight and explain the heuristics in this
section, and rigorous conditions and the formal uniform dominance result will be provided in Section H

Under DGP F, let Vg sp and Vg p be the asymptotic variance-covariance matrices of Bn sp and Bn P,
respectively, and let covp be their asymptotic covariance matrix. Let ‘771,5 P, ‘7“ p and cov,, be the consistent

estimators. Then the data-driven averaging weight is

~

tr[T(Vn,sp — C/O\Un)]
tI'[FI\U/;;’L,SP + ‘771,1:’ - 20/0\’071)] + n(Bn,P - Bn,SP)/T(BmP - Bn,SP)

n , (3.8)
where tr(-) indicates the trace of a square matrix.d This weight falls in the interval [0, 1] with probability
one, and the reason is as follows. Note that Vn’sp + 17” p — GOV, — c/o\v; is the sample asymptotic variance
of 5n p— /3’”75 p and recall that T is symmetric positive semi-definite, so the first term in the denominator
of (@) is positive with probability one; the second term in the denominator of (@) is a quadratic form
with positive semi-definite T, so the denominator of (@) is positive with probability one. Moreover, if the
parametric restrictions are correctly specified or mildly misspecified, then Vi sp > Vg p implies ‘A/n’s p > 17” P
with probability one, which further implies ‘A/n}s p > cov, together with the Cauchy-Schwarz inequaulity.E
Furthermore, if the parametric restrictions are severely misspecified, then ‘/}msp, XA/", p and ¢ov, having
finite probability limits (postulated in Condition E below) implies that the second term in the denominator

157 can be assumed to be symmetric without loss of generality, because for any asymmetric T there exists a symmetric T
that gives rise to the same loss function.

16Note that in (B.§), Covn is in general an asymmetric matrix, i.e., éovy, # ¢ovl,, but the Yéov, and Yéov, have the same
trace due to the symmetry of T and properties of the trace operator. The same goes for covr and covl.

17 Condition E(l) below postulates Vg sp > Vg p, which is the case where the averaging is meaningful, otherwise Bn P
dominates Bn,sp. Allowing for Vi sp < Vp, p is also easy and will be discussed in Remark E below.



approaches the infinity while the other terms are finite. Together, these imply that the averaging weight
wy, € [0,1] with probability one.
If Bn p is an asymptotically efficient estimator under the parametric restrictions, then covp = Vg p. In

this case, the averaging weight can simplify to

~ ~

tr[T(Vnﬁsp — Vmp)]
tr[Y(Visp — Vop) + 1(Bnp — Bu.sp) T (Bu.p — Bn.sp)

(s , (3.9)
which resembles the GMM averaging weight proposed by Cheng et al) (2019). It is easier to see the intuition
of the averaging weight from (@) If the asymptotic efficiency gain of imposing the first step parametric
restrictions, represented by tr[T(I/}F,Sp - ‘71:7 p)], is large, then the averaging estimator ought to allocate
more weight to /3”7 p. If, on the other hand, the asymptotic bias of Bn p resulting from misspecification of
the restrictions, represented by Bn p— ﬂAmS p (since Bmgp is always consistent), is large, then the averaging
estimator should assign less weight to Bn p. The proposed weight in (@) operationalizes such intuition by
striking a balance between robustness and efficiency.

The weight in (@) generalizes (@) by allowing averaging even when Bn p is not asymptotically efficient.
This generalization is especially important for semiparametric models, because asymptotically efficient esti-
mators do not always exist in these models, and might be difficult to compute or possess undesirable finite
sample properties when they do. A salient example is the sample selection model under the joint normality
restriction, where the Heckman (1979) two step estimator is asymptotically inefficient but more widely used
than the efficient MLE, for a variety of reasons (see the discussion in Heckman, 1976; Wales and Woodland,
1980; Nelson, 1984).

The key to the construction of the averaging weight w,, as (@) implies, is the consistent variance-
covariance matrix estimators XA/n SP, XA/n p and c¢ov,. The following two subsections provide two approaches
of computing them.

Estimating Asymptotic Variance-Covariance Matrices via Influence Functions. The first approach
is based on the influence functions of Bn’sp and Bn p.E Let ¢r gp(%) denote the non-centered influence
function of Bn)sp, let ¥ F p(2) denote that of Bmp, and let ¥, sp(2) and 1, p(z) denote their sample analogs,
respectively. Then

/

PS 1 ¢ 1< 1<
Vasp = — ; Un,sP(Zi)Un,sp(Zi) — -~ ; wvz,SP(Zi)] | ; VYn,sp(Zi)| (3.10)
Vop = % > o p(Zi) 0 p(Zi) — [rlz > np(Z)] - % > nr(Zi)]| (3.11)
i=1 =1 =1
B = = > nsp(Z) p(Z) - [jl S vnsp(Z0] |23 vnr(2) (312
i=1 i=1 i=1

The asymptotic variance-covariance matrix estimates in () - () can then be plugged into (@) to
compute the averaging weight.
Tt is worth emphasizing that the influence functions need to be valid under potential misspecification (e.g.,

Ichimura and Lee, 2010), such that the estimators ‘A/n SP, ‘771 p and cov,, are consistent regardless of whether

18For asymptotically linear estimators an sp and /3’”7 p, consistent estimators of asymptotic variance-covariance matrices can
be readily obtained using their influence functions (e.g., equation (2.1) of [chimura and Newey, 2017). Asymptotic linearity
is not needed for the main dominance result in this paper, and nearly all root-n_consistent semiparametric_estimators are
asymptotically linear under sufficient regularity conditions (Bickel, Klaassen, Ritov, and Wellney, 1993; [chimura and Newey,
2017). See the discussion after Condition E for more details.
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the parametric restrictions hold or not. In other words, they must be robust against misspecification of the
parametric restrictions; otherwise the resulting averaging estimator might not conform to the asymptotic
theory in Section H In particular, the influence functions ¢ p gp(2) and ¢ g p(z) depend on the unknown
DGP F, and such dependence is often manifested in the fact that ¢ p sp(2) and ¥ p p(2) involve the unknown
parameter O itself (or other functionals of the DGP F'). Whenever S appears in the influence functions,
the robust estimator Bn)sp (or robust estimators of the functionals) needs to be used. This point will be
illustrated in the Example at the end of this section.

Bootstrapping Asymptotic Variance-Covariance Matrices.!d Using the formulas in () - ()
to compute the asymptotic variance-covariance matrices requires deriving the robust influence functions for
the candidate estimators, such as those in () and ( ) For complicated models, such derivation can
be tedious or difficult, especially for applied researchers. Fortunately, this difficulty can be circumvented by
bootstrapping the asymptotic variance-covariance matrix of (B;L Sp BA;L P),.

Because the consistency of the bootstrap distribution does not guarantee the consistency of the bootstrap
second moment (Hahn and Liad, 2021), one needs to use one of the consistent bootstrap variance-covariance
estimators proposed in the literature. Among them, the following truncation method propose by Shag (1992)

and adapted to this paper is both general and easy to implement.

. . . / .
(1) Let 8 = ( 5P 5Z,P) and let B; (j =1,...,2k) denote its jth element. Randomly draw B bootstrap

samples of size n and compute the bootstrap estimate Bb (b=1,...,B) for each sample.

(2) For fixed positive constants p and small ¢y, define T; = max{p| Bj|,c0} for each element.2d For all b
and all j, define

Ty, if BB > Ty
Aj=9 By =B if 18] - Bil < Ty;

and AY = (AY,..., ALY

(3) Compute the 2k x 2k matrix V, = = Zszl(Ab — A)(AY — A, where A = B~! Zle A’. Then ‘//\Ynysp
is the upper left & x k block of IA/n, ‘A/mp is the lower right k& x k block of ‘7,,, and cov,, is the upper

right k x k block of V,.

These bootstrapped asymptotic variance-covariance matrix estimates can then be plugged into (@) to
compute the averaging weight.

Example (cont’d) - Partially Linear Model. Lethip(s) = Ep(Y|s(X1, X2) = s) and hop = Ep(X1|s(X,
Xs2) = s) denote the conditional mean functions of Y; and Xy; given s(X1;, Xoi) = s@ Since these functions
do not depend on B, the influence function of a semiparametric estimator of B under potential misspecification
can be derived using Theorem 3.3 of Ichimura and Led (2010) as follows (details in Appendiz E}

¥(2) = —{E[(X1 = ha(s(X1, X2))) - (X1 = ha(s(X1, X2)))']}
ly = ha(s(zr,22)) = (21 — ha(s(z1,22))) 8] - (21 — ha(21, 22)). (3.13)

19T thank an anonymous referee for suggesting providing a bootstrap method for computing the averaging weight.

20The validity of Shad ([L992)’s method does not reply on any specific values of p or cg. In his paper, p = 1 and ¢y = 0.05
was used in the simulation study. I will also use these values in my Monte Carlo experiments in Section {.

21Here s(X1,X2) = s is a shorthand notation I use to indicate conditioning on all the additively separable compo-
nents of s(X1,X2). For example, in the model (@) in Section E, s$(X1,X2) = s is a shorthand for the entire vector
(X4, X11X21, X12X22, X13X23, X14X24) being fixed.
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For the parametric estimator, we restrict s to be a linear function of xo only, i.e., s(x1,22) = a + x50,
then Bn,p 1s just the least squares coefficient of X1 in a linear regression of Y on X1, Xo and an intercept.
Under this modeling restriction, both hi and ho are also linear functions of o only. Let X3, = (1, X5,;),
then standard results of linear regressions imply that hip p(x2) = Ep(Y|X2 = x2) = 28/ v1p and hop p(x2) =
Er(Xi|X2 = 22) = 25'v2p with yip = [Ep(X3X3)]'Ep(X3Y) and v2r = [Ep(X3X3)]'Ep(X3X7),
which can then be plugged into () to obtain the influence function of Bn,p. In order to get its sample
version, let 41, = (Ximy X5:X50) " (Xiny X5.Y3) and Ao = (S0sy X3,X5)) 7 (Simy X5.X1), then we
have

ny -1

1
wr(Z0) = = | = S0 (X1 = X3A0.0) (X1 — X3/0.0)'
VYn,p(Zi) ni:l( 1 5i¥2.n) (X1 2iY2.n)
AY: — X310 — (X1 — X3/A2.0) Basp} - (X — X3{A2,n), (3.14)

where note that B in the influence function is replaced by its robust estimator Bn’SP.

For the semiparametric estimator, we use a series of basis functions G*(x1,x2) = (g11 (21, 2), g2r.(71, T2),
.oygrr(z1,22)) to approzimate the unknown function s(xi,z2) in the original model, where L is an
integer that increases with n and g (x1,22) is a known function (e.g., polynomial functions) for each
le{l,...,L}. In this case, Bnysp is just the least squares coefficient of X1 in a linear regression of Y
on X1 and GY(X1,Xs), and its influence function is what is in () The argument in Ackerberg et al
(2013, 2014) allows us to treat this series approximation as the true model in estimating the asymptotic
variance of Bmsp. To proceed, let ;\1,n = (Z?:l GL(XM,in)GL'(XM,Xgi))_l (Z?:l GL(Xli,azgi))’i) and
Mo = (0, GE(X s, w0:) G (X0i, X)) ™ (0, GE (X, w0i) X1;), then we have

ny -1

1 o “
VYn,sp(Zi) = — - Z(Xu — G (X14, Xoi) don) (X1i — G (X4, Xoi) M)

i=1

AY; - GL/(XliaXQi);\l,n — (X1 — GL/(XU’X2z’)5\2,n)//8n,SP}
(X1 — GY(X1i, Xoi) Aan), (3.15)

As a result, the averaging weight can be constructed by first plugging () and () into (), ()
and (), and then plugging the latter into (@)

Two points are worth emphasizing here. First, § naturally arises in the influence functions () and
is invariant to how the conditional mean function h is modeled. As a result, when computing the sample
analogs of the influence functions using () and ()7 [ should be replaced by Bms p, the estimator that
is consistent regardless of whether the joint normality restriction is correctly specified or not. Second, the
nuisance function h directly enters the influence function of 3,. As a result, how h is modeled (by the linear
function of xo only or by the series approximation) affects the functional form of the influence functions,
even though neither () nor () contains a correction term for the first step estimation error of h.

Section [, I will compare the finite sample performance of the averaging estimator using the influence
functions in () and () with that using Shad (1992)’s bootstrapping approach.

4 Main Results

In this section, I prove and provide the conditions for the uniform dominance result of the averaging estimator.
That is, in the two step M estimation framework, the averaging estimator Bn,wn proposed in (EI) with
the weight given in (@) has (weakly) smaller asymptotic quadratic risk than the robust semiparametric
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estimator Bn’s p under the DGPs in F, which encompasses a wide range of DGPs under which the parametric
restrictions might be correctly specified or misspecified. An inference method is also suggested.

The key is to determine the sign of the asymptotic risk difference between the averaging estimator Bnﬂ;}n
and the semiparametric estimator Bn,S p under DGPs with varied degrees of misspecification. I utilize the
uniform asymptotic approach and the subsequence technique in Cheng et al] (2019), instead of Pitman
sequences, which is frequently used when analyzing the pointwise local asymptotic properties of estimators.
Lower (infimum) and upper (supremum) bounds of the risk differences between Bmw" and Bn,sp for all
DGPs within a set F satisfying certain regularity conditions are considered before rendering the sample size
to infinity.

To formally state the dominance result, some notation is needed. For any estimator Bn of B and an

arbitrary real number (, define the truncated loss function

0c(Bn, B) = min{l(B,, B), ¢}, (4.1)

where £(83,,3) is the quadratic loss function defined in (@) This truncated loss function facilitates my
asymptotic analysis later. Compare to the loss function in (@), the truncation does not restrict the appli-
cability of the main result much as ¢ could be arbitrarily large. The bounds of the truncated risk differences

for finite sample size n are defined as:

@n (Bn,ﬁ)" P BmSP; C) = I}‘Ielf_;? ]EF [EC (Bn,w,u ﬂF) - ZC (Bn,SP, BF)L (42)
RDw(Brivns BrspiC) = ;1611; Erlle(Bnin, BF) — £c(Bn.sps Br))- (4.3)

Then I define the following limits of the finite sample bounds:

lim lim inf @n(én,zi;n s Bn,SP; C)? (44)

o {—00 n—00

m lim sup RDy (B, » Bn.5P; C). (4.5)

=1
(—00 n—oo

Asy@(,én,u?n ) Bn,SP)

AsyRiD(Bn,u";n ) B’mSP)

The key difference between these bounds and the asymptotic risks that utilize Pitman sequences in pointwise
local analysis is that the truncated risk differences in (@) and (@) are extrema over the entire DGP set F
for each finite sample size n, before n is sent to infinity to obtain the asymptotic bounds in (Q) and (@)
The finite sample extrema may occur at different Pitman sequences for different n, allowing the asymptotic
bounds to be approached not along a single Pitman sequence.

The averaging estimator is said to dominate the semiparametric estimator in terms of asymptotic trun-

cated risk uniformly over F if
Asy@(ﬁn,wn7ﬁn,SP) < 07 (46)

and
Asyﬁ(ﬁn,wnaﬁn,SP) <0. (47)

For every DGP F' € F and under the parametric restrictions, define the first step pseudo-true parameter

vector yp as the unique minimizer (assume it exists) of the following problem
~vr = arg min Rr(g4), (4.8)
yel

where the first step objective function Rp(-) is the same as in (@) and the first step nuisance function
subspace H, is defined in (@) Also define the second step pseudo-true parameter Sr p as the unique
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minimizer (assume it exists) of the following problem
Br.p = argmin Qr (B, gvr), (4.9)

where Qp(-,) is the same as in (@) In general, the nuisance function g,, induced by the pseudo-true
parameter yp is different from the true nuisance function hp identified in (B.2). In consequence, S p in

general will be different from Sp, the true parameter of interest identified in (@)

Condition 1. Let p = Br,p — Br, the bias caused by imposing the parametric restrictions. Suppose F is
such that the following holds.

(i) 6 = 0 only if hp = g, for some yp € RY;

(ii) Okx1 € int(As), where Ay = {0p: F € F}.

Condition E(l) is a simple requirement that if the parametric restrictions on the nuisance function h is
misspecified, then the pseudo-true parameter value S p will differ from the true value S, which rules out the
uninteresting special case that Sr may be consistently estimable even with severely misspecified parametric
restrictions. As a result, the degree of misspecification can be indexed by dr, the bias introduced by imposing
the parametric restrictions. Condition m(ii) says that the parametric restrictions may be misspecified of varied
degrees, including the correct specification case. Condition m does not impose any stringent restrictions on
the models that I analyze.

I use the following notation for the nuisance parameter vector that characterizes the joint asymptotic
distributions of Bmsp and Bmp under DGP F,

S(F) = [vech(Vp sp)', vech(Vp p)', vec(covr)']’, and S(F) = [6%, S(F)'T, (4.10)

where 0 is defined in Condition m, and vech(-) and vec(+) are vectorization of distinct elements of a matrix.
Define
S={S(F): FeF}. (4.11)

For a sequence of DGPs {F,,}22,, I call it correctly specified if n'/?6r, — 0, locally / mildly misspecified
if n'/26p, — d € (0,00), and severely misspecified if n'/?6p, — oc.

Condition 2. For any sequence of DGPs {F,}°%, such that S(F,)) — S(F) for some F € F and n'/?6p, —
d € R:_, suppose the estimators Bmsp and Bmp satisfy the following conditions.
(i) If ||d|| < oo, then

[ n'2(Bn.sp — Br,) ] ., l §rsp | (4.12)

n'?(Bp.p — Br,) &rp+d

If I define &p = (€rspsErp) and

Vesp covp
VF = ’

)

covp  Vpp

then ép NN(OQkX1, VF), with Vesp > Vep.
(ii) If ||d|| = 0o, then nY/2(By.sp — Br,) —= Epsp and |[nY2(Bn.p — Br,)|| 2 .

Condition E(l) requires that both Bn,s p and Bn p are locally regular estimators ([chimura and Newey),
2017, Definition 1), which means that n'/2(( A;,SP» B,’LP)’ — (B, BE, p)') has the same limiting distribution
under any sequence of local alternatives as it does when F,, = F for all n. As argued by [chimura and

Newey| (2017, Section 3, p.14), this condition is a mild one and it allows one to bypass imposing primitive
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conditions of asymptotic linearity and to focus on the main dominance result of this paper. Note that in
(), Bn p is re-centered using Jr, and the presumption that nt/ 25p, — d. Moreover, Vpsp > Vi p
states the intuition that imposing parametric restrictions generally leads to (weak) efficiency gain.£4 Formal
justification of Condition E(1) is in Appendix B, and here I only briefly explain how this intuitive condition
can be justified by the Le Cam’s Third Lemma (e.g., |Van der Vaard, IZOOd, Example 6.7) and the definition
of semiparametric efficiency bound (see Bickel et all, 1993, Chapter 3) as follows. First, when ||d|| = 0, the

parametric restrictions are correctly specified, due to Condition m(l) As a result, the restricted nuisance

function space H, is a subspace of ‘H that contains the true nuisance function hp. Using an argument similar

to that in the proof of Lemma 1 in IAckerberg et all (l2014l), one can show that the semiparametric efficiency

bound of the restricted model (with nuisance function space H4) is smaller than that of the unrestricted
model (with nuisance function space ’;’-[),E because the latter is the supremum of all parametric submodels
that include the former. So it is natural to require that Ve sp > Vp, p.E Second, when ||d|| < oo but ||d|| # 0,
the asymptotic variance-covariance matrix of Bn p remains Vg p by the local regularity and the Le Cam’s
Third Lemma. In addition, the asymptotic variance-covariance matrix of Bn’s p remains Vp gp regardless
of the parametric restrictions. Therefore, Vi sp > Vg p still follows. Condition H(ii) is also intuitive since
it states that when the parametric restrictions are severely misspecified, Bn p will have an infinitely large
asymptotic bias. Formal justification of Condition E(ii) is also in Appendix B

Condition E is a high-level condition that might be ensured by different primitive conditions in specific

semiparametric models, on which there have been many important contributions (e.g., IRobinsoﬂ, |1988|; IKleid
land Spadyl, h993|; lHirano et alj, IZOOEEI; bheng et all, lZOld). I bypass those conditions and focus on the common
asymptotic properties in preparation for the discussion of the averaging estimator. Also note that Condition

E takes the consistency of Bn,sp and Bn p for respective (pseudo-)true values defined in (@) and (@) as
presumption, for which the primitive conditions have been studied extensively (e.g., Newey and McFadden,

, Section 2).

Define

Ap = T(VF,SP — COUF) and Bp = T(VF,SP + VF,P — 2CO’UF). (413)
Given the high-level Condition E, the following lemma follows immediately.

Lemma 1. Suppose Conditionsﬂ and@ hold. Also suppose that Vn’sp, Vn’p and cov,, have finite probability
limits.
(i) If ||d|| < oo, then

t?"(AF)
tr(Br) + (Epp +d—Epsp)' Y (Epp +d—Epsp)’

22Condition E(l) is easy to verify for a specific model. The direct verification of Condition E(l) for the Example is in Appendix

W L wp = (4.14)

23That is, the difference between the two is a negative semi-definite matrix.

24Following Ackerberg et all (2014) approach, one needs to define another nuisance parameter 7, which captures the features
of the distribution of data Z other than those determined by 3 and h, then characterize the tangent space (see , ;
, ) for both the unrestricted and the restricted models. The efficient score function of 8 in each model is
therefore the projection residual of the score function of 8 onto its own tangent space. Since the unrestricted models include
the restricted models as a subspace, the tangent space of the former includes that of the latter as a subspace as well. This
implies that the efficient score function of 3 in the former has smaller norm than that in the latter. This in turn implies that
the semiparametric efficiency bound of the former, which is the inverse of the squared norm of the efficient score function, is
larger than that of the latter. Strictly speaking, it is still possible that the two step parametric estimator is asymptotically
less efficient than the semiparametric estimator despite the opposite relative magnitude of their efficiency bounds, but since

repon, Kramarz, and Trognod (1997) and Newey and Powell (1999) show in different models that the two step estimators
achieve the efficiency bounds if the first step is exactly identified, the high-level condition Vr sp > Vg p in Condition E(l) does
not go without justification.
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which in turn implies that
02 (Bro, — Br) - Epa = (1 — wp)epsp + wp(Epp + d); (4.15)
(ii) if ||d|| = 0o, then Wy - 0 and nY/2(By.a, — Br) - Epsp.
Proof. See Appendix @ |

Remark 1. In Condition @(2}, I assume Vgp > Vp because it is the case in which the averaging is meaningful
(otherwise Bn,SP dominates Bn}p, and hence no averaging is needed). Incorporating the possibility of Vsp <
Vp into the paper can be done by modifying the data-driven averaging weight in (@) to

Y (Vo sp — @00,)] - Y V,sp > Vop}
tr{Y (Vou,sp + Vi, p — 2600y )] + n(Bn,p — Bn,sp)' Y (Bn,p — Bn,sp)

(4.16)

Wy =
When Vsp > Vp, the weight w, = w, with probability one, so the asymptotic results in Lemma B still
hold. Since the main uniform dominance theory below (uniform over ||d|| values) builds on these asymptotic
results, it will not be affected by such modification of the weight. When Vsp < Vp, on the other hand, it is
easy to see that the weight , converges to 0 in probability. In this case, the results in Lemma B(zz) (i.e.,
nl/? (Bn@n —BF) Ay &r.sp) hold regardless of ||d|| value, and the resulting averaging estimator Bn@n has the
same asymptotic properties as Bn’sp, only weakly dominating the latter (and hence the uniform dominance
result still holds).

The practical implication of this analysis is that if a researcher is uncertain whether the condition

Vsp > Vp holds, then the weight (1.1€) and the resulting averaging estimator can be used.

Condition 3. Suppose F is such that the following holds.

(i) S is compact, with S defined in (),

(ii) for any F € F with ép =0 (6F defined in Condition H), there exists a constant ep > 0 such that for
any 6 € R* with 0 < ||0|| < ep, there is F € F with 0p = 6 and |S(F) — S(F)|| < C||8||* for some C,x > 0,
where S(F) is defined in ()

Condition E(l) is necessary for applying the subsequence argument to show the uniform dominance result.
Recall that S defined in () is a subset of a finite-dimensional Euclidean space, so Condition E(l) is
equivalent to S being bounded and closed. vech(Vr sp), vech(Vp p) and vec(covg) are bounded if both
Bn.sp and B, p are locally regular estimators, which is implied by Condition E(l) for ||d|| < oo (see the
discussion after Condition E for details). S being closed is not restrictive in the sense that if S is not closed,
then I can define it to be the closure of S and the main uniform dominance result still holds. Condition
E(ii) says that for any F' € F satisfying the parametric restrictions, there are many DGPs F € F that are
close to F, where the closeness of two DGPs is measured by the distance between S(F) and S(F )E This
condition will be used in the subsequence argument to show the uniform dominance and is not restrictive,
since it means that the DGP set F is rich enough, which makes the uniform dominance result harder to
hold.

Once a specific model is given, Conditions m and E can be verified directly, and the literature often has

developed primitive conditions for Condition E In Appendix E, I will detail the primitive conditions of

25Under Condition E(ii), for any F € F with §z = 0 and any sequence of DGPs {F,}22 , such that n'/26p, — d with
ld|| < oo, there exists a sequence of DGPs {Fj, > _, satisfying the requirement of Condition P(i). and hence the convergence
result in () holds. This interpretation is related to_Assumptions A and B in |Andrews and Guggenberger (2010) and

Assumptions A0 and B0 in Andrews and Guggenberger (2009). I thank the co-editor for pointing this out.
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Condition E for the Example and verify Conditions m - E for the parameterization used in the Monte Carlo
experiments in Section B
Now I explain the rationale behind the averaging weight w,, in (@) By Condition E(i), for any fixed

weight w, the asymptotic distribution of An w when ||d|| < oo is obtained by the continuous mapping theorem:
g ) ymp , Yy ppimg
- d.
2 (Brw — Br) — Epw = (1 —w)épsp +w(épp +d).

Since the asymptotic risk, defined in (@), is quadratic in w, the optimal weight w* that minimizes the
asymptotic risk under DGP F is

tI‘[T(VF,SP - CO’UF)]
tr[T(VF,SP +Vep — QCOUF)] +d'Yd

w* =

If Bn p is asymptotically efficient under the parametric restrictions, then covy = Vp p and the optimal weight

simplifies to
. w[¥(Vrsp = Vir)]
tr[T(VF,Sp - VFJD)] +d'Yd

This optimal weight balances the efficiency gain and the bias induced by the first step parametric restrictions.
Higher efficiency gain tr[Y (Ve sp — Vi p)], relative to the squared bias d'Yd, demands larger weight w* to
be assigned to Bn p, and vice versa.

Although the optimal weight w™ is infeasible due to unknown Vg sp, Vi p, covy and d, (g) constructs a

)7 Vn,SP7 Vn,P
and cov,, are consistent estimators of Vg gp, Vg p and covp, respectively. At the same time, Condition E(l)

feasible averaging weight by replacing the unknown components with their estimators. In (|

implies that n'/2(3, p — Bn.sp) is an asymptotically unbiased estimator of d when ||d|| < oo, so d’'Yd in w*
is further replaced by n (anp — Bnysp)/ T (B»mP — Bn)sp> in order to get (@)

When ||d|| = oo, the parametric estimator Bn p is severely biased so that a sensible averaging estimator
ought to allocate zero weight to /3, p. This intuition is echoed by Condition E(ii) and Lemma m(ii)7 which
imply that the feasible averaging weight given in (@) approaches to zero, as long as the probability limits
of ‘A/mgp, XA/n,p and cov,, are finite.

It is worth pointing out that because n'/ 2(Bn p— Bnysp) is only asymptotically unbiased for d but
not consistent,@ and wp in () is a random variable and in general not unbiased for w* in light of
the Jensen’s inequality, so w,, is neither a consistent nor an unbiased estimator for the infeasible optimal
weight w*. Proving the uniform dominance of the averaging estimator, therefore, is more challenging than
it might appear at first sight, since Bn,S P, Bn p and w,, are mutually dependent random variables and their
randomness needs to be dealt with at the same time. For this purpose, I utilize the subsequence technique
employed by Cheng et al] (2019).

In order to state an important intermediate result and to explain its rationale, some additional notation
is needed. For any F' € F and any d € RX_, define

up,q = (d',vech(Vi sp), vech(Vi p)', vec(covp)') . (4.17)
Note that the subvector d of ug 4 does not depend on F', and the rest of ur 4 does not depend on d. Let

U={upgq: ||d|| < oo, and F' € F with 6p = 0}. (4.18)

261n fact, d is not root-n estimable, since its information bound is zero.
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and
U = {upq: ||d|| = oo, and F € F}. (4.19)

For any upq € U UlU, define

(4.20)

r(upd) = Er (a«degF@ - fiw,spTﬁF,SP) , ifupg €U;
Fd) =
0, if UFd € Us.

where £p 4 and Epgp are defined in () and (), respectively. U and Uy, defined here may appear
similar to the set S defined in (), but they are different. For any upq € U U Uy, the corresponding
§ = n~'/2d is a different object from §p associated with F. S is the set of actual nuisance parameter
vectors that determine the asymptotic properties of Bn,sp, Bn p and Bm;,n under DGPs in F. In contrast,
U is the set of all hypothetical nuisance parameter vectors that would have prevailed had the asymptotic
variance-covariance matrices Vg gp, Vp p and covp been the same as some DGP with zero bias (6 = 0)
from F and had the asymptotic bias d been finite. Note that if up4 € U (ie., ||d|| < o), the corresponding
& ranges from being zero to approaching to infinity at any rate that is not faster than n'/2, corresponding
to correct specification or mild misspecification of the parametric restrictions. Similarly, U, is the set of all
hypothetical nuisance parameter vectors that would have prevailed had the asymptotic variance-covariance
matrices Vi sp, Vi p and covp been the same as some DGP from F and had the asymptotic bias d been
infinite. Note that if up 4 € U (ie., ||d|| = o0), the corresponding ¢ approaches to infinity at faster than
n'/? rate, corresponding to severe misspecification of the parametric restrictions. Together, U and U, are a
device that allows me to compare the asymptotic risk of Bn,@n to that of Bn,g p uniformly over varied degrees
of misspecification of the parametric restrictions.

To show the main uniform dominance result, I will first approximate the bounds of asymptotic risk

difference using r(up ) for up g € U and for up g € Us separately, and then combine the two cases together.

Lemma 2. Suppose: (i) Conditz'onsu - B hold; (ii) tr(Ar) > 0 and tr(Bp) > 0, where Ap and Br are
defined in ()E Then

AsyRiD(Bm;,n,Bn,gp) =max { sup r(ura), O} (4.21)
uF,a€U
Asy@(ﬁn’mn,ﬁnﬁp) = min{ ing r(Upd), 0} . (4.22)
up.d
Proof. See Appendix @ |

If the parametric restrictions are severely misspecified, then one has up 4 € Us (and hence ||d|| = c0). In
this case, Lemma, ﬂ(ii) states that the asymptotic distributions of Bn’wn and Bn,S p are the same, and therefore
r(upq) = 0. The key message of Lemma E is that the upper (or lower) bound of the asymptotic risk difference
is determined by the maximum between sup,, ,cyr(urq) and sup,, ,cy. r(upq) = 0 (or the minimum
between infy,, ey r(ur,a) and infy . e, r(uF,d) = 0). As mentioned before, the former corresponds to the
DGPs under which the parametric restrictions are correctly specified or mildly misspecified, and the later
corresponds to the severely misspecified case. max {suqu, Leu T(uF’d),O} characterizes the least favorable

DGP for the averaging estimator, and min {infu pac T(UFq), 0} characterizes the most favorable.

27 As shown in Appendix @, a weaker condition than (ii) — tr(Agr) > 0 and tr(Bp) > 0 — is sufficient for proving Lemma
. Due to the definitions of Ar and Bp, however, if Vi gp > Vg p as postulated in Condition E(i), then tr(Bgr) > 0 implies
tr(Ag) > 0.
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By Lemma E, showing that sup,, . < 7(urq) < 0 and infy,, ey r(upa) < 0 is sufficient for the uniform

dominance result.

Theorem 1. Suppose Conditions B - B hold. Let Ar and Bp be those matrices defined in (), and let
Pmax(+) denote the largest eigenvalue of a square matrixz. If tr(Ap) > 0, tr(Bp) > 0 and tr(Ar) > 4pmax(AF)
for any F € F with 6p = 0, then (@) and (@) hold; that is, the averaging estimator Bn@n uniformly

dominates the semiparametric estimator B sp.
Proof. See Appendix @@ |

To give some intuition for the conditions of the dominance result in Theorem m, let us consider the
case where the researcher chooses T = (Vi sp — covp)_l. In this case, the condition tr(Ar) > 0 becomes
Vr,sp > covp, which is a necessary condition for Vi gp > Vg p. The latter indicates that the parametric
estimator should achieve strict efficiency gain over the semiparametric estimator. And the condition tr(Ag) >
4pmax(Ar) becomes k > 4, which requires the researcher to consider the overall risk of multiple parameters

of interest, but not a single coordinate. Such dimension condition is common for shrinkage estimators. For

example, my condition here is stronger than the condition k& > 3 for the estimators in bames and Stein| (|196 ]J)

and (), the same as k > 4 for the averaging estimator in bheng et alJ (bOld), and is weaker than
k > 5 for the the estimators in l]udge and Mittelhammed (bOOZ}I) and |Mittelhammer and Judgel (b005|)

Inference. The inference of averaging estimators generally differs from standard estimators, in that the
averaging weights (e.g., W, in (@) of this paper) often are random variables that correlate with the can-
didate estimators, instead of a constant, which renders the asymptotic distribution of ann non-standard.

Fortunately, inference can still be made here, since a conservative two-step inference method proposed by

blaeskens and Hjortl (l2008|, Section 7.5.4) applies to my averaging estimator.

To adapt |Claeskens and Hjortl (M)’s two-step inference method to my averaging estimator, first note
that for any fixed finite d, Condition E(l) and Lemma m(l) tell us that £p sp and {g p completely determine the
joint asymptotic distributions of Bn SP, Bn p and w,. So, they also determine the asymptotic distribution of
Bn)ﬁ}n, represented by & Fd () As a result, for fixed finite d and any confidence level 1 — s, the confidence
set of A, = /n(Bn.w, — Br), denoted as CIy_q,(A,|d, 17)7 can be constructed by simulating (S number
of random draws) from the joint distribution of {r sp and &g p provided in Condition P(i) and picking the

upper and lower az/2 critical values of the simulated &g g values given in ()

To account for the fact that d is unknown, note that Condition (i) immediately implies that n'/2 (Bn p—
Bn,S P) Y (d,Ve.p + Vrsp — covp — covl). This enables us to construct the following confidence set of
d for any confidence level 1 — a:

OIl—Ozl (d|B, ‘7) = {d : n(Bn,P - Bn,SP - d)/f}d_l(ﬁn,P - Bn,SP - d) S X%—al (k)}v (423)

where ‘A/d = ‘A/n,p + ‘7”,5'13 — COVp — c/o\v; and Xial(k) is the 1 — ay quantile of the x2? distribution with
degrees of freedom k.

In summary, the two-step method proceeds as follows:

(1) For any confidence level 1 — «, pick a3 and as such that a3 + as = «, and construct the 1 — a3
confidence set CI1_q, (d|3,V) of d, defined in (}£.29).
281t can be seen from the proof that if the expression in () < 0, then (@) holds; and if it is < 0, then (E) holds. The

conditions on Ar and Bp in Theorem ﬂ are only one set of sufficient conditions.
291n simulating from the joint distribution in Condition J(i), one obviously needs to replace the unknown variance-covariance

matrices with their consistent estimators. Here and in the rest of this subsection, [3’ is a shorthand for én’SP and Bn’p, and V
is a shorthand for V,, sp, V,, p and covn.
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(2) For each d € CI,_q, (d|B3, V), construct the 1 — ay confidence set CIy_q, (A |d, V) of A, as described
in the paragraph before (), then take the union U, (I Q)Cll_az(A,Jd, ‘7)
—aq s

That is, for chosen a; and as such that oy + as = «, the 1 — « confidence set of Sp is just
CL_o(BI3, V)= {B: Vi(Buw, — B) € CI_ay(Apn|d, V), for some d € CI,_q, (d|B,V)}. (4.24)

In practice, this union can be well approximated by taking a large number of d values satisfying (4.23), and
by taking the union of the resulting sets CT1 o, (v/7(Bn.a, — Br)ld, V) over all such d values. Such union
set allows one to make inference about S based on the data.

The next lemma follows Claeskens and Hjorti (2008, Section 7.5.4) and Kitagawa and Muris (2016,
Appendix A) to show that the confidence set C’Il,a(ﬂpw, 17) is asymptotically valid.

Lemma 3. Suppose Conditions H - B hold. Let vy and ag be chosen non-negative numbers such that
a1 + as = a, then
lim Pp (ﬁp € CL_a(8IA, 17)) >1—a. (4.25)

n—oo

Proof. See Appendix @ |

Similar to what was emphasized in Section E, the consistent variance-covariance matrix estimators used
in the inference should be robust under potential misspecification of the parametric restrictions. Either the
formulas () - () based on the robust influence functions or the bootstrapping approach could be
applied.

In contrast to this two-step method, a naive inference method based on the averaging estimator Bn,wn
might treat the averaging weight w,, as non-random and compute the asymptotic variance of the averaging
estimator Bn,wn as w%vn’p +(1- ﬁ}n)z‘/}n’gp + (1 — Wy)é0v, + Wy (1 — wn)c/o?);l In addition, standard
inference based only on the semiparametric estimator Bn,S p is always feasible. In Section E, I will compare
the finite sample sizes and powers of the two-step method with the naive method (two variations) and
standard Bn sp-based inference method in the Example.

5 Monte Carlo Experiments

Example (cont’d) - Partially Linear Model. In my Monte Carlo experiments, I am interested in

estimating B in the model in (@) and the following parameterization:

4 4 4 4
Y= "B X1;+ ) 0 Xoj+p (D Osjexp(Xoj) + Y 03;X1,X05 | + U, (5.1)
j=1 j=1 j=1 j=1

where X1; and Xo; denote the jth coordinate of X1 and X, respectively. Note that = (ﬂl,ﬂg,ﬂg,ﬂ4)/, S0
k =4 here.
As described in Section E, the parametric estimator Bn,p results from the following (misspecified) linear

Tegression
4 4

Y:Ck-i-Zﬁlej +Z€1jX2j+Vv, (5.2)
j=1 j=1

while the semiparametric series estimator ,/3’”75;: results from a linear regression of Y on X1 and polynomials
of X1 and X5 which exclude linear functions of Xy (as proposed by |\Donald and Newey, 1994).E When

30Based on a leave-one-out cross validation procedure performed on a random preliminary sample, I decided to use polynomials
up to the fourth order for 5, sp in my experiments.
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Figure 1: Monte Carlo MSE, Bias? and Variance of Estimators for the Example
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Notes: (1) Bootstrap results are based on R = 1000 Monte Carlo replicates, n = 1000 sample size and B = 200 bootstrap replicates.
(2) All other results are based on R = 10000 Monte Carlo replicates and n = 1000 sample size.
(3) MSEs are normalized by dividing those of the semiparametric estimator 8, gp-

(4) Squared biases and variances are not normalized by the MSEs of 8,, gp. (Var(8gp) is off the chart at 45).
(5) See Section [ for the details of the Monte Carlo experiments.

p # 0, the parametric estimator Bn p suffers from the familiar “omitted variable bias”, since the term in the
bracket in (Ell) generally correlates with both X1 and Xs.

In my experiments, U is independent of (X}, X3) and randomly drawn from N(0,0.5%), and (X}, X})’
is randomly drawn from N(2 x lg, Vx) with

052 x Iy 0.05 X Lyxy

Vy = ,
X 0.05 % Lyys 052 I,

(5.3)

where lg is an 8 X 1 vector of ones, 14 is the 4 x 4 identity matriz and Lyx4 is a 4 X 4 matriz of ones. The
parameter values are = (4,3,2,1), 0; = (1,1,1,1), 6, = (1,2,3,4)" and 05 = (5,6,7,8)". I vary the value
of p, which determines the degree of misspecification of anp, to be from 0 to 1.3 with 0.05 step width. I
consider sample size n = 1000 and Monte Carlo replicates R = 10000.@ I choose the weight matric T = Iy,
so that the risk function is the MSE.

The MSEs, squared biases and variances of Bmsp, Bmp and Bnﬂ;}n are plotted against the degree of
misspecification p in Figure B I normalize the MSEs by those of Bn7sp, which is represented by the thin
line at unity. An estimator being below this unity benchmark means that it has smaller MSEs than Bn’sp.
The normalized MSEs of Bn,ﬁ,”, with the averaging weight w, computed using the influence function based
asymptotic variance-covariance matriz estimates, are represented by the thick solid line, while those using the
bootstrapped variance-asymptotic covariance matriz estimates (B = 200 bootstrap replicates) are represented
by the thick dashed line,@ The normalized MSEs of Bn,p are represented by the thick dotted line. The squared

31 Alternative sample sizes n = 100, 250, 500 are also considered, and the results are similar (not reported).
32T0 save time, the bootstrap averaging estimator was only computed R = 1000 replicates with 0.1 step width of p values.
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biases and variances of Bn’sp and Bn}p are plotted as well to facilitate the understanding of the performance
of the estimators.2 The squared biases are represented by the thin dashed and dotted lines, both with cross
marks — that of ,5’”713 increases so quickly with p and shoots outside the figure range before p reaches 0.1.
The variances are represented by the thin dashed and dotted lines, both with diamond marks — that of Bn,sp
remains stable around the level of 45 and is outside the figure range.

Figure @ plots the Monte Carlo distributions of the first coordinate of the averaging estimator an (thick
solid lines) for different p values. In the same figures, the normal distribution based on the naive inference
method with the naive standard error are represented by the thick dashed lines (one randomly chosen Monte
Carlo replicate) and dotted lines (averaged over all Monte Carlo replicates), respectively. It is obvious that
the naive inference method underestimates the randommness in the averaging estimator Bn’wml, since it treats
the averaging weight W, as non-random.

Figure B plots the kernel densities of the averaging weight w,, for different p values. The thick solid lines
are based on the robust influence functions, and the thick dashed lines are based on the bootstrapping. The
difference between the two is undiscernible. As p value increases (so does the degree of misspecification),
both distributions of the averaging weights concentrate more and more towards one, confirming the results of
Lemma B

Table B reports for different p values the rejection rates of ansp with the common standard error and
those of Bn’@n with both the naive and the two-step inference methods (S = 1000 random draws in the second
step) for B, the first coordinate of 3. I consider two variations of the naive inference method for an The
“Naive” one uses the common estimators of Vi p and covyp when computing the standard error, but they can
be biased under misspecification (recall the discussion after () for details). The “Naive (robust SE)” one
uses the robust influence function v, p(z) and () - () when computing the standard error. For the
“Size” columns, the test value is 4, the true value of B1; for the “Power” columns, the test value is 0. Table
B also reports the average ratio between the lengths of the two-step confidence intervals of anl and of the

standard confidence intervals of By sp,i-

A few observations can be made about the Monte Carlo results of the Example. Firstly, regardless
of degree of misspecification, Bn,S p has almost zero bias but very large and stable variance, while Bn P
has much smaller stable variance but rapidly increasing bias. Secondly and consequently, the normalized
MSEs of Bn p, compared to those of Bnysp, starts from a negligible level and blows up quickly off the
chart as p increases beyond 0.6. Thirdly, on the contrary, the normalized MSEs of Bmwn stay below the
unity benchmark regardless of the degree of misspecification, confirming the uniform asymptotic dominance
theory developed in Theorem m Fourthly, both the influence function and the bootstrapping approaches
lead to almost identical distributions of the averaging weights in Figure E The normalized MSEs of the
two averaging estimators in Figure m differ, but to a very small degree. Fifthly, the asymptotic distributions
based on the naive inference method with the common standard error in Figure E badly approximate the
actual Monte Carlo distributions of the averaging estimator Bn,wml for all p values. Sixthly, both naive
inference methods, with or without the robust standard error, lead to almost identical sizes and powers in
Table m, exhibiting significant size distortion (over-rejection). The two-step inference method, on the other
hand, controls the size well and possesses decent powers. Finally, although the confidence interval based on
Bn@n with the two-step method is much longer than that based on Bms p with the common standard error,
the two display comparable powers.

Figure E and Table m only present the Monte Carlo results for 51, the first coordinate of 5. Similar results
for the other three coordinates are reported in Figures @ - @ and Tables @ - @ in Appendix E

33] thank an anonymous referee for suggesting plotting this and the distributions of the averaging weights.
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6 Conclusion

This paper studies the two step M estimation of a finite dimensional parameter in a semiparametric model
which contains a potentially infinite dimensional first step nuisance parameter. I present an averaging
estimator that combines a semiparametric estimator based on nonparametric first step and a parametric
estimator which imposes parametric restrictions on the first step, where the averaging weight is the sample
analog of an infeasible optimal weight that minimizes quadratic risk functions. Using a uniform asymptotic
framework, I show that under mild sufficient conditions, the asymptotic lower bound of the truncated
quadratic risk differences between the averaging estimator and the semiparametric estimator is strictly less
than zero under a class of DGPs that includes both correct specification and misspecification of the parametric
restrictions, and the asymptotic upper bound is weakly less than zero. Easy-to-implement computation and
inference methods of this averaging estimator, along with its uniform dominance property, are demonstrated

in a widely used example.
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Figure 2: Distributions of the

(a) Correct (p = 0): Distribution of Bn,wn,l

True vs. Naive Distribution of fus,.1, Correct Specification (p = 0, n = 1000)
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(e) Misspecification (p = 0.8): Distribution of Bn,wn,l
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1%t Coordinate of Bn@n for the Example

(b) Misspecification (p = 0.2): Distribution of B,,L,,;,ml
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(p = 0.6, n = 1000)

(f) Misspecification (p = 1): Distribution of Bnyl;,ml
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Notes: (1) All distributions are based on R = 10000 Monte Carlo replicates, n = 1000 sample size.

(2) Solid lines represent the distributions of the first coordinate of 3

represent the asymptotic distribution of Bn @

n,Wn

, the averaging estimator of 87 in the Example.

True vs. Naive Distribution of 3,1, Misspecification (p = 1, n = 1000)

Dashed and dotted lines both

if the naive inference method, which takes Wy, as fixed, is used. The former show such asymptotic distributions

)
for a randomly chosen MC replicate, while the later show such asymptotic distributions averaged over all MC replicates. They highlight that the naive inference

method underestimates the randomness in

Bty -

(3) See Section [ for the details of the Monte Carlo experiments.
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Figure 3: Distributions of w,, for the Example

(a) Correct (p = 0): Weight Distribution (b) Misspecification (p = 0.2): Weight Distribution
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Notes: (1) All distributions are based on R = 10000 Monte Carlo replicates.
(2) The distributions of the averaging weight sy, concentrate towards zero as p, the degree of misspecification, increase.
(3) See Section [ for the details of the Monte Carlo experiments.
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Table 1: Rejection Rates for the 15 Coordinate of £, 4, in the Example (5% Level)

p Bn,sP B oy, CI Length
Naive Naive (robust SE) Two-step CI(Bn, i)

Size Power Size Power Size Power Size Power CI(Bn,sp)
0.00 | 9.27%  34.14% 9.30%  76.25% 9.16% 76.19% 1.65% 21.60% 32.8575
0.05 | 9.44%  34.64% 11.82%  76.76% 11.63%  76.70% 1.87%  24.64% 32.8520
0.10 | 9.62%  34.05% 16.53%  75.50% 16.32%  75.45% 2.01%  28.56% 32.8761
0.15 | 9.61%  35.34% 19.23%  73.95% 19.10%  73.93% 2.00% 32.91% 32.9347
0.20 | 9.53%  35.15% 19.98%  71.49% 19.83%  71.42% 2.48%  35.41% 33.0424
0.25 9.70% 35.66% 18.85%  68.32% 18.79% 68.26% 3.00% 37.26% 33.1656
0.30 | 9.97%  34.94% 17.77%  63.83% 17.71%  63.80% 3.32%  37.64% 33.3325
0.35 | 9.25%  34.24% 16.04% 61.12% 16.01%  61.10% 3.64%  36.88% 33.4862
0.40 | 9.93%  34.98% 15.88%  59.04% 15.85%  59.05% 4.56%  37.23% 33.6567
0.45 | 9.64%  34.72% 14.43%  56.00% 14.42%  56.00% 4.80%  37.08% 33.8317
0.50 | 9.67%  35.08% 13.42%  53.69% 13.42%  53.70% 5.13% 36.88% 33.9892
0.55 | 9.51%  34.70% 12.85% 51.87% 12.81%  51.81% 519% 36.13% 34.1402
0.60 | 9.37%  34.89% 11.86%  50.27% 11.82%  50.25% 5.16%  35.60% 34.2658
0.65 | 9.72%  34.92% 12.02%  48.65% 11.99%  48.64% 5.63%  34.96% 34.4102
0.70 9.28% 34.93% 11.54%  47.40% 11.56% 47.38% 5.06% 34.69% 34.5394
0.75 | 10.08%  35.60% 12.12%  46.96% 12.08%  46.92% 6.05%  34.65% 34.6499
0.80 | 9.82%  34.53% 11.53%  45.71% 11.49%  45.71% 6.04%  33.21% 34.7484
0.85 | 9.61% 34.57% 10.94%  44.77% 10.94%  44.74% 5.96%  33.02% 34.8273
0.90 | 10.47% 34.77% 11.47%  43.99% 11.48%  43.96% 6.48%  32.98% 34.9176
0.95 | 10.23% 35.08% 11.15%  43.64% 11.14%  43.61% 6.42%  32.60% 34.9878
1.00 | 10.02%  34.44% 10.87%  42.77% 10.87%  42.75% 6.08% 32.15% 35.0498
1.05 9.89% 35.02% 10.79%  42.42% 10.79% 42.40% 5.75%  32.01% 35.1099
1.10 | 9.42%  33.73% 10.43%  41.29% 10.43%  41.20% 537% 30.17% 35.1653
1.15 | 10.18%  34.00% 10.58%  40.51% 10.58%  40.50% 6.44%  30.57% 35.2172
1.20 | 10.12%  34.70% 10.66%  41.01% 10.65%  41.02% 6.50%  31.02% 35.2588
1.25 | 9.44%  33.39% 9.93%  39.40% 9.94% 39.40% 5.86%  29.81% 35.3034
1.30 | 9.95%  35.33% 10.76%  41.24% 10.74%  41.25% 6.17% 31.11% 35.3382

Notes: (1) This table only reports the inference results for the first coordinate of [Bn W (i.e., [§n Wn 1), the averaging estimator of 81, in the Example.
The results for the other thee coordinates are reported in Tables E - E in Appendix
(2) All results are based on R = 10000 Monte Carlo replicates. The two-step inference method uses S = 1000 replicates to simulate the distribution of

Epda =01 —-wp)p sp+wppp+d in (Rid).

(3) The naive inference methods treat the averaging weight Wy, as non-random, and hence underestimate the randomness in Bn Wy Two naive methods
are reported here: the first uses the common estimators of Vp p and cov, which might be biased under misspecification (see the discussion after (B-13)
for details); and the second combines V,, p and €oup given in (BLl) and (Bd) with the robust influence function 9, p(z), which are robust under
misspecification (robust SE).

(4) The test value for the “Size” columns is 4, the true value of 81; the test value for the “Power” columns is 0.

(5) See Section [ for the details of the Monte Carlo experiments.
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Appendix A Proof of the Theorems

Proof of Lemma a

Proof. Part (i). Note that ‘A/n,s P, \7n p and cov,, are consistent estimators of Vrsp, Vr p and covp, respec-
tively, then the result in part (i) follows by Condition E(l) and the continuous mapping theorem.

Part (ii). Because the probability limits of ‘7n7sp, ‘A/mp and ¢éov,, are finite and ||n'/2(3, p — Bn,SP)H AN
00, one has w, 2500 by the continuous mapping theorem. This, combined with the Slutsky’s theorem,
implies that nl/g(ﬁn,wn — BF) A Ersp.

]

The following notation will be used in the proofs. C and s are generic symbols for positive constants
that might take different values at each appearance. For any upq € U Ul (defined in () - ()) and

any positive finite ¢, define

Re(up,a) = Ep (min {r spTérsp,C}), (A1)
_ E in<& Yépa, , if ||d]| < i.e., eu),
e "
Ep (min {SF’SPTSF,SP,C}) , it d|| = oo (ie., upg € Uso),
r¢(upa) = R¢(upa) — Re(ur.a) (A3)
[ B (minf€p T€ra ¢} - min{espTersp,C}) i | < o0 (e, upa €U), 84
07 if Hd” =00 (i'e'7 UFp,d € uoo)v
¢! - et . .
rumd) = Ep (ngdTgF,d fF’SPTfF,SP> L if [ld]| < oo (ie., upq € U), 45)
0, if ||d|| = oo (ie., up g € Uso).
Note that r(up,q) in (@) coincides with what is defined in () For any positive finite ¢, define
AsyRTC (Bn,mn, Bn,SP) = lim sup RiDn(Bn,ﬁmv Bn,SP; C)
n—oo
= lim sup sup ]EF[EC(B’H,,’@”7BF) - Z((Bn,SPa Br)l, (A.6)
n—oo FeF
ASy@((Bn,zbna Bn,SP) = l%nnigf @n(én,wna Bn,SP; C)
= liminf inf Bpllc(Bna,, Br) — bc(Bn.sp. Br)); (A7)
where RTn (Bn,wnzémsp; C) and @n (Bnﬂf)naﬁn,S’P; C) are defined in (@) and (@)
Lemma A.1. Suppose Conditions B - B hold. Then
AsyRiDg(Bn,u;n, Bmgp) S max{ Supu Tc(uRd), O} 3 (A8)
UFR,d€
ASURD o) 2 win | int re(ura), 0}, (A9)

Proof. First I prove inequality (@) By the definition of supremum and the definition of AsyRD; (Bn@n,
B»,MSP) in (@), there exists a sequence of DGPs, denoted by {F), },en, such that

AsyRD¢ (B, Bn.sp) = limsup Eg, [0c(Bn.a, Br,) — e (Bn.sp, BE,)]-

n— oo
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The real sequence {Er, [€¢(Bn.as Br,) — £c(Bn.sp, BF, )| }nen itself may not be convergent, but by the
definition of limsup, there exists a subsequence of {n},ecn, denoted by {p, }nen, such that the correspond-
ing real subsequence {Ef, [EC(BA”@”,BFM) - g((,émsp,ﬁppn )] }nen is convergent. Let {F),, }nen denote the
subsequence of DGPs corresponding to {p, }nen, then

AsyRD¢ (B, Brsp) = lim Ep,, [6c(Buon BF,, ) — Lc(Busp, Br,, ). (A.10)
Now consider the sequence of k-dimensional vectors {p}/zéppn }nen, and let {p,ll/26ppn nen (t=1,...,k)

denote their ¢th components. For ¢ = 1, one has either (i) limsup,,_, ., |p,1/26Fpn,L| < 00, or (ii) limsup,,
1/2
/%6
some d, € R, by the definition of limsup. For case (ii), there exists some subsequence {p, , }nen such that
1/2
Pn 5F

Pn,uo

. . 1/2
F,, .| = oo. For case (i), there exists some subsequence {p;, , }nen such that pn{L dp, . — d, for

, — 00 or —oo, by the definition of limsup. In both cases, therefore, there exists some subsequence
{Pn,. }nen such that pi{?éppmw — d, for some d, € R,. Since k is finite, one can sequentially apply the same
argument to all components ¢ = 2, ...,k and let the resulting subsequence be denoted by {pp i }nen. So far I
have shown that pi{iéppn‘k — d for some d € R¥_. Then we consider {S(F}, ,)}nen, the sequence of nuisance
parameter vectors in S induced by DGPs {F}, , }nen. {S(Fp, ,)}nen itself may not be convergent, but since
S is compact by Condition E(i)7 then there exists a convergent subsequence, denoted by {S(Fp: ) }nen, such
that S(Fp:) — s* with s* € S. Moreover, by Condition E(ii), there exists a DGP F* in F such that
S(F*) = s*. As a result, I have shown that there exists some subsequence {p% }nen of {pn }nen such that

*
n

pzl/Q(SFp;L — d for some d € R and S(F},;) — S(F™) for some F* € F. (A-11)

Note that for any subsequence of {p,, }nen, the limit of the right hand side in () remains the same, which
implies

AsyRD¢ (B, Pn,sP) = Jim Ep,. [lc(Bron BE,: ) = Lc(Bn,sp, B, )]- (A.12)

The definition of £(5,, 3) in (@) and of £¢(f,, ) in (@), as well as (@) suggest that in order to prove

(@), one needs to link the right hand side of () with R¢(upq) and Re(upq) defined in (@) and (@)
First consider the case where ||d|| < oo in () By Condition E(l) and Lemma ﬂ(i),

* A d. * 3 d, g
P (Basp — BF,.) — &rsp and Pi2(Bnw, — Br,- ) — Epa,

Pn

which combined with the continuous mapping theorem implies that
5 d. 5 d. 7 =
U(Bn,sp: Br,, ) — ErspYersp and U(Bnw,, BF,, ) — EpaYEra-

Since T is positive semi-definite, 5% spY&rsp and 5}; 4YEr 4 are both nonnegative. Note that the function
f(x) = min{x, ¢} is a bounded continuous function of z > 0 for fixed positive . Applying the Portmanteau
lemma (e.g., Lemma 2.2 in |Van der Vaartl, lZOOd) and invoking (@) and (@), one gets

Er,, [tc(Busp.Br,, )| = Belup-a) and Br, [c(Bui,. B, )| = Re(ur-.a). (A.13)
Then consider the case where ||d|| = oo in () By Condition E(ii) and Lemma m(ii),

" - d. * A d.
P *(Busp — Br,.) — &rsp and P (B, — Br,.) — Epsp.

Using the same argument, one also gets () in this case. Combine (@), (|A.1j) and (|A.13i), one can
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unify the two cases and write

k
00

AsyRD¢ (B, Bn.sp) = r¢(up~.4), for some F* € F and some d € R

gmax{ sup r¢(upq), sup TC(UF,d)}

uF,dEu ’U.F,dGZ/foo

=max{ sup r¢(urq),0p.
uF,a €U

This proves (@)

The proof of (@) follows the same argument and hence is omitted here. ]

Lemma A.2. Suppose Conditions H - B hold. Then

AsyRD¢(Buo, - Bo,sp) > max{ sup r,;(up,d),o}, (A.14)
up,d €U

AsyRDC(Bn,wn, Bn.sp) < min{ inf.E re(up,q), 0} . (A.15)
UFp,d

Proof. First I prove inequality () By the definition of U in (), ld]] < co and ép = 0 for any F € F
such that upqg € U. For any urq € U, let N, denote the smallest n such that n*1/2|\d|| < €p, where ep
satisfies Condition E(u) Then by Condition E(ii), for each n > N,,., there is an F,, € F with §p, = n~1/2d
and ||S(F,) — S(F)|| < n="/2C||d||* for some C, > 0. For each n < N,,., let F,, = F. Thus, a sequence of
DGPs {F,, }nen in F satisfying n'/20g, — d and S(F,) — S(F) is constructed for any uz g4 € U. Recalling
the definition of S(F) in ()7 this immediately implies that for such {F), }nen,

nl/Qépn —de Rk, VFn,SP — va’sp7 COVF, — COVUF, and VFn,P — VF’p. (A16)

The real sequence {Eg, [(c(Bn.a, > BF,) — Lc(Bn.sp, Br, )] Jnen that corresponds to {F),},en may not be con-
vergent, but by the definition of lim sup, there exist a subsequence {p, }nen of {n},en such that the corre-

sponding real sequence {Ep, [ﬁg(ﬁnywn,ﬂppn) -l (Bn’sp, BE, )}nen is convergent and

nh_{lgo Er,, [¢ (B, BF,, ) — 0c(Bnsps Br,, )] = limsup Ep, [0c (B, BE,) — Le(Bn.sps Br,)]- (A.17)

n—oo

Since {pn }nen is a subsequence of {n}nen, () implies that
nl/zdppn —deRF, V. .sp = VFsp, covp, — covr, and Vg, p — Vg p. (A.18)
Combined with Condition E(l) and Lemma m(i), this implies that
pe/*(Bn,sp — Br,.) s ¢psp, and p/* (B, — BE,, ) s Era,
which, combined with the continuous mapping theorem, in turn implies that

nli_gioEFpn [Q(Bn,SPﬂFpn )} = R¢(up,q), and n11_>120 Er,, [&(Bn,w",ﬁ@n)} = Re(up,q). (A.19)

This, combined with (), the definition of AsyRD, (Bn7u}",Bn7sp) in (@), the definition of supremum
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and the definition of r(upq) in (@), implies that for any urq € U,

AsyRD¢ (B, Bn.sp) > limsup Eg, [Uc(Bn.on > B, ) — e (Bn.sp, BE,)] = r(ur.a),
n—oo

which further implies that

AsyRiDg(ﬁAmuﬂ,n,Bn,Sp)Z sup 7(upq)- (A.20)
’u.F,dGZ/{

On the other hand, by the definition of U, in (), for any up g € Uso, ||d|] = 0o and either (i) dp =0
or (ii) ||0F|| > 0. For case (i), let I be a k x 1 vector of ones and let N, denote the smallest n such
that n=1/4||T,||'/2 = n=1/4k'/? < €p, where ep satisfies Condition E(n) Then by Condition E(ii), for each
n > N, there is an F,, € F with 6, = n~ Y4l and ||S(F,) — S(F)|| < Cn~"/*k"*/? for some C,x > 0. For
each n < N, let F,, = F. For case (ii), let F;, = F for n = 1,2,.... Thus, a sequence of DGPs {F}, }s.en
in F satisfying n'/20p, — o0, 0p, — F and S(F,) — S(F) is constructed for any up g € Us,, regardless of
whether 0 = 0 or ||6r|| > 0. Recalling the definition of S(F) in ()7 this immediately implies that for
such {F, }nen,

Hn1/25Fn|| — 00, Vg, .sp = Vi gp, covp, — covp, and Vg, p — Vi p.

Then similar argument used to show (IA_17|) - (M) can be applied to show that there exists a subsequence
{Pn}nen of {n}nen such that (|A17|) and (|A1d) are satisfied, with the help of Condition E(ii) and Lemma
m(ii). Combining this with the definition of AsyRD¢ (B ., Bn.sp) in (@), the definition of supremum and
the definition of r(upq) in (@)7 implies that for any urq € Uoo,

AsyRD(Bn i, Bn.sp) = limsupEr, [bc(Bn.o,., Br,) — Lc(Bn,sp, Br, )] = 0. (A.21)
n— oo
() immediately follows inequalities (|Z2< l) and (lKZ ).
The proof of () follows the same argument and hence is omitted here. u

Lemma A.3. Suppose: (i) Conditionslj - E hold; (i) tr(Ar) > 0 and tr(Br) > 0, with Ap and Br defined
in () Then

sup E [(fhsprF,SP)Q] <C, (A.22)
up q€U
sup E [(f_%,d'ff_p,d)ﬂ <C. (A.23)
up,q€U

Proof. For any F € F, since {psp ~ N (Okx1, Ve sp) by Condition E, one gets
d.
ErspYérsp = Z/V;,/;PTV;,/;PZ’

where Z ~ N (Ogx1, Ikxk). By Condition E(i), and because T is a fixed matrix, there exists some constant
C such that

sup pua (2 VASTVHERZ) < C.
FeF

This implies that

sup E {(g%,SPrgF,SP)2:| < sSup p?nax (Z/V}«{,/S?PTVF{/S?PZ) ’ E[(Z,Z)2] < Ca

ur,q€U up €U

where the second inequality holds because Z ~ N (Ogx1, Ikxx) and that Vi gp does not depend on d. This
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proves (JA.22).
By the definition of {r 4 in () and that of & in Condition (i), the Cauchy-Schwarz inequality and
the simple inequality 2|ab| < a? + b2 for any real numbers a and b, one gets

EraYera < 25 spYepsp + 20 (Epp +d—Epsp) Y (Epp +d—Epsp)

= %} gp Tersp + 2wh (€ +d) D (& +d), (A.24)

where
DE[ —Ik Ik ]/T[ —Ik Ik ], and JE (lek,d/)/. (A25)

Combine () and the simple inequality (a + b)? < 2(a? + b?) for any real numbers a and b, one gets
c -2 2 = 2\’ - NE
(§aYEra)” <8 (EhspLérsr) +8 {w% (ér+d) D (ér+ d)}
2
- N -
<C+8 [UPF (gF + d) D (gF + d)} 7 (A.26)

where the second inequality is by (J]A.22). By the definitions of wp in () and that of Ap and Bp in (4.13),
one has

ir(AR)? (& +d) D (& +d)

wh (€r+d) D (& +d) = / ?
(& +d) D (ér+3) {tr(BFH(gFJFJ) D(§F+J)]

< Ctr(Af)

= Ctr(YVp,sp) — Ctr(Ycovr),

where the inequality follows by tr(Az) > 0, tr(Bg) > 0 and that (£¢ 4 d)'D(Ep + d) > 0 since T is positive
semi-definite. Combined with the simple inequality (a + b)? < 2(a? 4 b?), this implies that

RN

2
E [w% (gF + d) D (fNF + J)} < 20[tr(Y Ve sp))* + 2C[tr(Ycovp)]?
< 2C[tI‘(TVF’Sp)]2 + 2C[tr(TVF’Sp)]2 <, (A27)

where the second inequality holds by Condition E(i)7 Condition E(l) and that the Cauchy-Schwarz inequality
implies covp < max{Vp gp, Vp p} for any F' € F. Together, (|A.2¢) and () imply (), since the upper
bound does not depend on F'. |
Lemma A.4. Suppose: (i) Conditionslj - E hold; (i) tr(Ar) > 0 and tr(Br) > 0, with Ap and Br defined
in () Then

lim sup |re(upq) —r(upq)l = 0. (A.28)

(—o0 upﬁdeu
Proof. First note that

sup |E [min{&s ¢ YEpa,(} — EpaYrd] |

ur,d€U

= sup |E[(¢—&rgYéra) 1{raYEra > C}]|

U, a€U
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< sup E[|¢—&ngYepal - 1{&raYEra > C}]

ur,d€U
SC SHIE)UE [H {E};ﬁd’ffp,d > C}] + SUIE)ME [(E}ﬁd’ffp’d) -1 {E}deTfp,d > C}]
<2¢"" sup E [(g%‘,dTEF,d)z] <20¢, (A.29)
up, g €U

where the first equality is by the fact that min{z,(} —x = ({ — «) - I{z > (}; the first inequality is by
the Jensen’s inequality and the fact that an indicator function is always non-negative; the second inequality
holds because ¢ > 0, E}ATEF,d > 0, and the simple inequality |a — b| < a + b for any non-negative real
numbers a and b; the third inequality holds by the Markov’s inequality;@ the fourth inequality is by ()

in Lemma @

By (A.29) in Lemma @ and the same argument, one can show that

sup |E min{¢rspYérsp,(} — ErspYersp]| < 20¢ 1. (A.30)

ur,a €U

Combining inequalities (| K.2a) and (IZ.3E1), the definitions of r¢(up,q) and r(upq) in (@) and (E), and the

triangular inequality, one gets sup,, . , ey |7¢(ur,a) — r(urqa)| < 4C¢ ~! which immediately implies (AQa) ]

Proof of Lemma E

Proof. First, combining Lemmas @ and @ gives

AsyRDC(Bn,wn, Bn)sp) = max{ sup rc(uRd),O} , (A.31)
up g€U

AsyRD :(Bn.a,, Bn,sp) = min { inf re(upa), 0} : (A.32)
UF,d

for any finite ¢ > 0. Then note that Lemma @ implies@

lim sup r¢(u = sup r(upg), and lim inf 7rq(u = inf r(upg). A.33
Jim, sup ¢(ura) S (ur,d) Jim inf c(ura) ot (ur,d) (A.33)

Moreover, note that for upq € U (defined in ()), (@) and (@) imply that r¢(upq) = r(upq) = 0.
Furthermore, since max{z,0} and min{z,0} are both continuous functions of x, the equalities in ()

remain valid after applying these continuous functions; that is,

(o0 up,a €U ur,a €U

lim max{ sup Tc(UF’d),O} :max{ sup r(up’d),O}, (A.34)

34The first term is bounded using the Chebyshev’s inequality. Using the same argument as for the Markov’s inequality, I
can show that for non-negative random variable X and a > 0, E[X - I{X > a}] < E(X?)/a, since E(X2) = E[X2 - {X >
al] +E[X? I{X < a}] > E[X?-I{X > a}] > aE[X -I{X > a}]. Applying this result to the second term gives the desired
inequality.

35This is because Lemma @ means that for Ve > 0, there exists a large enough number C' such that for all ( > C' we have
SUPy . yeu }Tc(qud) - r(uF’d)| < e. This implies that for ¢ > C and Yup g € U, we have r(up,q) — € < 7¢c(up,q) < r(up,q) + €
The two inequalities here remain holding when the sup operator is applied on the three expressions, and note that ¢ does not
vary with up 4, so for { > C, we have SUDy, . el r(up,q) —€ < SUDy . yeu re(upq) < SUDy . jeu r(up,q) + €. This in turn imme-

diately implies that for ¢ > C, we have ’suqudeu re(upg) — SUPy, . s eu r(up,q)| < € that is, lime_, o SUPy . ,eu re(upa) =

SUPy, . ,eu r(up,q). Similar relationship for the infimum can be shown using the same argument.
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lim min{ infurc(uF,d),O} :min{ inf r(uF,d),O}. (A.35)

(—o0 UF,d€ up €U

Combining (), ()7 and the definitions of AsyRiD(ﬁAnﬂ;,” , Bn,sp> in (@) and of AsyRiDc(Bn’wn , Bn,sp)
in (@) gives the result in () Combining (), (), and the definitions of AsyRD(Bn.a, ,Bn.sP)
in (@) and of ASU@g(Bn,mn, Bn.sp) in (@) gives the result in () m

Proof of Theorem m

Proof. By Lemma E, it suffices to show that sup,, c,7(urq) < 0 and inf,, ey 7(upa) < 0. By the

definition of x4 in (), one gets

E(&raYEra) =E(rspYersp) + 2Ewr(Epp + d — Ep,5p) YEr,sP)
+E[w}(épp +d—Ersp) Y(Erp +d—Erpsp)).

By the definitions of wg in () and of Ar and Bp in (), this implies that for any up 4 € U (defined
in (1.18)),

r(uF,d) = QtI(AF)JLF + [tr(AF)]2J27F, (A36)
where
J o =F [ (§rp+d—Ersp) Trsp ]
VST (B + Erp+d—_Ersp)Y(Erp +d—Ersp)
7 =F [ (rp+d—Ersp)Y(Erp +d—Ersp) ]
2= e(Br) + Erp+d——Epsp)Y(Erp +d—Ersp)?]’
Define

E=[ I I I'C[ I Opxk ], (A.37)
then J; rp and Jo g can be re-written as
(&r +d)E(ép + d)
tr(Br) + (£ + d)' D(Ep + d)
(&p +d)'D(Ep +d)
[tr(Br) + (¢p + d)'D(Ep + d)]?

Jip=E

)

Jorp=E

)

where &5 is defined in Condition E(i), and D and d are defined in ()
First consider bounding J; . Define a function ng(z) : R?* — R2* for any x € R?* as follows

T
tr(Br) + 2/Dx’

nr(z)

Its derivative (transposed) is then

0 Iy, 2Dzx’

- ! — J—
Oox i (@) tr(Bp) +2'Dx  [tr(Bp) + 2/ Dz)?’

Note that Jl,F = E[T]F(SF + d)/E(gp + d)] and tI‘(EVF) = 7tI‘[T(VFVSp — COUF)] = 7131“(141:*), where VF is
defined in Condition E(l) Applying Lemma 2 in (), which is a matrix version of the Stein’s
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lemma (Stein|, 1956) to Ji r, one gets

Jir =E |tr (ai”F(gF + J)’Ef/pﬂ
e —tr(Ap) } om tr[D(Ep + J)(g% + JZ’EVFJ
Ltr(Br) + (§¢ +d)'D(EF + d) [tr(Br) + (& + d)'D(Er + d)]?
& —trdr) } —(Cr +dVEVED(Er 4d) | g
Ltr(Br) + (&r +d)'D(EF +d) [tr(Br) + (&F + d)' D(EF + d)]?
By the definitions of Ap, D and E (in (M), (M) and (IA_37|), respectively), one has
— (p + d)'EVpD(ép + d)
=Er+d)[ Iy I 'Y (Vrsp —covp)Y] I, I |(§r +d)
pmax Y2 (Vesp — covp) Y V2| (Ep +d)'[ =1, In VY[ —Ip I, 1(§r +d)
=pmax (Ar) (€ + d)' D(Ep + d), (A.39)

where the last equality holds due to pmaX[Tl/z(Vp,Sp — covp)Y/?] = Pmax[LY(VEsp — covp)] = pmax(AF).
Combining the results in (lZ?)a) and (BBQ) gives

|: _Ntr(Af') _ _ :| pmax(AF)(NgF + ?)/D(gF + Ez)
tr(Br) + (¢r +d)'D(Er + d) [tr(Br) + (€r + d)' D(EF + d)]?
_ 2pmax(AF) — tr(AF) _ 2pmax(AF)tr(BF)

- {tr(BF) +(§r +d)'D(Er + CZJ - [[tf(BF) +(€r +d)'D(ér + CZ)]Z} .

Ji,r <E

(A.40)

Next consider bounding Jo r. By applying some algebraic operations to Js r, one gets

tr(Br) + (€ +d) D(EF + d) — tr(BF)
[tr(Br) + (£ + d)/ D(Ep + d))?

:E[ 1 ~]—E[ wBr) ] (A.41)
tr(Br) + (§F + d)'D(EF + d) [tr(Br) + (§r + d)' D(Ep + d)]?

Jop =E

Combining (|A3d), (|A4d) and (|A41]) gives

2pmax(AF) - tI'(AF) :|
tr(Bp) + (€p + d)/ D(EF + d)
2pma,~((AF)~tI‘(B}.:) _ :|
[tr(Br) + (§r +d)'D(EF + d)]?
9 1
T lr(Ar)lE [tT(BF) + (€r +d)'D(Ep + J)}
—Ttr 2 tr(Br)
(tr(4r)]E [[tl‘(BF) + (€ +d)'D(EF + CZ)P]
_E [tr(AF)[élpmfx(Alf) — tNr(AF)J} _E [tr(AF)tr(Bp)£4pma)j(Ap)~+ tr(NAF)]} '
tr(Br) + (§r + d)' D(Er + d) [tr(Br) + (£p + d) D(&F + d))?

T‘(’U,F’d) S QtF(AF)E |:

— 2r(Ap)E [

(A.42)

If tr(Ar) > 0 and tr(Bp) > 0, then pmax(Ar) > 0, and then the second term in (JA.49) will be non-positive.
If, in addition, tr(Ar) > 4pmax(Ar), then the first term in () will be non-positive. Together they imply
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7(upa) <0 for any up,g € U, which in turn implies sup,,,, ,cy r(ur,a) < 0. So, (@) holds in consequence.
If, furthermore, tr(Bp) > 0 for some F € F, then tr(Ar) > 0 and ppax(Ar) > 0, and then the second
term in (JA.42) will be strictly negative. This implies r(upq) < 0 for some up 4 € U, which in turn implies
infy, ,eur(urq) < 0. So, (@) holds in consequence.
Note that the proof here relies on Lemma E, which requires tr(Ap) > 0 and tr(Bp) > 0 as premises, so
the effective conditions are those stated in the theorem. |

Proof of Lemma E

Proof. For any given d, one has

1=z = lim Pr (VlBua, — Br) € CLay(Aald, 7))
Tim Pr (Vi(Bus, — Br) € Chay(Anld, V), d € CI_a,(d|3,7))
+ lim Pp (d ¢ CI_a, (d|f, 17))

< lim Pr (BF € Cllfa(6|67‘?)) +ay,

n—oo

IN

where the first equality holds by the way in which CI_,,(A,]|d, YA/) is constructed, the last inequality holds
by the definitions of CIl,a(BWAJ/}) in () and of CI,_q, (d|j, ‘7) in () The last inequality in turn
immediately implies the validity of () for o + as = a. Note that the validity of ({L.25) does not
depend on the value d, so the confidence interval CI;_, (8] B, ‘7) is uniformly valid regardless of the degree
of misspecification. |
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Appendix B Details on the Example - Partially Linear Model

Influence function. In this Example, the estimators are based on the objective function Q(z,3,h) =
Ly — ha(z2) — (z1 — ha(x2))'B]? where z represents the vector of all observed variables, so that Qg (8, h)
in (@) equals to Er[Q(Z, 8, h)], where the expectation is taken with regard to the data Z. The influence
function of an estimator 3, under potential misspecification of h can be derived using Theorem 3.3 of

Ichimura and Lee (2010). Borrowing their notation and noting that h does not depend on 3, one gets

A1(2) = DpQ(z,8,h) = —[y — ha(x2) — (w1 — ha(x2)) Bl(z1 — ha(x2)),
DgprQ(z, 8,h) = (z1 — ha(m2))(z1 — ha(z2))’,

V=1 c%&lﬁﬂ’/h) = DpgQ(B,h) = E[(X1 — hao(X2))(X1 — h2(X2))],
DiQ(z, B,hp)[h] = — [y — hip(22) — (21 — har(22)) Bl(h1(22) — ha(22)'B),
Ii(z) = diB,DhQ(ﬁth)[h}

= DgnQ(B, hr)[h]
= Ep[(X1 — hor(X2))'B(hi(X2) — ha(X2)'f]

T Ep[(Y — hip(X2) — (X1 — hap(X2)) B)ha(X2)]
-0,

where the last equality holds by the law of iterated expectations (i.e., first conditional on X3). By Theorem
3.3 of Ichimura and Lee (2010), the influence function of an estimator 3, is 1(z) = —V; *A;(2), which was
given in () in the main paper. Note that I';(2), the term in Ichimura and Lee (2010) that captures the
impact of first step estimation error of h on the asymptotic distribution of Bn, is zero.

Primitive conditions. For a specific model and specific estimators Bn,S p and Bn p, Conditions E and E are
straightforward to verify, and Condition E can be verified under more primitive conditions. Let || - || indicate
the Euclidean norm of a vector and let || - ||z, indicate the £ norm of a function. The following condition

is the primitive condition of Condition E for the model in the Example.

Condition E’. For the partially linear model in (@) and the estimators described in Section B, I assume
that the following condition holds for any F € F, where 0 < M < co and 7 > 0 are some generic constants.
(i) Ep{[X1 — Erp(X1|s(X1,X2))] - [X1 — Ep(X1]s(X1, X2))]'} is positive definite.
(i3) Ep{[U + s(X1, X2) — Ep(s(X1, X2)| X2)]?[X1 — Er(X1]|X2)] - [X1 — Ep(X1]X2)]'} is positive definite.
(iii) For functions s(x1,x2) and hop(x2) = Ep(X1|X2) = 23/ v2p 8 there exist dy, do, ms, 1, and ma 1, such
that ||s(z1, 22) — G (21, 22)7s 1|2, = O(L™%) and ||hap(22) — GY (22)ma 1| 2, = O(L™%) as L — oo, where

1Ruoyao Shi: Department of Economics, UC Riverside, USA. Email: ruoyao.shi@ucr.edu.
2This hop(x2) function is defined in the Example in Section E, between (@) and (), where z5 = (1,z5)".
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GL(z1,22) and GF(x3) are series basis functions of order L.
(iv) varp[Yi| X1, s(X1, X2)] < M < 00 and varp[X1|s(X1, X2)] < M.
(0) B {lI X1 — Bp[X1ls(X;, Xa)] 7} < M.
(vi) The series order L is such that L — oo, L/n — 0 and /nL=%~9 — 0 as n — 0.
(vii) The covariance function (under F) of (X1, X})" is positive definite.
(viii) B[ X1[>+7] < M and Ex[| Xal*] < M.

Condition 2/(i) is the key identification requirement of Sr. Condition 2'(i) - (vi) follow Assumption 2
and Theorem 2 in Donald and Newey (1994), which ensure the asymptotic normality of Bms’p based on
series first step. Among them, (i) and (ii) ensure that the asymptotic covariance matrix of Bmsp is well
define. (iii) implies that the nuisance functions can be approximated well by the series basis functions; (iv)
implies that they can be consistently estimated; (v) is the moment condition requires by the central limit
theorem; and (vi) gives the under-smoothing order of the series basis functions. (vii) is the key identification
requirement of Sr p, and (viii) is the usual moment condition for the asymptotic normality of Bn p based on
linear regression of Y; on (X7, Xéi)’.E

Verification of the primitive conditions. I now verify Conditions m, 2" and E for the Monte Carlo model
(EI) and the estimators used in Section E Recall that in this model,

4 4

s(x1,2) = 2501 + t(wq,22), with t(zq,29) = p Zﬂgj exp(z2;) + Z 0351225 | - (B.1)
j=1 j=1

Because the misspecified model (@) only uses x50, as s(x1,x2), p controls the degree of misspecification.
Note that for VI € F, the probability limit of the parametric least squares estimator (¢ p, B p, 01  p)’

satisfy
—1
OéF’p —Qap 1 EF(Xi) EF(Xé) Ep[t(Xl,Xg)]
Brp—PBr | = | Ep(X1) Ep(XiX)) Ep(X:1X3) Er[X1t(X1, X2)] | (B.2)
01.r.p —01,F Er(X2) Ep(X2Xi) Ep(X2X5) Ep[Xot(X1, X))

where (& p, 8% p, 0} p p)' is the pseudo-true parameter values in the misspecified model (@) and (a/r, B,
01 )" is the true parameter vector in model (@)E The joint normal distribution of (X7, X})" implies that on
the right hand side of (@), the entries of the first matrix are non-zero finite numbers, and the second vector
is proportional to p, since Ep(X;X1;X2;) and Er[X; exp(Xs;)] are both finite (I = 1,2 and j = 1,2,3,4).E
So, one gets

dp =Prp—Br=cip (B.3)

with non-zero c¢;, where the non-zero constant ¢; depends on the moments of polynomials up to the third
order and the exponential functions of (X}, X3)’. As a result, as long as the values of p contain an open
set around 0, Condition m(ii) is satisfied. Moreover, note that the nuisance function hr in Condition E(l) is

s(z1,22) and g4, in Condition E(l) is #4601, F p, then one has

lgvr — hrllc, = 2561, 7P — 01,7) — t(x1,22)|| 2, = c2lp|, for some ¢y > 0,

3The joint asymptotic normality can be shown under Condition 2’ by invoking the Cramér-Wold device (not provided here).

4In particular, ap = 0.

5The finite moments of exp(z2) can be shown using the moment generating function of the normally distributed X3. For
example, E{[exp(X2;)]?} = E[exp(2X2;)] = Mx,;(2) = exp(2p2; + 205].) < oo, with po; = 2 and a%j =0.52.



where the second equality holds due to the definition of t(x1,x2) in (@), the joint normal distribution of
(X1, X%) and (@) As a result, Condition m(l) is satisfied.

The joint normal distribution of (X7, X3)" in Section E immediately implies that Condition 2'(vii), (viii)
and the second part of (iv) are satisfied.H Moreover, the normal distribution of U and its independence from
(X1, X}) ensure (ii) and the first part of Condition 2'(iv). In addition, the definition of s(z1,x2) in (@)
shows that X7 and s(X7, X3) are not perfectly collinear, indicating that Condition 2'(i) and (v) are satisfied.
Furthermore, note that s(z1,2z2) only contains linear, quadratic and exponential functions of x; and xs (or
ha(x2) only contains linear function of x5 due to the joint normal distribution of (X1, X%)"), which are all
four times continuously differentiable functions, so Condition 2’(iii) is satisfied with ds = do = %E Given
this, one can choose L such that L — co, L/n — 0 and L?/n — oo to satisfy Condition 2’(vi).

To verify Condition E, first recall that we have dp = ¢1p with non-zero c¢1, so dr belongs to a compact
set as long as p does. Second, note that the asymptotic covariance matrices of Bn,gp and Bn p are

Visp = ofr - (Bp{[X1 — Er(X1]s(X1, X2))] - [X1 — Ep(Xa]s(X1, X2)/'D 7, (B.4)
Vep = (Ep{[X1 — Ep(X1|X2)] - [X1 — Ep(X1]X2)'}) "
(Er{[U + 5(X1, X2) = Ep(s(X1, X2)| X2)]*[X1 — Ep(X:1]X2)] - [X1 — Ep(X1|X2)]'})
(Ep{[X: - Ep(X1|X2)] - [X1 — Ep(X1|X2)D 7, (B.5)
covp = (Ep{[X1 — Ep(X1|s(X1, X2))] - [X1 — Ep(Xa]s(X1, X2)/'D 7
(Er{[U + s(X1, X2) — Ep(s(X1, X2)|X2)] - [X1 — Ep(X1|s(X1, X2))]'})

(Ep{[X1 - Er(X:1|X0)] - [X1 — Er(X1 | X2)] D)7, (B.6)

where 0, = Ep(U?). Given the specification in (@) (reiterated in (@)) and the joint normal distribution
of (X1, X%)" in Section [, the following points can be verified.

1. hop p(-) = Ep(X1]|X2) defined before () is a 4 x 1 vector-valued linear function of x5 that does not
depend on p; in particular, its jth component is hop p j(22) = Ep(X1;|Xe = z2) = 0.4+ 0.2 Z?:l Ta
for j = 1,2,3, 4.

2. Note that once the values of exp(Xy;) and X1;X5; (j = 1,2,3,4) are fixed, then so are the values of
Xi; and Xo; (§ =1,2,3,4); and vice versa. For this reason, the function hop(-) = Ep(X:|s(X1, X2)) =
Er(X1| X2, X11X21, X12X22, X13X23, X14X24) defined before (@) does not depend on p, although its
functional form is difficult to obtain and hence is omitted here.

3. By the specification in (EI), we have
4
s(X1, X2) — Ep(s(X1, X2)|X2) = p Y 03;X0[X1; — Ep(X1;|X2)] = Cap, (B.7)
j=1
where C3 is a random variable that depends on X; and X5.

Point 2 immediately implies that V¢ gp in (@) equals to

Vesp = oy - Br(WrspWhgp)] ™,

SNote that conditional variance is bounded above by unconditional variance.
7s(x1,x2) is four times continuously differentiable and has eight arguments, so by the discussion that follows Assumption 3
in Newey (1997), ﬁ =%= % Similarly, ha(x2) is twice continuously differentiable and has four arguments, so da = 2 = 1.
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8See Footnote 1| for details on Ep(X1|s(X1, X2)).



with Wpsp = X1 — Ep(X1]X2, X11X21, X12X02, X13X03, X14X04), (B.8)
which does not depend on p. Points 1 - 3 together imply that Vg p in (@) equals to

Vip = [Br(WepWi p)| ' - {Er[(U + Cop)* Wi, pWg pl} - [Er(WrpWr p)]
with WF,p = X1 — EF(X1|X2), (Bg)

which is a quadratic function of p. Similarly, one can show that covp in (@) is a linear function of p. In
summary, S(F) defined in () is a quadratic function of p; that is, for F' € F such that dp = c;p, there
exist some fixed vectors ca, ¢5 and cg such that S (F) = ¢4+ c5p + cgp?. This has two implications. First, as
long as p takes values from a compact set, so does S(F’) defined in (), satisfying Condition E(l) Second,
Condition E(ii) is satisfied with k = 2, e = 1 and C' being some constant depending on cg4, ¢5 and ¢g but
not p.

Verification of Vpsp > Vi p in Condition E(l) In the paragraph that follows Condition E, I provided
intuition for Vr gp > Vp p using the semiparametric efficiency bound and the Le Cam’s Third Lemma. For
a specific model, however, this result can often be verified directly. In what follows, I will use (@) and
(@) to verify it for the Example in Section E and the parameterization in Section E

Recall that in (B.3) we show that p = 8p p—[F = c1p with non-zero ¢;. Also recall that the presumption
of Condition E(l) is ||d|| < oo withn'/26z — d, then any sequence p,, of p values considered here satisfies p,, =
% = O(n~%/2). Moreover, U is independent of Wg p due to the independence between U and (X}, X3)'.
These together imply that in the scenario of Condition E(i), Ve p in (@) equals to of; - [Ep(We pWi p)] "
Comparing it with (@)7 it is obvious that IEF(WF’SPWI’;’SP) < EF(WF’pWI’J,P) since W sp conditions on
more variables. This further implies that Vg sp > Vi p.

More Monte Carlo results. This subsection reports Monte Carlo results for the second, the third and
the fourth coordinates of 8 (i.e., B2, B3 and B4). Similar results for i, the first coordinate of S, is reported
in Figure E and Table m in Section §.

Figures - plot the Monte Carlo distributions of the averaging estimator Bn,ﬁ)n (thick solid lines)
for different p values. Figure @ is for 8o, Figure @ is for B3 and Figure @ is for B4. In the same figures,
the normal distribution based on the naive inference method with the naive standard error are represented
by the thick dashed lines (one randomly chosen Monte Carlo replicate) and dotted lines (averaged over
all Monte Carlo replicates), respectively. It is obvious that the naive inference method underestimates the
randomness in the averaging estimators Bn@ng, Bmwmg and B,WHA, since it treats the averaging weight w,,
as non-random.

Tables @ - @ report for different p values the rejection rates of Bn’sp with the common standard
error and those of an with both the naive and the two-step inference methods (S = 1000 random draws
in the second step). Table @ is for By, Table @ is for B3 and Table @ is for B4. I consider two
naive inference methods for Bn@n. The “Naive” one uses the common estimators of Vg p and covp when
computing the standard error, but they can be biased under misspecification (recall the discussion after
() for details). The “Naive (robust SE)” one uses the robust influence function t,, p(z), which is robust
under misspecification, and () - () when computing the standard error. For the “Size” columns, the
test value is the true value of the coordinate (i.e., 3 for Bs, 2 for 83 and 1 for 84); for the “Power” columns, the
test value is 0. Table @ - @ also report the average ratios between the lengths of the two-step confidence
intervals of Bn’mn and of the standard confidence intervals of Bn’s p.

All these results are categorically similar to those for ;.



Figure B.1: Distributions of the 2"¢ Coordinate of Bm;,n for the Example

(a) Correct (p = 0): Distribution of B,,L,,sz

True vs. Naive Distribution of fus,.2, Correct Specification (p = 0, n = 1000)

(b) Misspecification (p = 0.2): Distribution of B,,L,,;,mz

True vs. Naive Di

ion (p = 0.2, n = 1000)
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(C) Misspecification (p = 0.4): Distribution of En@n,g

True vs. Naive Di

Of s, 20 Mi

(p = 0.4, n = 1000)

(d) Misspecification (p = 0.6): Distribution of Bnﬂ;,nyg

True vs. Naive Di

(p = 0.6, n = 1000)

Of [, 2, Mi
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(e) Misspecification (p = 0.8): Distribution of Bﬁnﬁwmz

True vs. Naive Distribution of 3., 2, Misspecification (p = 0.8, n = 1000)

(f) Misspecification (p = 1): Distribution of Bn,u’rn,2

True vs. Naive Distribution of 3,2, Misspecification (p = 1, n = 1000)
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Notes: (1) All distributions are based on R = 10000 Monte Carlo replicates, n = 1000 sample size.

(2) Black solid lines represent the distributions of the first coordinate of B’n,ﬁ/n> the averaging estimator of 81 in the Example. Teal dashed and dotted
lines both represent the asymptotic distribution of én.ﬁ; if the naive inference method, which takes Wy as fixed, is used. The former show such asymptotic
distributions for a randomly chosen MC replicate, while the later show such asymptotic distributions averaged over all MC replicates. They highlight that
the naive inference method underestimates the randomness in B"l-,ﬁ’n'

(3) See Section [ for the details of the Monte Carlo experiments.



Figure B.2: Distributions of the 3"¢ Coordinate of Bn@n for the Example

(a) Correct (p = 0): Distribution of By 4, ,3 (b) Misspecification (p = 0.2): Distribution of By 4, ,3
935 True vs: Naive Distribution of fs, s, Correct Specification (o = 0, n = 1000) 035, True vs. Naive Distribution of fus, s, Misspecification () = 0.2, n = 1000)
Kernel density of /i Kernel density of s
= = Naive distribution of 3 (random) = = Naive distribution of 3a (random)
Naive distribution of J; (MC mean) Naive distribution of A (MC mean)
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(C) Misspecification (p = 0.4): Distribution of 3, 4,3 (d) Misspecification (p = 0.6): Distribution of By 4, ,3
035 True vs. Naive Distribution of fy, 3, Mi i ion (p = 0.4, n = 1000) 05 True vs. Naive Distribution of (., 3, Mi i jon (p = 0.6, n = 1000)
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(e) Misspecification (p = 0.8): Distribution of S, ., ,3 (f) Misspecification (p = 1): Distribution of 3y, 4,3
05 True vs. Naive Distribution of fus, s, Misspecification (p = 0.8, n = 1000) o, True vs. Naive Distribution of s, Misspecification (= 1, n = 1000)
e Kernel density of 3 Kernel density of 3;
= = Naive distribution of J; (random) = = Naive distribution of 3; (random)
Naive distribution of i (MC mean) aive distribution of 3 (MC mean)
03} True By 03t True By
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Notes: (1) All distributions are based on R = 10000 Monte Carlo replicates, n = 1000 sample size.
(2) Black solid lines represent the distributions of the first coordinate of Bn W the averaging estimator of 81 in the Example. Teal dashed and dotted

lines both represent the asymptotic distribution of én.ﬁ;

if the naive inference method, which takes Wy as fixed, is used. The former show such asymptotic

distributions for a randomly chosen MC replicate, while the later show such asymptotic distributions averaged over all MC replicates. They highlight that
the naive inference method underestimates the randomness in Bﬂ-ﬁ’n'
(3) See Section [ for the details of the Monte Carlo experiments.



Figure B.3: Distributions of the 4*"* Coordinate of Bn,ﬁ,n for the Example

(a) Correct (p = 0): Distribution of Bn,wnA

(b) Misspecification (p = 0.2): Distribution of B,,L,uymz;

True vs. Naive Distribution of 5,4, 4, Correct Specification (p = 0, n = 1000) True vs. Naive Distribution of fu, 1, Mi ion (p = 0.2, n = 1000)
035 - 0.35 -
Kernel density of /i Kernel density of s
= = Naive distribution of 3 (random) = = Naive distribution of 3a (random)
Naive distribution of J; (MC mean) Naive distribution of 4 (MC mean)
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(C) Misspecification (p = 0.4): Distribution of Bnﬂbn,zl

True vs. Naive Di

of Buw,.4s Mi (p = 0.4, n = 1000)

(d) Misspecification (p = 0.6): Distribution of Bnﬂ;,n,‘;

True vs. Naive Di

of Buw,.4s Mi (p = 0.6, n = 1000)
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(e) Misspecification (p = 0.8): Distribution of Bnﬁwn#;

035 035 -
——— Kemnel density of {; Kernel density of 3
= = Naive distribution of 4 (random) = = Naive distribution of f; (random)
Naive distribution of 5 (MC mean) aive distribution of i (MC mean)
03 True Ay 03 True By
025 025 -

True vs. Naive Distribution of 3., 4, Misspecification (p = 0.8, n = 1000)

(f) Misspecification (p = 1): Distribution of Bn,u’rn,4

True vs. Naive Distribution of 3,4, Misspecification (p = 1, n = 1000)

Notes: (1) All distributions are based on R = 10000 Monte Carlo replicates, n = 1000 sample size.

(2) Black solid lines represent the distributions of the first coordinate of B’n W ? the averaging estimator of 81 in the Example. Teal dashed and dotted
lines both represent the asymptotic distribution of én.ﬁ; if the naive inference method, which takes Wy as fixed, is used. The former show such asymptotic
distributions for a randomly chosen MC replicate, while the later show such asymptotic distributions averaged over all MC replicates. They highlight that
the naive inference method underestimates the randomness in Bﬂ-ﬁ’n'

(3) See Section [ for the details of the Monte Carlo experiments.



Table B.1: Rejection Rates for the 2"¢ Coordinate of Bn,wn in the Example (5% Level)

p Bn,spP By CI Length
Naive Naive (robust SE) Two-step CI(Bn,iy,)

Size Power Size Power Size Power Size Power CI(Bn,sp)
0.00 9.19% 24.71% 9.20% 64.11% 9.10% 63.93% 1.55% 10.96% 33.1069
0.05 | 10.03%  25.49% 13.89%  66.46% 13.60%  66.38% 1.73%  14.32% 33.1784
0.10 | 9.36%  23.99% 18.18%  65.45% 17.99%  65.38% 1.77%  16.07% 33.2881
0.15 | 894%  24.48% 21.56%  63.96% 21.39%  63.89% 2.01%  18.84% 33.4046
0.20 | 9.80% 24.67% 22.22%  61.40% 22.06%  61.36% 2.48%  22.26% 33.5380
0.25 | 9.34%  24.71% 21.00%  58.04% 20.96%  57.98% 2.86%  23.80% 33.6886
0.30 | 9.93%  24.78% 20.19%  53.85% 20.10%  53.83% 3.67%  25.05% 33.8610
0.35 9.56% 24.86% 19.26%  51.33% 19.21% 51.24% 4.08%  26.55% 33.9920
0.40 | 9.85%  25.03% 17.26%  48.73% 17.21%  48.71% 4.711%  26.65% 34.1516
0.45 | 9.11%  23.67% 15.68%  44.38% 15.67%  44.35% 4.92%  25.28% 34.2996
0.50 | 9.99%  24.93% 15.83%  43.27% 15.79%  43.22% 5.67%  26.60% 34.4368
0.55 | 9.95%  24.79% 14.70%  41.33% 14.65%  41.29% 5.54%  26.01% 34.5620
0.60 | 9.43%  24.07% 13.32%  39.86% 13.32%  39.80% 557%  25.21% 34.6631
0.65 | 9.64%  24.30% 12.89%  37.71% 12.88%  37.73% 6.00%  24.58% 34.7839
0.70 9.74% 24.48% 13.03%  36.81% 13.04% 36.81% 6.25%  24.56% 34.8843
0.75 | 9.68%  24.40% 12.19%  35.12% 12.15%  35.11% 6.10% 23.76% 34.9779
0.80 | 10.40%  24.34% 12.28%  34.57% 12.28%  34.56% 6.40%  23.90% 35.0621
0.85 | 9.94%  24.49% 11.89%  34.28% 11.89%  34.28% 6.40%  23.52% 35.1280
0.90 | 9.93%  24.92% 11.90%  33.84% 11.88%  33.82% 6.41%  23.66% 35.2114
0.95 | 9.93%  24.16% 11.43%  32.50% 11.42%  32.52% 6.31%  22.65% 35.2659
1.00 | 9.69%  24.71% 11.30%  32.19% 11.30%  32.18% 6.24%  22.80% 35.3216
1.05 | 9.98%  25.03% 11.41%  32.58% 11.41%  32.55% 6.43%  22.92% 35.3794
1.10 | 10.46% 24.29% 11.98%  31.07% 11.98%  31.05% 6.75%  21.94% 35.4232
1.15 9.80% 24.67% 10.98%  31.84% 10.95% 31.85% 6.59% 22.27% 35.4762
1.20 | 10.11%  24.46% 10.77%  30.80% 10.77%  30.79% 6.23%  21.67% 35.5112
1.25 | 10.22%  23.85% 11.30%  29.97% 11.30%  29.96% 6.68% 21.26% 35.5386
1.30 | 10.43% 24.41% 11.34%  30.03% 11.33%  30.02% 6.41%  21.53% 35.5749

Notes: (1) This table reports the inference results for the second coordinates of f,, ;. , the averaging estimator of 1, in the Example.

(2) All results are based on R = 10000 Monte Carlo replicates. The two-step inference method uses S = 1000 replicates to simulate the distribution of
fpa=0—-wp)psp +wpEpp+d in @1,

(3) The naive inference methods treat the averaging weight Wy as non-random, and hence underestimate the randomness in B"ﬂ—f}n' Two naive methods
are reported here: the first uses the common estimators of Vi p and cov o, which might be biased under misspecification (see the discussion after (B13)
for details); and the second combines V,, p and Govp given in (BL]) and (BZ1d) with the robust influence function 4,, p(z), which are robust under

misspecification (robust SE).
(4) The test value for the “Size” columns is 3, the true value of Bo; the test value for the “Power” columns is 0.

(5) See Section [] for the details of the Monte Carlo experiments.



Table B.2: Rejection Rates for the 3¢ Coordinate of ann in the Example (5% Level)

p Bn,spP By CI Length
Naive Naive (robust SE) Two-step CI(Bn,iy,)

Size Power Size Power Size Power Size Power CI(Bn,sp)
0.00 9.35% 16.49% 9.42% 46.84% 9.22% 46.65% 1.80% 6.06% 31.8093
0.05 | 9.69% 16.52% 14.45%  52.31% 14.17%  52.17% 1.93%  8.16% 31.8198
0.10 | 9.49% 16.33% 20.92%  53.27% 20.61%  53.14% 2.20%  10.44% 31.8614
0.15 | 10.07% 16.77% 25.42%  52.54% 25.21%  52.52% 2.78%  13.99% 31.9477
0.20 | 9.63% 17.04% 25.25%  50.24% 25.09%  50.21% 3.20% 17.46% 31.0517
0.25 | 9.65% 17.02% 23.98%  47.67% 23.86%  47.65% 4.42%  20.00% 32.1615
0.30 | 10.15% 16.74% 22.78%  43.62% 22.56%  43.59% 5.70%  20.86% 32.3306
0.35 9.61% 16.22% 20.77%  40.84% 20.76% 40.77% 6.25%  21.78% 32.4561
0.40 | 9.90% 16.80% 19.42%  38.84% 19.35%  38.83% 7.05%  23.04% 32.6202
0.45 | 10.06% 16.79% 18.22%  35.95% 18.20%  35.87% 7.97%  22.56% 32.7834
0.50 | 10.25% 15.83% 16.34%  32.80% 16.28%  32.77% 7.711%  21.51% 32.9379
0.55 | 9.89% 16.35% 15.58%  31.71% 15.56%  31.67% 8.12%  21.49% 33.0857
0.60 | 10.37%  16.99% 15.40%  30.73% 15.35%  30.74% 8.68%  21.88% 33.2150
0.65 | 9.91% 16.83% 14.31%  29.00% 14.30%  29.00% 8.37%  20.75% 33.3506
0.70 | 10.14% 17.00% 13.90%  28.56% 13.86% 28.51% 8.43%  20.84% 33.4695
0.75 | 9.46% 16.54% 12.88%  26.52% 12.87%  26.50% 8.05%  19.66% 33.5899
0.80 | 10.62%  17.09% 13.44%  26.64% 13.42%  26.60% 8.71%  20.37% 33.6846
0.85 | 9.89% 16.79% 12.35%  25.31% 12.35%  25.31% 8.06%  19.32% 33.7756
0.90 | 10.71% 17.31% 12.88%  25.08% 12.87%  25.10% 8.72%  19.34% 33.8567
0.95 | 10.64% 16.45% 12.50%  23.82% 12.49%  23.81% 8.11%  18.27% 33.9313
1.00 | 10.08% 16.81% 12.13%  23.45% 12.12%  23.44% 8.02% 18.17% 33.9944
1.05 | 10.93% 16.74% 12.61%  23.32% 12.61%  23.30% 8.63% 18.13% 34.0518
1.10 | 10.58% 17.66% 12.37%  23.85% 12.36%  23.84% 8.58%  18.72% 34.1105
1.15 10.69% 17.19% 12.31%  22.54% 12.32% 22.53% 8.35% 18.01% 34.1666
1.20 | 10.91% 17.07% 12.18%  22.46% 12.17% 22.41% 8.71% 17.61% 34.2091
1.25 | 11.08% 17.57% 12.51%  22.91% 12.52%  22.93% 8.63%  17.98% 34.2507
1.30 | 11.08% 17.38% 12.50%  21.84% 12.49%  21.86% 8.75%  17.59% 34.2906

Notes: (1) This table reports the inference results for the third coordinates of 3,, 4, , the averaging estimator of 81, in the Example.

(2) All results are based on R = 10000 Monte Carlo replicates. The two-step inference method uses S = 1000 replicates to simulate the distribution of
fpa=0—-wp)psp +wpEpp+d in @1,

(3) The naive inference methods treat the averaging weight Wy as non-random, and hence underestimate the randomness in B"ﬂ—f}n' Two naive methods
are reported here: the first uses the common estimators of Vi p and cov o, which might be biased under misspecification (see the discussion after (B13)
for details); and the second combines V,, p and Govp given in (BL]) and (BZ1d) with the robust influence function 4,, p(z), which are robust under

misspecification (robust SE).
(4) The test value for the “Size” columns is 2, the true value of B3; the test value for the “Power” columns is 0.

(5) See Section [] for the details of the Monte Carlo experiments.



Table B.3: Rejection Rates for the 4" Coordinate of Bnﬂ@n in the Example (5% Level)

p Bn,spP By CI Length
Naive Naive (robust SE) Two-step CI(Bn,iy,)

Size Power Size Power Size Power Size Power CI(Bn,sp)
0.00 | 10.25% 11.89% 10.34%  24.59% 10.19% 24.24% 1.61% 2.57% 33.1842
0.05 | 9.75% 11.86% 15.86%  34.95% 15.67%  34.70% 2.00%  3.43% 33.1979
0.10 | 9.60% 11.69% 23.23%  38.97% 23.00%  38.78% 1.97%  4.47% 33.2342
0.15 | 9.61% 11.45% 27.28%  40.30% 27.13%  40.29% 2.58% 5.88% 33.2914
0.20 | 9.26% 11.05% 27.23%  39.53% 27.16%  39.41% 3.19%  8.01% 33.3738
0.25 | 9.52% 11.28% 26.18%  36.56% 26.08%  36.48% 4.38%  10.66% 33.4788
0.30 | 10.48% 11.81% 25.09%  34.94% 25.09%  34.85% 6.25% 13.17% 33.6082
0.35 10.01% 11.59% 22.91%  32.41% 22.87T% 32.35% 7.43% 14.00% 33.7167
0.40 | 8.75% 10.72% 19.98%  29.64% 19.96%  28.59% 7.45%  14.08% 33.8650
0.45 | 9.77% 11.76% 19.52%  26.84% 19.54%  26.77% 8.63%  15.06% 34.0064
0.50 | 9.53% 11.68% 18.34%  25.77% 18.33%  25.71% 8.81%  15.00% 34.1383
0.55 | 10.01% 11.73% 17.10%  23.62% 17.09%  23.57% 8.96%  14.76% 34.2743
0.60 | 9.84% 11.79% 16.38%  23.08% 16.38%  23.08% 8.82%  14.94% 34.3891
0.65 | 10.58% 12.45% 15.89%  21.82% 15.86%  21.77% 9.62%  14.52% 34.5273
0.70 9.89% 11.50% 14.72%  20.47% 14.67% 20.49% 8.77% 13.84% 34.6379
0.75 | 10.26% 12.13% 14.46%  20.10% 14.45%  20.11% 8.69%  13.84% 34.7625
0.80 | 10.48%  12.44% 14.12%  19.43% 14.11%  19.44% 9.18%  13.83% 34.8632
0.85 | 10.07% 11.54% 13.32%  18.49% 13.30%  18.47% 8.36%  12.68% 34.9520
0.90 | 11.21% 12.84% 14.21%  18.65% 14.20%  18.65% 9.07%  13.43% 35.0439
0.95 | 11.84% 13.21% 14.45%  18.67% 14.43%  18.66% 9.36% 13.47% 35.1175
1.00 | 10.83% 12.16% 13.06%  17.49% 13.03%  17.49% 8.21%  12.65% 35.1874
1.05 | 11.01% 12.42% 13.15%  17.24% 13.15%  17.25% 8.79%  12.42% 35.2540
1.10 | 11.90% 13.29% 13.68%  17.32% 13.66%  17.32% 8.80%  12.65% 35.3121
1.15 11.26% 12.32% 12.76% 16.22% 12.77% 16.22% 8.39% 11.92% 35.3659
1.20 | 11.22% 12.93% 12.98% 17.44% 12.99% 17.43% 8.58% 12.29% 35.4167
1.25 | 11.12%  12.97% 12.85%  16.68% 12.84%  16.67% 8.78%  12.54% 35.4533
1.30 | 11.85% 13.16% 12.97%  16.79% 13.00%  16.79% 8.77%  12.14% 35.4980

Notes: (1) This table reports the inference results for the fourth coordinates of f,, , , the averaging estimator of 81, in the Example.

(2) All results are based on R = 10000 Monte Carlo replicates. The two-step inference method uses S = 1000 replicates to simulate the distribution of
fpa=0-wp)psp +wpEpp+d in @1,

(3) The naive inference methods treat the averaging weight Wy as non-random, and hence underestimate the randomness in B"ﬂ—f}n' Two naive methods
are reported here: the first uses the common estimators of Vi p and cov o, which might be biased under misspecification (see the discussion after (B13)
for details); and the second combines V,, p and Govp given in (BL]) and (BZ1d) with the robust influence function 4,, p(z), which are robust under

misspecification (robust SE).
(4) The test value for the “Size” columns is 1, the true value of 84; the test value for the “Power” columns is 0.

(5) See Section [] for the details of the Monte Carlo experiments.
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Appendix C Justification for Vgp > Vp in Condition E

Justification for Condition E(l)

This subsection provides rationale of Vsp > Vp in Condition E(l) based on the semiparametric efficiency
theory and the Le Cam’s Third Lemma. (I suppress the subscript F' throughout this subsection for notational
simplicity.) What follows is not the proof of Condition E(i), since Condition E is a maintained assumption and
can be verified with corresponding primitive conditions for a specific model (see Appendix E for the Example).
This subsection merely argues that Vsp > Vp in Condition E(l) holds for quite general semiparametric models
as it does not require much more than the setup of the semiparametric model.

Consider a set P consisting of densities f(z|3, 8p,h,n), where h is the nuisance parameter identified
by the objective function R(h) in (@)7 B is the parameter of interest identified by h and the objective
function Q(B, h) in (@), Bp is the parameter identified by ¢ and the objective function Q(5, g) in (@),E
and let n € £ denote the parameter that determines the features of the distribution of Z other than those
characterized by g, Bp or h.E I maintain the assumption that the true density is in P; in other words, P is
the semiparametric model. Let Vsp and Vp denote the efficiency bounds of 5 and Bp, respectively.

Let 6 = Sp— {3, then the densities in P can be rewritten as f(z|3, 540, h,n). For any f(z|3, 8+6,h,n) € P,

one can define a parametric model (a subset of P) that incorporates the parametric restriction

P,B,(S,’y = {f(z|ﬁa18+57g’w77) : 5)6 € Rka ’Y € Rta
7 is identified by the objective function R(g,) in (@)7
0 =0 only if h = g5 forsome’yeRt}.

Note that this parametric model internalizes the parametric restriction and Condition H(l) that the parametric
restriction leads to bias if misspecified. Note that Ps 5., may or may not include f(z|3,5 + 6, h,n) itself,
depending on whether h admits the parametric restriction g, .

If the density f(z|8, 8+, h,n) itself belongs to Pg s (i.e., h = g, for some v € R"), then the parametric
restriction is correctly specified, and Pg s~ is a parametric submodel — that is, a parametric model that
includes the true DGP — like that defined by Bickel, Klaassen, Ritov and Wellner (1993, Definition 1 on
page 46) or Tsiatis (2006, page 59). As a result, one has Vgp > Vp by the definition of the semiparametric
efficiency bound — that is, the efficiency bound of the semiparametric model is the supremum of efficiency
bounds of all parametric submodels — such as equation (2) on page 46 in Bickel et al. (1993) or equation
(4.16) in Tsiatis (2006). At the same time, the construction of Pg ;. dictates that 6 = 0 and 8 = Sp
when f(z|8,8+ 6, h,n) € Pa,s,. This implies that the statement Vsp > Vp in Condition E(l) is a plausible

condition when the parametric restriction is correctly specified.

Remark 2. By the definition of the efficiency bounds, one has Vsp > Vsp and Vp > Vp, and the equality
holds if the corresponding estimator is efficient. Because I have shown above that Vsp > Vp, the statement
Vsp > Vp in Condition @(@) only means that Bmp is at least as efficient as 6n,sp, but does not require Bn,p
to be efficient in general. For instance, if Vsp > Vp or Vsp > Vgp, then there is room between Vsp and
Vp such that it is possible that the asymptotic variance Vp of some inefficient parametric estimator Bnﬁp
satisfies Vgp > Vp.E

9Recall that g~ is a given parametric function characterized by v € R?, which is identified by the objective function R(g~)
in (4.§). In fact, for given g4 function, one can rewrite f(z|8,8p,h,n) as f(z|B, Bp, h, gy,m) to make the dependence of Sp on
v explicit, but I instead suppress g for notational simplicity.

10This follows the setup in the proof of Lemma 1 in Ackerberg, Chen, Hahn and Liao (2014). 7 may have infinite dimension.

1A well known special case is the inverse probability weighted (IPW) estimator of the average treatment effect (ATE) with
series logit propensity score. For the ATE, Hahn (1998) proves that Vsgp = Vp under the correct specification of the parametric
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In the following I show that the relationship Vgp > Vp remains invariant if the parametric restriction devi-
ates from the correctly specified case to the mildly misspecified case. For any fixed density f(z|, %, 8%, g4+, 1n")
in Pg« 5+ 4+ (i-e., 0* = 0 by the construction of Pg« s« ,~), let P denote the resulting probability measure, and
let P, = P be a sequence of such probability measures (same for all n € N). Note that P,, corresponds to the
case where the parametric restriction is correctly specified. For any nuisance function A that does not admit
the functional form g., one has f(z|8*,6* 4+ d,h,n*) ¢ Pg« 5+ 4~ and 6 # 0 by the construction of Pg« 5+ ,=.
Inspired by Theorem 7.2 in Van der Vaart (2000), consider a sequence of such nuisance functions, denoted
by h,, such that the resulting densities f(z|5*, 8* + 0n, hn,n™) satisty §,, = d—\/%, d, — d for some d € R*
with [|d|| € (0,00) and the corresponding g., are g,-. Note that the sequence of h,, by the construction
of Pg= 5+ =, converges to g,-, since the corresponding ¢, converges to zero. Let (), denotes the resulting
sequence of probability measures, and it corresponds to the case where the parametric restriction is mildly
misspecified. Under a technical condition called differentiable in quadratic mean at ,8*,@ the log likelihood

ratio between @,, and P,, admits the following Taylor expansion with respect to Sp (i.e., f* + §,,) around

g

. dQn - fn(ZZ|ﬁ*a/8*+5nahnan*)
lo =lo
g}j[l dpP, gg f(Zi|ﬁ*vﬁ*agv*777*)

1 1, 1
=d <ﬁ ;éﬁxzi)) - 5d (—n ;emz—)) d+0y(1),

Of (z|B",B" ,9~4=m")/9Bp

where égP(z) = TG B is the score function with respect to Sp under P, evaluated at 3%,
B gy,
. 2 * * * 7 .
and (3, (2) = 3 f(jclé|’£ bgﬁ*g’z 37/*?’88’8 is the corresponding Hessian matrix. Note that Ep, [¢g,(Z;)] = 0 and
B* gy,

Ep, [—égp (Z;)] = Zp, (the Fisher information matrix with respect to Sp). By the central limit theorem and
the Cramér-Wold theorem, it can be shown that

\/H(Bn,SP - 5) » 0 VSP cov TSP
Vn(Bn,p — B) N 0 , | cov Vp Tp ,
log [Ti—, 4% ~1d'T;,d the T d'Ts.d

where the symbol Pry means that the left hand side converges in distribution to the right hand side if P, is
the true distribution of the data. This fulfills the assumption of the Le Cam’s Third Lemma (Example 6.7
in Van der Vaart, 2000), so by this lemma one gets

3n.5P — v
\/ﬁ(ﬂﬁ,sp B) INIY: TSp 7 sp  cov . (1)
V(B p = B) P cov  Vp
That is, the Le Cam’s Third Lemma implies that the asymptotic variances and covariance of an sp and Bn, P
remains invariant whether the parametric restriction is correctly specified or mildly misspecified. Together

with the earlier condition that Vsp > Vp under the correct specification, it provides the rationale behind
Vsp > Vp in Condition [(i).

Remark 3. In (C.1), 7sp = Ep, [sp(Z:)is,(Z))d and 7p = Ep, [p(Z:)s,(Z:)]d by the central limit

restriction, and Hirano, Imbens and Ridder (2003) show that the IPW estimator with series logit propensity score satisfies
Vsp = Vgp. Together, these require that the parametric estimator has to be efficiency for Vsp > Vp to hold (with equality).
I thank an anonymous referee for pointing this out.

128ee (7.1) in Van der Vaart (2000), for example. This assumption is common and maintained for the majority of models in
the M estimation literature.
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theorem, where Ygp(z) and ¥p(z) are the (centered) influence functions of Bn’sp and Bn,p, respectively.
Note that Bnysp is an regular and asymptotically linear (RAL) estimator of 5 but Bn,p is an RAL estimator of
ﬁp,E then by Theorem 4.2 in Tsiatis (2006), we have Ep, [sp(Zi)lp,(Z:i)] = 0 and Ep, [p(Z:)s,(Z:)] = I
(i.e., a k X k identity matriz), further implying that Tsp = 0 and 7p = d. This, combined with the above
argument for Vsp > Vp, indicates that the joint asymptotic distribution postulated in Condition @(z} s in

fact a general result for the semiparametric model and the estimators considered in this paper.

Justification for Condition E(ii)

Note that the asymptotic properties of the semiparametric estimator Bmsp do not depend on whether
lld|| < oo or ||d|| = oo, so we still have n*/2(3, sp — Br,) N &p gp under the same primitive conditions like
those for Condition P(i).

To study the asymptotic properties of the parametric estimator @L p when ||d|| = oo, consider two cases:
(i) 0p, = o(1); and (ii) ||dp, || > ¢ for some ¢ > 0. For case (i), let ¥r p(2z) denote the (centered) influence
function of Bnyp under DGP F, which is an O,(1) term, then by the definition of Sr p and d,

72 (Bn,p — Br,,p) =1~/ Z Yr, p(Z:i) + op(1)

=1

— nV2(Bnp — Br,) = n*%6r, + 0,(1). (C.2)

Note that the presumption of Condition E(ii) is that [|[n'/205,
together with (@) implies that |[n'/2(8,.p — Br, )| == co.
For case (ii), note that Sp p is defined in (@), then under the same conditions for Bmsp = Br, +0p(1),

— ||d|| = oo, then nd% 6, — oo, which

one gets Bn,p = BF,,p +0p(1).22 This, combined with the presumption that |6z, || = ||Br..r — Br.| > ¢
implies that

1n'2(Bup = Br)| 2 102 (Ba,p = Br,.p) |l = 01285, |I| = [[0}/265, || - (1 + 0p(1)) = oo
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